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Abstract 
In this paper we present a didactic sequence that is part of a research that looked into ways of 
helping high-school students understand the structure of numerical systems and the methods of 
conversion between systems, specifically positional number systems using a base. We have 
observed that high-school students have difficulties in understanding how different numerical 
systems are formed and how to convert numbers between systems. Specifically, students tend 
to have difficulties in a) the understanding the concept of base, of b) how a base can be 
structured using a set of symbols and c) how to read and construct a number in a base other 
than the decimal one. 

However, because of the use of binary and hexadecimal numerical systems in computer 
science, we consider it important for students of this discipline to be able to understand 
numerical systems and the general methods for converting numbers between systems. 

Thus, in an attempt to minimize the difficulties presented above, we designed a computer-
mediated didactic sequence (using the Logo programming language) to help students 
understand how numbers in a base-system are formed, and how to convert between bases. The 
sequence was designed following Papert’s constructionist paradigm, so that many of the tasks of 
the sequence involved writing or modifying Logo programs. 

Specifically, the didactic sequence combined paper-and-pencil activities, with Logo-
programming ones, for converting numbers between different base-systems. Ultimately, 
students had to write two general conversion computer programs: the conversion of numbers 
given in base 10, to any other base; and the conversion of numbers given in any base, to base 
10. 

In a study with computer science high-schools students in Mexico, we observed that the didactic 
sequence was indeed very helpful for helping students understand the structure of numerical 
base-systems, the conversion methods between bases and in how to read numbers in bases 
other than the decimal one. 
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Introduction 
In this paper we present part of a research that looked into ways of helping high-school students 
understand the structure of numerical systems and the methods of conversion between systems, 
specifically positional number systems using a base. Our interest in this study derived from the 
difficulties, which we have observed, that high-school students have in understanding how 
different numerical systems are formed and how to convert numbers between systems. Because 
of the use of binary and hexadecimal numerical systems in computer science, we consider it 
important for students of this discipline to be able to understand numerical systems and the 
general methods for converting numbers between systems. 

Many types of numerical systems have been developed throughout history, most of them using 
additive and/or positional techniques. Most systems also use a base; that is, a set (with a fixed 
number of elements) of symbols necessary for representing a quantity. The decimal and binary 
systems we use today, are positional numerical base-systems. Castillo et al. (2002, p. 21) 
explain the following about these base systems:  

In a numerical system of base b, there should exist exactly b different symbols for 
representing all of its numbers. If b < (is less than) 10, the symbols can be simply 
the digits 0, 1, 2, …, b; but if b >= (is bigger than or equal to) 10, then  it is 
necessary to introduce new symbols for representing the numbers that in the 
decimal system are represented by 10, 11, 12, etc. 1  

In the current national secondary school mathematics curriculum of Mexico, the topic of 
numerical systems consists of a presentation of ancient number systems, such as the 
Babylonian, the Roman and the Mayan, and the positional number systems in bases 10 and 2. 
However, in the last years of high-school, this topic is only covered in computer science 
workshops, where students are given equivalence tables between bases 10, 2 and 16, and 
shown a few examples and tasks of conversions between these three systems: decimal, binary 
and hexadecimal. And even though all base b positional numerical systems are ruled by the 
same principles, rarely are other systems covered nor the general conversion methods 
analysed, either in class or in the textbooks used (e. g. Tocci, 1993). Furthermore, existing tools, 
such as calculators, that allow students to convert numbers between systems do not make 
explicit the conversion algorithms and can have other limitations (e. g. limited numerical 
systems). 

We consider that students of this level can work with other numerical systems of this type (base 
b positional) and be able to understand the general conversion methods. But being aware of the 
difficulties that this topic represents, we wanted to research ways that would promote learning. 
First, from the cognitive perspective, we discarded the traditional “instructionist” teaching 
approaches, in favour of a constructivist pedagogical approach, that would promote the 
construction of the knowledge related to the topic we were concerned with. In particular we 
chose to follow the “constructionist” paradigm (Papert, 1993): that is, we wanted students to 
engage in activities where students would have to construct means to convert numbers between 
different numerical systems. 

For this, we also considered it important, to include a computer-mediated learning approach. We 
considered that computers have a great potential for education because they can provide 
students with expressive (as well as exploratory) power. Thus, our approach was to have 
students construct programs for converting numbers between the decimal (base 10) numerical 
system and systems in any other base, and vice versa; as well as having them define the 
symbols and structure of numerical systems of other bases. The idea was that by programming 
the computer –i.e. teaching the computer to think— students can engage in an exploration of 
how they themselves think (Papert, 1980). 

                                                 
1 Translated from the original in Spanish. 
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We chose Logo as the programming language for our project for several reasons: 

 First, Logo is an ideal tool for learning (Papert 1980); it facilitates investigations, 
explorations and constructions.  

 From a computational perspective: it has very simple control structures; and 
 it has the possibility to define new commands, by creating new procedures (Segarra & 

Gayan,1985). 
 Modularity facilitates the construction of complex programs through simple building “bricks”. 
 It has powerful recursion characteristics that allow recursive programs to be expressed 

simply in very few lines (this was important, because the conversion algorithms between 
base-number systems are iterative and thus require the use of recursion). 

 It is easy to operate with lists (list-processing) (Segarra & Gayan,1985). 
 Finally, Logo can facilitate the construction of a general algorithm from the construction of 

specific cases. 
 

Thus, we designed a sequence of paper-and-pencil and Logo-based activities that centred on 
the construction (programming) of algorithms for converting numbers from one numerical system 
to another.  

A didactic sequence for the learning of the conversion of 
numbers between different bases 
We wanted students to construct and explore different numerical systems in a base b, and to be 
able to convert numbers between bases. Ultimately, students had to write two general 
conversion computer programs: the conversion of numbers in base 10, to any other base; and 
the conversion of numbers in any base, to base 10. 

Methodology 
As explained above, for the didactic sequence, we combined paper-and-pencil activities, with 
Logo-programming ones, for converting numbers between different base-systems.  

For the computer-based activities, we used MSWLogo as the version of the Logo programming 
language. 

The paper-and-pencil activities served to create a basis that could be built upon, through the 
constructive programming activities. The activities were structured through a series of 
worksheets. Each activity had several worksheets: some of them containing examples, and 
others, specific exercises, reflection questions, and programming tasks.  

In each activity, the first example or task was presented and explained by the teacher; for all 
other tasks, students solved the problems on their own. 

This sequence was tried out with senior high-school students in Mexico (17-18 yr-olds) taking a 
course in computer science; and we carried out a study to assess the learning that can take 
place with the sequence we designed. That study (Contreras-Valencia, 2006) took place in two 
phases: a pilot phase with 9 students, and a main phase with 10 students. In order to assess 
students’ learning, in addition to field observations, those students were given a diagnostic 
questionnaire prior and after the study; they were also interviewed. The results are reported in 
Contreras-Valencia (2006). 

During the didactic sequence, students worked in pairs with one computer per pair of students. 
According to Sacristán (2000), working in pairs can promote collaborative work, discussion and 
enrich students’ initiative for exploration and construction. 

Students worked for a total of 6 hours in two sessions on the didactic sequence. Prior to this, the 
students had had 10 hours of general Logo programming experience, which included recursive 
programming and list-processing. 
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The structure of the didactic sequence 
The didactic sequence included the following activities: 

1.- Conversion of numbers from any base x to base 10, using paper and pencil 
2.- Conversion of numbers from bases 2, 8, 4 and 5 to base 10, using Logo 
3.- Conversion of numbers from a system in any base x to base 10, using Logo 
4.- Conversion of numbers from base 10 to bases 2, 8, 4 and 5, using paper and pencil 
5.- Conversion of numbers from base 10 to bases 2, 8, and 4, using Logo 
6.- Conversion of numbers from base 10 to any base x, using Logo. 
 

Below, we present an overview of the activities from the study. 

Activity 1: Paper-and-pencil conversion of numbers from any base x to base 10 
The purpose of this activity was to familiarize students with the method for converting numbers 
from any base x to base 10.  

This activity began by giving students worksheets with five examples of conversion of numbers 
from bases 2, 8, 4, 5 and 16 to base 10 (see Figure 1), that were also explained and presented 
by the teacher. Students then had to convert numbers from bases 2, 8, 4, and 5 to base 10, 
using paper and pencil (see Figure 2). 

 

Figure 1. Worksheet example of the conversion of a number from base 2 to base 10 

At the end of the activity, students were given an algorithm, see below, for converting a number 
from base x to base 10. Although the teacher verbally explained this algorithm, students were 
asked to try to analyse and understand it by relating it to the method given in the previous 
examples and tasks. Additionally, the algorithm was clarified by relating each of its steps as 
explained in natural common language, to those in a computer-programming structure, and to 
possible corresponding partial Logo instructions (in a similar way to that presented in Figure 5). 

The conversion algorithm of a number from base x to base 10 
1.  Read number 
2.  total_conversion = 0 
3.  position = 1 
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4.  nb_items = size (number) 
5.  item = number [position] 
6.   if position > nb_items then 

6.1.1.  print conversion 
6.1.2.  go to step 7 

     if not: 
6.2.1.  total_conversion = total_conversion + item *2 ^ nb_items - 1 
6.2.2.  position = position + 1 
6.2.3.  go to step 5   

7. end 
The purpose of presenting students with this algorithm was to give them a means to relate the 
method given in this Activity 1, to an algorithm in a computer program as explored in the 
following activity.  

 

Figure 2. Example from the paper-and-pencil Activity 1,of a conversion task  
of a number given in base 5 to base 10 

Activity 2: Exploring and constructing Logo programs for converting numbers from 
specific bases (2, 8, 4 and 5) to base 10 
This activity began by giving students a Logo program, for converting a number from base 2 to 
base 10, which would serve as a starting point for writing a more general conversion program. 
Students had to analyse this program by playing with it and going though the tasks structured in 
the worksheets. The initial program that students were given was as follows: 

Logo program for converting numbers given in base 2 (a binary system) to base 10 
to  convert_bin_ten :number 
 process_ten  :number  (count :number)  1  0 
end 
 
to process_ten  :number  :nb_digits   :pos   :total 
 if :pos > (count  :number) [print  :total   stop]  
 process_ten :number (:nb_digits  – 1) (:pos + 1) (:total +  

((item :pos  :number) * (power  2  :nb_digits  - 1))   
end 
 

Examples of the results produced by the convert_bin_ten  procedure are given below:   
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convert_bin_ten  110101 
 53 
convert_bin_ten  1111000010 
 962 
convert_bin_ten  111111100 
 508 
 

Students were then asked to modify this program, to create programs for converting numbers 
from specific bases (from bases 8, 4, 5 and any two others that the students chose) that they 
tried out and verified through tasks given in the activity’s worksheets. 

Activity 3: Generalising the Logo program for converting numbers from any base x to 
base 10 
In the next activity (Activity 3), the students had to generalise the Logo programs create in 
Activity 2, to write a general one for converting any number from a system in any base x to base 
10. Students were given the convert_x_ten procedure (given below) and the title line for the sub-
procedure process_ten, and asked to complete the latter, in order to complete the program.  

After a period of exploration, all of the student pairs were able to produce a correct procedure for 
converting numbers in bases lower than 10, to base 10. In the worksheets, students were asked 
to observe what happened when they tried their procedures to convert a couple of hexadecimal 
numbers (12C and 13) to base 10, and to think how they would modify them to accept as inputs 
numbers in bases larger than 10. The additional difficulty here, in comparison to the specific 
cases that the students had already programmed, was that numbers in bases higher than ten, 
are written using symbols other than digits; therefore, students were given the transform and 
transform1 procedures below, for transforming a string of characters. After trying these 
procedures as suggested in the worksheets, students were asked to use them to modify the 
convert_x_ten program (by modifying its sub-procedure process_ten), so that convert_x_ten 
could be used to accept strings of characters of numbers in bases larger than 10 (up to base 
36). 

The final program was one such as the following: 

General Logo program for converting numbers from any base (up to 36), to base 10 
to convert_x_ten :number :base 
 process_ten :number  (count :number) 1 0 :base 
end 
 
to process_ten  :number :nb_digits  :pos :total :base 
 if :pos > (count :number) [print :total stop]  
 process_ten :number :nb_digits -1 :pos + 1 :total + ((transform 

:number :pos) * (power :base :nb_digits - 1)) :base  
end 
 
to transform :string :position 
 output transform1 (item :position :string) 
end 
 
to transform1 :symbol 
 ifelse (numberp :symbol) [output :symbol]  

  [output (ascii :symbol) - 55] 
end 
 

Examples of the results produced by the convert_x_ten  procedure are given below:   
convert_x_ten   110101   2 
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 53 
convert_x_ten    AA2   16 
 2722 
convert_x_ten    745   8 
 1351 

Activity 4: Paper-and-pencil conversion of base 10 numbers to a base x 
The following activity was paper-and-pencil based and had as aim to familiarise students with 
the method for converting base 10 numbers to any other base x. As in previous activities, 
students were first presented with examples (see Figure 3) illustrating the method for converting 
base 10 numbers to other bases. The examples involved converting numbers from base 10 to 
bases 2, 8, 4 and 5.  

 

Figure 3. Worksheet’s example of the conversion method from base 10 to base 2 

After the presentation of the examples, in the second part of the activity, students had to use the 
method they had been presented with, to convert specific numbers from base 10 to other bases 
–2, 4, 8 and 5— (see Figure 4). 
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Figure 4. Example from the paper-and-pencil Activity 4,of a conversion task  
of a number given in base 10 to base 2 

At the end of the activity, students were asked to try to create an outline for an algorithm for 
converting base 10 numbers to any base x. The activity concluded by analysing the algorithm for 
converting a number in base 10 to another base, using the method explored in the previous 
activity. The algorithm was clarified by relating each of its steps explained in natural common 
language, to those in a computer-programming structure, and to possible corresponding partial 
Logo instructions, as shown in the table given in Figure 5.  
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Figure 5. Explanatory table for the algorithm to convert a given number in base 10 to any other base  

Activity 5: Exploring and constructing Logo programs for converting numbers from base 
10 to specific bases (2, 8, and 4)  
In the next activity, students were first given a Logo program (with main procedure 
convert_to_bin, shown below) for converting a number from base 10 to base 2, which would 
serve as a starting point for writing a more general conversion program.  

Logo program for converting numbers given in base 10 to base 2 (to a binary system) 
to convert_to_bin :number   
 ng [ ] make "stri
 processbin :number  
 output :string  
end  
 
to processbin  :number   
 if :number = 0 [stop]  
 make "string (fput remainder :number 2 :string)  
 processbin (int :number / 2)  
end 
 

Examples of the results produced by the convert_to_bin procedure are given below: 
convert_to_bin  53 
 110101 
convert_to_bin  962 
 1111000010 
convert_to_bin  508 
 111111100 
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As in previous activities, through a series of worksheets and tasks, students had to modify this 
program to create programs for converting numbers from base 10 to specific bases (bases 8 and 
4, and any others that the students chose).  

Activity 6: Generalising the Logo program for converting base 10 numbers to other 
bases  
In the final activity, the task was to complete a program for converting numbers given in base 10, 
to any other base-system. Students were first asked to try to modify the programs from Activity 
5, to make a general program (they were given the main procedure convert_ten_x –shown 
below— and asked to complete the subprocedure process for which only the title line was 
given). Almost all of the students were able to successfully write a program to convert base 10 
numbers to bases lower than 10.  

They were then asked to reflect on how to modify the program to be able to convert numbers to 
bases larger than 10. For this they were given a useful procedure convascii (see below) for 
converting a numerical value to a string of ascii characters; using this additional sub-procedure, 
they were asked to modify the program to convert base 10 numbers to any base (up to base 36). 
The finished program was something like this: 

Logo program for converting numbers given in base 10 to any base (up to 36) 
to convert_ten_x :number :base 
 make "string []  
 process :number :base  
 output :string  
end 
 
to process :number :base  
 if :number = 0 [stop]  
 make "string (fput convascii remainder :number :base :string)  
 process (int :number / :base) :base  
end  
 
to convascii :num 
  if :number < 10 [output :number] 
  output char (:number + 55) 
end 
 

Examples of the results produced by the convert_ten_x procedure are given below: 
convert_ten_x  53  2 
 110101 
convert_ten_x  2722  16 
 AA2 
convert_ten_x  1351  8 
 2507 

Concluding remarks 
Initially, the students we worked with, were only familiar with the decimal and binary systems, 
and they had difficulties in a) the understanding of the concept of base, of b) how a base can be 
structured using a set of symbols and c) how to read and construct a number in a base other 
than the decimal one; but as the didactic sequence progressed, we observed great 
improvements in all three areas of difficulty. By the end of the didactic sequence, when students 
had written general programs for converting numbers from a base b to base 10, and viceversa, 
they had developed a more general view of numerical base-systems and how these are 
structured; specifically they showed a much better understanding of the relationship between a 
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base and the symbols that can form that base. They also understood how to apply the general 
conversion methods between bases. (For further details, see Contreras-Valencia, 2006.) 

The role of Logo was important in this, because, thanks to its accessibility, its recursive power 
and the ease of modular programming, the programs constructed could be very short, which 
facilitated their analysis and the understanding of the algorithm described in those programs.  

In a future research, we want to explore how to develop a better understanding of operations of 
numbers in bases other than the decimal one. 
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