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Abstract

The aim of this paper is the definition of a new model of neural network, called gen-
eralized cellular nonlinear network, that covers architectures and dynamics of the well
known and widely used classes of feedforward neural networks and cellular neural net-
works. We show how cellular neural networks and feedforward neural networks can be

derived from the generai model: moreover we prove a theorem of existence and unique-
ness for the solution of the system that describes the generalized cellular nonlinear net-
work dynamics. These results are obtained using the method of Lyapunov's finite
majorizing equations that also represents a new approach in studying the stability of cel-
lular neural networks.
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(c) most interactions are local within a finite radius r, and
(d) ali state variables are continuous valued signals.

Eqs. (2.5) and (2.6) can be considered as the state and output equations of
the CNN.

Let us consider a two-dimensional grid with 3 x 3 neighbourhood system as
it is shown in Fig. 2.

The squares are the circuit units-cells, and the links between the cells indi-
cate that there are interactions between linked cells. One of the key features
of a CNN is that the individuai cells are nonlinear dynamical systems, but that
the coupling between them is linear. Roughly speaking, one could say that
these arrays are nonlinear but they have a linear spatial structure, which makes
the use of techniques for their investigation common in engineering or physics
attractive.

Under some assumptions a typical CNN can be obtained as a special case of
GCNN. If we take the network as a two-dimensional array of cells with the
output.f(.), nonlinear sigmoidcontinuous function, A; =-A < Oas a negative
scalar, D; =O, B; =C; =l, the standard definition for the nearest neighborhood
Nr, Eqs. (2.1)-(2.4) can be rewritten as:

x;At) = -Ax;.j(t) + L W;j:k.lYk./(t)+ L Z;.j:k.lUk./(t), (2.5)
k.leN, k.leN,

2.2. Special case Il. Feedfonvard neural netIVorks

The FNN can also be obtained as a special case of GCNN if we make the
following assumptions: the network has two layers, that we name hidden layer
and output layer, as in classicalliterature, each of which is a one-dimensional
array of cells; the cells do not contai n a dynamical part, Le. t =p; D;=O,
B; =C; =I; there is no intra-Ievel connection; every two successive layers are
fully interconnected, i.e. each celi in a layer is connected to every celi in the next
layer.

Because celIs do not contain a dynamical part we have x;( t) = O in Eq. (2.1),
and assuming A; =-I we have

X;(t) = v;(t). (2.7)

If we assume in Eq. (2.4) \l'ij=Ofor cells in the hidden layer and =(i=O for
cells belonging to the output layer, (2.7) correctly defines the algebraic equa-
tions of FNN as follows:

Hidden units:
I

Y;.j = f(x;j) =. , __" ,I" , I:::;; i,} :::;;M. (2.6)
M

~ = Li:;uf, l:::;;k:::;;M,
;=1

(2.8)

(1,1) (1,2) (1. 3)

, .J'
)

I
;{ =f(Ak = - -rI:'I +e 'A

Output UllitS:
M

-'1 = L wjkY:' l:::;;} :::;;M,
k=1

(2.9)

(2,1)

(2.10)

(3,1) (3,2) (3.3)

I
Y; = f(-'1) = -rI'. (2. Il )

I + e '}

The subscript k refers to the kth celi in the hidden layer and the subscript j
refers to the }th celi in the output layer.

As can be seen from (2.8)-(2. Il), each celI in the hidden layer is fed by the
external inputs only and the cells in the output layer are fed by only the outputs
of the cells in the previous layer.

In FNN training [6] is made by an iterative correction of network's weights
according to the following equations:

Awjk = -fJ '>.ò~ + aAwjk-l, (2.12)
uWjk

(2.3)

Fig. 2. One-Iayer two-dimensional CNN.
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and

~~i = -{3~a~.+ a~~;' ,vWk,
(2.13)

Definition 2. A system described by the equations in (3.1) is said to be
completely stable if each solution x(t) converges to an equilibrium point as
t~ 00.

,
where £P = 1/2L:~, (d~ - y)ris the quadratic error, d~ is the desired answer,
{3is a constant. The task is to minimize the quadratic error by iterative correc-
tion of the weights [6].

The basic function of a CNN for image processing is to map or transform an
input image into a corresponding output image. This means that CNN must
always converge to a constant steady state. How can we guarantee the conver-
gence of GCNNs?

In the design of a dynamical neural networks it is interesting to study the
stability properties of the network. The majority of stability studies in CNN
[1] have been devoted to finding the conditions which ensure that each trajec-
tory of the network converges to an equilibrium point depending on the ini-
tial conditions. In our analysis the external inputs are set to some constant
values, the input data are fed via initial conditions and the outputs take
their steady state values at an equilibrium point which depends on the initial
condition. Such CNN have applications in many tasks, for instance, in
pattern recognition and image processing [2]. The global asymptotic stability
results are useful for the design of such CNNs where the output reaches its
steady state value depending only on the given constant input and not on
the initial state.

In this section a set of conditions for the global asymptotic stability of an
isolated celi are given. The results are useful for the designed above generalized
cellular nonlinear network having a unique globally asymptotic stable equilib-
rium point which depends on the input.

We shall now present the definitions of complete stability and global
asymptotic stability for a system defined by the autonomous differential
equations:

Definition 3. The system is said to be globally asymptotically stable if each
solution x(t) converges to unique equilibrium point.

Let us rewrite the system of differential-difference equations (2.1)-(2.4) describ-
ing our GCNN in the following form:

x(t) = Ax(t) + B,y(t) + B2U(t)= FI (x, 11,t, u), (3.2)
11(t)= Cx(t) + Dly(t) + D2U(t)= F2(x, Il,t, u),

where the cell state vector x(t) E R", n = M.M, Le. it is produced by lining up
every row ofthe celI states in sequence, the input u is n-dimensional vector, A is
a n-dimensional diagonal matrix, C, Bi and Di, i =1,2 are constant n-dimen-
sional vectors, the output y is the following sigmoid function:

l

y(t) = f(l1(t)) = l + e-l/W (3.3)

For the stability analysis of an isolated celi of our generalized model of
neural networks we will apply the method of Lyapunov's finite majorizing
equations [5].

We introduce the following auxiliary system for (3.2):

x(t) =Ax(t) + <(J(t,u), (3.4)11(t)= Cx(t) + rjJ(t,u),

where <(Jand rjJare arbitrary continuous functions. First equation in the system
(3.4) is a first order differential equation, hence we can write its equivalent inte-
graI equation:

x(t) = e"lxo + 11 eA(I-S)<{J(s,u)ds. (3.5)

where x(O) =Xo is the initial condition.

Then in accordance to (3.4) and (3.5) the following operator system can be
written for the auxiliary system (3.4):

X=LI<{J(t,U),

11= L2rjJ(t,u). (3.6)

Remark l. In CNNs [1,2] the training is self-organized, because of "local
nature" of the nearest neighborhood interconnection property. This means
that some global properties can be extracted due to the propagation effect of
the local interconnections during the transient regime.

3. Dynamics and stability of GCNN

x(t) = F[x(t)], (3.1)

Operators LI and L2 are linear and bounded and hence there exist constants
Pl and P2 positive and such that the following inequalities are satisfied:

IIL,<{J(t,u)1I~ PIII<{J(t,lI)lI,
(3.7)

IIL2rjJ(t,1I)1I ~ P2IIrjJ(t,1I)1I.
where x(t) is a vector.
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Let us go back to the system (3.2) that we can write as the following oper-
ator system:

X =Lllx +LI2F\ (x, 1],t, u),

'l = L211] + L22F2(x,I],t,u).

- 1-
We can introduce the bounded operators LI = (E - Lllr and L2 =
(E - L21r\, where E is the identity operator, so that the folIowing operator sys-
tem for an isolated celI of our GCNN, which is equivalent to the system (3.2)
can be constructed:

In this sense Theorem l proves that after the transient has decayed to zero in
the circuit, GCNN always settle at the stable equilibrium states x* and 1]*given
by the folIowing formulas:

x' = L I F \ (x' , Il' , u' , to),
, L

-
F
-

(
' , ,

)I] = 2 2 X ,11 ,u ,to .
(3.11)

Remark 3. It is easily to prove that the output y(t) = I+~_"is a constant
after the transient has decayed to zero in the circuito In other words we
have:

x(t) = L\F\(x,l],t,u),

I](t) = L2F2(x,l],t,u).
(3.8)

limy(t) = consto
I-OC

(3.12)

It is easy to see that the operators LI and L2 are linear, bounded and there-
fore continuous.

Now we construct the folIowing system of Lyapunov's majorizing equations
in the certain domai n u E [O,u.]:

4. Conclusions

a(u) = p\ (/>(a,{J, u),

{J(u) = P2P(a, {J,u),
(3.9)

The theorem of existence and uniqueness we proved guarantees that GCNN
always settle at the stable equilibrium state that is solution of the described
fixed point iterative method. This result could have interesting applications
in some classical problems solved using neural networks like pattern recogni-
tion and classification, image processing and could also be useful in the field
of hardware implementation of neural networks.where (/>(a,{J,u)and P(a,{J,u) are Lyapunov's majorants for FI and F2, respec-

tively. Moreover, a ~ Ixland {J~ 1'11.
Therefore according to the properties of Lyapunov's majorizing equations

[5] the following theorem has been proved:
Appendix A

Xs = LIFI(xs_I,l]s_l,t,u),

'ls= L2F2(xs-r,lls_l,t,u), s = 1,2,...,

Xo ==x(O), 1]0== 11(0).

(3.10)

The method of Lyapunov's majorizing equations can be applied for the fol-
lowing operator equations:

v=LF(v,t,II), (A.l)

where F(v, t, Il) is the function of the variables v, t and positive parameter Il,
and it belongs to qt] and qfl], it is differentiable (or Lipschitzian) with
respect to v in some domain. Operator L is linear and bounded and hence
continuous.

Then we first construct the inequalities expressing the boundedness of the
operator L in the form:

IILq>(t)1I:::;; Aq,

1Iq>(t)1I:::;;q,
(A.2)

Theorem l. Suppose that system (3.9) has for u E [O,u.] positive so/utions
a = a(u) and{J= fJ(u)for O:::;;u:::;;u. and Ila(u,)1I:::;;l, 1I{J(u.)Il:::;;1. Then system
(3.2) hasfor u E [O,u.] so/utions x(t, u), Il(t,u), which are unique in the classes of
functions C[ t] and C[ u]. These so/utions can be found by the fol101ving
convergent simp/e iterations:

Remark 2. Using the method of Lyapunov's majorizing equations is a new
approach in studying the stability of CNN. Moreover, we find the stable
equilibrium states of our CNN with the help of the simple iterations (x."Il.J
by fixing u = u* and t = to.

where A is a constant chosen as accurately as possible. Second we find Lyapu-
nov's majorant (/>(a,Il) for the function F(v, t, fl) and we write Lyapunov's finite
majorizing equations in the form

a = A(/>(a,II), (A.3)




