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Abstract

We present a tableau-based algorithm for obtaining a Büchi automaton
from a formula in Dynamic Linear Time Temporal Logic (DLTL), a logic
which extends LTL by indexing the until operator with regular programs.
The construction of the states of the automaton is similar to the standard
construction for LTL, but a different technique must be used to verify
the fulfillment of until formulas. The resulting automaton is a Büchi
automaton rather than a generalized one. The construction can be done
on-the-fly, while checking for the emptiness of the automaton. We also
extend the construction to the Product Version of DLTL.

Keywords: Temporal logic, model checking.
AMS subject classification: 03B44, 68N30

1 Introduction

The problem of constructing automata from Linear-Time Temporal (LTL) for-
mulas has been deeply studied [24]. The interest on this problem comes from
the wide use of temporal logic for the verification of properties of concurrent
systems. The standard approach to LTL model checking consists of translating
the negation of a given LTL formula (property) into a Büchi automaton, and
checking the product of the property automaton and the model for language
emptiness. Therefore it is essential to keep the size of the automaton as small
as possible. A tableau-based algorithm for efficiently constructing a Büchi au-
tomaton is presented in [4]. This algorithm allows to build the graph “on the
fly” and in most cases builds quite small automata, although the problem is
intrinsically exponential. Further improvements have been presented in [3, 19].

Temporal logics are widely used in the specification and verification of dis-
tributed systems and they have recently gained attention in the area of reasoning

∗This research has been partially supported by the project MIUR PRIN 2003 “Logic-based
development and verification of multi-agent systems”.
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about actions and planning [1, 8, 14, 2], as well as in the specification and in
the modeling and verification of multi-agent systems [22, 13, 20].

Dynamic Linear Time Temporal Logic (DLTL) [10] extends LTL by indexing
the until operator with programs in Propositional Dynamic Logic, and has been
shown to be strictly more expressive than LTL [10]. In [5, 6, 7] we have developed
an action theory based on DLTL and of its product version [9], and we have
shown how to use it in the specification and verification of multi-agent systems.
This motivates the interest in developing efficient techniques for translating
formulas into automata.

In [10] it is shown that the satisfiability problem for DLTL can be solved in
exponential time, by reducing it to the emptiness problem for Büchi automata.
The construction presented there requires to build an automaton with an expo-
nential number of states, most of which will not be reachable from the initial
state, and thus is not suitable for practical implementation.

In this paper we present a tableau-based algorithm for constructing a Büchi
automaton from a DLTL formula, which adapts the approach of [4] to DLTL.
Although the worst case remains exponential, this construction usually achieves
a substantial reduction in the number of generated nodes. Furthermore it allows
to build the automaton on-the-fly while checking for emptiness. The construc-
tion of the states of the automaton is similar to the standard construction for
LTL [4], but the possibility of indexing until formulas with regular programs
puts stronger constraints on the fulfillment of until formulas than in LTL, re-
quiring more complex acceptance conditions. Thus we extend the structure of
graph nodes and the acceptance conditions by adapting a technique proposed
in [10]. The resulting automaton will be a Büchi automaton instead of a gener-
alized Büchi automaton as in [4].

The schedule of the paper is the following. Section 2 introduces the logic
DLTL. Section 3 describes the tableau-based method for constructing a Büchi
automaton for a DLTL formula, proves the correctness of the method and shows
that the satisfiability problem for DLTL is PSPACE complete. Section 4 intro-
duce the product version for DLTL, DLTL⊗(Σ̃), and Section 5 describes the
automaton construction for DLTL⊗(Σ̃). Section 6 shortly describes how the
logic can be used in reasoning about actions and in the verification of systems
of communicating agents. Section 7 contains related work and Section 8 con-
cludes the paper.

2 Dynamic Linear Time Temporal Logic

In this section we define the syntax and semantics of DLTL as introduced in
[10]. In such a linear time temporal logic the next state modality is indexed
by actions. Moreover, (and this is the extension to LTL) the until operator is
indexed by programs in Propositional Dynamic Logic (PDL).

Let Σ be a finite non-empty alphabet. The members of Σ are actions. Let
Σ∗ and Σω be the set of finite and infinite words on Σ, where ω = {0, 1, 2, . . .}.
Let Σ∞ =Σ∗∪Σω. We denote by σ, σ′ the words over Σω and by τ, τ ′ the words
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over Σ∗. Moreover, we denote by ≤ the usual prefix ordering over Σ∗ and, for
u ∈ Σ∞, we denote by prf(u) the set of finite prefixes of u.

We define the set of programs (regular expressions) Prg(Σ) generated by Σ
as follows:

Prg(Σ) ::= a | π1 + π2 | π1; π2 | π∗

where a ∈ Σ and π1, π2, π range over Prg(Σ). A set of finite words is associated
with each program by the mapping [[]] : Prg(Σ) → 2Σ∗ , which is defined as
follows:

• [[a]] = {a};
• [[π1 + π2]] = [[π1]] ∪ [[π2]];

• [[π1; π2]] = {τ1τ2 | τ1 ∈ [[π1]] and τ2 ∈ [[π2]]};
• [[π∗]] =

⋃
[[πi]], where

– [[π0]] = {ε}
– [[πi+1]] = {τ1τ2 | τ1 ∈ [[π]] and τ2 ∈ [[πi]]}, for every i ∈ ω.

Let P = {p1, p2, . . .} be a countable set of atomic propositions. The set of
formulas of DLTL(Σ) is defined as follows:

DLTL(Σ) ::= p | ¬α | α ∨ β | αUπβ

where p ∈ P, π ∈ Prg(Σ) and α, β range over DLTL(Σ).
A model of DLTL(Σ) is a pair M = (σ, V ) where σ ∈ Σω and V : prf (σ) →

2P is a valuation function. Given a model M = (σ, V ), a finite word τ ∈ prf (σ)
and a formula α, the satisfiability of a formula α at τ in M , written M, τ |= α,
is defined as follows:

• M, τ |= p iff p ∈ V (τ);

• M, τ |= ¬α iff M, τ 6|= α;

• M, τ |= α ∨ β iff M, τ |= α or M, τ |= β;

• M, τ |= αUπβ iff there exists τ ′ ∈ [[π]] such that ττ ′ ∈ prf (σ) and
M, ττ ′ |= β. Moreover, for every τ ′′ such that ε ≤ τ ′′ < τ ′1, M, ττ ′′ |= α.

A formula α is satisfiable iff there is a model M = (σ, V ) and a finite word
τ ∈ prf (σ) such that M, τ |= α.

The formula αUπβ is true at τ if “α until β” is true on a finite stretch of
behavior which is in the linear time behavior of the program π.

The symbols > and ⊥ can be defined as: > ≡ p ∨ ¬p and ⊥≡ ¬>. The
derived modalities 〈π〉 and [π] can be defined as follows: 〈π〉α ≡ >Uπα and
[π]α ≡ ¬〈π〉¬α. Furthermore, if we let Σ = {a1, . . . , an}, the U , © (next), 3

and 2 of LTL can be defined as follows:
1We define τ ≤ τ ′ iff ∃τ ′′ such that ττ ′′ = τ ′. Moreover, τ < τ ′ iff τ ≤ τ ′ and τ 6= τ ′.
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©α ≡ ∨
a∈Σ〈a〉α,

αUβ ≡ αUΣ∗β,
3α ≡ >Uα,
2α ≡ ¬3¬α,

where, in UΣ∗ , Σ is taken to be a shorthand for the program a1 + . . . + an.
Hence both LTL and PDL are fragments of DLTL. As shown in [10], DLTL is
strictly more expressive than LTL. In fact, as the logic ETL [23] to which DLTL
is inspired, DLTL has the full expressive power of the monadic second order
theory of ω-sequences.

3 Automaton Construction

In this section we show how to build a Büchi automaton for a given DLTL
formula φ using a tableau-like procedure. First we recall the definition of Büchi
automaton.

A Büchi automaton over an alphabet Σ is a tuple B = (Q,→, Qin, F ) where:

• Q is a finite nonempty set of states;
• →⊆ Q× Σ×Q is a transition relation;
• Qin ⊆ Q is the set of initial states;
• F ⊆ Q is a set of accepting states.

Let σ ∈ Σω. Then a run of B over σ is a map ρ : prf (σ) → Q such that:

• ρ(ε) ∈ Qin

• ρ(τ) a→ ρ(τa) for each τa ∈ prf (σ) with a ∈ Σ.

The run ρ is accepting iff inf(ρ)∩F 6= ∅, where inf(ρ) ⊆ Q is given by: q ∈ inf (ρ)
iff ρ(τ) = q for infinitely many τ ∈ prf (σ). Finally L(B), the language of ω-
words accepted by B, is: L(B) = {σ|∃ an accepting run of B over σ}.

Our aim is now to construct a Büchi automaton for a given DLTL formula
φ.

In our construction we will make use of a reformulation of the following
axioms of DLTL in [10]2:

(A1)
∨

a∈Σ〈a〉>

(A2) αUπβ ≡ (β ∨ (α ∧∨
a∈Σ〈a〉

∨
π′∈δa(π) αUπ′β)), for ε ∈ [[π]],

(A3) αUπβ ≡ α ∧∨
a∈Σ〈a〉

∨
π′∈δa(π) αUπ′β, for ε 6∈ [[π]],

where δa(π) = {π′|π a−→ π′} and a−→ is a transition relation (defined in [10])
such that the program π′ is obtained from the program π by executing action
a.

In our construction, we exploit the equivalence results between regular ex-
pressions and finite automata and we make use of an equivalent formulation

2Remember that 〈a〉α ≡ >Uaα.
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of DLTL formulas in which “until” formulas are indexed with finite automata
rather than regular expressions. Thus we have αUAβ instead of αUπβ, where
L(A) = [[π]].

Satisfiability of until formulas αUAβ must be modified accordingly by re-
placing [[π]] with L(A) in the definition above3.

More precisely, in the construction we will make use of the following notation
for automata. LetA = (Q, δ,QF ) be an ε-free nondeterministic finite automaton
over the alphabet Σ without an initial state, where Q is a finite set of states,
δ : Q × Σ → 2Q is the transition function, and QF is the set of final states.
Given a state q ∈ Q, we denote with A(q) an automaton A with initial state q.

The two axioms A2 and A3 above will thus be restated as follows:

(A2′) αUA(q)β ≡ (β ∨ (α ∧∨
a∈Σ〈a〉

∨
q′∈δ(q,a) αUA(q′)β)) (q is a final state)

(A3′) αUA(q)β ≡ α ∧∨
a∈Σ〈a〉

∨
q′∈δ(q,a) αUA(q′)β (q is not a final state)

These formulas can be easily proved to be valid. Observe that the disjunction∨
q′∈δ(q,a) αUA(q′)β is a finite disjunction, as the set of states q′ in δ(q, a) is finite.

The main procedure to construct the Büchi automaton for a formula φ builds
a graph G(φ) whose nodes are labelled by sets of formulas, and whose edges are
labelled by symbols from the alphabet Σ. States and transitions of the Büchi
automaton are obtained directly form the nodes and edges of the graph. The
procedure makes use of an auxiliary tableau-based function which is described
in the next section.

3.1 Tableau computation

The tableau procedure makes use of signed formulas, i.e. formulas prefixed with
the symbol T or F. This procedure takes as input a set of formulas4 and returns
a set of sets of formulas, obtained by expanding the input set according to a set
of tableau rules, formulated as follows:

φ ⇒ ψ1, ψ2, if φ belongs to the set of formulas, then add ψ1 and ψ2

to the set

φ ⇒ ψ1|ψ2, if φ belongs to the set of formulas, then make two
copies of the set and add ψ1 to one of them and ψ2 to the other one.

The rules are the following:

Tand: T(α ∧ β) ⇒ Tα,Tβ
Fand: F(α ∧ β) ⇒ Fα|Fβ
Tor: T(α ∨ β) ⇒ Tα|Tβ
For: F(α ∨ β) ⇒ Fα,Fβ
Tneg: T¬α ⇒ Fα

3The idea of using finite state automata to label ”until” formulas is inspired both by the
automata construction for DLTL in [10] and by the automata construction for ETL in [21].

4In this section we will always refer to signed formulas
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Fneg: F¬α ⇒ Tα

TuntilFS: TαUA(q)β ⇒ T(β ∨ (α ∧∨
a∈Σ〈a〉

∨
q′∈δ(q,a) αUA(q′)β))

(q is a final state)
TuntilNFS: TαUA(q)β ⇒ T(α ∧∨

a∈Σ〈a〉
∨

q′∈δ(q,a) αUA(q′)β)
(q is not a final state)

FuntilFS: FαUA(q)β ⇒ F(β ∨ (α ∧∨
a∈Σ〈a〉

∨
q′∈δ(q,a) αUA(q′)β))

(q is a final state)
FuntilNFS: FαUA(q)β ⇒ F(α ∧∨

a∈Σ〈a〉
∨

q′∈δ(q,a) αUA(q′)β)
(q is not a final state)

Here we use the ∧ boolean operator and the modality 〈a〉 as primitive oper-
ators, although they can be derived from the operators given in the definition
of DLTL.

Let us call elementary formulas the formulas to which the above rules cannot
be applied, that is signed formulas Tφ or Fφ where φ is either >, or ⊥, or a
proposition or 〈a〉α.

Given a set of formulas s, function tableau(s) works as follows:

• add T
∨

a∈Σ〈a〉> to s,

• repeatedly apply the above rules to the formulas of s (by possibly creating
new sets) until all non-elementary formulas in all sets have been expanded,

• return the resulting set of sets.

Formula T
∨

a∈Σ〈a〉> makes explicit that in DLTL each state must be fol-
lowed by a next state (as stated by axiom (A1)).

If the expansion of a set of formulas produces an inconsistent set, then this
set is deleted (consistency constraint). A set of formulas s is inconsistent in the
following cases:

- T⊥ ∈ s
- F> ∈ s
- Tα ∈ s and Fα ∈ s
- T〈a〉α ∈ s and T〈b〉β ∈ s with a 6= b”.

The last constraint comes from the fact that DLTL is a linear time logic and
thus two different actions cannot be executed in the same state.

Example 1 Let us consider for instance the formula 2〈A(s1)〉p, with Σ = {a},
where the automaton A is given in Figure 1(a). By eliminating the derived
modalities, this formula can be rewritten as the formula ¬(>U¬(>UA(s1)p))
and, by the definition of the until U as UΣ∗ and the fact that Σ∗ is the pro-
gram a∗, it can be rewritten as ¬(>UA1(s0)¬(>UA(s1)p)), where the automaton
A1 has only one (final) state s0 connected to itself through a transition la-
belled a. Let us apply the function tableau to the initial set of signed formulas
{T¬(>UA1(s0)¬(>UA(s1)p))}. It introduces the following formulas:
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F1: T〈a〉> (initial step)

F2: F(>UA1(s0)¬(>UA(s1)p)),

by applying the rule (Tneg) to the initial signed formula. Then, by applying
rule (FuntilFS) to F2, we get

F3: F(¬(>UA(s1)p) ∨ (> ∧ 〈a〉(>UA1(s0)¬(>UA(s1)p)))

By applying rule (For) to F3, we get

F4: F(¬(>UA(s1)p))

and

F5: F(> ∧ 〈a〉(>UA1(s0)¬(>UA(s1)p))

By applying rule (Fand) we get two copies of the set of formulas. One of them
contains formula F>, and thus it is inconsistent. The other one contains

F6: F(〈a〉(>UA1(s0)¬(>UA(s1)p))

F4 can be expanded with rule (Fneg), obtaining

F7: T(>UA(s1)p)

By applying rule (TuntilNFS) to F7, we get

F8: T(> ∧ 〈a〉(>UA(s2)p))

and finally, by applying (Tand) to F8, we get

F9: T>
and

F10: T(〈a〉(>UA(s2)p))

It is easy to see that for each set of formulas returned by tableau there is
exactly one symbol a ∈ Σ such that the set contains formulas of the form T〈a〉α.
In fact, because of T

∨
a∈Σ〈a〉>, there must be at least one formula of that kind,

whereas the consistency constraint prevents from having more than one formula
of the form T〈a〉α for different symbols a ∈ Σ.

3.2 Building the graph

To build the graph we will consider each set of formulas obtained through
the tableau construction as a node of the graph. The above tableau rules
do not expand formulas of the kind T〈a〉α. Since the operator 〈a〉 is a next
state operator, expanding this kind of formulas from a node n means to cre-
ate a new node containing α connected to n through an edge labelled with a.
Thus an obvious procedure for building the graph would be to repeatedly apply
to all nodes the following construction: if node n contains a formula T〈a〉α,
then build the set of the nodes connected to n through an edge labelled a as
tableau({Tα|T〈a〉α ∈ n} ∪ {Fα|F〈a〉α ∈ n}). States and transitions of the
Büchi automaton correspond directly to the nodes and edges of the graph.
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Figure 1: (a) automaton A; (b) graph for 2〈A(S1)〉p.

Example 2 Let us consider again formula 2〈A(s1)〉p. The initial node of the
graph will contain formulas F1-F10 of Example 1. The adjacent node will
be obtained first by moving formulas F6 and F10 through the next state 〈a〉
operator, obtaining:

F2: F(>UA1(s0)¬(>UA(s1)p)), and

F11: T(>UA(s2)p)

Since this state contains again the initial formula of the previous state, i.e.
formula F2, by applying function tableau to F2 and F11, we get formulas F1-F10
of Example 1, plus the following formulas derived from F11:

F12: T(> ∧ 〈a〉((>UA(s3)p) ∨ (>UA(s4)p))), and

F13: T〈a〉((>UA(s3)p) ∨ (>UA(s4)p))

By continuing with this construction, we obtain the graph in Figure 1(b),
where for simplicity we have kept only some significant formulas.

Unfortunately this construction does not allow to define correctly the accept-
ing states of the automaton. Intuitively, we would like to define as accepting
those runs in which all the until formulas of the form TαUA(q)β are fulfilled.
If a node n of the graph contains the formula TαUA(q)β, then we can accept
an infinite path containing n, if node n is followed in the path by a node n′

containing Tβ and TαUA(qF )β, where qF is a final state of A. Furthermore
if τ is the sequence of labels in the path from n to n′, then τ must belong to
L(A(q)), and all nodes between n and n′ must contain Tα.
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This problem has been solved in LTL by imposing generalized Büchi accep-
tance conditions [4]. Such condition can be stated as follows: For each subfor-
mula αUβ of the initial formula there is a set Fi of accepting states including
all the nodes q ∈ Q such that either TαUβ 6∈ q or Tβ ∈ q holds. A run ρ is
accepting iff inf(ρ) ∩ Fi 6= ∅ for each Fi.

However a similar solution does not apply in the case of DLTL, because
acceptance of until formulas is more constrained than in LTL.

Example 3 Let us consider the graph in Figure 1(b). Every node of this graph
contains a formula T(>UA(s1)p), and the only node which might fulfill the
until formulas is node n3, since it contains T(>UA(s3)p), with s3 final, and
Tp. However it is easy to see that not all infinite paths through n3 will be
accepting. For instance, in the path n1n2(n3n4)ω, i.e. n1n2n3n4n3n4n3n4 . . .,
no occurrence of n3 fulfills the formula T(>UA(s1)p) in n2, since the distance in
this path between node n2 and any occurrence of n3 is odd, while all strings in
L(A(s1)) have even length.

To overcome the above problem we present now a different solution, derived
from [10], where the nodes containing until formulas will be marked to keep
track of the fulfillment of those formulas. Before describing the construction
of the graph, we make the following observation. Let us assume that a node
n contains the until formula TαUA(q)β, such that q is not a final state. Since
this formula has been expanded with (TuntilNFS), node n will also contain
T〈a〉∨q′∈δ(q,a) αUA(q′)β for some a. Therefore, according to the construction
of the successor nodes, each successor node will contain a formula TαUA(q′)β,
where q′ ∈ δ(q, a)5. We say that this until formula is derived from formula
TαUA(q)β in node n. On the other hand, if q is a final state, then TαUA(q)β
has been expanded with (TuntilFS), and two cases are possible: either n contains
Tβ or all successor nodes contain a derived until formula as described above.

Definition 1 Given a signed formula TαUA(q)β to which the (TuntilFS) rule
(or the (TuntilNFS) rule) has been applied in a node n, the signed formulas
TαUA(q′)β, with q′ ∈ δ(q, a) and a ∈ Σ, obtained from the consequent of the
rule by applying the propositional tableau rules and by expanding the next state
operator 〈a〉 to create a new node n′, are said to be derived from TαUA(q)β.

If a node contains an until formula which is not derived from a predecessor
node, we will say that the formula is new. New until formulas are obtained
during the expansion of the tableau procedure. It is easy to see that if TαUA(q)β
is a new formula, then αUA(q)β must be a subformula of the initial formula. For
instance, the formula T(>UA(s1)p) is new in each of the nodes in Figure 1. Note
that an until formula in a node might be both a derived and a new formula. In
that case we will consider it as a derived formula.

5Note that, if δ(q, a) = ∅, then node n contains T〈a〉 ⊥, and thus it has no outgoing edge
labelled with a.
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We can now show how the graph can be built and how the accepting con-
ditions are formulated. Each node of the graph is a triple (F , x, f), where F is
an expanded set of formulas, x ∈ {0, 1}, and f ∈ {↓,X}.

In order to formulate the accepting condition, we must be able to trace the
until formulas along the paths of the graph to make sure that they are fulfilled.
To do this we extend signed formulas so that all until formulas have a label 0 or
1, i.e. they have the form TlαUA(q)β where l ∈ {0, 1}. Note that two formulas
T0αUA(q)β and T1αUA(q)β are considered to be different.

For each node (F , x, f), the label of an until formula in F will be assigned
as follows:

- if it is a derived until formula, then its label is the same as that of the
until formula in the predecessor node it derives from,

- otherwise, if the formula is new, it is given the label 1− x.

Of course function tableau must be suitably modified in order to propagate
the label from an until formula to its derived formulas in the successor nodes,
and to give the right label to new formulas. To do this we assume that it has
two parameters: a set of formulas and the value of x.

Function create graph in Figure 2 builds a graph G(φ), given an initial for-
mula φ, by returning the triple 〈Q, I, ∆〉, where Q is the set of nodes, I the set
of initial nodes and ∆ : Q × Σ × Q the set of labelled edges. U is the set of
nodes whose successor nodes have still to be determined.

Example 4 Let us apply some steps of create graph to the formula of Figure
1. As before we only put the most significant formulas in the set of formulas of
a node. The initial node will be:

n1 = ({T1(>UA(s1)p)}, 0,X)
From this node we get the node

n2 = ({T0(>UA(s1)p),T1(>UA(s2)p)}, 1, ↓)
connected to n1 through an edge (n1, a, n2). From n2 we get the nodes

n3 = ({T0(>UA(s1)p),T0(>UA(s2)p),T1(>UA(s3)p),Tp}, 1, ↓)
and

n4 = ({T0(>UA(s1)p),T0(>UA(s2)p),T1(>UA(s4)p)}, 1, ↓)
connected to n2 through the edge (n2, a, n3) and (n2, a, n4). These nodes cor-
respond to the nodes with the same name in Figure 1. However, if we continue
the construction of the graph from node n3, we get the nodes

n5 = ({T0(>UA(s1)p),T0(>UA(s2)p),T0(>UA(s3)p),Tp}, 1,X)
and

n6 = ({T0(>UA(s1)p),T0(>UA(s2)p),T0(>UA(s4)p)}, 1, X)
which are different from nodes n3 and n4 because the until formulas have dif-
ferent labels, and f has different values.

Theorem 1 The algorithm in Figure 2 terminates.
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function create graph(φ)
I := ∅
for all F ∈ tableau({Tφ}, 0)

I := I ∪ {(F , 0, X)}
end-for
U := Q := I
∆ := ∅
while U 6= ∅ do

remove n = (F , x, f) from U
if f = X then

x′ := 1− x
else

x′ := x
end-if
for all F ′ ∈ tableau({Tα|T〈a〉α ∈ F}∪

{Fα|F〈a〉α ∈ F}, x′)
if f = X then

f ′ :=↓
else if there exists no Tx′αUA(q)β ∈ F ′ then

f ′ := X
else

f ′ :=↓
end-if

end-if
n′ := (F ′, x′, f ′)
if ∃n′′ ∈ Q such that n′′ = n′ then

∆ := ∆ ∪ {(n, a, n′′)}
else

Q := Q ∪ {n′}
∆ := ∆ ∪ {(n, a, n′)}
U := U ∪ {n′}

end-if
end-for

end-while
return 〈Q, I, ∆〉

Figure 2: Function create graph
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Proof. First of all observe that the number of possible different nodes is finite.
In fact, a node can only contain formulas which occur in the initial formula or
which can be built from the subformulas occurring in the initial one by (finitely
many) changes of the initial state of the automata in the until operator. All
the (finitely many) nodes that can be added to the set U will be eventually
removed, so that U will eventually become empty. 2

Given a graph G(φ), a Büchi automaton B(φ) can be obtained as follows:

- States and transitions of B(φ) correspond directly to the nodes and edges
of G(φ).

- The set of accepting states of B(φ) consists of all states whose correspond-
ing node contains f = X.

Let ρ be a run of B(φ). Since we identify states of the automaton with nodes
of the graph, ρ can also be considered as an infinite path of G(φ), and ρ(τ) will
denote a node of such a graph. According to the construction of the graph, the
x and f values of the nodes of ρ have the following properties:

• if a node contains (0, X) then its successor node contains (1, ↓)
• if a node contains (1, X) then its successor node contains (0, ↓)
• if a node contains (0, ↓) then its successor node contains either (0, ↓) or

(0, X)

• if a node contains (1, ↓) then its successor node contains either (1, ↓) or
(1, X)

Therefore the sequence of the x and f values in ρ will be as follows:
(0, X), (1, ↓), . . . , (1, ↓), (1, X), (0, ↓), . . . , (0, ↓), (0, X), · · ·
Let us call 0-sequences or 1-sequences the sequences of nodes of ρ with x = 0

or x = 1 respectively. If ρ is an accepting run, then it must contain infinitely
many nodes containing X, and thus all 0-sequences and 1-sequences must be
finite.

Intuitively, every until formula contained in a node of a 0-sequence must be
fulfilled within the end of the next 1-sequence, and vice versa. In fact, assuming
that the formula has label 1, the label will be propagated to all derived formulas
in the following nodes until a node is found fulfilling the until formula. But, on
the other hand, the 1-sequence terminates only when there are no more until
formulas with label 1, and thus that node must be met before the end of the
next 1-sequence.

Example 5 Let us consider some further nodes for our example, besides the
nodes in Example 4:

n7 = ({T1(>UA(s1)p),T0(>UA(s2)p),T0(>UA(s3)p),Tp}, 0, ↓)
n8 = ({T1(>UA(s1)p),T1(>UA(s2)p),T0(>UA(s4)p)}, 0, ↓)
n9 = ({T1(>UA(s1)p),T0(>UA(s2)p),T1(>UA(s2)p),T1(>UA(s3)p),Tp}, 0, ↓)
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n10 = ({T1(>UA(s1)p),T1(>UA(s2)p),T0(>UA(s4)p),T1(>UA(s4)p)}, 0, ↓)
These nodes are connected through the edges: (n6, a, n7), (n7, a, n8), (n8, a, n9),

(n9, a, n10), (n10, a, n9).
The infinite path n1n2n3n6n7n8(n9n10)ω does not represent an accepting

run, since the loop (n9n10)ω does not contain any accepting state. It is easy to
see that this is not an accepting run because, as in Example 3, there are some
until formulas which are never fulfilled.

On the other hand, let us consider the following nodes:
n11 = ({T1(>UA(s1)p),T1(>UA(s2)p),T0(>UA(s3)p),Tp}, 0, ↓)
n12 = ({T1(>UA(s1)p),T1(>UA(s2)p),T1(>UA(s3)p),Tp}, 0,X)
n13 = ({T0(>UA(s1)p),T1(>UA(s2)p),T1(>UA(s3)p),Tp}, 1, ↓)

connected through the edges: (n5, a, n7), (n7, a, n11), (n11, a, n12), (n12, a, n13),
(n13, a, n3).

The infinite path n1n2(n3n5n7n11n12n13)ω represents an accepting run, since
the loop (n3n5n7n11n12n13)ω contains two accepting states. It is easy to see that
each until formula with label l will be fulfilled by the end of the next l−sequence.

3.3 Correctness of the procedure

In this section we show that the satisfiability of a DLTL formula can be decided
by building the Büchi automaton accepting all the models of the formula and
then by determining if the language recognized by the automaton is nonempty.

The next proposition summarizes some properties that we have already
pointed out in the previous section.

Proposition 1 Assume that a node n of the graph contains TlαUA(q)β, and
let a be the label of the outgoing edges (remember that all outgoing edges from
a node have the same label). Then the following holds:
if q is not a final state of A

node n contains Tα and each outgoing edge leads to a node contain-
ing an until formula TlαUA(q′)β derived from TlαUA(q)β in n, such
that q′ ∈ δ(q, a)

else, if q is a final state of A, either

(a) node n contains Tβ and no successor node contains a formula
derived from TlαUA(q)β, or
(b) node n contains Tα and each outgoing edge leads to a node con-
taining a derived until formula TlαUA(q′)β, such that q′ ∈ δ(q, a)

The following proposition can be easily proved from the tableau construction.

Proposition 2 Assume that a node n of the graph contains FαUA(q)β. Then
either:

(a) node n contains Fα, or
(b) for each a such that δ(q, a) 6= ∅, each outgoing edge from the node
n labelled with a leads to a node n′ containing a formula FαUA(q′)β
such that q′ ∈ δ(q, a)

13



Furthermore, if q is a final state of A, node n contains Fβ.

Given a run ρ, we will denote with ρ(τ).F the F field of the node ρ(τ), and
similarly for the x and f fields.

Proposition 3 Let σ ∈ Σω and ρ : prf (σ) → Q be a (non necessarily accepting)
run. For each τ ∈ prf (σ) and for each TlαUA(q)β ∈ ρ(τ).F one of the following
holds:

1. ∀τ ′ s.t. ττ ′ ∈ prf (σ) : TlαUA(q′)β ∈ ρ(ττ ′).F and q′ ∈ δ∗A(q, τ ′) 6

2. ∃τ ′ s.t. ττ ′ ∈ prf (σ) : TlαUA(q′)β ∈ ρ(ττ ′).F , q′ is a final state, q′ ∈
δ∗A(q, τ ′), Tβ ∈ ρ(ττ ′).F and no successor node of ρ(ττ ′) contains an
until formula derived from TlαUA(q′)β. Moreover, for every τ ′′ such that
ε ≤ τ ′′ < τ ′,Tα ∈ ρ(ττ ′′).F .

Furthermore for each FαUA(q)β ∈ ρ(τ).F the following holds:

3. ∀τ ′ s.t. ττ ′ ∈ prf (σ): if τ ′ ∈ L(A(q)) then either Fβ ∈ ρ(ττ ′).F or there
is τ ′′ such that ε ≤ τ ′′ < τ ′,Fα ∈ ρ(ττ ′′).F .

Proof. It follows from Propositions 1 and 2, and procedure create graph. 2

In an accepting run, case (2) must hold for all until formulas and all nodes.
This is proved in the following theorem, together with its converse.

Theorem 2 Let σ ∈ Σω and ρ : prf (σ) → Q be a run. Then, for each τ ∈
prf (σ) and for each TlαUA(q)β ∈ ρ(τ).F , condition (2) of Proposition 3 holds
if and only if ρ is an accepting run.

Proof. If part: ρ is an accepting run. As pointed out before the nodes of ρ are
arranged in alternating 0-sequences and 1-sequences of finite length. Then we
can have the following cases:

a) l = 0 and ρ(τ).x = 0. Let us assume that condition (1) of Proposition
3 holds. Then each node ρ(ττ ′) following ρ(τ) in the same 0-sequence,
will contain a derived formula T0αUA(q)β (remember that the label of
a derived formula cannot change). On the other hand, the 0-sequence
containing ρ(τ) is finite, and, by construction, the last node of this se-
quence does not contain any until formula labelled with 0. Therefore the
assumption is wrong, and condition (2) must hold.

b) l = 1 and ρ(τ).x = 1. Same as case (a).

6δ∗A is the obvious extension of δA to sequences
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c) l = 1 and ρ(τ).x = 0. Let us assume again that condition (1) of Proposi-
tion 3 holds. Then each node ρ(ττ ′) following ρ(τ) will contain an until
formula derived from T1αUA(q)β in ρ(τ). All derived formulas will be la-
belled 1 up to the last node of the 0-sequence. This label will necessarily
propagate to the first node of the following 1-sequence, and we are reduced
to case (b).

d) l = 0 and ρ(τ).x = 1. Same as case (c).

Only if: condition (2) holds. We show that all 0 and 1-sequences of ρ
are finite. This is true for the initial 0-sequence, which consists only of the
first node. Let us assume now that a 0-sequence is finite. We show that the
following 1-sequence is also finite. According to the construction, the last node
of the 0-sequence can contain only until formulas with label 1. The following
1-sequence goes on until its nodes contain some until formula with label 1. Since
condition (2) holds, for each of these until formulas there is a τ ′ such that the
successor node of ρ(ττ ′) does not contain an until formula derived from it. On
the other hand all new until formulas created in this 1-sequence will have label
0. Therefore, if τmax is the longest among all τ ′, after node ρ(ττmax) there
will be no until formula labelled with 1, and the 1-sequence will terminate. The
same holds by replacing 0 with 1 and vice versa. 2

Given a set s of signed formulas, in the following we will denote by
∧

s the
conjunction of the formulas in s, where the prefixes T are removed and the
prefixes F are replaced by ¬.

Lemma 1 Let s be a set of formulas and tableau(s) = {s1, . . . , sn}. Then∧
s ↔ ∨

1≤i≤n

∧
si.

Proof. All rules used by the function tableau correspond to equivalence formu-
las. 2

Lemma 2 Let M = (σ, V ) be a model, τ ∈ prf (σ), and let n = (F , x, f)
be a node of the graph such that M, τ |= ∧F . Then there exists a successor
n′ = (F ′, x′, f ′) of n such that M, τa |= ∧F ′, where τa ∈ prf (σ). Moreover, if
TαUA(q)β ∈ F ′ where q is a final state and M, τa |= β, then Tβ ∈ F ′.

Proof. The proof comes from the construction and the previous lemma. In
particular the last part holds if, when expanding TαUA(q)β in F ′ with rule
(TuntilFS), we choose the set containing Tβ. 2

Theorem 3 Let M = (σ, V ) and M, ε |= φ. Then σ ∈ L(B(φ)).

Proof. We show how to build an accepting run ρ of B(φ) over σ. The first
node of ρ is chosen by taking an initial node n = (F , x, f) of the graph such
that M, ε |= ∧F . The following nodes of ρ are chosen by repeatedly applying
Lemma 2. To prove that the run is an accepting run, we have to show that all
the until formulas are fulfilled. Assume that TαUA(q)β occurs on the run at
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ρ(τ). Then, for the choice of the run ρ, it must be the case that M, τ |= αUA(q)β.
By definition of satisfiability we have that there exists τ ′ ∈ L(A(q)) such that
ττ ′ ∈ prf (σ) and M, ττ ′ |= β. Moreover, for every τ ′′ such that ε ≤ τ ′′ < τ ′,
M, ττ ′′ |= α. As τ ′ ∈ L(A(q)), by the choice of run ρ and the construction of
the automaton, there must be a final state q′ ∈ δ∗A(q, τ ′) such that TαUA(q′)β
belongs to ρ(ττ ′).F . Moreover for all τ ′′ such that ε ≤ τ ′′ < τ ′, Tα belongs to
ρ(ττ ′′).F . By Lemma 2, Tβ also belongs to ρ(ττ ′).F . Hence, condition (2) of
Proposition 3 holds and we can conclude, by Theorem 2, that ρ is an accepting
run. 2

Given a set F of signed formulas, we define the sets Pos(F) and Neg(F)
respectively as the sets of positive and negative propositions in F , i.e. Pos(F) =
{p ∈ P|Tp ∈ F}, and Neg(F) = {p ∈ P|Fp ∈ F}.

Theorem 4 Let σ ∈ L(B(φ)). Then there is a model M = (σ, V ) such that
M, ε |= φ.

Proof. Let ρ be an accepting run. For each τ ∈ prf (σ) let ρ(τ) = (Fτ , xτ , fτ ).
The model M = (σ, V ) can be obtained by defining V (τ) ∈ 2P such that
V (τ) ⊇ Pos(Fτ ) and V (τ) ∩Neg(Fτ ) = ∅.

It is easy to prove by induction on the structure of formulas that, for each
τ and for each formula α, if Tα ∈ Fτ then M, τ |= α, and if Fα ∈ Fτ then
M, τ 6|= α. In particular, for until formulas labelled T we make use of Theorem 2
and of Proposition 3, case 2, while for until formulas labelled F we make use of
Proposition 3, case 3. From Tφ ∈ Fε, it follows that M, ε |= φ. 2

From Theorem 3 and Theorem 4 we can conclude that:

Theorem 5 A DLTL formula φ is satisfiable if and only if L(B(φ)) 6= ∅.

3.4 Complexity

As described in Section 3, the satisfiability of a DLTL formula φ can be decided
by building the Büchi automaton accepting all the models of the formula. In
this section we show that, though in the worst case, the number of states of the
Büchi automaton is exponential in the size of |φ|, the satisfiability problem for
DLTL is in PSPACE.

To show this we can make use of the same argument used in [21] to show
that the satisfiability problem for ETL is in PSPACE. The argument is that,
though the automaton is exponential in size, it is not necessary to build the
whole automaton before applying the algorithm for nonemptiness. In fact, the
nonemptiness problem for Büchi automata is in NLOGSPACE (see Theorem
2.4 in [21]).

More precisely, to show that there is a polynomial space algorithm for de-
termining if a formula φ of DLTL(Σ) is satisfiable, by making use of Lemma 2.5
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in [21], it is enough to show that it is possible to associate to φ the encoding of
a Büchi automaton

Bφ = (Qφ,→φ, Qφ
in, Fφ)

over Σ in such a way that φ is satisfiable iff Bφ is nonempty and, furthermore: the
encoding of the states in Qφ and of the symbol in Σ can be done in polynomial
space; the membership in Σ, Qφ, Qφ

in, Fφ can be decided in polynomial space;
finally, verifying whether a state can be obtained by another one by a transition
of the automata can be decided in polynomial space.

It is not difficult to see that the automaton construction in section 3.2 satis-
fies the conditions mentioned above. In particular, let us show that the size of
the states of the automaton is polynomial in the size of φ.

Let α1Uπ1β1,....,αnUπnβn be all the until formulas occurring in the initial
formula φ. It is known that for πi ∈ Prg(Σ), we can construct in polyno-
mial time a non-deterministic finite state automaton Ai with L(Ai) = [[πi]]
such that the number of states of Ai is linear in the size of πi [12]. There-
fore, each until formula αiUAi(q)βi, replacing αiUπiβi in the initial formula
φ, has size linear in |φ|. Moreover, its expansion introduces at most a num-
ber of formulas which is polynomial in the size of Ai and, hence, polyno-
mial in the size of φ. In fact, observe that the expansion of the until for-
mula αiUAi(q)βi (and its descendants) introduces: at most |QAi | subformulas
of the form αiUAi(q

′)βi, with q′ ∈ QAi ; at most, |QAi | subformulas of the form∨
a∈Σ〈a〉

∨
q′′∈δ(q′,a) αiUAi(q

′′)βi (one for each q′ ∈ QAi); at most, |QAi | × |Σ|
subformulas 〈a〉∨q′′∈δ(q′,a) αiUAi(q

′′)βi (one for each q′ ∈ QAi and a ∈ Σ ); at
most, |QAi | × |Σ| subformulas

∨
q′′∈δ(q′,a) αiUAi(q

′′)βi (one for each q′ ∈ QAi

and a ∈ Σ ). Moreover, |QAi | is linear in |πi|, and and hence linear in the size
of φ. The alphabet Σ contains only symbols occurring in the initial formula
φ, so its size is linear in in the size of φ. Hence, |QAi | × |Σ| is quadratic in
the size of φ. Finally, the size of each formula added by the expansion rules
is polynomial in size with respect to |φ|. For instance, the size of the formula∨

a∈Σ〈a〉
∨

q′′∈δ(q′,a) αiUAi(q
′′)βi is at most |Σ| × |QAi | × |φ|, that is, cubic in

|φ|. In essence, the expansion rules introduce at most a polynomial number of
formulas of size polynomial in φ.

The automaton Bφ can be checked for nonemptiness in polynomial space in
the size of φ by making use of the algorithm described in [21] (see the proof of
Theorem 2.4). To find a model satisfying φ, the algorithm nondeterministically
guesses an initial state s and a final state r and then nondeterministically tries
to construct a path from s to r and a path from r to itself. To construct a path
from x to y the algorithm chooses a transition from the current state (initially
x) to a target state, which in turn will become the current state. At each point
of the algorithm only three states are remembered (the current state, the next
state and the state y), which are of size polynomial in the size of φ, and all
the steps of the algorithm can be executed in polynomial space in the size of φ.
Therefore, we can conclude that:

Theorem 6 The problem of verifying the satisfiability of a DLTL formula is in

17



PSPACE.

Given the fact that satisfiability for an LTL formula is PSPACE-hard [17],
we can conclude that the satisfiability problem for DLTL is PSPACE-complete.

4 The Product Version of DLTL

Let us now recall the definition of DLTL⊗ from [9]. Let Loc = {1, . . . , K} be a
set of locations, the names of the agents synchronizing on common actions. A
distributed alphabet Σ̃ = {Σi}K

i=1 is a family of (possibly non-disjoint) alphabets,
with each Σi a non-empty, finite set of actions (Σi is the set of actions which
require the participation of agent i). Let Σ =

⋃K
i=1 Σi. For σ ∈ Σ∞, we denote

by σ ¹ i the projection of σ unto Σi, that is the sequence obtained by erasing
from σ all occurrences of symbols that are not in Σi. Furthermore Loc(a)
denotes the set of all locations which share action a, i.e. Loc(a) = {i | a ∈ Σi}.

Atomic propositions are introduced in a local fashion, by introducing a non-
empty set of atomic propositions P. For each proposition p ∈ P and agent
i ∈ Loc, pi represents the “local” view of the proposition p at i, and is evaluated
in the local state of agent i.

Let us define the set of formulas of DLTL⊗(Σ̃) and their locations (if α is a
formula, then loc(α), which is a subset of Loc, denotes its location):

(a) if p ∈ P and i ∈ Loc, pi is a formula and loc(pi) = {i};
(b) if α and β are formulas, then ¬α and α ∨ β are formulas and
loc(¬α) = loc(α) and loc(α ∨ β) = loc(α) ∪ loc(β);
(c) if α and β are formulas and loc(α) = loc(β) = {i} and π ∈
Prg(Σi), then αUπ

i β is a formula and loc(αUπ
i β) = {i}.

Notice that no nesting of modalities Ui and Uj (for i 6= j) is allowed, and
the formulas in DLTL⊗(Σ̃) are boolean combinations of formulas from the set⋃

i DLTL⊗i (Σ̃), where

DLTL⊗i (Σ̃) = {α | α ∈ DLTL⊗(Σ̃) and loc(α) = {i} }.
A model of DLTL⊗(Σ̃) is a pair M = (σ, V ), where σ ∈ Σ∞ and V = {Vi}K

i=1

is a family of functions Vi, where Vi : prf (σ ¹ i) → 2P is the valuation function
for location i.

The satisfiability of formulas in a model is defined as above, except that
propositions are evaluated locally. In particular, for all τ ∈ prf (σ):

• M, τ |= pi iff p ∈ Vi(τ ¹ i);

• M, τ |= αUπ
i β iff there exists a τ ′ such that τ ′ ¹ i ∈ [[π]], ττ ′ ∈ prf (σ) and

M, ττ ′ |= β. Moreover, for all τ ′′ ∈ prf (τ ′), if ε ≤ τ ′′ ¹ i < τ ′ ¹ i, then
M, ττ ′′ |= α.
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Satisfiability in DLTL⊗ is defined as in DLTL. Moreover, the derived modalities
〈π〉i, [π]i, ©i, 3i and 2i are defined as in Section 2, but only considering the
actions in Σi.

In the product version of DLTL the global state of the system can be regarded
as a set of local states, one for each agent i. The execution of an action a may
cause the modification of the local state of agent i only when a ∈ Σi.

5 Automaton construction for DLTL⊗

In [9] it is shown how to check the satisfiability of a formula φ ∈ DLTL⊗, by
constructing a product Büchi automaton B(φ), such that the language accepted
by B(φ) is non-empty iff φ is satisfiable. Here we show how the on-the-fly
construction of Section 3 can be adapted to DLTL⊗, by outlining the main
features of the construction.

Let us consider first function tableau(s), where s is a set of formulas of
DLTL⊗. This function works as the one in Section 3, with the only difference
that we do not add to s the formula T

∨
a∈Σi

〈a〉i>, but we add the formula
T

∨
a∈Σ

∧
i∈Loc(a)〈a〉i>. The reason is that the semantics of DLTL⊗ does not

require σ ¹ i to be infinite, but it only requires σ to be infinite. Moreover, when
an action a is executed, it must be executed simultaneously by all the locations
which share the action a.

Given a set of formulas returned by tableau(s), we can eliminate from it
without loss of information all disjunctions and conjunctions. All remaining
formulas have exactly one location, and thus can be partitioned into K sets
F1, . . . ,FK , such that each formula φ ∈ Fi has location {i}.

Each node of the graph is a tuple (F1, . . . ,FK , x, f), where each Fi is an
expanded set of formulas, such that each formula φ ∈ Fi has location {i}.
Furthermore, as before, x ∈ {0, 1}, and f ∈ {↓, X}. Edges of the graph are
labeled with symbols of Σ.

Given a node n = (F1, . . . ,FK , x, f), there is a node n′ = (F ′1, . . . ,F ′K , x′, f ′)
adjacent to it through an edge labeled with a ∈ Σ if, for all Fi such that a ∈ Σi,
Fi contains a formula T〈a〉iα. Under such conditions, for all i with a ∈ Σi,
the set F ′i is obtained from Fi by proceeding as in Section 3. Instead, for all
i with a 6∈ Σi, F ′i = Fi. The values of x′ and f ′ are obtained as in function
create graph.

6 Reasoning about Actions

DLTL is well suited for reasoning about actions because it combines the features
of PDL for reasoning about complex actions, with those of LTL for expressing
temporal properties. In this section we describe an action theory based on
DLTL we have developed in [5], and used to reason about interaction protocols
in multi-agent systems.
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In our theory, a domain description D is defined as a tuple (Π, C), where Π
is a set of action laws and causal laws, and C is a set of constraints.

Action laws in Π have the form: 2(α → [a]β), with a ∈ Σ and α, β arbitrary
formulas, meaning that executing action a in a state where precondition α holds
causes the effect β to hold.

Causal laws in Π have the form: 2((α ∧ ©β) → ©γ), meaning that if α
holds in a state and β holds in the next state, then γ also holds in the next
state. Such laws are intended to expresses “causal” dependencies among fluents,
where fluents are atomic propositions which can change their truth value from
one state to another.

Constraints in C are arbitrary temporal formulas of DLTL. In particular, the
set of constraints C includes the precondition laws.

Precondition laws have the form: 2(α → [a]⊥), meaning that the execution
of an action a is not possible if α holds (i.e. there is no resulting state following
the execution of a when α holds). Observe that, when there is no precondition
law for an action, the action is executable in all states.

Action laws and causal laws describe the changes to the state. All fluents
which are not changed by the actions or causal laws are assumed to persist
unaltered to the next state. To cope with the frame problem, the laws in Π,
describing the (immediate and ramification) effects of actions, have to be dis-
tinguished from the constraints in C and given a special treatment. In [5], to
deal with the frame problem, a completion construction is defined which, given
a domain description, introduces frame axioms in the style of the successor state
axioms introduced by Reiter [15] in the context of the situation calculus. The
completion construction is applied only to the action laws and causal laws in Π
and not to the constraints. In the following we call Comp(Π) the completion of
a set of laws Π and we refer to [5] for the details on the completion construction.

In [6, 7] we have used this theory for specifying interaction protocols among
agents by adopting a social approach to agent communication [16], in which
communicative actions affect the “social state” of the system, rather than the
internal (mental) states of the agents. The social state records social facts,
like the permissions and the commitments of the agents. The dynamics of the
system emerges from the interactions of the agents, which must respect these
permissions and commitments (if they are compliant with the protocol). The
social approach allows a high level specification of the protocol, and does not
require the rigid specification of the allowed action sequences. It is well suited for
dealing with “open” multi-agent systems, where the history of communications
is observable, but the internal states of the single agents may not be observable.

Commitments are represented by special fluents: a base-level commitments
of the form C(i, j, α), means that agent i is committed to agent j to bring about
α, where α is an arbitrary formula, and a conditional commitments of the form
CC(i, j, β, α) means that agent i is committed to agent j to bring about α, if
the condition β is brought about.

Some reasoning rules have been defined for canceling commitments when
they have been fulfilled and for dealing with conditional commitments, by means
of causal laws:
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2(©α →©¬C(i, j, α))
2(©α →©¬CC(i, j, β, α))
2((CC(i, j, β, α) ∧©β) →©(C(i, j, α) ∧ ¬CC(i, j, β, α)))

A commitment (or a conditional commitment) to bring about α is cancelled
when α holds, and a conditional commitment CC(i, j, β, α) becomes a base-
level commitment C(i, j, α) when β has been brought about.

For instance, let us consider the Contract Net protocol[18]. The Contract
Net protocol begins with an agent (the manager) broadcasting a task announce-
ment (call for proposals) to other agents viewed as potential contractors (the
participants). Each participant can reply by sending either a proposal or a re-
fusal. The manager must send an accept or reject message to all those who
sent a proposal. When a contractor receives an acceptance it is committed to
perform the task.

The effects of communicative actions are described by action laws, such as:

2[cfp(T )]CC(M, P, proposal, acc rej)
2[propose](replied ∧ proposal)

The law for action cfp(T ) adds to the state the information that the manager
is committed to reply to the task announcement, by accepting or rejecting a
proposal, if it receives a proposal.

The permissions to execute communicative actions are represented by pre-
condition laws. For instance, preconditions on the execution of action accept
can be expressed as:

2(¬proposal ∨ acc rej → [accept]⊥)

meaning that action accept cannot be executed if a proposal has not been done,
or if the manager has already replied.

We will denote Permi (permissions of agent i) the set of all the precondition
laws of the protocol pertaining to the actions of which agent i is the sender.

We are interested in those execution of the protocol in which all commitments
have been fulfilled. We can express the condition that the commitment C(i, j, α)
has been fulfilled by the following constraint:

2(C(i, j, α) → 3α)

We will call Comi the set of constraints of this kind for all commitments of
agent i. Comi states that agent i will fulfill all the commitments of which it is
the debtor.

The domain description D = (Π, C) of a protocol is defined as follows: Π is
the set of the action and causal laws, and C = Init ∧∧

i(Permi ∧ Comi) is the
set containing the the initial state, the permissions Permi and the commitments
Comi of all the agents.

Given a domain description D, the completed domain description Comp(D)
is the set of formulas (Comp(Π) ∧ Init ∧ ∧

i(Permi ∧ Comi)). The runs of
the system according the protocol are the linear models of Comp(D). Observe
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that in these protocol runs all permissions and commitments have been fulfilled.
By applying the automaton construction described in this paper to the formula
Comp(D) we obtain a Büchi automaton whose accepting runs are all correct
executions of the protocol.

Given the DLTL specification of a protocol by a domain description, we can
address different kinds of verification problems.

For instance, given an execution history describing the interactions of the
agents, we want to verify the compliance of that execution to the protocol. We
are given a history τ = a1, . . . , an of the communicative actions executed by the
agents, and we want to verify that the history τ is the prefix of a run of the
protocol, that is, it respects the permissions and commitments of the protocol.
This problem can be formalized by requiring that the formula

(Comp(Π) ∧ Init ∧
∧

i

(Permi ∧ Comi))∧ < a1; a2; . . . ; an > >

(where i ranges on all the agents involved in the protocol) is satisfiable. In fact,
the above formula is satisfiable if it is possible to find a run of the protocol
starting with the action sequence a1, . . . , an.

Note that this verification is carried out at runtime, and we can take ad-
vantage of the incremental nature of the construction. In fact we can carry out
the construction on-the-fly whenever a new action is executed by some agent,
until either the protocol is completed or the construction cannot go on, in case
of violation of the protocol.

A further problem is to verify that an agent is compliant with the proto-
col, given the program executed by the agent itself. In DLTL we can specify
the behavior of an agent by making use of complex actions (regular programs).
Consider for instance the following program πP for a participant in the Contract
Net protocol:

[¬done?; ((cfp(T ); eval task; (¬ok?; refuse; exit + ok?; propose)) +
(reject; exit) + (accept; do task; exit))]∗; done?

The participant cycles and reacts to the messages received by the manager:
for instance, if the manager has issued a call for proposal, the participant can
either refuse or make a proposal according to his evaluation of the task; if the
manager has accepted the proposal, the participant performs the task; and so
on. The program πP contain private actions of the participant, besides the
public actions of the protocol.

The verification that the participant is compliant with the protocol can be
formalized as a validity check. Let D = (Π, C) be the domain description de-
scribing the protocol, and (ΠP , CP ) be the domain description of the participant,
where ΠP is a set of action laws describing the effects of its private actions, and
CP contains the formula 〈πP 〉> stating that the program is executable in the
initial state. The formula

(Comp(Π) ∧ Init ∧ PermM ∧ ComM ∧ Comp(ΠP ) ∧ CP ) → (PermP ∧ ComP )
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is valid if in all the behaviors of the system, in which the participant executes
its program πP and the manager (whose internal program is unknown) respects
the protocol specification (in particular, its permissions and commitments), the
permissions and commitment of the participant are also satisfied.

As we have seen, an agent participating in a protocol makes use of a set
of actions different from that of the protocol or of other agents, since this set
can contain also private actions. Thus, in the general case, the verification of
properties of multi-agent systems may require the use of DLTL⊗ [6].

7 Related Work

In this paper we have presented a tableau-based algorithm for constructing
a Büchi automaton from a DLTL formula. DLTL, and its product version
DLTL⊗, were proposed by Henriksen and Thiagarajan [9, 10]. DLTL combines
in an orthogonal way two well-known formalisms, LTL and PDL, by indexing
the until operator of LTL with the programs of PDL.

As described in [10], the satisfiability problem for DLTL can be solved in
deterministic exponential time, as for LTL, by constructing for each formula α ∈
DLTL(Σ) a Büchi automaton Bα such that the language of ω-words accepted by
Bα is non-empty if and only if α is satisfiable. The construction presented in [10]
is highly inefficient since it requires to build an automaton with an exponential
number of states, most of which will not be reachable from the initial state.

A tableau-based algorithm for constructing a Büchi automaton has been
proposed in [4] for LTL. The construction of the automaton can be done on-the-
fly, while checking for the emptiness of the language accepted by the automaton.
Given a formula ϕ, the algorithm builds a graph G(ϕ) whose nodes are labelled
by sets of formulas. States and transitions of the Büchi automaton correspond
to nodes and arcs of the graph. The algorithm makes use of a tableau-based
procedure for expanding the set of formulas at each node. The algorithm builds
a generalized Büchi automaton, which has a set of sets of accepting states and
can easily be translated into a standard Büchi automaton. The number of
states of the automaton is, in the worst case, exponential in the size if the input
formula, but in practice it can be much smaller.

Algorithms of this kind are the kernel of model checkers like SPIN [11]. Due
to its practical importance, various improvements have been presented [3, 19]
to keep the automaton as small as possible.

The construction presented in this paper for DLTL is based on the standard
construction for LTL [4], but the possibility of indexing until formulas with reg-
ular programs puts stronger constraints on the fulfillment of until formulas than
in LTL, requiring more complex acceptance conditions. The solution adopted in
this paper was inspired by [10], and allows to obtain directly a standard Büchi
automaton.

DLTL has some similarities with ETL, an extension of LTL proposed by
Vardi and Wolper [21, 23]. This logic does not provide any standard temporal
connective, but extends propositional logic with formulas A(φ1, . . . , φn), where
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the φi are formulas, and A = (Σ, S, δ, S0, F ) is a finite automaton called automa-
ton connective. Each formula φi corresponds to a symbol of the alphabet Σ,
(|Σ| = n). A model is an infinite sequence of truth assignments, i.e. a function
π : ω → 2Prop. Roughly speaking, a formula A(φ1, . . . , φn) is satisfied by π at
position i, iff there is a word a1, . . . , am accepted by A such that formula φj ,
corresponding to the symbol aj is satisfied at position i + j, 1 ≤ j ≤ m.

Various versions of ETL have been defined, depending on the acceptance
condition of the automaton A. Standard temporal operators can be defined
with suitable automata. Furthermore this logic is more expressive than PTL.
For instance it is possible to express in ETL the property that a formula is true
in every even state of the sequence π, while this property is not expressible in
PTL.

Vardi and Wolper present in [21] a procedure for building a Büchi automaton
from a given ETL formula. The automaton is obtained as the intersection of two
automata: The first one, called the local automaton, is a Büchi automaton, while
the other one, called the eventuality automaton, is a set-subword automaton.
The authors give also a construction for obtaining a Büchi automaton from a
set-subword automaton.

Wolper [23] presents a different version of ETL which uses grammars instead
of automata, and gives a tableau decision procedure for it. This procedure is
rather different from the one for LTL [4], due to the different features of the
logics, in particular in the condition of eventuality fulfillment.

Although there are similarities between DLTL and ETL, and DLTL could be
translated to ETL, we would like to quote from [10]: “ETL as formulated in [21]
has an uncontrolled amount of external elements, in the sense that the states and
the alphabets of the automata which are used to write down the automaton for-
mulas have little to do with the logic under consideration”, while “DLTL adds to
the familiar mechanism of LTL an orthogonal and well-understood component,
namely the language of regular expressions”.

8 Conclusions

In this paper we have presented a tableau-based algorithm for constructing
a Büchi automaton from a DLTL formula. The formula is satisfiable if the
language recognized by the automaton is nonempty. The construction of the
states of the automaton can be done on-the-fly during the search that checks for
emptiness. As in [10] we make use of finite automata to verify the fulfillment
of until formulas. However, the construction of the automaton given in [10]
is based on the idea of generating all the (maximally consistent) sets of the
subformulas of the initial formula. Moreover, rather then introducing the states
of the finite automata in the global states of the Büchi automaton, we stay closer
to the standard construction for LTL [4] and we detect the point of fulfillment
of the until formulas by associating a finite automaton with each until formula
(rather than a regular expression) and by keeping track of the evolution of the
state of these (finite) automata during the expansion of temporal formulas.
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This construction could be improved in various ways, in particular by adapt-
ing the techniques presented in [3]. That paper presents a general form of the
algorithm, and gives optimized variants of it. The main idea is to reduce the
number of formulas contained in a node of the graph, by keeping only elemen-
tary formulas. This allows to reduce the number of nodes of the graph. The
same techniques can also be applied to our algorithm.

Further optimizations can be devised specifically for our algorithm. For
instance, we can avoid the situation where a node contains two copies of the
same until formula with different labels 0 and 1. In fact, let T0αUA(q)β and
T1αUA(q)β be two until formulas contained in a node n of the graph. If there
is a path in the graph from n to n′ which fulfills one formula, it will fulfill also
the other one, since the two formulas are the same, apart from the label. Thus
we can keep only one of the two formulas, and precisely the one whose l label
is equal to the value of x, since we know that it will be fulfilled within the end
of the current l-sequence.
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