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Abstract

Passage time distribution has drawn increasing attention
over the past years as an important measure to define and
verify service level agreements.

The definition of passage time requires the specification
of a condition to start/stop the computation, and possibly
of a restriction on the system behavior to be considered be-
tween start and stop. Different characterizations have been
defined in the past, either state-based, action-based or a mix
of the two, either for Markov chains, or for stochastic Petri
nets and process algebras.

In this paper we propose probe automata as a way to
specify passage time for GSPNs that allows one to select
entering, goal, and forbidden states, as well as paths of in-
terest starting from any reachable state. The specification
is in terms of conditions over the current marking, the tran-
sition (sequence) being fired, as well as over the marking
reached through the firing. Probe automata subsume previ-
ous definitions of passage time for GSPNs and for Tagged
GSPNs, the extension of GSPNs that was defined in the past
for computing passage time of a tagged token in a GSPN.

Keywords: passage time, Markov chains, GSPN.

1. Introduction

Performance analysis of systems often concerns the abil-
ity to react in due time to external events. In service oriented
systems a measure of reactivity is the response time as a
function of the workload intensity or as a function of the
operational conditions of the system, that may operate in
degraded mode due to the occurrence of failures. In safety
critical systems a measure of interest is the time required to
reach a safe state after having detected a dangerous event.
In many cases the mean of the time to be measured is not
adequate: quantile estimates are more appropriate since per-
formance indicators like “90% of the requests obtain an an-
swer within n time units” are typically used when the goal

of the study is to check if the system achieves a given safety
level or customer satisfaction, or a condition mentioned in
a Service Level Agreement.

When the system is described by a Continuous Time
Markov Chain (CTMC) the appropriate technique to esti-
mate these measures is first passage time analysis. Pas-
sage time definition requires the identification of three sets
of states, namely the entering states E, the goal states G
and the forbidden states D. Given an initial distribution
π(x), x ∈ E on the entering states, the computation of the
Passage Time results in the Cumulative Distribution Func-
tion (CDF) of the time required to reach any of the goal
states from the entering states without passing through any
forbidden state: in practice this can be achieved by making
both goal and forbidden states absorbing, and computing
the probability of being in such states at any time t.

When the system under study is described using a higher
level formalism from which a CTMC can be automatically
derived, like Queueing Networks, Stochastic Petri Nets, or
Stochastic Process Algebras, it is desirable to have a lan-
guage to express passage time in terms of the elements of
the high level formalism. Example of such a measure is the
response time distribution in queueing networks [14] and in
TGSPN [5], where the high level elements involved are a
tagged customer (or token under observation) and a subnet:
the problem is to compute the distribution of the time for
the tagged customer/token to traverse the subnet.

Examples of languages for path-based measures and pas-
sage time specifications for Petri Nets and Process Alge-
bras are Path Automata (PA) [15] and eXtended Stochastic
Probes (XSP) [8] for PEPA [12]. PA have been defined as
a way to define path-based reward variables. PA automata
describe paths of interest as the event sequences accepted
by an automaton defined over the state-transition graph of
a Stochastic Activity Network (SAN) [16]. Measures are
computed over a product state space of the SAN with the
PA automaton. XSP have been developed for the stochas-
tic process algebra PEPA, to define passage time measures.
An XSP probe can be interpreted as an external observer,



encoding the rules that allow one to decide when a passage
time must start and stop. XSP translate to PEPA terms, thus
allowing the use of PEPA derivation rules to build the state
space on which the passage time is computed.

The goal that motivated our research is to define a
language for passage time specification for Generalized
Stochastic Petri Nets (GSPNs) [1] that can extend the
language of passage time specification in Tagged GSPNs
(TGSPNs), an extension of GSPNs to deal with tagged cus-
tomers. As discussed in [8] it is necessary to have a lan-
guage integrating both state based and activity based con-
ditions to be able to characterize the system behavior of in-
terest without putting the burden of adapting the model to
support the measure on the modeler.

In this paper we define Probe Automata (PrA) as a way to
specify passage time measures. The proposal is inspired by
XSP and other approaches that use an automata to specify
performance measures (like PA) and to specify path formu-
las in stochastic logics (like CSLTA [11]).

PrA allow one to specify entering, goal and forbid-
den states in terms of conditions over markings, but also
in terms of the paths connecting those markings. Paths
are characterized in terms of GSPN extended firings, with
pre-conditions for the transition to be considered (boolean
function over the marking enabling it), but also with post-
conditions (boolean function over the marking reached by
the firing of the transition). This characteristic is partic-
ularly useful for GSPNs because the transition from one
tangible state to its successors, involving one start or stop
activity, may include the firing of a possibly long sequence
of immediate transitions, hence potentially causing a state
change that is not easy to predict. This is particularly rele-
vant for the computation of the tagged token passage time
in tagged GSPNs, since it can be used to require that, in
presence of a start transition, the tagged token be out of the
considered subnet before the firing, and into the subnet after
the firing (vice versa for stop transitions). XSP and PA only
allow preconditions.

A significant difference of PrA and of the associated
Passage Time definition is that the paths specification is
matched against the whole behavior of the model, and it
is not specifically tied to the model initial state, as it is the
case for XSP probes and PA automata. As we shall see in
the paper, this difference is not a minor one.

Finally, while it has been developed for (tagged) GSPNs,
the specification language and analysis method developed
in this paper could be applied to any formalism whose se-
mantics is provided by a labeled CTMC, therefore also to
SAN and PEPA.

The paper is organized as follows. Section 2 introduces
the background: the (T)GSPN formalisms, the passage time
definition and a flexible manufacturing system example. A
number of passage time properties are introduced that moti-

vate the definition of PrA in Section 3. The computation of
passage time distributions is addressed in Section 4, and the
differences with the computation defined for XSP and PA
are discussed in Section 5. Finally Section 6 summarizes
the paper contribution and discusses future research lines
for the PrA specification and (T)GSPNs.

2. Background

In this section we review some of the background ma-
terial useful for the PrA definition. We start with a formal
definition of passage time in the context of CTMCs, to then
recall the definition of GSPNs and of TGSPNs, the exten-
sion of GSPNs to deal with tagged customers.

Passage time definition. The First Passage Time measure,
passage time for short, for CTMCs is defined using three
sets of states: entering statesE, goal statesG and forbidden
states D. Given an initial distribution π(x), x ∈ E, the
passage time distribution is a CDF defined as follows [2]:

Passage(E,G,D, t) =
∑
x∈E

π(x)Prob(PG,D
x ≤ t)

where PG,D
x is the random variable expressing the passage

time [13] from state x and terminating in one of the states
in G, and without passing through D states:

PG,D
x = inf{u > 0 : Z(u) ∈ G,N(u) > 0, Z(0) = x

and ∀v ≤ u, Z(v) 6∈ D}
with Z(u) the state of the CTMC at time u and N(u) the
number of events occurred until time u.

Observe that Passage(E,G,D, t) may be defective,
since there is a non-null probability of never reaching any
goal state from an entering state or of reaching a forbid-
den state. The definition assumes that an initial distribu-
tion π(x) over the entering states E is given, and differ-
ent choices have been considered in the literature. If the
CTMC has a steady state behavior, an option is to use the
steady state probability of the states in E. An alternative
choice is to use the steady state probability of entering the
E states, computed as the steady state solution on the em-
bedded Discrete Time Markov chain, thus disregarding the
sojourn time in states. The two alternatives correspond to
two different assumptions on the observation start time: in
the first case it is a random instant during the steady state
evolution of the system, in the second case it is the precise
moment at which a state is entered. Another option is to
condition the measure on a precise time t, which requires
to use the distribution at time t, considering that the system
started at 0.

Generalized Stochastic Petri Nets. (GSPNs) extend clas-
sical Place/Transition (Petri) nets with stochastic timing
specifications. A detailed introduction to the formalism and
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to its applications can be found in [1].

Definition 1 (GSPN). A GSPN system G is a tuple 〈P, T,
I−, I+, H,Π, w,m0〉 where: P is the set of places; T =
TT ∪ TI is the set of exponential (TT ) and immediate (TI )
transitions; I−, I+, H : T × P → IN are the input, output,
and inhibition arcs of the net; Π : T → IN is the priority
function. ∀t ∈ TT ,Π(t) = 0, ∀t ∈ TI ,Π(t) > 0; w :
INP × T → IR is a function that assigns a rate to each
tT ∈ TT and a weight to each tI ∈ TI ; and m0 : P → IN
is the initial marking of the net.

A marking m (or state) of a GSPN is a multiset on P .
A transition t has concession at marking m iff I−(t, p) ≤
m(p) < H(t, p), ∀p ∈ P . A transition t is enabled in
marking m if no higher priority transitions have concession
in that marking. The occurrence of transition t in m yields a
marking m′ = m + I+(t)− I−(t), and we write: m[t〉m′.
The occurrence of a sequence σ of transitions enabled at m
and yielding m′ is denoted similarly: m[σ〉m′, and means
that m′ is reachable from m, by firing the transitions in σ.

The reachability set RS(G) of a GSPN G, is the set of all
the possible markings that can be reached from the initial
marking m0 with a sequence of zero or more transition fir-
ings. The Reachability Graph RG(G) is defined by the pair
〈M,A〉, whereM = RS(G) is the reachable state space and
A ⊆ M × T ×M is a finite set of arcs: an arc (m, t,m′)
is in A iff m[t〉m′, and m,m′ ∈M .

A marking where only exponential transitions are en-
abled is called tangible, otherwise vanishing. The subset
of tangible states of RS(G) is called Tangible Reachability
Set, TRS(G). On the tangible states a Tangible Reachability
Graph can be built:

Definition 2 (Tangible Reachability Graph). The tan-
gible reachability graph of a GSPN G, is defined as:
TRG(G) = 〈M,A, ρ〉, where M = TRS(G) is the tangi-
ble reachable state space, A ⊆ M × T+ × M is a finite
set of arcs, and ρ : A → R≥0 is the transition rate func-
tion, computed in the usual way (see [1]) from transition
rates and weights w. Let ν = (tT , t∗I) be an extended firing
consisting of a timed transition tT and a (possibly empty)
sequence t∗I of immediate transitions, and let ΣT be the set
of all possible extended firings. An arc (m,ν,m′) is in A,
iff the extended firing ν leads from m to m′, i.e. m[ν〉m′,
and m,m′ ∈ TRS(G).

The states in the TRS correspond to the states of an un-
derlying Markov Chain (MC) describing the stochastic be-
havior of the system. The infinitesimal generator Q can be
automatically derived from the TRG [1].

A tangible path τ (or simply path) of the TRG(G), start-
ing in a tangible marking m1, is a sequence of markings
and extended firings:

τ : m1[ν1〉m2[ν2〉m3[ν3〉 . . .

for all i ≥ 1, mi ∈ TRS(G) and the arc (mi,νi,mi+1)
belongs to A. A strongly connected TRG corresponds to an
irreducible CTMC, and we shall consider only GSPN mod-
els producing finite and strongly connected TRGs. We also
assume that the RG has no cycles of immediate transitions
(although this assumption may be relaxed, see [1]).

Tagged GSPN models. If the measure of interest for a
GSPN is the distribution of the time spent by a “specific
token” in traversing a subnet, it is necessary to distinguish
the token being measured (called the tagged token) from the
others, as explained in [5, 10].

In Petri nets there is no concept of “token/customer
flow”, as for clients in queueing networks, but it is pos-
sible to define a similar concept through the identification
of the “conservative components” of a net. In [5] the au-
thors suggest the use of p-semiflows, and introduce the con-
cept of TGSPN, which is a pair 〈G, f〉 of a GSPN G and
a p-semiflow f (chosen among the minimal p-semiflows of
G). The concept of p-semiflow is standard in Petri nets,
and for the sake of reasoning on TGSPNs, a p-semiflow f
is a |P |-component vector over natural numbers, such that
f ·m = f ·m0 = K. A generative family of minimal p-
semiflows can be computed on the Petri net incidence ma-
trix [1].

The procedure of computing a measure with a tagged
customer in a GSPN is composed of three steps: all min-
imal p-semiflows of the GSPN are computed, to recognize
the potential customer flows in the model; a p-semiflow of
interest is identified, such that it includes the places of the
subnet representing the service sequence to be analyzed, as
well as the entry and exit points (transitions) of such sub-
net; finally the model is automatically unfolded to separate
one of the tokens circulating in the selected p-semiflow (that
will be the tagged token) from the others, in order to com-
pute the passage time between any two events “tagged token
entering the subnet” and “tagged token exiting the subnet”.

The modified GSPN obtained from the unfolding proce-
dure for a given p-semiflow f contains tagged replicas of the
places in f and of the transitions connected to such places:
hereafter we denote such replicas ptag

j and T tag
i .

The passage time specification for a TGSPN intro-
duced in [5] is given in terms of three sets of triplets
{〈t, Cin(t), Cout(t)〉}: Entry, Exit, and Forbid, identifying
respectively the transitions corresponding to the start and
stop of passage time count, and those causing the abort of
the measurement (i.e. allowing to discard the paths where
any forbidden transition fires). Cin(t) has to be satisfied in
the tangible marking where (the sequence containing) t is
fired, and Cout(t) has to be satisfied in the tangible marking
reached after firing it. The sets E, G and D for the passage
time computation are derived respectively from the Entry,
Exit and Forbid triplets as the tangible states reached by the
firing of the specified transition t, when the source state sat-
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isfies Cin and the state reached by the firing satisfies Cout.
The definition of passage time in [5] assumes that any ref-
erence to transitions in the Entry, Exit and Forbid triplets is
implicitly a reference to the corresponding tagged transition,
which may be a limitation.

The Flexible Manufacturing System example. The run-
ning example used in this paper is the GSPN GFMS of a flex-
ible manufacturing system (FMS) shown in Figure 1 (taken
from [5]). The FMS comprises a Load/Unload (L/U) station
and four manufacturing stations M1–M4, two of which, M2

and M3, can fail. M2 can be locally repaired if a spare part is
available, if this is not the case a repairman has to come into
action. The same repairman is also taking care of machine
M3, for which no spare parts are locally available.

Passage times of interest require to work on the tagged
version of the FMS. The model has twelve minimal p-
semiflows, and we consider three p-semiflows that may be
interpreted as the set of possible states of machine M2 (f1)
and of a part along its processing cycle (f2 and f3):

f1 = p10 + p13 + p23

f2 = p0 + p1 + p2 + p3 + p4 + p5 + p6 + p7 + p8

f3 = p0 + p1 + p2 + p3 + p13 + p23 + p5 + p16+
+ p17 + p18 + p7 + p8

f3 refines f2, since it can distinguish the case where the part
at machine M2 is actually being processed (token in p13)
or is blocked due to a failure in M2 awaiting for a repair-
man (token in p23), similarly for M3. The unfolding of the
TGSPN 〈GFMS, f2〉 is shown in Figure 6 of [5].

Using the three p-semiflows, the following properties
can be defined (recall that transition names that appear in
Entry, Exit and Forbid sets refer to the tagged replicas):
• P1: (for f1) the waiting time in place p23 (time spent
by machine M2 awaiting for the spare parts to be replaced
by a repairman): Entry = {〈T5, p23 = 0, p23 > 0〉},
Exit = {〈t8,−,−〉}. In this particular case, since f1 ·m0 =1
there is no need to unfold G. Note that the current defini-
tion of passage time for TGSPNs will in any case require
the choice of a p-semiflow.
• P2: (for f2) passage time for the tagged token to complete
the processing at L/U , M1 and M2: Entry = {〈T4,−,−〉},
Exit = {〈T2,−,−〉}.
• P3 (for f3): passage time for the tagged token to complete
the processing atL/U , M1 and M2, conditioned on machine
M2 not breaking down while the tagged token is at M2, re-
sulting in: Entry = {〈T4,−,−〉}, Exit = {〈T2,−,−〉} and
Forbid = {〈T5,−, p23〉}.
• P4 (for f2): As for P3 but conditioned on no breakdown
occurring at M2 while the tagged token is in L/U , M1 or
M2. In this property Forbid = {〈T5,−,−〉}, independently
on whether it is firing for the tagged token or not.
• P5 (for f2): cycle time of the tagged token; this measure
requires the entry point be equal to the exit point, for exam-

ple the firing of T tag
0 .

• P6 (for f3): cycle time for the tagged token, conditioned
on at most one breakdown occurring during the cycle. The
specification of “at most one breakdown” cycle requires to
keep memory of the failures occurred in the past.

Measures P4, P5 and P6 cannot be computed with the
TGSPN proposal in [5], since the specification language is
not flexible enough.

3. Probe Automata

The FMS properties introduced in Section 2 require the
ability to describe paths of interest in terms of transitions
that may or may not fire, given certain pre and post condi-
tions for their firing, as well as the ability to keep memory of
events happened along a path (as in P6). A reasonable way
for doing this is to enrich the PA specification with pre and
post conditions along the arcs, and the possibility to identify
multiple initial and final states.We shall also add the possi-
bility, included in XSP, of requiring certain path conditions
to be met before the passage time computation starts.

A Probe Automaton (PrA) is a finite automaton which
reads, as input, a tangible path in the TRG of a GSPN sys-
tem. A PrA is a state-transition diagrams with constraint-
labeled edges. Inside each TRG path, a PrA identifies a set
of passage subruns, that are used to compute the passage
time distribution.

Given an alphabet of place names P , the language of
boolean marking constraints B(P ) over P is the set of
boolean functions defined inductively by the language:

B(P ) ::= p ./ n | ¬Φ | Φ ∧ Φ | true
where p ∈ P is a place name, ./ ∈ {<,≤,=,≥, >} is a
comparison operator, n ∈ N is a natural number and Φ ∈
B(P ). Given a marking m of a GSPN, the statement p ./ n
is true if the comparison of the token assignment m(p) of
place p in m with the natural number n is true. We write
m |= Φ to say that the marking constraint Φ ∈ B(P ) is
satisfied in m.

Definition 3 (Probe Automaton). A probe automaton P is
a tuple 〈P, T, L, LP , L0, LF , init, E〉, where:
• P is a finite alphabet of place names;
• T is a finite alphabet of transition names;
• L is a finite set of probe automaton locations;
• LP ⊆ L is the subset of passage locations;
• L0 ⊆ L is the subset of initial locations;
• LF ⊆ LP is the subset of final locations;
• init : L0 → B(P ) is the initial location constraint;
• E ⊆ (L \ LF )×B(P )× 2ΣT ×B(P )× L is an edge

relation. An edge e = (l, γpre, X, γpost, l
′), e ∈ E rep-

resents a transition from a location l to a new location
l′, where γpre ∈ B(P ) is the pre-condition, A ⊆ ΣT
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Figure 1. A FMS with machines breakdown and repair.

is the activating extended firing set, and γpost ∈ B(P )
is the post-condition. For each edge e in E, it should
hold that l ∈ LP ⇒ l′ ∈ LP .

Final locations LF select the states of the TRG that con-
clude the passage time computation, passage locations LP

select states of the TRG along which the passage time is
computed, while initial locations in L0 and init identify, for
each TRG marking, the starting location of the probe. Once
a passage location is reached, the probe may no longer visit
non-passage locations until a final location is reached (see
the last condition in the definition of the edges E). For
GSPNs, the P and T alphabets coincide with the place and
the transition sets of the GSPN (possibly derived from the
unfolding of a TGSPN). The state of the probe automaton
P is given entirely by its current location l ∈ L.

Given a TRG arc (m,ν,m′) and a probe edge e =
(l, γpre, X, γpost, l

′), e ∈ E, we say that the edge constraints
of e are satisfied by the TRG arc, written as (m,ν,m′) |=
e, iff m |= γpre ∧ ν ∈ X ∧m′ |= γpost. A probe automaton
P accepts the language of tangible paths. Given a tangible
path τ = m1[ν1〉m2[ν2〉 . . . beginning in m1 ∈ TRS(G),
the initial state of the probe P for τ is a location l0 ∈ L0

chosen such that m1 |= init(l0). We say that:

r : (l0, k0) e1−→ (l1, k1) e2−→ (l2, k2) e3−→ . . .

is a run over the path τ , with ki ∈ N≥0, k0 = 1, provided
that l0 is an initial location for m1 and, for all i ≥ 1, there
exists an edge e = (li−1, γpre, X, γpost, li) in E such that
(mki−1 ,νki−1 ,mki) |= e.

A run r over a path τ is an accepting run for a target
final location lF ∈ LF iff ∃k ≥ 0 such that ∀i ≥ k the
probe location li is lF . The language LlF (P) is the set of
all accepting runs that end in lF , and L(P) =

⋃
l∈LF

Ll(P)
is the union of all the languages accepted by P .

Figure 2 illustrates a simple PrA. Non-passage (l0) and
passage (l1, l2 and l3) locations are drawn with diamonds
and circles, and are labeled with a name. Final locations
have a double border. Edges are labeled with constraints

l0

l2

l3

l1

P0 =0

P0 !=0

!/"/P0 #=0

!/T1/P1 =0

!/{T1t2}/P1 >0

Figure 2. Probe automaton example.

written as γpre/X/γpost. Each L0 location has an associated
init constraint, shown as an entering arrow (l0, l1). The
minus sign denotes the absence of a pre/post condition, and
an asterisk denotes the entire extended firing set ΣT . For
example, the edge from l0 to l1 is triggered by the firing of
any extended transition, as soon as the post-condition P0 6=
0 holds in a tangible state. An extended firing set is denoted
as a list inside curly braces (as in the edge from l1 to l2). We
use the shorthand notation of writing a transition t (without
curly braces) to indicate the set of all extended firings that
contain t, as in the edge from l1 to l3. This probe automaton
has two final locations and therefore accepts two languages.
For instance, the language Ll2(P) contains all the runs that
first match a T1t2 firing when P1 > 0, after a state where
P0 6=0 has been visited.

l0 l1

lok

lko

Cin(T tag
in )/T tag

in /Cout(T
tag
in )

Cin(T tag
out )/T tag

out/Cout(T
tag
out )

Cin(T tag
forbid)/T tag

forbid/Cout(T
tag
forbid)

!

! "# $
Forbid condition

Exit condition! "# $
Entry condition! "# $

Figure 3. Passage time in GSPNs

Given a run r, let i be the minimum index s.t. li ∈ LP ,
and let j be the index of the final location lj ∈ lF that ends
r (or j = ∞ if the run r is infinite and does not end in
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l0 l1 lok
!P1 :=

p23 =0/T5/p23 >0 !/t8/!

P2 :=
!/T tag

4 /! !/T tag
2 /!

l0 l1 lok
!

!/T5/p23 >0

!/T tag
4 /! !/T tag

2 /!
l0 l1 lok

!P4 :=

lko

P5 := l0 l1 lok
! !/T tag

0 /! !/T tag
0 /!

P6 := l0
!

l1
!/T tag

0 /!

lok

lkol2!/T tag
6 /!

!/T5/p23 >0

!/T tag
6 /!

!/T5/p23 >0

!/T tag
0 /!!/T tag

0 /!

P7 := l0
!

l1 lok
!/T tag

0 /! !/T tag
0 /!

l2
p23 =0/T5/p23 >0

Figure 4. FMS properties Pi of section 2 described as probe automata.

any final location). The part of r that goes from li to lj
(excluded) is the passage subrun r̄ of r. Passage time is
the time elapsed in passage subruns, until a (given) final
location is encountered.

Figure 3 illustrates the PrA that translate the generic pas-
sage time expression for TGSPNs based on the three triplets
Entry, Exit and Forbid.

Figure 4 depicts the probes for the FMS properties of
Section 2. The automata for P1, P2, and P5, are instantia-
tions of the automaton in Figure 3, according to their defi-
nition of Entry, Exit, and Forbid triplets. Automaton for P3

is not shown, since it is the same as P4 with T5 replaced
by T tag

5 . Automaton P6 depicts the use of probe locations
to keep track of what has happened along a cycle: indeed
after a first breakdown, a second breakdown leads to lko. If
the cycle concludes without a second breakdown, the probe
goes to location lok. Finally P7 is a property which is here
introduced to exemplify the use of multiple non-passage lo-
cations: it is a modification of P5 to account only for those
paths that have experienced, before starting the computation
of the passage time, at least one real breakdown of machine
M2 (a breakdown when no spare is available, i.e. leaving
p23>0).

4. Passage time distribution computation

A probe automaton P follows passively the firings of a
TRG. Each firing is read by the probe, that has a chance of
moving from its current location according to the conditions
specified on the outgoing edges of l. This results in joint
process that can be constructed as a synchronized product
of both state spaces.

Let G = 〈P, T, I−, I+, H,Π, w,m0〉 be a GSPN sys-
tem, let 〈M,A, ρ〉 = TRG(G) be its tangible reachabil-
ity graph, and let P = 〈P, T, L, LP , L0, LF , init, E〉 be a
probe automaton for G. The initial states set S0 of the prod-
uct is a set of marking and location pairs defined as:

S0 = {〈m, l〉 ∈M × L0 | m |= init(l)}
S0 contains the initial configuration of the probe in each

reachable marking of the GSPN. We call product of the
probe P with the TRG the union of all synchronized prod-
ucts of P starting from each initial state in S0.

Definition 4 (Product of P with a TRG:). A Product
of a TRG 〈M,A, ρ〉 with a probe automaton P is a tuple
T = 〈S, S0, SP , SF ,A, ρ̂〉, where:
• S ⊆ M × L is a finite set of states, given by the cross

product of the tangible reachability set M = TRS(G)
with the location set L;
• S0 ⊆ S is the set of initial states, defined before;
• SP = (M × LP ) ∩ S is the set of passage states;
• SF = (M × LF ) ∩ S is the set of final states;
• A ⊆ S ×A× S is the transition relation;
• ρ̂ : A → R≥0 is the transition rate function;

defined inductively according to these rules:
1. The set of initial states is in S: (S ∩ S0) = S0.
2. Transition rule “probe moves”: let s = 〈m, l〉 be a

state in S, a = (m,ν,m′) a TRG arc in A, and e =
(l, γpre, X, γpost, l

′) a probe edge in E, such that a |=
e. Then the state s′ = 〈m′, l′〉 is also in S and the arc
t = (s, a, s′) is in A, with its exponential transition
rate ρ̂(t) equal to ρ(a).

3. Transition rule “probe stands still”: let s = 〈m, l〉 be a
state in S with l 6∈ LF , let a = (m,ν,m′) be a TRG
arc in A, such that there is no probe edge e ∈ E where
a |= e is true. Then the state s′ = 〈m′, l〉 belongs to S,
and the arc t = (s, a, s′) is inA, with rate ρ̂(t) = ρ(a).

The product T is deterministic if and only if:
• Initial location determinism: for each m ∈ TRS(G),

there exists exactly one initial location l ∈ L0 such
that m |= init(l).

• Probe edges determinism: for each state s = 〈m, l〉
and for each TRG arc a = (m,ν,m′) leaving m, there
exists at most one location l′ ∈ L s.t. any probe edges
e ∈ E that satisfies the arc a, i.e. a |= e, reaches
location l′.
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When T is deterministic, each path τ in the TRG(G)
is matched by a single run r of the probe. Therefore, the
stochastic behavior of T is fully determined and can be de-
scribed as a CTMC.

There is a strong correspondence between TRG paths
and paths in a deterministic product T . Given a (infinite)
path τ in the TRG(G) starting in m, there exists a unique
path σ rooted in 〈m, l〉, with m |= init(l), that follows
each transition in τ until the probe reaches a final loca-
tion. Such path σ is unique due to determinism constraints.
Vice versa, the sequence of markings of each path σ rooted
in 〈m, l〉 corresponds to the (infinite) set J(σ) of TRG(G)
paths, which share the same prefix. Since transition rates
are “copied” by the construction rules of T , the continuous-
time behavior of each T path σ is the same behavior of the
common prefix of each TRG(G) path in J(σ).

The state space of T has an asymptotical cost ofO(|M | ·
|L|), since the state space S is a subset of the Cartesian
product of the marking set M with the location set L. A de-
terministic product T may be treated as a TRG with reach-
able state space S, arc set A and rate function ρ̂.

Figure 5 shows two simple probes (A and B), a cyclic
TRG C, and the products of both probes with C. The sets SE

and SF (lok) highlighted in the products will be explained
later, and constitutes a sort of “barriers” used for the passage
time computation.

Observe that we are considering all the possible initial
states S0 for the product state space, since we are assuming
that the probe may start “randomly” in any possible state of
the model. The probe partitions the state space S into the
passage set SP (on the right of the SE line) and the non-
passage set (on the left). The reader may check that all the
possible runs are indeed in the product TRG T .

From a TRG 〈M,A, ρ〉 of a GSPN system G, a CTMC is
derived, as usual, in the domain space ofM by summing up
the outgoing transition rates that leave each marking. Let
{Z(t) | t ≥ 0} be the stochastic process that behaves ac-
cording to the CTMC described by the TRG, and let Q be
its infinitesimal generator. Entries of Q are:

Qi,j =


∑

a=(i,ν,j)∈A

ρ(a) i 6= j

−
∑
k 6=i

qi,k i = j

In order to compute the passage time on the underlying
CTMC, we need the set of initial states S0 and two addi-
tional state subsets: the set of start states SE , where the
measure time starts, and the target states SF (l), for a given
final location l ∈ LF . Hence:

SE =
{
s′ ∈ SP | s′ ∈ S0 ∨

(∃s ∈ (S \ SP ) ∧
∃(s, a, s′) ∈ A)}

is the set of states where the probe enters the passage set for

l0 l1 lok
! -/a/- -/b/-

l0 l1

lok

lko

! -/a/-
-/b/-

l2
-/a/-

-/a/-

-/b/-
m1 m2

m3m4

a, !1

a, !2

a, !3

b, µ

m1, l0

m2, l0

m3, l0

m4, l0

S0 SE SF (lok)

m2, l1

m3, l1

m4, l1

m3, l2

m4, l2 ok

ko

a

a

a
b

a

a

a

b

b

Probe A

Probe B

TRG C

Product T =B×C of probe B with the cyclic TRG C

S0 SE SF (lok)

m1, l0

m2, l0

m3, l0

m4, l0

m2, l1

m3, l1

m4, l1 ok

a

a

a
b

a

b
a

Product T =A×C of probe A with the cyclic TRG C

Figure 5. Probes, TRG and products.

the first time, starting the passage time computation. Let:

SF (l) = {〈m, l′〉 ∈ S | l′ = l}, l ∈ LF

be the set of states where the joint process accepts a run of G
in the specified final location l, thus ending the passage time
computation. Note that SE is the set E in the passage time
definition of Section 2, while the sets G and D of goal and
forbidden states are represented by the SF (l) sets (typically
G is represented by lok and D by lko).

We consider that a probe may start at any time in the
process described by the GSPN, in stationary conditions, so
a marking m is chosen according to its probability in the
steady state distribution π of TRG(G). The probe starts in
the initial location l0 satisfied by the init constraint. There-
fore, the joint process T begins in the state i = 〈m, l0〉, as
shown in Figure 6. The stochastic process Z(t) then con-
tinues its execution until an SP state is reached, i.e. a state
k ∈ SE is first entered. If the initial state i is already a en-
tering state (i.e. i ∈ SE), then k= i. At this point a clock
starts, and the execution continues in the passage subset SP .
The measure Passage(t, l) is the probability of reaching a
state j ∈ SF (l) before time t, starting at time 0 from any k.

Passage time measure for a probe automaton P in a
GSPN system G can be easily described by means of ac-
cepted runs. The measure Passage : R≥0 × LF → R[0,1]
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Figure 6. Passage time for a TRG path.

describes the cumulative distribution function for the pas-
sage time that starts in an SE-state and ends in the specified
SF (l)-state in less that t ∈ R≥0, conditioned on an ini-
tial probability distribution over S0-states. Let π be such
distribution over S0-states in the product TRG T . Then
the Passage(t, l) at time up to t to a set of final states
SF (l) = {〈m, l′〉 ∈ S} is:

Passage(t, l) =
∑
i∈S0

π(i) ·︸ ︷︷ ︸
(1)

∑
k∈SE

H
S\SP

i,k ·︸ ︷︷ ︸
(2)

∫ t

0

∑
j∈SF (l)

HSP

k,j(x)dx

︸ ︷︷ ︸
(3)

whereHS\SP

i,k is the long-run probability of going from state
i to state k passing through (S \ SP ) states only (note that
k ∈ SE , which implies that k ∈ SP ), and HSP

k,j(x) is the
probability of going from state k to state j at time x passing
though SP -states only.

The term HS′

i,j(t) = Pr{Z ′(t) = j | Z ′(0) = i} is the
kernel matrix of the stochastic process {Z ′(t) | t ≥ 0}.
Such processZ ′(t) behaves likeZ(t) restricted to the subset
S′ ⊆ S, which means that transitions may occur in S′-states
only. Therefore, the infinitesimal generator Q′ of Z ′(t) has
non-zero rows only for S′ states. The term HS′

i,j is the limit
limt→∞HS′

i,j(t).
Remember that all SF states are absorbing by construc-

tion, and SF (l) ⊆ SF . The integral (3) is the cumulative
passage time distribution up to time t from an entering state
k ∈ SE to any final state in the target set SF (l).

Procedure (Computation of Passage(t, l)). The passage
time distribution computation at time t for a specified final
location l ∈ LF can be computed with these steps:

1. Generate the TRG(G) and get the steady state distribu-
tion π over TRS(G) states.

2. Generate the cross-product process T of TRG(G) with
the PrA automaton P .

3. Starting from S0-states with initial steady state proba-
bility distribution π, compute the probability distribu-
tion of reaching the entering set SE , assuming that SE

states are made absorbing.
4. Compute the transient probability of reaching, from

the SE state subset of T , the subset SF (l) at time t.

As the reader may observe, the measure Passage(t, l)
can be seen as a steady-state measure, in the sense that the
accepted sequences do not depend on the initial marking
of the GSPN. Instead, it is more like inserting the probe in
the GSPN in steady-state, and observing the probe behavior
from that point on.

Tool support and experimentation. We have implemented
a prototype solution as an add-on of GreatSPN [3]. It gen-
erates the CTMC derived by the product between the probe
automaton and TRG, and exports it to HYDRA [9] for the
computation of the (first) passage time distribution (from
SE to SF (l)), while GreatSPN is used to compute the ini-
tial distribution of the entering states (up to SE).

The TRG generation and the product between TRG and
the probe is based on Meddly [4], an existing open-source
library for Decision Diagrams. The solution takes advan-
tage (in terms of both memory utilization and execution
time) of the efficacy of Multi-valued Decision Diagrams
(MDDs) and of the saturation approach [6] for state space
generation. The implemented solution approach is not as
fast as it could be since the passage time distribution is
not computed symbolically, but is passed on to HYDRA by
writing the generated CTMC (which is built symbolically)
on a file according to the HYDRA input format.

Figures 7(a), (b) and (c) report the CDF for the properties
P1, P2, P4, P5 andP6 considering a scenario with 9 pallets,
where the timed transitions T0, T2, T3, T4 and T5 are Single
Server with rates 0.7, 2.0, 3.0, 4.0 and 0.5, and all the others
are Infinite Server with rate 1. All immediate transitions
have weight 1. The TRG has 146 526 states and requires
less than 1s for its generation; while the number of states in
TP1 , TP2 , TP4 , TP5 and TP6 are 187 533, 240 669, 284 262,
310 902 and 409 845, respectively. Each of these TRGs is
generated in less than 50s, with a memory peak < 1.8 MBs.

Figure 7(a) shows the CDF of property P1 measuring
the time spent by machine M2 waiting for the spare parts
to be replaced by a repairman. Observe that this property
does not require to unfold the GSPN model as explained in
Section 2.

Figure 7(b) shows the CDF of propertiesP2 andP4, both
referred to the tagged token. The first one measures the pas-
sage time for the processing sequence at machines L/U ,
M1 and M2, while the measure P4 does not consider paths
in which machine M2 breaks down during service. This
makes the measure defective: in Figure 7(b) this distribution
is shown also after normalization (with respect to the long-
run probability of following a path without any M2 break-
down). Observe that, as expected, the normalized CDF lays
above the CDF obtained for P2.

Figure 7(c) shows the passage time computation for
properties P5 and P6, that are related to the distribution of
the cycle time of the tagged token. Indeed, the former com-
putes the unconditioned distribution of the cycle time of the
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Figure 7. CDF of properties (a) P1, (b) P2 and P4, and (c) P5 and P6

tagged token, while the latter the cycle time of the tagged
token conditioned on at most one breakdown occurring dur-
ing the cycle. For this case the normalized CDF for P6 is
not plotted since it is very close to the one of P5.

5. Comparison with XSP and PA

XSP probes and PA automata, although similar to PrA
automata, have some significant differences both in the
specification of the paths to be considered and in the pas-
sage time computation.

In terms of paths description PrA also includes post-
conditions on arcs, which turns out to be particularly useful
to deal with immediate transitions, but it could be an inter-
esting extension for XSP, since it may be used to discrimi-
nate, in a PEPA term, the path taken upon a choice between
two actions with the same name. All three formalisms allow
for multiple final states (considering the extended XSP def-
inition in [7]): interpreting one of the final states as a reject
state allows to discard undesired paths/behaviors from the
passage time computation.

PrA have been defined for GSPNs, and therefore deal
with immediate transitions. This is particularly useful for
discriminating in a TGSPN the case in which the firing of
a timed transition t may lead to a entering state or not, de-
pending on a specific sequence of immediate transitions ac-
tivated by t. This could distinguish in a TGSPN whether
the tagged token is in the subnet or not. XSP have been de-
fined in the context of PEPA and therefore do not deal with
immediate transitions, while PA deal with stable steps (the
counterpart of extended firings for SAN).

What distinguishes PrA from similar techniques is the
passage time computation method, in which the matching
of the probe starts in any state of the CTMC and not only
in the initial one, moreover the probe may start in differ-
ent locations depending on the marking being considered,
thanks to the possibility of defining multiple initial loca-
tions. Multiple initial locations are particularly interesting

when L0 contains both passage and non-passage locations.
As we shall see in the next example the proposed computa-
tion also allows a natural definition of cycle time (passage
time for paths in which the start and stop actions/transitions
are the same). An XSP probe (and a PA automaton) goes
in parallel with a PEPA term (or a SAN) from their initial
state, while a PrA automaton selects subpaths that may not
start in the GSPN/CTMC initial marking/state. To better
explain the consequences, consider this model, given as a
PEPA term:

m1 = (a, λ1).m2, m2 = (a, λ2).m3,
m3 = (a, λ3).m4, m4 = (b, µ).m1

which has a derivation graph isomorphic to the CTMC
given in Figure 5(c). The PrA automaton A of Figure 5,
leads to a passage time computation which is a weighted
sum of the passage time distributions of the paths from m2
to m1, from m3 to m1, and from m4 to m1. This is not
equivalent to the XSP probe R = a:start, b:stop, that can
informally be described as: “start counting after a is en-
countered, and stop after b is encountered”, which computes
the passage time only on the path from m2 to m1. It is our
understanding that there is no way to do a similar computa-
tion in XSP which is not ad-hoc for the specific term m1. If
we consider instead PA, the probe A of Figure 5, with a self
loop on l1, can be considered as a PA automaton, but the
computation of passage time will produce the same results
as in XSP.

If we instead want to compute the passage time that starts
in a state entered with an a, and that observes exactly one
a followed by a b, this can be represented by the PrA au-
tomaton B of Figure 5. This leads to the computation of the
passage time distribution exactly from m2 to m1 (the only
path of the CTMC in which we have exactly two a followed
by a b). Both XSP and PA fail to identify this path, since
they are constrained to start from the initial marking.

There is another interesting case of a different behavior
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between XSP/PA and PrA. Consider the PEPA term:

P = (T0, λ1).P1, P1 = (T0, λ2).P

and an XSP probe R=T0:start, T0:stop, which could be
thought adequate for computing the distribution of the cycle
time for action T0, similar to the PrA automaton of prop-
erty P5 in Figure 4. If our interpretation of XSP is correct,
probe R will identify a set of start and stop states such that
only even occurrences of T0 (the ones of rate λ2) will be
counted for the passage time, while odd occurrences are not
considered. This happens because every other occurrence
of T0 is “consumed” to identify the stop state. A PA au-
tomaton suffers from the same problem, since it would read
every even occurrence of T0 to enter the final state.

6. Conclusions

In this paper we have introduced a language for passage
time specifications, that allows to express complex passage
time measures based on path acceptance. The language has
been defined for GSPNs, but it is rather straightforward to
adapt it to other formalisms, since the semantics is defined
at the state-space (TRG/CTMC) level. Associated with the
probe language, there is a new proposal for computing pas-
sage time on all sub-paths satisfying the automaton.

A prototype tool has been implemented, that computes
the product state space and the passage time distribution;
it is built on top of GreatSPN and HYDRA. Results for a
medium-sized FMS model are reported in Section 4.

Many interesting future developments are possible. We
plan to do a thorough comparison of PrA with XSP, in par-
ticular to compare the tagged token approach of TGSPNs
with the location-aware probes of XSP. We shall also inves-
tigate whether PrA could be used to specify complex reward
structures, as it is the case for PA.

With respect to the application of PrA we plan to pursue
two lines of research: evolution of the method proposed in
this paper towards SWNs, a colored version of GSPNs, and
implicit tagged token measures specification. For SWNs the
issue is not to destroy the symmetry exploitation typical of
SWN solution (a similar problem has been tackled in the
context of PA), while for tagged token measure it would
be nice to have a way to ”instantiate” the probe depending
on the semiflow associated to the TGSPN, and, vice versa,
given a specific ”tagged” probe and a GSPN, to define the
TGSPN adequate for the probe computation (by selecting
the appropriate p-semiflow).

The prototype implementation can be enhanced by mak-
ing it symbolic in the stochastic computation of passage
time distributions, which requires the replacement of HY-
DRA with a stochastic solver based on some form of Deci-
sion Diagram.
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[6] G. Ciardo, G. Lüttgen, and R. Siminiceanu. Saturation: An
efficient iteration strategy for symbolic state-space genera-
tion. In TACAS’01, pages 328–342, 2001.

[7] A. Clark, A. Duguid, and S. Gilmore. Passage-end analy-
sis. In Proc. of the 6th European Performance Engineering
Workshop, EPEW ’09, pages 110–115. Springer, 2009.

[8] A. Clark and S. Gilmore. State-aware performance analysis
with extended stochastic probes. In Proceedings of the 5th
European Performance Engineering Workshop, EPEW ’08,
pages 125–140, Berlin, Heidelberg, 2008. Springer-Verlag.

[9] N. J. Dingle, P. G. Harrison, and W. J. Knottenbelt. HY-
DRA: HYpergraph-based Distributed Response-time Anal-
yser. In International Conference on Parallel and Dis-
tributed Processing Techniques and Applications (PDPTA
2003), pages 215–219, June 2003.

[10] N. J. Dingle and W. J. Knottenbelt. Automated Customer-
Centric Performance Analysis of Generalised Stochastic
Petri Nets Using Tagged Tokens. Electron. Notes Theor.
Comput. Sci., 232:75–88, 2009.

[11] S. Donatelli, S. Haddad, and J. Sproston. Model checking
timed and stochastic properties with CSLTA. IEEE Trans.
Softw. Eng., 35(2):224–240, 2009.

[12] J. Hillston. Process algebras for quantitative analysis. In
Proceedings of the 20th Annual IEEE Symposium on Logic
in Computer Science, pages 239–248, Washington, DC,
USA, 2005. IEEE Computer Society.

[13] V. G. Kulkarni. Modeling and analysis of stochastic systems.
Chapman & Hall, Ltd., London, UK, UK, 1995.

[14] J. Muppala, K. Trivedi, V. Mainkar, and V. Kulkarni. Nu-
merical computation of response time distributions using
stochastic reward nets. Annals of Operations Research,
48:155–184, 1994.

[15] W. D. Obal, II and W. H. Sanders. State-space support for
path-based reward variables. Perform. Eval., 35:233–251,
May 1999.

[16] W. H. Sanders and J. F. Meyer. Stochastic activity networks:
formal definitions and concepts. In Lectures on formal meth-
ods and performance analysis, pages 315–343. Springer-
Verlag, New York, NY, USA, 2002. LNCS 2090.

10


