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Abstract. Computational Biology is a fast-growing field that is enriched by different data-driven
methodological approaches and by findings and applications in a broad range of biological areas. Fundamental to these approaches are the mathematical and computational models used to
describe the different states at microscopic (for example a biochemical reaction), mesoscopic (the
signalling effects at tissue level), and macroscopic levels (physiological and pathological effects)
of biological processes. In this paper we address the problem of combining two powerful classes
of methodologies: Flux Balance Analysis (FBA) methods which are now producing a revolution
in biotechnology and medicine, and Petri Nets (PNs) which allow system generalisation and are
central to various mathematical treatments, for example Ordinary Differential Equation (ODE)
specification of the biosystem under study. While the former is limited to modelling metabolic
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networks, i.e. does not account for intermittent dynamical signalling events, the latter is hampered
by the need for a large amount of metabolic data. A first result presented in this paper is the identification of three types of cross-talks between PNs and FBA methods and their dependencies on
available data. We exemplify our insights with the analysis of a pancreatic cancer model. We discuss how our reasoning framework provides a biologically and mathematically grounded decision
making setting for the integration of regulatory, signalling, and metabolic networks and greatly
increases model interpretability and reusability. We discuss how the parameters of PN and FBA
models can be tuned and combined together so to highlight the computational effort needed to
perform this task. We conclude with speculations and suggestions on this new promising research
direction.
Keywords: Computational biology, Petri Nets and Flux Balance Analysis.

1.

Introduction

The computational models used to interpret biological processes have been continuously updated during these last years with new techniques. Although the available modelling tools and frameworks are
in a phase of rapid expansion, modelling biological systems, and more specifically metabolic systems,
remains a serious challenge. modelling means to describe the complex reality in a simple, but meaningful way and requires a balance between complexity and accuracy. A computational model uses a
mathematical language first to reproduce experimental findings and next to help researchers to formulate new working hypotheses about the mechanisms that generated the observed phenomena, and
to predict new phenomena. Reproducing observations represents the necessary step of any modelling
effort, but in order to prove its utility, a model should shed light on the system under study and offer a
deeper understanding of its behaviour.
To devise high precision biological models, the system under study must be described with as
many details as possible. However, more details do not always imply more precision. In fact, we must
be aware that every time new details are introduced in the model the complexity of the representation
increases together with the number of parameters to be measured and/or estimated. Moreover, a
detailed model is usually more difficult to analyze.
A successful modelling process should follow some fundamental steps. The modelling hypotheses
and the model goals should be defined, starting from a biological or medical question, by the review
of scientific evidences, and on the basis of available data. This first step helps researchers to clarify
the level of data uncertainty that affects the system under study and to choose the most appropriate
modelling technique. Through the specification of its structure and parameters, a draft of the model is
thus initially developed. Subsequently, an iterative process of validations and refinements takes place
where model predictions are tested and new experimental data are integrated, until the final version of
the model is produced (see also [1]).
We believe that models developed to be useful for basic science and for translational medicine
should represent metabolic networks (biochemical reactions involved in the production, for instance,
of energy and biomass), signaling pathways (for example external continuous or transitory triggering
events that produce biochemical reactions cascades inside the cell), and more in general the regulatory mechanisms present at various levels in intracellular biochemical networks (for example feedback
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mechanisms and feed forward loops, that can be found both in metabolic and signalling processes).
This composite approach, that provides biologists with better fits to experimental data (which usually
corresponds to better answers to the biological questions), represents a mathematical, computational,
and resource intensive challenge that makes difficult the dialogue with biologists and physicians. The
methodology developed to support this approach needs then to be both powerful and capable of accommodating a team-work of biologists and computer scientists to translate ideas and hypotheses into
equations and coding. This turns into the following problem: we need to translate a biological question
into a mathematical representation that is still understandable by biologists and that is computationally
well formulated. Both Petri Nets (PNs) and Flux Balance Analysis (FBA) have suitable characteristics
for this goal. Indeed, we believe that the integration of PNs and FBA provides a meaningful and novel
approach to address all the above challenges. The resulting framework allows the representation of
different processes occurring at metabolic, signaling, and regulatory levels into a single model, and
provides the capability to deploy advanced mathematical methods that can be used by a combined
team of biologists and computer scientists to fruitfully test biomedical hypotheses.
In the next Section we set the scene for this new modelling framework by briefly describing the
current state of the art and introducing the modelling elements of our new scheme. In Section 3 the
ingredients of our schema are discussed in details highlighting their specific strengths and weaknesses.
Then our extension of the PN formalism, namely Extended Petri Nets, is introduced in Section 4 as
core of our schema. Finally, in Section 5 we will lay the reasoning and theoretical aspects of the
integration of PNs and FBA and we will describe a case study on pancreatic cancer.

2.

Modelling approaches

The modelling approaches can be classified in interaction-modelling based, constraint-based and
mechanism-based models as proposed in [2, 3]. The choice among the modelling approaches depend
on their features, as it is extensively discussed in [4]. In particular, the choice of the best approach
must be done considering the size of the model and the level of abstraction.
In the intra-cellular models, the size of the model depends on whether the model is genome-scale
(GS), i.e., includes all intra-cellular metabolic reactions, or core, i.e., considers a selection of the
metabolic pathways of interest. The level of abstraction suited to formally describe the functioning
of the system should be identified taking into account the known biochemical, physical, or regulatory
properties of system components. This level of abstraction can be considered either fine-grained,
in the case of mechanism-based models, or coarse-grained, as for interaction-based or constraintbased models. The size of the system and the level of abstraction are closely linked: mechanismbased models are usually applied to core models, while the interaction-based and constraint-based
approaches are more suitable for the analysis of both genome-scale and core models. A recapitulative
description of the main feature for these three main classes of models is reported in the following
paragraphs.
• Interaction-based models. Interaction-based models are the results of network reconstruction
processes that yield representations capturing structural information only. They are qualitative maps of the system that disregard quantitative details of the stoichiometry of reactions.
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Interaction-based models are commonly exploited to study topological properties of the network with methods based on the network analysis. In a given network, several topological
features can be investigated: degree distribution (statistical indexes on the number of arcs connecting nodes), centrality measures (indexes that indicate the relative importance of nodes and
arcs), presence of hubs (highly connected components), motifs (repeated architectures), and
clusters (portions of the network with a high node density)[3, 5]. These analyses unraveled that
in metabolic networks most of the nodes have few edges, and only few nodes are hubs. This
feature can be described mathematically as a degree distribution of nodes that follows a powerlaw. Networks of this kind, defined scale-free networks, prove to be robust if nodes or edges are
randomly removed, but very fragile if hubs are disconnected. Also, metabolic networks show
a small-world character, meaning that any two metabolites in the network can be connected by
paths that follow a relatively short number of reactions [3, 6].
• Constraint-based models. The definition of constraint-based models requires to introduce
the term teleonomy. In contrast to the philosophical concept of teleology, teleonomy explains
these goal-directed behaviours as an expression of genetic programs shaped by evolution. Flux
Balance Analysis (FBA) was the first method proposed to perform this task [7].
The FBA models start with an excel file containing a large number of reactions together with the
inferior and superior concentration boundaries. The goal of FBA is to compute the distribution
of reaction fluxes in a metabolic system at the equilibrium. The equilibrium, or steady state, is
a situation that follows a perturbation, and in which metabolite pools remain constant, with no
more net production or consumption over time. The transient period occurring after a perturbation of the system and before its steady state behavior is instead neglected. In this context, the
choice among the feasible flux distributions is performed optimizing for a specific system goal
according to the teleonomic assumption.
Several techniques, that further explore the solution space, have addressed the issue of choosing
among indistinguishable optimal solutions, like the decomposition of the flux distribution into
Elementary Flux Modes, or Flux Variability Analysis.
• Mechanism-based models. Mechanism-based models have the potential to reproduce the dynamics of the system. After listing all metabolites, enzymes, and reactions in the system, a
dynamic description of the system can be produced starting from the following model elements:
a scheme of the mechanism of molecular interactions among biochemical components, a mathematical representation of these interactions, some specific values for the kinetic parameters
appearing in this representation, a set of values for the biochemical concentrations at the beginning of the simulation. All these model elements have to be defined with caution, starting
from a review of the information available in the literature. The scheme of interactions among
biochemical components of the system is part of model structure, which thus, for mechanismbased models, is not limited to the stoichiometry of the system. The values of reaction fluxes are
computed with specific mathematical expressions and they are defined in accordance to some
reaction rate laws. The simplest and most widely used reaction rate law is the law of mass action
(MA). MA law has been traditionally used to model the velocity of uni- or bi-molecular reactions. These reactions are called elementary reactions, due to the fact that they represent one
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single molecular interaction and that they cannot be further decomposed into intermediate steps.
Obviously, more complex chemical kinetics can be also exploited in the definition of reaction
fluxes as for instance Michaelis Menten and Hill kinetics [8].
From this classification it is immediately clear that Mechanism-based models are the most appropriated representations to study the complex dynamic of biological systems (i.e. intra-cellular signaling
networks, metabolic networks, and regulatory pathways). However these models require a considerable amount of preliminary information (e.g. kinetic parameters, initial conditions, etc.) that may not
be always available due to technical or economical reasons. To deal with this problem, quasi-steady
state methods [9, 10, 11, 12] have been proposed, which combine constraint-based models with dynamic models of regulatory processes (i.e. regulatory FBA, integrated FBA, integrated dynamic FBA).
Nevertheless, to the best of our knowledge these methods have been only used for studying microorganisms, where relatively small-scale metabolic networks have been integrated into dynamic models
of regulatory processes. Indeed, their modelling complexity makes them hardly usable to investigate
the clinically relevant cellular behaviours in human tissues. To make easier the modelling process in
[13] the authors proposed a novel method, namely Quasi Steady State Petri Nets (QSSPN), where the
PN formalism and the constraint-based analysis are combined to predict the feasibility of qualitative
dynamic behaviours in qualitative models of gene regulation, signaling, and whole-cell metabolism.
Practically, this approach was used to simulate the interplay between whole-cell metabolism and gene
regulatory and signaling networks involved in bile acid homeostasis in human hepatocytes, and it
showed promising results. However, this approach does not scale up when the number of system
compounds increases, because it is based on the Gillespie stochastic simulation algorithm [14] and the
hybrid maximal time-step method [15].
Despite these limitations, the QSSPN approach clearly highlights that PNs may be a promising
formalism for integrating signaling, metabolic, and regulatory networks into whole-cell computational
models.
In this paper, we start from these considerations and we investigate how PNs can be extended
further to provide a general purpose framework able to integrate different solution techniques (i.e.
constraint-based, mechanism-based, etc.) within a single graphical formalism. Indeed, we will discuss
the possibility of generalizing the definition of the firing functions associated with the transitions of
Stochastic PNs to make the proposed formalism suitable for this objective.
The general schema of our proposal is illustrated in Figure 1, where different sections correspond
to the different steps of a modelling experiment.
The first block, Data integration, represents the initial step in which, driven by a specific biological question, quantitative and structural knowledge as well as data are collected. Typically this task
requires the integration of data coming from different sources (i.e. genomic, epigenomic, trascriptomic, proteomic, etc.) and allows to define (i) the available data to be used to parameterize the model
and (ii) the missing parameters and information.
In the modelling block the previously collected information is exploited to generate the model
through the graphical formalism of the Extended Stochastic Petri Net (ESPN) which will be introduced later in this paper. This formalism turns out to be particularly convenient to integrate signaling,
metabolic, and regulatory networks into a single model because it extends classical PN with the pos-
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Figure 1: Schema of our proposal. Various types of data and information on dynamics (Data Integration block) are used by biologists and computer scientists to derive the appropriate Extended Stochastic
Petri Nets model (Graphical Model block). Then, the ODE system characterizing the model is generated (Mathematical Model block), and a phase of parameters identification is required to estimate the
missing parameters (Model Calibration block). Finally, the last step involves the result evaluation and
visualization (Model Evaluation block).
sibility of associating arbitrary kinetic expressions with model transitions (i.e. system reactions). The
purpose of this extension is that of using this graphical formalism to make easier the modelling phase
also for biologists and physicians without advanced mathematical skills.
Then, from an ESPN model the underlying complex system of Ordinary Differential Equations
(ODEs) can be automatically derived. It is important to highlight that reaction rates in this system of
equations can be defined in terms of Mass Action law, more complex laws (i.e. Michaelis Menten
kinetic, Hill kinetic), or general methods deriving from the integration of the Petri Net based model
with FBA.
Before solving the ODE system underlying the ESPN model, all its missing parameters must be estimated (Model Calibration block). This is a computationally demanding task in which parallelization
and High Performance Computing can be exploited.
Finally in the Model Evaluation block, the completely parameterised model is solved to derive the
model behaviour.

3.

Our schema ingredients

In this section we first report a brief overview of the Stochastic Petri Net (SPN) formalism, highlighting
how it is possible to automatically generate from an SPN model an ODE system that can be used to
derive the system dynamics.
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Since before solving the generated ODE system the modeler must often deal with the problem of
missing parameters (kinetic parameters, initial concentration, etc.), a discussion on the computational
approaches for parameter estimation is also provided in this section.
Subsequently, we recall the basis of the FBA and of its solution techniques, which will be used
later on in this paper. Finally, a detailed discussion addressing the problem of data integration towards
parameter estimation is reported.

3.1.

Petri Net formalism

Petri Nets (PN) [16] are a well-known graphical mathematical formalism for the description of the flow
of activities in complex systems. With respect to other similar formalisms for system representation
(e.g. block diagrams, logical trees, queuing networks, etc.), PN are particularly suited to represent in a
natural way interactions among system components (i.e. synchronization, sequentiality, concurrency
and conflict).
In the literature, PNs have been extensively used to study a wide range of applications ranging
from chemical processes to man-made systems (communication networks, computational distributed
systems, manufacturing systems, etc.). In particular, the first application of PNs to modelling biological pathways was published by Reddy et al in [17]; afterward, many other research works highlighted
the advantages of using PNs to model biological systems [18, 19, 20, 21]. Indeed, the PN formalism
is quite attractive for this type of applications thanks to its ability to represent reaction systems in a
natural graphical manner and to its capability to provide qualitative and quantitative information on
the behaviour of the system under study.
In details, PNs are bipartite directed graphs with two types of nodes: places and transitions. Places
correspond to the state variables of the system (e.g. enzymes, compounds, etc.) and are graphically
represented as circles; transitions, graphically represented as boxes, encode the events (e.g. interactions among biochemical entities) that can induce state changes in the system. The arcs connecting
places to transitions (and vice versa) express the relations between states and event occurrences. Moreover, arcs may be labelled with numbers greater than 1 that represent their multiplicity.

R

R

Figure 2: PN model. Representation of the PN of the chemical reactions A + 2B →0 C and C →1
A + 2B. Places represent the enzymes or compounds while transitions represent the event/reaction
among the compounds. Tokens within the places stand for the molecules taking part in the reaction.
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For instance the PN model of the chemical reactions A + 2B →0 C and C →1 A + 2B is showed
in Figure 2 where A, B, and C are places while R0 and R1 are transitions. Observe that the arcs
connecting B to R0 and R1 to B have multiplicity 2 to capture the stoichiometry of these reactions.
Places can contain tokens (e.g., molecules of the corresponding entities) drawn as black dots. The
state of a PN, called marking, is defined as the distribution of tokens over the places of the net. In
Figure 2 the marking is A(3)+B(2)+C(1) and corresponds to the system state in which there are three
molecules of A, two of B and one of C.
The evolution of the system is given by the firing of enabled transitions, where a transition is enabled if each input place contains a number of tokens greater or equal than a given threshold defined by
the multiplicity of the corresponding input arc. A transition occurrence/firing removes a fixed number
of tokens from its input places and adds a fixed number of tokens into its output places (according to
the multiplicity of its input/output arcs). Thus, the transition R0 is enabled only if at least one token
is in A and two tokens are in B. The firing of R0 removes one token from A and two tokens from B,
while it adds one token in C.
The set of all the markings reachable through transition firings from an initial marking is called
the Reachability Set (RS). The behaviour of the net is described by means of the Reachability Graph
(RG), a directed graph whose nodes are the markings of the RS and whose arcs are tagged with the
names of the transitions that induce the corresponding marking changes.
The introduction of time into the PN formalism allows to model the temporal dynamics of the
biological system under investigation. Several time dependency extensions have been proposed in the
literature; among them the Stochastic PNs (SPNs) [22] assume that exponentially distributed random
delays (interpreted as durations of certain activities) are associated with transition firings. In this
way the temporal behaviour of the system can be described as a stochastic process (i.e. Continuous
Time Markov Chain - CTMC) governed by the so-called Chapman-Kolmogorov (C-K) equations [23],
whose differential form corresponds to the Chemical Master Equations (CME) [24] typically used to
describe the behaviour of biological system. It follows that the C-K differential equations can be
automatically derived from an SPN model by observing that the underlying CTMC can be represented
as a graph isomorphic to the RG of the net. However, in case of very complex models, the generation
and solution of the underlying CTMC could be unfeasible, due to the well-known state space explosion
problem. In these cases, whenever the stochasticity of the modelled system can be neglected (e.g. due
to huge number of molecules involved), the behaviour of the whole model can be approximated by
a deterministic process based on Ordinary Differential Equations (ODEs) which can be written for
each place of the net. This allows to derive and solve an ODE system that is much smaller than that
obtained through CME in which one C-K differential equation is needed for each state of the system.
Hereafter we recall the formal definition of SPN and how ODE systems describing the deterministic process can be written in terms of SPN elements.
Definition 3.1. (Stochastic Petri Nets)
A Stochastic Petri Net (SPN) system is a tuple (P, T, I, O, m0 , λ):
• P = {pi }1≤i≤nP is a finite, non empty set of the nP places.
• T = {ti }1≤i≤nT is a finite, non empty set of the nT transitions with P ∩ T = ∅.
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• I, O : P × T → N are the input, output functions that define the arcs of the net and that specify
their multiplicities.
• m0 : P → N is a multiset on P representing the initial marking.
• λ : T → R gives the firing intensity of the transitions.
Observe that the values assumed by the functions I and O can be stored into nP × nT matrices
(which we still call I and O) so that their entries are I(pi , tj ) and O(pi , tj ), respectively. Moreover,
denoting with • t the set of input places of transition t and with t• , the set of output places of t, it is
possible to write • t := {p ∈ P |I(t, p) > 0} and t• := {p ∈ P |O(t, p) > 0}.
The ODEs that describe the (approximate) deterministic behaviour of the SPN have the following
form:
nT
X
dxi (ν) =
φ(tj , x(ν))C(pi , tj )dν
∀i ∈ {1, . . . , nP }.
(1)
j=1

where C(pi , tj ) = I(pi , tj ) − O(pi , tj ) corresponding to the stoichiometry matrix, xi (ν) ∈ R+ is
the continuous approximation of the number of tokens at time ν ∈ R+ in place pi , and φ(tj , x(ν)) is
the rate of the reaction tj which may depend on the marking of the SPN. In particular, assuming that
all the system reactions follow the Mass Action (MA) law [25], φ becomes
Y I(p ,t)
φ(t, x(ν)) = λ(t)
xk k ,
∀t ∈ T.
(2)
pk ∈• tj

For example, referring to the system represented in Figure 2 and assuming that the numbers of
tokens in the different places are large, its dynamics is described by the following system of ODEs

reaction R0
R1

}|
{ z reaction
 dx (ν) z
}|
{

A

2

=
−λ(R
)x
(ν)x
(ν)
+λ(R
)x
(ν)

0
1
C
A
B

dν


reaction R0

R1
}|
{ z reaction
}|
{
dxB (ν) z
2
=
2λ(R
)x
(ν)x
(ν)
+2λ(R
)x
(ν)

0
1
A
B
C


dν


reaction R0
R1


}|
{ z reaction
z
}|
{

dx
(ν)

2
 C
= λ(R0 )xA (ν)xB (ν) −λ(R1 )xC (ν)
dν
where dxA , dxB , dxC represent the changes of the number of molecules of type A, B, C respectively.

3.2.

Parallel approaches for parameter estimation

To compare experimental data with the results achieved using an SPN, one first has to solve the mathematical model to produce these results: this is called the forward problem. On the other hand, the
inverse problem is the problem of estimating the parameters in a mathematical model from measured
observations [26]. Parameter estimation or data fitting typically starts with a guess about parameter
values and then changes of these values are introduced to minimize the discrepancy between model
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results and data, using a particular metric. Stochastic and differential equations models have in general
multiple sets of parameters that lead to such minimizations, and some of those minima may be local.
The values of parameters and model variables may range over many orders of magnitude and in
some cases one can gets stuck in a local minimum or wander around in a very flat part of the solution
space. Therefore, the computational resources necessary for estimating the parameters of a complex
model can be huge. A common approach for estimating parameters of a PN is the use of parallel
computing platforms to decrease the time needed for the exhaustive exploration of the parameter
space. The idea is to decompose this large space into smaller ones, which can then be explored in
parallel at the same time. Although there are several different forms of parallel computing, parameter
estimation usually falls in the simplest category, that is the data parallelism, in which the input can be
simply split among the different computational resources.
In particular, we can exploit multi-thread approaches - which means to use many cores of a server
in parallel, GPU-computing [27], which relies on the exploitation of graphical cards for performing
high parallel vector based operations, cluster-based processing - in which different servers communicate using high-end networks to share the computational load, or distributed platforms - such as grid
or volunteer computing facilities. An example for estimating parameters of a PN model exploiting
GPU-computing is reported in [28].
When high performance computational platforms are still not enough for a full exploration of the
parameter space, it is necessary to use heuristic approaches of global optimization. In order to solve
the global optimization problem it is possible to use an Evolution Strategy (ES) which is a sub-class of
nature-inspired optimization methods belonging to the class of Evolutionary Algorithms (EAs) [29].
In order to evolve better and better solutions, EAs apply mutation, recombination, and selection
operators to a population of individuals that represent candidate solutions [30, 31, 32]. Within this
formalism individuals are evaluated thanks to a fitness function that indicates the goodness of the
solutions (in the presented work the fitness is the cost function). In particular, a widely diffused
approach is the Stochastic Ranking Evolution Strategy (SRES) [33] algorithm, which has shown good
performance when applied to parameter estimation in biochemical pathways [34].
Although this algorithm is efficient, the time to compute a sufficiently high number of iterations in
order to find a satisfying solution increases with the size and complexity of the model. An interesting
approach to improve the search for candidate solutions (and hence the expected execution time) relies
on running different instances of the algorithm (i.e. evolutions) simultaneously on different computational resources, swapping periodically the best results among the processes. Using this method, the
convergence to the optimal solution speeds up thanks to a wider search on the solutions space.
Relying on this idea (sometimes called island approach) some frameworks have been developed
to coordinate different runs, and their communications, of the evolution algorithm on many computational resources of a distributed platform. The key feature of these implementations is usually a
master process connected to a database that allows to swap the individuals among populations of the
different runs of the algorithm (islands) during the computations. These approaches have been shown
to converge faster than methods relying on embarrassingly parallel computation [35].
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Flux balance analysis

High-throughput techniques in molecular cell biology (such as RNA seq and proteomics, based on
single cell technology), allow to extract information on the gene repertoire activation and on occurring biochemical reactions. These reactions could be part or have an influence on the PNs design
(for instance in the production of energy or of an enzyme, facilitating the formation of conditions,
such as kinases or phosphorilases, able to change the overall phosphorilation dynamics and therefore
the fluidity of the cytoplasm). Metabolic networks can include intra-cellular reactions occurring in
a cancer stem cell, or could be expanded to account for environmental metabolic processes, i.e., all
those occurring outside the cells, say in the tumor microenvironment. This is particularly important
when investigating the energetic details of cancer dynamics across different compartments (for example in the pancreas we could consider intra-cellular Langerhans islets, connective tissues, and blood
compartments). Having a list of reactions and of the enzymes catalysing them, a system of differential equations can answer interesting biological questions. However, building such a system requires
knowledge of rate coefficients for every reaction, which are difficult to measure, especially for enzyme
catalysed reactions in vivo (the in vitro condition can rarely approximate the exact local in vivo condition). Therefore, techniques to analyse large metabolic models must get by with just stoichiometry
and other constraints on reaction rates, such as constant bounds.
The stoichiometry (the participant molecular species and their ratios) of chemical reactions is
fixed, since this is determined by conservation of matter and of charge. These sets of reactions can
be considered as flow networks, see [36, 37] among others for recent comprehensive and general introductions. Although there are few different ways in which these can be represented, a meaningful
approach is to consider the relationship between reactions and metabolites as a bipartite graph where
both reactions and metabolites are nodes, with reaction nodes only having edges to metabolite nodes,
and vice versa. The edges are directed to represent either consumption or production of a metabolite,
and numbered with the stoichiometry of the considered chemical reaction. Rates are associated with
each reaction, and the reaction’s intrinsic rate multiplied by the reaction’s stoichiometry defines the
rate at which a particular compound is produced. From this position, we can start introducing assumptions that will allow us to make the analysis easier. The first and most common of these is the steady
state assumption. This says that there is no net surplus or deficit of any metabolite, so that the total
rate of production of a metabolite is equal to the total rate of consumption (for example we disregard
circadian or other oscillations).
Mathematically we can write dX/dt = Sv = 0, where X represents the vector of the concentrations of all metabolites, S is the stoichiometric matrix, and v is the vector of fluxes.
In some sense this assumption is equivalent to Kirchoff ’s current law in electric circuits, and
means that the rates of the reactions producing the metabolite are tied to the rates of the reactions
consuming it: the flux through each metabolite in the network must be constant, i.e. the input flux
must equal the output flux. Obviously to allow uptake and excretion this assumption must be relaxed
in some areas, which is normally achieved by one-sided placeholder reactions.
FBA is widely used in systems biology to quantify the entire metabolic steady-state of a cell and
calculate its flux distribution. In FBA, all known metabolic reactions in a given cell are considered
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and mathematically described in a way that allows simulation of various states and configurations
of the chemical reaction network. They are capable of making verifiably correct predictions from
mechanistic simulations of whole cell biochemistry. In order to get closer to the metabolic conditions,
flux rates of reactions within networks are forced to stay within a range of selected values.
FBA methods can be divided into two groups: biased methods make the assumption that evolution
has evolved to optimise for certain properties of the reaction system, such as maximising biomass
production, and simulate this maximisation to find rates; unbiased methods make no such assumptions.
See [38, 39] for in depth classification and list of useful software for the various types of analyses.
Therefore, FBA’s biased methods add one extra assumption to the model previously outlined: that
evolution has already optimised the organism to grow as fast as possible. To use this assumption we
add another placeholder reaction to the existing uptake and excretion nodes, a sink for biomass. This
reaction simulates the sequestration of materials that is required for growth, and is generally a reaction
with a very large number of input reactants, and unusually with fractional stoichiometries, since we
can add the ratios of materials required for growth by simply analysing the constituents of a whole
cell.
Once we have a biomass equation, we have a direction for optimisation. We find the assignment
of fluxes that will achieve the highest biomass production. This is normally achieved by Linear Programming, which is a fast, specialised optimisation method that is applicable to this type of problems.
Therefore the idea of FBA is to start from a system of ODEs (one for each chemical in the system), and then supposing a steady state. This assumption enables the use of linear systems and linear
programming as well as permitting the simulation of large, usually genome-scale, systems in a few
seconds of CPU time. This approximation has the additional advantage of facilitating the introduction
of additional layers of experimental data (say other omics or compartments) that can be incorporated
into the model. Here we suggest that the system of ODEs could be generated by a suitable PN. As
shown in Figure 1 this suggestion introduced a generalisation and, as discussed later, the possibility
of implementing hybrid models.
The treatment of extra-cellular dynamics and intra-cellular steady states is key to the integration
between FBA and PN. In order to combine extra-cellular dynamics and intra-cellular steady states,
and therefore model metabolism under dynamic conditions, a step-wise FBA approach, commonly
referred to as Dynamic FBA, is used [37, 40, 41]. The idea is that a steady-state FBA simulation
is run at each time step, and the uptake rates of given nutrients for the next simulation are reduced
according to how much nutrient has been consumed in the previous FBA simulation. More specifically,
the assumption is that the cell has a limited availability of extra-cellular nutrients (e.g., glucose),
encoded as a constraint (maximum uptake rate) in the associated exchange reaction. Then, after an
FBA simulation is run, the amount of nutrient which has been actually taken up by the organism is used
to reduce the nutrient availability (maximum uptake rate) for the FBA simulation at the next time step.
As a result, Dynamic FBA allows investigating genome-scale networks under transient conditions.
It can be thought a compromise between fully dynamic models, which cannot be simulated at large
scale, and steady-state models, which do not involve kinetics ([36, 37] among other authors, for main
aspects of methodology). FBA on human metabolism could exploit metabolic networks models such
as Recon3D (see http://vmh.life, accounting for 17% of functionally annotated human genes, 13,543
metabolic reactions involving 4,140 unique metabolites).
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Using multi omic data in FBA

Here we address the problem of data integration towards parameter estimation. The data integration
in FBA models enables the generation of better computational models with improved predictive capabilities. For instance, the transcriptomic level consists of gene expression amounts quantifying the
amount of mRNA concentration found in a cell after transcription of genes from the DNA. This type of
information is quite abundant in public datasets (see for instance Colombos, [42] ). In particular, measurements of gene expression levels are able to generate transcriptional profiles of a cell/tissue across
a diverse set of environmental conditions. The idea underlying gene expression-based approaches
in FBA is therefore that the amount of mRNA, which indicates the expression of a given gene, can
serve as an indicator (aka proxy) of the protein abundance, and consequently of the activity of the
corresponding reactions in the metabolism.
From a mathematical point of view, in order to incorporate gene expression into FBA, we solve
the following bilevel problem:
max

g|v

such that max

f |v

(3)

such that Sv = 0
Vimin h(yi ) ≤ vi ≤ Vimax h(yi )

where Vimin and Vimax are the minimum and maximum flux of the wild-type configuration of the
model, f and g are n-dimensional arrays of weights defining different objectives. The function h is a
piecewise multiplicative function defined as
(
(1 + |log(yi )|)sgn(yi −1)
h(yi ) =
1

if yi ∈ R+ \ {1}
if yi = 1

(4)

where sgn(yi − 1) = (yi − 1)/ |yi − 1|, and where yi is the gene set expression level of the ith gene
set, responsible for the ith reaction in the model. The lower and upper bounds of the ith flux vi are
defined according to the expression level of the genes involved in the ith reaction. The logarithm
function would define objective functions depending on the ratio between gene expression levels. The
yi →0
properties h(yi ) −→ 0 and h(1) = 1 ensure that the approaches performing Boolean gene knockouts
are a particular case of our approach. The outer maximisation problem is subject to the inner one.
More specifically, the inner maximisation finds the distributions of flux in the network such that the
growth rate is maximised. In the outer maximisation, all the unregulated fluxes are then distributed
such that the objective is maximised. [43, 44, 45]
Other useful data are represented by codon usage (in bacteria and low eukaryotes), proteomics and
methylation.
We believe that multi omics data integration in FBA and PN combined models will represent a
impressive challenge for future computational biology.
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Extended Stochastic Petri Nets

In this section we describe how the SPN formalism can be extended to be used as a unique framework
able to integrate signaling, metabolic, and regulatory networks into a single model by taking into
account their inter-dependencies. To cope with this, we propose a new PN formalism, called Extended
Stochastic Petri Net (ESPN), which extends the SPN definition by splitting the set of transition T in
two subsets Tma and Tg . The former subset contains all transitions which fire with a rate expressed in
MA law. The latter one includes all transitions whose random firing times have rates that are defined as
general real functions. Hence, we will refer to the transitions belonging to Tma as standard transitions
and as general transitions those in Tg . This allows to easily model reactions which do not follow the
MA law and to encode reactions whose dynamics are characterized through FBA.
In the rest of this Section we first introduce the formal ESPN definition. Then we show, through
a simple example, how the ESPN can be successfully used to combine signaling, metabolic, and
regulatory networks in a unique model. A more complex example will be introduced in Section 5.
Definition 4.1. (Extended Stochastic Petri Net)
An Extended Stochastic Petri Net (ESPN) system is a tuple (P, T, I, O, m0 , λ, Λ), where:
• P, I, O, m0 , λ are defined as in the SPN formalism
• T = Tma ∪Tg is a finite, non empty set of transitions, with Tma ∩Tg = ∅. Tma = {t∗i }1≤i≤nTma
is the set of the nTma transitions whose speeds follow the MA law. Tg = {ti }1≤i≤nTg is the set
of the nTg transitions whose speeds are defined as general functions.
• Λ = {f1 , . . . , fh } is the firing intensity set grouping the functions characterizing the general
transitions in Tg , with h ≤ nTg , h ∈ N. For instance the function f1 might represent a
Michaelis Menten kinetic and f2 an Hill kinetic.
We now show how the ODE system describing the underlying deterministic process can be automatically derived from an ESPN model.
Similarly to what introduced in section 3.1, let xi (ν) ∈ R+ be the continuous approximation of
the number of tokens in place pi so that the vector x(ν) ∈ RnP is the marking of the ESPN at time ν.
Let define x(ν)|• t as the subset of the marking x(ν) concerning just the input places to transition t.
Thus, given a transition t ∈ T = Tma ∪ Tg at the time ν, it will move tokens in state xi (ν) with speed
F (t, ν) defined in the following way:
(
φ(t, x̂),
F (t, ν, x̂) :=
ft (ν, x̂),
where φ(ti , x̂) = λ(ti )

Q

I(pk ,ti )

k

x̂k

.

t ∈ Tma ,
t ∈ Tg ,

x̂ = x(ν)|• t , ft ∈ Λ
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The instantaneous changes of tokens xi (ν) in the i-th place at time ν, is modelled by the following
ODE:
dxi (ν) =

nT
X

F (tj , ν, x̂)S(pi , tj )dν

j=1
n

nTma

=

X

φ(t∗j , x̂)S(pi , t∗j )dν

j=1

+

Tg
X

ftj (ν, x̂)S(pi , tj )dν

∀i ∈ {1, . . . , nP },

(5)

j=1

where S is the stoichometric matrix defined as S(pi , tj ) = I(pi , tj ) − O(pi , tj ), well known in literature as incidence matrix [46, 47]. Therefore, if place pi is an input (output) place of transition tj ,
then transition tj is removing (adding) tokens from (to) place pi according to the current speed of the
transition and the multiplicity given by function I (O). Observe that the first sum of Eq.5 corresponds
exactly to Eq.1, while the second sum accounts for the new timing specifications allowed by the ESPN
formalism.

Figure 3: ESPN model. A simple example of ESPN model including different types of generic
transitions. Rates of reactions in the blue-shaded rectangle are estimated by FBA.
A simple example of ESPN model is showed in Figure 3, in which we used a black boxes to
highlight the transitions belonging to Tg . Indeed, in this example the set of standard transitions Tma
[1]
[2]
contains RM A and RM A transitions; while the set of generic transitions Tg contains RM M , RF 1 , RF 2
[1]
[2]
and RF 3 transitions. According to this, the speeds of RM A and RM A follow the MA law and are thus
[1]
[2]
defined as VR[1] = λ(RM A )x2A and VR[2] = λ(RM A )xC respectively.
MA

MA

Vmax xB (ν)
KM + xB (ν)
are the maximum rate and the Michaelis constant characterizing such reaction.

Conversely, RM M represents a Michaelis-Menten reaction so that its rate is VRM M =
where Vmax , KM

Finally the rates of reactions RF 1 , RF 2 , RF 3 are estimated by FBA on the metabolic network in
the blue-shaded rectangle. Specifically, they are obtained by solving the following linear programming
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problem:


VRF 1
{
#
 " #
VR[2] 
−2 0 −1 +1 
 MA  = 0 ,

0 +1 0 −1 
0
 VRF 2 
VRF 3
stoichiometric matrix

z
"
max(VRF 1 )

s.t.

0 < VRF 1 < k1 ,

}|

0 < VRF 2 < k2 ,

(6)

0 < VRF 3 < k3 ,

where k1 , k2 , k3 > 0 are constants, and VRF 1 , VR[2] , VRF 2 , VRF 3 are the rates of the reactions
MA

[2]

RF 1 , RM A , RF 2 , RF 3 , respectively.
As a consequence, the ODE system characterizing the model quantities in Figure 3 is:
[1]

reaction RM A reaction RF 1

dxA (ν) z }| { z }| {
= −2 VR[1] +1 VRF 1
dν
MA
[1]

reaction RM A reaction RF 1 reaction RM M

dxB (ν) z }| { z }| { z }| {
= +1 VR[1] +1 VRF 1 −1 VRM M
dν
MA
[2]

reaction RM M reaction RM A

dxC (ν) z }| { z }| {
= +1 VRM M −1 VR[2]
dν
MA

.

Notice that, since places D and E are studied under the hypothesis of Flux Balance, for this reason
we decided to omit the corresponding differential equations because their variations are always equal
to zero.
In the next section we will discuss how the ESPN formalism can be suitably exploited to model a
more realistic and complex biological systems.

5.

Case study: a pancreatic ductal adenocarcinoma model

In this section we will first describe the prototype framework that we developed for supporting the
modelling through the ESPN formalism. Then, we will introduce a complex case study inspired
by Pancreatic Ductal Adenocarcinoma (PDA) model discussed in [48] as a proof of concept of our
approach.
The developed framework. The architecture of our prototype framework is depicted in Figure 4
where its components are shown by rectangles, and the models/data exchanges by arrows.
In details, the GreatSPN [49] GUI is used to draw an ESPN model, while the GreatSPN engine
module is exploited to automatically derive from an ESPN model the corresponding ODE system. This
task is executed through PN2ODE module that takes as input the previously generated ESPN model
and the file storing the kinetics of the general transitions, and generates an ODE system as described
in section 4. This ODE system is then saved into a file to be processed through the R environment. R
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Solution Manager

Dynamics
&
Data

ESPN
(.net, .def)

Generic Reactions Parameters
(.ReactionPar)

PN2ODE
ODE system
(.R)

ODE Solver

Figure 4: The architecture of our prototype framework. Components are shown by rectangles, and
the models/data exchanges by arrows.
environment is thus used to solve the corresponding ODE system and to obtain the plots showing the
temporal evolution of all the model quantities (see ODE Solver in 4).
In details, the R packages deSolve (https://CRAN.R-project.org/package=deSolve), Rglpk
(https://CRAN.R-project.org/package=Rglpk) and fbar (https://cloud.r-project.org/
package=fbar) are utilized to solve the ODE system.
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Figure 5: ESPN model of PDA cells metabolism. The model includes the Penthose Phosphate
Pathway, the Tricarboxylic Acid Cycle, Glutaminololysis and the Malate-Aspartate-KetoglutarateGlutamate shuttles between the cytosol and the mitochondrion. The model is the result of experimental
findings obtained by [50]
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Figure 6: ESPN submodel describing the Oxidative Phosphorylation pathway (bottom left). At
top right is reported the ESPN model of represented in Figure 7, places shared with the this model are
highlighted in dark blue. Reactions within the light blue-shaded box are computed using FBA.
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Our case study The kinetic model is the result of a set of experimental findings obtained by Son
et al. [50] and represents the main metabolic pathways altered in PDA cells. It models the pathways
where the glucose and glutamine are catabolysed in order to produce energy (Adenosine TriPhosphate
- ATP). ATP is the main source of energy for healthy cells and a dysregulation in its production can
help cancer cells to survive and proliferate. Figure 5 reports the actual ESPN model of PDA cells
metabolism. It consists of 46 metabolites (that are the products of glucose and glutamine breakdown
and correspond to the places of the net) and 67 chemical reactions (the transitions of the net): are MA
reactions and 65 general reactions.1
Starting from this ESPN model and exploiting the developed prototype framework, we were able
to automatically generate the ODE proposed in [48]. This clearly shows how the expressivity of
the ESPN formalism is rich enough to deal with biological networks in which complex biological
dynamics coexist. In details, the time required to convert the model in Figure 5 into an R file constituted
by 47 differential equations (one per metabolites plus one for the cell number) is just 0.001 sec.
To illustrate an example of the cross-talk between PN and FBA we introduce the simple ESPN
model in Figure 6 (bottom-left). This model exemplifies the Oxidative Phosphorylation, a pathway
where the majority of the ATP is produced within the cell. In details this net consists of four transitions
and seven places, and it was not explicitly considered in the kinetic model of Roi et al. [48]. This
pathway uses the free energy released during the oxidation of FADH2 to drive the synthesis of several
ATP molecules starting from ADP and Pi molecules. In the model the transition speeds are computed
by FBA assuming ATP production to be maximized. Indeed, in presence of oxigen, this pathway
produces the main source of ATP (i.e., energy) in human cells.
Observe that the whole ESPN model is obtained by the superposition between places having the
same names in the two models depicted in Figure 6. Hence, the new places P, FADH2 and FAD,
are added to the original model and the speeds of the three new transitions ATP Synthase, ATP
Synthase2 and SDH reaction are defined using FBA. In particular, their rates were calculated solving
a Liner Programming problem in which the production of AT P and mF U M is maximized. The time
required to generate the new ODEs system is similar to the previous one, while the computational time
to solve the ODEs system increases by a factor of 33%.
Therefore, by integrating the original model with this simple net it is possible to investigate the
evolution of the ATP over a period of five days. In Figure 7 are plotted and compared the time evolutions of ATP, ADP, ASP and OAA derived by the original model (i.e. without FBA) and by the
extended one (i.e. with FBA). In details the blue continuous lines are related to the original model
while the red dashed lines to the extended model. As expected by introducing the Oxidative Phosphorylation submodel, the plots (a) and (b) in Figure 7 report an increase in the ATP concentration and a
decrease of ADP respectively. Moreover the other two plots in Figure 7 highlights as the integration
of this submodel has a global impact on the whole system behaviours. Indeed, even quantities not
directly connected with FBA submodel, as ASP and OAA, are substantially affected by this extension.
According to this simple example, the FBA can be seen as a global source and sink of the system
for a specific set of metabolites (e.g. ATP, mFUM, etc.). Clearly, this is very simple use of FBA, and
1

A detailed list of all the dynamic associated with the general reaction is reported in [48](Supplementary material).
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Figure 7: Metabolites’ Dynamics. Dynamics of ATP (top left), ADP (top right), ASP (bottom left)
and OAA (bottom right) considering both the original (dashed blue line) and the extended model
(continuous red line) of the Oxidative Phosphorylation.
in general different ways of using FBA results within an ESPN model are possible depending on the
available data. For instance, one possibility arises in the extreme case when no kinetics are available.
In this situation it is possible to assume that the speeds of all transitions of the net are defined using
FBA. Therefore, in this case the ESPN formalism becomes an efficient tool to describe more easily a
FBA model through a parametric and graphical formalism.
Another possibility is to identify sub-cycles in the net where kinetics information is missing and
where the FBA approach can be conveniently applied. In this situation the ESPN formalism allows
modeler to describe in an appealing manner the inter-playing between the system deeply detailed
components with respect to those abstracted through FBA.
Finally, a third possibility comes from the observation that a net could be an open-system as the
ESPN model in Fig. 5 where glucose and glutamine are continuously imported into the system and
lactate (the product of glucose breakdown) is exported out of it as soon as it is produced. In this last
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situation the interactions between the modelled system and its environment can be abstracted through
an FBA submodel which allows the modeler to close the system under study.
Interestingly, in case of sloppy models [51], when model’s behavior depends only on a few stiff
combinations of parameters and when many sloppy parameter directions are largely unimportant for
model predictions [52], we can suggest of using the approach presented in this paper where PNs could
focus on the stiff parameters while the FBA could contain the large bulk of reactions representing
sloppy parameters.

6.

Conclusion: are Petri nets and FBA friends or competitors?

Computational Biology studies are probably going to be increasingly based on data integration and
on model formalisation. This tendency reflects the importance of using improved models to extract
the maximum information from various sources of data. Given the availability of heterogeneous multi
omic data, the combination of FBA and PNs results in an overall better model because it exploits
the advantages of the two approaches. So the answer: definitely friends. Indeed, the PNs allow us
to provide a graphical description of system that users can easily explorer at different zoom-levels.
Moreover, the ESPN formalism enables to automatically exploit different analysis techniques for each
model component according to its level of detail and to the available data on it. In this way, for
instance, the FBA approach can be used whenever the knowledge of the rate coefficients of every
reaction of a net component is missing. Of course, this assumes that all the components solved through
FBA reach their steady state faster than all the other components. Obviously, when this assumption is
not satisfied, then an approximation of model behavior is introduced. A clear characterization of this
approximation is beyond the scope of this paper and will be addressed in the future works.
In conclusion, we are delighted to report that the modelling of processes by integrating PNs with
FBA methods is a thriving and highly rewarding field of research. It has two immediate and important benefits: the improved understanding of the biological processes that cause the disease at the
molecular level and the improved ability to build biomedical models keeping easier both the design
and the molecular network complexity. In this work we provided some initial indications on how this
integration can be carried out. In particular, we showed how FBA can be exploited as a global source
and sink of the system for a specific sets of metabolites. Moreover, we discussed on the possibility of
using FBA in the net sub-models where there are missing kinetics and/or sloppy parameters, and to
close the original system.
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