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Abstract. This paper offers a formalization of iterated belief revision for multia-
gent communication using the logic of communication graphs introduced in [15].
In this study we consider an agent (i.e., information source) capable of sending
two types of message. In the first type, he tells that heknowsa proposition, but in
the second type, he tells that hebelievesa proposition. Consequently, iterated be-
lief revision is brought about through a sequence of communication events (i.e.,
a history), and we propose a variation of the AGM rational postulates for history
based belief revision. As we will show, a representation theorem is verified only
for a class of restricted communication graphs. We consider this result to be a
weak point in the application of the AGM postulates to multiagent communica-
tion, and propose a viable alternative.

1 Introduction

Information processing in uncertain communication environments is one of the impor-
tant problems for the study of multiagent systems. When agents communicate, often
less than certain information passes between them. In such a case, we technically can-
not say that they acquireknowledge, even if the information in question eventually
turns out to be true. Here, we distinguish between two types of uncertain information
in multiagent communication. On the one hand, an agent may consider a given piece
of information correct even though in fact he obtains it from an unreliable information
source (via some insecure communication channel), and therefore his information may
in fact be incorrect. On the other hand, the agent may not be convinced that this infor-
mation is correct, but nonetheless consider it plausible. While he does not recognize it
in the first case, he is aware of his own uncertainty in the second case. Thus, making
an inquiry to some other agent, one agent finds two fallible answers. That is to say, the
other agent is firmly convinced of the information or not3. These two types of epistemic
attitudes, related to knowledge and belief, require a classification of rational processing
for uncertain information. Traditional study of belief revision ([1, 7]) proposes ratio-
nal postulates for the change of an agent’s knowledge base calledminimal change, and

3 For the purpose of this paper, we take ‘conviction’ to be a technical notion that is epistemically
stronger than belief, excluding the possibility of error in the agent’s own mind. Thus, whereas
introspectively an agent does not distinguish between his convictions and knowledge, he would
consider his beliefs to be likely though not certain.



prove a representation theorem that tells us that these postulates correspond to certain
revision operators. However, Gärdenfors ([7]) stated that the relation between knowl-
edge base and external environment is not essential for the study of belief revision, and
he did not distinguish knowledge from belief. Therefore, when a message comes from
the other agent, whether the other agent knows something or not is not important for
the general study of belief revision.

As an exception to the above characterization, Friedman and Halpern ([5, 6]) defined
a belief operator in terms of both a knowledge operator and a conditional operator. Their
study proposed an expansion of the logic of knowledge for multiagent systems [4],
and therefore it can be applied to multiagent systems, although they were interested in
iterated belief revision for single agents. However, they assumed that an agent acquires
an infallible information by the observation upon the external environment. As a result,
any given sequence of external inputs must be consistent, and possible worlds that are
inconsistent with the inputs already accepted are systematically eliminated. However,
as indicated by Rott’s study about conservatism in iterated belief revision [16], such
an idea isradical for fallible information. Moreover, since they were not interested in
communication, their model must not be related with the study of multiagent system.
Because multiple agents’ communication may give rise to uncertain information, such
a formalization is suitable for single agents, but not multiple agents. In fact, they did not
describe the application of the framework to multiagent systems. Thus, the traditional
study of belief revision usually assumed that epistemic input came from an external
environment, and was generally not interested in multiagent communication.

Studying belief revision in multiagent communication, we utilize the logic of com-
munication graphs from [15]. This logic expresses that information travels via commu-
nication channels that ensure its reliability. Only if an agenti can directly receive some
piece of information from another agentj andj has acquired this knowledge in a sim-
ilar fashion,i acquires this piece of knowledge fromj. Nevertheless, this logic cannot
represent the situation where an agent believes some proposition but does notknowit.
In order to solve the problem, we will not directly use the modal operatorKi for knowl-
edge. Instead, we introduce the operatorCi for convictionand→i for conditional, and
define knowledgeKi and beliefBi in terms of these two operators. Furthermore, we
will define some postulates for belief revision operations that accepts another agent’s
respective knowledge and beliefs as external inputs, and show that some revision oper-
ators are equivalent with these postulates when the communication graph satisfies some
condition.

In section 2, we introduce formal preliminaries and semantics for our logic of com-
munication graphs that pays attention to the other agent’s knowledge and belief. In sec-
tion 3, consulting moderate and radical belief revision in Rott [16], we define iterated
revision operators for knowledge and belief. In section 4, rational postulates are pro-
posed, and we show the representation theorem between the operators and the postulates
for those cases where the communication graph satisfies some particular constraints. In
section 5, we discuss some remaining problems of our study and its perceived advan-
tages over related works, as well as indicate subsequent work to be done.



2 Preliminaries

In this section, we describe the semantics for our logic of communication graphs with
conditionalsCC(G). This is based on the logic of communication graphs from [15],
expanded with a conditional operator like the study of belief revision by the logic of
knowledge for multiagents by [5, 6]. Thus our logic not only allows reasoning about
the underlying communication channel, but also represents the plausibility of a given
proposition as far as the agents are concerned.

Let A be the set of agents. Then, acommunication graphis described byGA =
〈A, E〉, whereE ⊆ (A × A) \ {(i, i) | i ∈ A}. The edges inE represent whether an
agent can directly receive information from another agent or not, i.e.,(i, j) ∈ E means
that agenti learns information from agentj directly.

We define thatE is fully connectediff for all i, j ∈ A, if i 6= j, then(i, j) ∈ E, and
E is existentially connectediff for all i ∈ A, for somej ∈ A, (i, j) ∈ E. In the former
case, any agent can communicate with any agent. In the latter case, for any agent, there
is an information source.

Suppose that all agents share the (finite) set of atomic propositionsAt and a spe-
cial propositional variableL. Intuitively, L means that any information exchange have
emerged via reliable communication channel. As already discussed, we introduce the
following modal operators; intuitively,Ciφ means thati is convinced thatφ; φ →i ψ
means that, givenφ, ψ is plausible fori; ♦φ means that, after some communications,φ
becomes true. Precise semantics of these symbols are given later. The set of well-formed
formulae consists of

φ := p | ¬φ | φ ∧ ψ | Ciφ | φ →i ψ | ♦φ.

We use the standard abbreviations for connectives∨,⇒,⇔, and propositional con-
stantstrue andfalse. Besides these we introduce the modal operatorsKi andBi as
abbreviations, where as usualKiφ means thati knowsφ, andBiφ means thati believes
φ.

Kiφ
def= L ∧ Ciφ

Biφ
def= Ci(true →i φ)

Thus, agenti knowsφ iff any information exchange have emerged via reliable com-
munication channel and agenti is convinced thatφ. Agent i believesφ iff agent i is
convinced thatφ is plausible.

The definition ofBi is almost the same as Friedman and Halpern’s in [5, 6], but in
their work belief is defined instead as

Biφ
def= Ki(true →i φ).

That is to say, agenti believesφ iff agent i knows thatφ is plausible. Their definition
of knowledge is not based on communication channel, but our definition depends on
the reliability of the communication channel, which is decided by an agent’s external



environment (See the definition of the semantics ofL below)4. Thus, whether he knows
something or not is not decided by his internal state without external environment.
However, belief does not seem to depend on the external environment. Therefore, we
introduced modal operatorCi that does not depend on the real external environment,
but on the environments that cannot be distinguished from the real environment for the
agenti. For details, see the definition fo the semantics ofCi.

Let Ati ⊆ At be the set of atomic propositions of which agenti initially knows
the truth value (we do not assume allAti (i ∈ A) to be disjoint). Furthermore, this
fact abouti’s knowledge iscommon knowledgeamong all members ofA. So another
agent knows thati knows the truth value of elements ofAti, though not what these
values actually are. Thus we introduce an information vectorAt = 〈At1, . . . , Atn〉
representing the initial knowledge of the agents. Given a setW , we say thatv ∈ W is
aworld, wherev is a functionv : At → {0, 1}.

When agenti learns some informationφ from agentj’s knowledge or beliefs,
we represent this situation by(i, j, φ, e) and call it acommunication event, where
e ∈ {B, K} is a label representing the epistemic modality in question. Technically
φ is restricted to formulae in disjunctive normal form (DNF), i.e.,φ is of the form∨

i=1,...,k

∧
Ci, where eachCi is a consistent finite set of literals inAt. That is,(i, j, φ,K)

is an event that agenti learns from agentj that j knowsφ. Given the set of all com-
munication eventsΣG , H ∈ Σ∗

G is a finite sequence of events called ahistory, where
the empty history is denotedε. We define the temporal ordering over all histories as
follows: H v H ′ iff H ′ = H ·H ′′ for someH ′′, where· is a concatenation of commu-
nication events.

A history can be considered as a God’s eye record of past agent communications,
but an agent may only witness part of it. When the second agentj and the third agent
k communicate with each other, the first agenti has no access to their communication.
Therefore, we introducei’s local historyλi(H), in which i can only recognize those
events that concern himself, i.e., in whichi receives some information from the other
agent. It is defined as follows.

λi(H · (m, j, φ, e)) =
{

λi(H) · (m, j, φ, e) if m = i
λi(H) otherwise

A pair (v, H) consisting of a system statev and a historyH is called apoint. Given
two points(w,H) and(v,H ′), we can imagine an agenti unable to distinguish between
the two. We can describe this situation in terms of an accessibility relation∼i as follows,
wherew|Ati is a restriction ofw whose domain isAti.

(w,H) ∼i (v, H ′) iff w|Ati = v|Ati andλi(H) = λi(H ′)

4 In the following discussion, predicateL is defined by communication channel. Whether an
agent knows something or not is justified byL. In other words, the source of the knowledge
lies outside of himself. Thus, in our formalization, an agent has no access to the ground of the
justification directly. Philosophically, such a view is calledexternalism about knowledge[2].



We use a total preorder≤ 5 overW for the definition of conditional operator and we
call it a preference relation. We denotev ≤ w whenv is at least as plausible asw.
v < w is the strict case of≤, i.e., v ≤ w andw 6≤ v. We assume that sets of states
are also comparable with≤. Thus,A ≤ B iff for all v ∈ B, for somew ∈ A, w ≤ v.
The maximal worlds w.r.t. the preference relation are calledimplausible worlds. The
set of implausible worldsIm ⊆ W satisfies the following condition: for anyw ∈ Im,
v ∈ W , v ≤ w, and if v /∈ Im, thenw 6≤ v. Let a preference assignment func-
tion Pi for agenti be a mapping from(v, H) to (≤, Im), i.e.,P(v, H) = (≤, Im),
whereIm = {w ∈ W | for anyH ′, (w, H ′) 6∼i (v,H) or w,H ′ 6|=M L} (|=M is
precisely defined in the following discussion). That is to say, implausible worlds can
be distinguished from the actual world in which agenti finds himself. In the following
discussion, we definePi(v, H) = (≤i,v,H , Imi,v,H). That is,w ≤i,v,H w′ means that
w is at least as plausible asw′ for agenti at worldv and historyH. Thus, we will define
acommunication graph modelas a tupleM = 〈G,At,P ,W 〉.

We will introduce the satisfiability relation of legality and truth as follows.

(Legality)

– w, ε |=M L
– w, H · (i, j, φ, K) |=M L iff w,H |=M L, (i, j) ∈ E, andw, H |=M Kjφ
– w, H · (i, j, φ, B) |=M L iff w, H |=M L and(i, j) ∈ E

(Truth)

– w, H |=M p iff w(p) = 1, wherep ∈ At.
– w, H |=M ¬φ iff w, H 6|=M φ
– w, H |=M φ ∧ ψ iff w, H |=M φ andw,H |=M ψ
– w, H |=M ♦φ iff ∃H ′ such thatH v H ′, w, H ′ |=M L andw, H ′ |=M φ
– w, H |=M Ciφ iff ∃(v, H ′), (w, H) ∼i (v, H ′) andv, H ′ |=M L, and∀(v, H ′), if

(w,H) ∼i (v, H ′) andv, H ′ |=M L, thenv, H ′ |=M φ
– w, H |=M φ →i ψ iff |=M φ ⇔ false or [[φ ∧ ψ]]Mi,w,H <i,w,H [[φ ∧ ¬ψ]]Mi,w,H ,

where[[φ]]Mi,w,H = {v ∈ W |∃H ′, (w, H) ∼i (v, H ′), andv, H ′ |=M
L, andv, H ′ |=M φ}.

We will explain the meaning of the above definition. Legality is defined as follows.
At first, when a history is empty, the point is legal. Next, If there is some legal point,
there is some communication graph from agentj to agenti, andj knowsφ, the pair of
the world and the concatenation of the history and the event(i, j, φ, K) is also legal.
Finally, if there is some legal point, and there is some communication channel from
agentj to agenti, then the pair of the world and the new history with(i, j, φ, B) is also
legal. Thus, legality means that there have been reliable communication channels.

Note that agentj’s knowledge is related with the definition of legality, but notj’s
belief, since legality is a condition that ensures the truth of knowledge (see the definition
of Kiφ). While knowledge must be justified by a reliable information source, whether

5 A total preorder≤ is a total and transitive relation.≤ is total iff w ≤ w′ or w′ ≤ w for any
w, w′ ∈ W .≤ is transitive iff for anyw, w′ ∈ W , if w ≤ w′ andw′ ≤ w′′, thenw ≤ w′′.



belief needs such a source or not is a difficult epistemological problem for our current
study. Therefore, our current stance is that we do not require belief to be justified by
legality.

The truth condition of¬ and∧ is as usual. The formula♦φ is satisfied when there
will be some future point that satisfiesφ. The formulaCiφ is true when there is some
legal point that is indistinguishable with the real point for agenti, and for any indistin-
guishable legal point,φ is true. The formulaφ →i ψ means thatφ∧ψ is more plausible
for agenti thanφ ∧ ¬ψ at the point.

The difference in definition between ourCi and Pacuit and Parikh’sKi in [15] is
important. Their definition is as follows.

w, H |=M Kiφ iff ∀(v, H ′), if (w,H) ∼i (v, H ′) andv, H ′ |=M L, thenv, H ′ |=M φ

That is, their definition of knowledge does not assume that there is some legal point
that is not distinguished from the real points for agenti. This definition does not satisfy
the modal axiom D, which characterizes an essential property of belief the property
of belief (i.e., nobody believes a contradiction.), while the axiom T is known from the
logic of knowledge (i.e., veridicality of knowledge). Perhaps the real point may not be
legal, and we may not find any legal point that is not distinguished from the real points
for agenti. In such a case,Ki does not satisfyD. Therefore, we defineCi as already
mentioned.

Thus, the derived modal operatorsKi andBi, defined byL, Ci, and→i, satisfy the
following traditional axioms.

K: (Kiφ ∧Ki(φ ⇒ ψ)) ⇒ Kiψ
T: Kiφ ⇒ φ.
4: Kiφ ⇒ KiKiφ.
5: ¬Kiφ ⇒ Ki¬Kiφ.

Gen: Fromφ infer Kiφ.

K: (Biφ ∧Bi(φ ⇒ ψ)) ⇒ Biψ.
D: ¬Bifalse.
4: Biφ ⇒ BiBiφ.
5: ¬Biφ ⇒ Bi¬Biφ.

Gen: Fromφ infer Biφ.

Note thatCi also satisfies KD45 likeBi.

K: (Ciφ ∧ Ci(φ ⇒ ψ)) ⇒ Ciψ.
D: ¬Cifalse.
4: Ciφ ⇒ CiCiφ.
5: ¬Ciφ ⇒ Ci¬Ciφ.

Gen: Fromφ infer Ciφ.

Furthermore, the conditional operator→i satisfies the following axioms of non-
monotonic reasoning in [12, 13].



Fig. 1. Rewriting sphere by knowledge and belief

LLE: Fromφ ⇔ φ′ andφ →i ψ infer φ′ →i ψ.
RW: Fromψ ⇒ ψ′ andφ →i ψ infer φ →i ψ′.

REF: φ →i φ.
AND: Fromφ →i ψ1 andφ →i ψ2 infer φ →i ψ1 ∧ ψ2.

OR: Fromφ1 →i ψ andφ2 →i ψ infer φ1 ∨ φ2 →i ψ.
CM: Fromφ →i ψ1 andφ →i ψ2 infer φ ∧ ψ1 →i ψ2.
RM: Fromφ →i ψ1 and notφ →i ¬ψ2 infer φ ∧ ψ2 →i ψ1.

Finally, our formalization satisfies the following interaction between knowledge and
beliefs characterized by [11].

KB1: Biφ ⇒ KiBiφ.
KB2: Kiφ ⇒ Biφ.

In the following discussion, we will suppose that ifw|Ati = v|Ati , then≤i,w,ε=≤i,v,ε,
although the above axioms are satisfied without the supposition.

3 Rewriting Rules for the Preference Relation

In this section we introduce our iterated belief revision operation by incorporating the
other agent’s knowledge (or correctly the information that the agent regards as knowl-
edge) and belief. Although this is basically identical to traditional sphere semantics by
[8, 10], much of our idea depends on the radical/moderate approach to iterated belief
revision by [16]6, and therefore, we can not only revise one agent’s belief by one input,
but also by a sequence of inputs from the other agent’s knowledge and belief. Namely,
we revise an agent’s belief not only by an input but rather by a sequence of inputs.
The change of belief corresponds to that of preference relation. Thus, we will define
rewriting rules for the preference relation.

6 Rott studied the conservative approach to iterated belief revision in [16]. In this approach,
when¬ψ ∈ K+̇φ, (K+̇φ)+̇ψ = K+̇ψ, where+̇ is a revision function for a setK of
formulae and a formulaφ. The radical/moderate approach does not satisfy such a property.
For details, see [16].



When we incorporate the information that states thatj knows φ into i’s belief,
we consider that the worlds which satisfy¬φ become implausible for agenti, because
knowledge must be true. Perhaps, this information may be false due toj’s misjudgment,
when his information was acquired from an unreliable information source. However, we
will consider thati relies onj’s information ifi can assume that he finds himself at some
legal point andj has acquired the information in question from a reliable source. Thus,
we use the radical approach for the definition of revision by another agent’s knowledge.
This approach is also presupposed by the study of belief revision in modal logic [5,
6], where worlds that contradict the input are systematically deleted. Such a method
is suitable for information that is known (i.e. guaranteed to be correct), because any
situation that contradicts it should be eliminated from the set of worlds still considered
possible.

The basic idea can be intuitively described by systems of spheres like the left side
of figure 1. Spheres represent the various equivalence classes imposed onW by the
preference relation≤i,v,H . Therefore, implausible worlds are at the outside of all the
spheres. Thus, change of preference relation by knowledge is explained as follows: the
most plausible worlds that satisfyφ (worlds of part 1 in the figure) become the most
plausible worlds after accepting the knowledge thatφ, the second plausible worlds that
satisfyφ (worlds of part 2 in the figure) become the second-most plausible worlds in
the next step, but implausible worlds that satisfyφ and any worlds that do not satisfyφ
(worlds with black marks) become implausible worlds in the next step.

More formally,w ≤i,v,H·(m,j,φ,K) w′ iff

I. v, H 6|=M L or (m, j) /∈ E or v, H |=M ¬Kjφ or
II. m 6= i andw ≤i,v,H w′ or

III. m = i and
a. w′ ∈ Imi,v,H·(i,j,φ,K) or
b. w /∈ Imi,v,H·(i,j,φ,K) andw ≤i,v,H w′.

The meaning of the definition is as follows:w is at least as plausible asw′ for i at
(v, H) when the event(m, j, φ, K) occurs iff (I.)(v, H · (m, j, φ,K)) is already illegal
(and therefore, all worlds are implausible from the point of view at(v, H ·(m, j, φ, K)))
or (II.) i cannot distinguish(v,H ·(m, j, φ, K)) with (v, H) because ofm 6= i or (III.a.)
w′ is implausible at(v, H · (m, j, φ, K)) or (III.b.) w is at least as plausible asw′ for
i at the previous point(v,H). Thus, in the case of (I.) and (III.a.), any worlds become
implausible, and in the case of (II.), the preference relation is not changed, and therefore
only the case of (III.b.) requires belief revision by the knowledge.

We defined a revision operation for the preference relation by another agent’s knowl-
edge. We regard worlds that contradict the knowledge as implausible, when we incorpo-
rate the information thatj believesφ into i’s belief. However, nothing prevents worlds
that satisfy¬φ from becoming more plausible again upon learning new information
as a result of future communications. Thus, we employ the moderate approach for the
definition of revision by another agent’s belief, because belief may be false and can not
eliminate the information that is not known to be impossible.



The basic idea can also be characterized by systems of spheres like the right side
of figure 1. Change of preference relation by belief is explained as follows: the most
plausible worlds that satisfyφ (worlds of part 1 in the figure) become the most plausible
world in the next step of accepting the information that tells thatφ is known, the second-
most plausible worlds that satisfyφ (worlds of part 2 in the figure) become the second-
most plausible worlds in the next step, the most plausible worlds that do not satisfyφ
(worlds of part 3 in the figure) become the third-most plausible worlds in the next step,
the second-most plausible worlds that do not satisfyφ (worlds of part 4) become the
fourth-most plausible worlds, and the third-most plausible worlds that do not satisfy
φ (worlds of part 5) become the fifth-most plausible worlds, but implausible worlds
(marked black) remain implausible.

Again,w ≤i,v,H·(m,j,φ,B) w′ iff

I. v, H 6|=M L or (m, j) /∈ E or
II. m 6= i andw ≤i,v,H w′ or

III. m = i and
a. w′ ∈ Imi,v,H or
b. w /∈ Imi,v,H and

1. w,H |=M φ, w′,H |=M φ, andw ≤i,v,H w′, or
2. w,H |=M φ, w′,H 6|=M φ, or
3. w,H 6|=M φ, w′,H 6|=M φ, andw ≤i,v,H w′.

The meaning of the definition is as follows:w is at least as plausible asw′ for i at
(v, H) when the event(m, j, φ, B) occurs iff (I.)(v, H ·(m, j, φ, B)) is already not legal
(and therefore, all worlds are implausible from the point of view at(v, H ·(m, j, φ, B)))
or (II.) i cannot distinguish(v, H · (m, j, φ, B)) from (v, H) because ofm 6= i or
(III.a.) w′ is implausible at(v,H · (m, j, φ, B)) (i.e., at(v, H)) or (III.b.1.) bothw and
w′ satisfyφ andw is at least as plausible asw′ for i at the previous point(v, H) or
(III.b.2.) w satisfiesφ but w′ does not satisfyφ or (III.b.3.) neitherw nor w′ satisfyφ
andw is at least as plausible asw′ for i at the previous point(v, H). Like the revision
for knowledge, in the case of (I.) and (III.a.), any worlds become implausible, and in the
case of (II.), the preference relation is not changed, and therefore, the case of (III.b.1.)
- (III.b.3) is a standard condition for belief revision by knowledge.

While we assumed that≤i,w,ε=≤i,v,ε whenw|Ati = v|Ati , this assumption now
can be generalized by the following theorem.

Theorem 1. If w, H |=M L andv, H ′ |=M L and(w, H) ∼i (v,H ′), then≤i,w,H=≤i,v,H′ .

Proof. The proof is separated into two cases: (i)w, H · (m, j, φ, e) |=M L andm 6= i
andv, H ′ |=M L and(w, H · (m, j, φ, e)) ∼ (v,H ′), and (ii)w, H · (i, j, φ, e) |=M L
andv, H ′ · (i, j, φ, e) |=M L and (w, H · (i, j, φ, e)) ∼ (v,H ′ · (i, j, φ, e)). Then,
w, H |=M L andv, H ′ |=M L and(w, H) ∼ (v, H ′). In the case of (i), we can de-
rive w, H |=M L and(w,H) ∼ (v,H ′), and the conclusion that we want to show is
proved from≤i,w,H=≤i,v,H′ by induction. In the case of (ii), after derivingw, H |=M
L and v, H ′ |=M L and (w,H) ∼ (v,H ′), we will conclude the theorem from
≤i,w,H=≤i,v,H′ and the definition of the rewriting rules for the preference relation.



4 Postulates

In this section, we will construct rational postulates for our revision operation that fol-
low AGM’s paradigm [1] and show the representation theorem in the restricted com-
munication graph, which states that the above operation is essentially equivalent with
the postulates. Although some of them are changed from AGM’s original definition,
we will discuss the reason why our result is restricted, and we conclude that the result
is due to the fact that AGM’s definition neglects the case that an external input comes
from the other’s knowledge.

First, we revisit AGM rational postulates for a belief revision operator+̇ that accepts
a belief set and a formula, and returns a belief set. Given some consequence relation`,
belief setK is a set of sentences such thatK = {φ|K ` φ}, i.e., logically closed set.
Moreover, suppose thatK + φ = {ψ|K ∪ {φ} ` ψ}.
AGM1. For any sentenceφ and any belief setK, K+̇φ is a belief set.
AGM2. φ ∈ K+̇φ.
AGM3. K+̇φ ⊆ K + φ.
AGM4. If ¬φ /∈ K, thenK + φ ⊆ K+̇φ.
AGM5. K+̇φ = K⊥ iff ` ¬φ.
AGM6. If ` φ ⇔ ψ, thenK+̇φ = K+̇ψ.
AGM7. K+̇(φ ∧ ψ) ⊆ (K+̇φ) + ψ.
AGM8. If ¬ψ /∈ K+̇φ, then(K+̇φ) + ψ ⊆ K+̇(φ ∧ ψ).

As the details of AGM postulates are well explained in [1], we will not recapitu-
late them here. Instead, we will indicate a problem that arises when applying the AGM
postulates to our formalism. That is, the beliefs inK are treated uniformly, with no
distinction between truths and mere beliefs. Thus, an agent can not compare the knowl-
edge thatφ is implausible with the belief thatφ is implausible. He cannot accept the
information thatφ is correct in the former case, while he can do so in the latter case.
However, when we utilize the framework of belief setK, such a difference is neglected.
In other words, an agent can not reject an inputφ, even though he knows¬φ. For this
reason we introduce a variation of the AGM postulates that addresses this problem.

1. If (w, H) ∼i (v, H ′), thenw, H |=M Biφ iff v, H ′ |=M Biφ.
2. If w,H |=M ¬Ci¬φ, thenw, H · (i, j, φ, e) |=M Biφ.
3. If w,H |=M Ci¬φ, thenw, H · (i, j, φ, e) |=M Biψ iff w, H |=M Biψ.
4. If w,H · (i, j, φ, e) |=M Biψ, thenv, H ′ |=M Bi(φ ⇒ ψ).
5. If w, H |=M ¬Bi¬φ andw, H |=M Bi(φ ⇒ ψ), thenv,H ′ ·(i, j, φ, e) |=M Biψ.
6. w, H |=M ¬BiL iff w, H |=M ¬Biφ for anyφ.
7. If |=M φ ⇔ ψ, thenw, H · (i, j, φ, e) |=M Biχ iff w, H · (i, j, ψ, e) |=M Biχ.
8. If w,H · (i, j, φ ∧ ψ, e) |=M Biχ, thenw, H · (i, j, φ, e) |=M Bi(ψ ⇒ χ).
9. If w, H |=M ¬Ci¬φ, w, H · (i, j, φ, e) |=M ¬Bi¬ψ andw, H · (i, j, φ, e) |=M

Bi(ψ ⇒ χ), thenw, H · (i, j, φ ∧ ψ, e) |=M Biχ.
10.

10.a. Ifw, H |=M ¬Ci¬φ, w, H · (i, j, φ, e) |=M ¬Ci¬ψ and|=M ¬(φ ∧ ψ), then
w, H · (i, j, φ, e) · (i, k, ψ, e′) |=M Biχ iff w,H · (i, k, ψ, B) |=M Biχ.



10.b. Else ifw, H |=M ¬Ci¬φ, w, H · (i, j, φ, e) |=M ¬Ci¬ψ and 6|=M ¬(φ ∧ ψ),
thenw, H ·(i, j, φ, e)·(i, k, ψ, e′) |=M Biχ iff w,H ·(i, k, φ∧ψ, B) |=M Biχ.

10.c. Else ifw, H |=M Ci¬φ and w,H · (i, j, φ, e) |=M ¬Ci¬ψ, thenw, H ·
(i, j, φ, e) · (i, k, ψ, e′) |=M Biχ iff w, H · (i, k, ψ,B) |=M Biχ.

10.d. Else ifw, H |=M ¬Ci¬φ and w,H · (i, j, φ, e) |=M Ci¬ψ, thenw, H ·
(i, j, φ, e) · (i, k, ψ, e′) |=M Biχ iff w, H · (i, k, φ, B) |=M Biχ.

10.e. Else ifw, H |=M Ci¬φ andw,H · (i, j, φ, e) |=M Ci¬ψ, w,H · (i, j, φ, e) ·
(i, k, ψ, e) |=M Biχ iff w, H |=M Biχ.

The following mapping acts as the translation between our postulates and the AGM
ones.

φ ∈ K iff w,H |=M Biφ.

ψ ∈ K+̇φ iff w,H · (i, j, φ, e) |=M Biψ.

Some of them (4., 5., 7. and 8.) are equivalent with AGM postulates (AGM3., 4., 6. and
7.)7. Postulates 2. and 9. are almost the same as AGM2. and AGM8., but they presup-
pose thati is not convinced that inputφ is false, i.e., he considers thatφ is possible.
Otherwise, he neglects inputφ by 3. Generally, belief revision that can reject external
input is callednonprioritized belief change[9]. In our study, the reason for eliminating
external input is the conviction that it is impossible. When histories cannot be distin-
guished by agenti, i’s belief is also not distinguished in postulate 1.

Since our approach is the combination of radical and moderate approach, we have
introduced Postulate 10 for iterated belief revision. At first, suppose that information
φ arrives at the agenti. Whenφ is inconsistent withi’s knowledge, we should neglect
the informationφ from the result of the iterated belief revision (10.c and 10.e). Next,
suppose thatψ has arrived at the agenti consecutively afterφ. Whenψ is inconsistent
with i’s current knowledge, we should neglect this informationψ from the result of the
iterated belief revision (10.d). Otherwise,ψ is consistent withi’s current knowledge. If
the new informationψ is inconsistent with the old informationφ, the new information
eliminates the old information, and the result of iterated belief revision becomes equal to
the belief revision by the new information (10.a). Otherwise, the iterated belief revision
becomes equal to the belief revision by the conjunction of the new information and the
old information (10.b).

Now we show that the following theorem holds when communication graph is re-
stricted.

Theorem 2. Suppose thatE is fully connected. If a communication graph modelM
satisfies the rewriting rules for the preference relation, then it also satisfies all the pos-
tulates.

Proof. 1., 2., 3., 4., 6., 7., and 8. are rather easy to show. The problematic cases are 5.,
9., and 10. Here, we only show the case of 5.

Let a communication graph modelM = 〈G, At, P ,W 〉 satisfy the rewriting rules
for the preference relation. Suppose thatv, H ′ |=M ¬Bi¬φ andv,H ′ |=M Bi(φ ⇒

7 For 4., 5. and 8., note thatψ ∈ K + φ iff φ ⇒ ψ ∈ K by the deduction theorem.



World w World w′

Fig. 2. Example that does not satisfy postulate 5.

ψ). Then, there is some(w, H) such that(w,H) ∼i (v, H ′) andw, H |=M L, and for
somew′ ∈ [[φ ⇒ ψ]]Mi,w,H , for all w′′ ∈ [[¬(φ ⇒ ψ)]]Mi,w,H , w′ <i,w,H w′′. Besides,
for all w′ ∈ [[¬φ]]Mi,w,H , for somew′′ ∈ [[φ]]Mi,w,H , w′′ ≤i,w,H w′. Thus, for some
w′ ∈ [[φ ∧ ψ]]Mi,w,H , for all w′′ ∈ [[φ ∧ ¬ψ]]Mi,w,H , w′ <i,w,H w′′. Therefore, for some
w′ ∈ [[ψ]]Mi,w,H·(i,j,φ,e), for all w′′ ∈ [[¬ψ]]Mi,w,H·(i,j,φ,e), w′ <i,w,H·(i,j,φ,e) w′′. (In

the case ofe = K, note that[[φ ∧ ψ]]Mi,w,H = [[Kjφ ∧ ψ]]Mi,w,H and[[φ ∧ ¬ψ]]Mi,w,H =
[[Kjφ ∧ ¬ψ]]Mi,w,H .) Thus, we showedv, H ′ · (i, j, φ, e) |=M Biψ.

9 and 10 can be shown in a similar way.

Inconveniently, this theorem cannot be generalized to the unrestricted communica-
tion graph. Suppose thatM = 〈{{i, j, k, l}, {(i, j), (i, k)}}, 〈∅, {p}, {q}{r}〉, P ,W 〉,
whereP is arbitrary except for some point(v, ε) for agenti. We define the prefer-
ence relation in(v, ε) for agenti as follows: letw,w′ ∈ W such thatw(p) = 0,
w(q) = 1, andw(r) = 1 (see the left side of figure 2), andw′(p) = 1, w′(q) = 0,
andw(r) = 0 (see the right side of figure 2), and suppose thatw is more plausible than
w′ (i.e., w <i,v,ε w′) and for anyw′′ ∈ W , if w′′ is equal to neitherw or w′, then
w′ is more plausible thanw′′ (i.e., w′ <i,v,ε w′′). Then,v, ε |=M ¬Bi¬(p ∨ q) and
v, ε |=M Bi((p∨ q) ⇒ r), butv, (i, j, p∨ q, K) |=M ¬Bir. The communication graph
in this example is not fully connected, and therefore, postulate 5 is violated.

We can show the converse of the above theorem when the communication graph is
restricted.

Theorem 3. Suppose thatE is existentially connected. If a communication graph model
M satisfies all the postulates, then there is some modelM′ that satisfies the rewrit-
ing rules for the preference relation, such that for anyw, H and φ, w,H |=M φ iff
w, H |=M′ φ.

Proof. Supposeform(w) =
∧{p ∈ At|w(p) = 1} ∧∧{¬p ∈ At|w(p) = 0}. Given

M = 〈G,At, P , W 〉, supposeM′ = 〈G,At, P ′,W 〉, whereP ′i(v, H) =≤i,v,H such



that
w ≤i,v,H w′ iff v, H 6|=M L or w′ ∈ Imi,v,H

or v, H |=M Ci¬(form(w) ∨ form(w′))

or for somej,

v, H · (i, j, form(w) ∨ form(w′), B) |=M ¬Bi¬form(w).

We will show that for anyw, H, andφ, w, H |=M φ iff w,H |=M′ φ. It suffices to
show that for anyw, H, φ, andψ, w,H |=M φ →i ψ iff w, H |=M′ φ →i ψ, when
w, H |=M L. It is obvious as follows.

v, H |=M′ φ →i ψ
m

for somew ∈ [[φ ∧ ψ]]M
′

i,v,H , for all w ∈ [[φ ∧ ¬ψ]]M
′

i,v,H , w <i,v,H w′.
m (Note thatE is existentially connected.)

for somew ∈ [[φ ∧ ψ]]Mi,v,H , for all w ∈ [[φ ∧ ¬ψ]]Mi,v,H , for somej,
v, H · (i, j, form(w) ∨ form(w′), B) |=M Biform(w).

m (Note thatE is existentially connected.)
for somew ∈ [[φ ∧ ψ]]Mi,v,H , for all w ∈ [[φ ∧ ¬ψ]]Mi,v,H , w <i,v,H w′.

m
v, H |=M φ →i ψ

Moreover, connectedness, transitivity, satisfiability of the rewriting rules for the prefer-
ence relations can be shown in the same way of the proof of the semantic version for
belief revision [10].

That is, we showed the following representation theorem in the restricted commu-
nication graph.

Theorem 4. Suppose thatA has at least two agents andE is fully connected. There
is some communication graph modelM satisfies all the postulates iff there is some
communication graph modelM′, which satisfies the rewriting rules for the preference
relation, such that for anyw, H andφ, w,H |=M φ iff w,H |=M′ φ.

5 Conclusion

The traditional AGM paradigm of belief revision does not distinguish belief from knowl-
edge in the way epistemic logic does. Even though AGM postulates are directly trans-
lated into the possible world semantics, each agent still cannot identify the world in
which he lives actually [8, 10], i.e., there is no difference between belief and knowl-
edge. The modal logic approach to belief revision had the same problem, because the
modal operator for knowledge was not introduced, which is distinguished from the
modal operator for belief [3].

As already discussed, Friedman and Halpern [5, 6] defined a belief operator with
the epistemic logic of multiagent systems in Fagin et al. [4]. They considered that an
agenti believedφ iff i knew thatφ was plausible. Thus, their approach to iterated belief
revision can distinguish belief from knowledge.



Our study obviously depends on their result, because Pacuit and Parikh’s history
is equivalent with systems of runs in Fagin et al. [4] (See [14]). However, there is an
important difference w.r.t. the acquisition of knowledge. They assumed that an agent
acquires knowledge by observations from the external environment, and the information
cannot be false. Our approach considers that an agent acquires knowledge from another
agent by communication, and the information may be false. Therefore, our approach
requires legality of history.

In this paper, we proposed a belief revision model for two types of uncertain com-
munication. At first, when an agent as information source considers that he knows the
information, and we can consider that there is reliable communication, we tend to ac-
cept this information. Secondly, when the agent that is the source of the information is
himself less than certain, we are inclined to believe him, but at the same time we are less
than fully convinced. Thus, postulates for the model was introduced, and the restricted
representation theorem was shown.

However, there are four problems remaining with our study. Firstly, when we do not
assume a fully connected communication graph, it may not satisfy the postulates. In the
above example, we showed that an agenti may not believeψ, when he believes that
φ ⇒ ψ, andj informs that he knowsφ, althoughi believes thatφ is not known toj, but
can be true in fact. In the AGM postulates, such a case is forbidden. AGM postulates do
not refer to the information source of external inputs. So when the first agent accepts
a piece of informationφ that comes from the second agent’s knowledge, he will not
distinguish it from other informationφ received from a third agent’s knowledge. How-
ever, these two situations can be regarded as different in our logic. Therefore, we do not
agree with this idea, and consider that their postulates should be rethought for the case
of multiagent communication, e.g., instead of our postulate 5., we use the following
postulate.

– If w, H |=M ¬Bi¬Kjφ andw, H |=M Bi(φ ⇒ ψ), thenv, H ′ · (i, j, φ,K) |=M
Biψ.

– If w,H |=M ¬Bi¬φ andw,H |=M Bi(φ ⇒ ψ), thenv,H ′·(i, j, φ, B) |=M Biψ.

Our model satisfies this postulate generally. Construction of rational postulates for be-
lief revision in multiagent communication will be our future subject.

Secondly, we do not consider legality of belief. Therefore, a communication event
(i, j, φ,B) is not related with whetherj believesφ actually or not. Since we consider
that i can believe it even if it isj’s lie, while i cannot knowφ whenj informs thatj
knowsφ but it is false in fact, we did not define the legality of belief. In future work,
we will study the problem of the representation of legality.

Thirdly, our definition of various concepts (e.g., the rewriting rules for the prefer-
ence relation) is complicated. We suspect that this problem is due to the introduction of
a legality predicate in the object language. Perhaps we may need to change the object
language and lift the concept of history legality to the meta-language.

Finally, we have presupposed that the agent have common knowledge as to which
atomic propositions are known to whom. Also, we assumed that the belief should be
revised by the moderate approach while knowledge by the radical one. Because we did
not wish to make the formal machinery in this paper even more complex than it already
is, we accepted these assumptions for now. In future work though ,we may well rethink



some of those first principles and move to a different point in the tradeoff between
expressive realism and the complexity of the model.
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