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1 Introduction

Useless-code is any subexpression of a program that does not contribute to the final
result of the program. Even though is unlikely to occur in human produced code,
useless-code could be introduced by program transformations, or could be present
in programs in which general-purpose functions taken from standard libraries are
used in particular contexts.

To improve the quality of the code produced a compiler may perform a useless-
code analysis to detect and remove useless-code in the source program. Useless-code
analysis for typed functional programming languages has been originally studied in
the context of logical frameworks, like Coq, where functional programs are extracted
from formal proofs. See Pfenning (1996) for a short survey on logical frameworks,
and Paulin-Mohring (1989a, 1989b) for an introduction to program extraction.
Programs extracted from proofs usually contain large parts that are useless for the
computation of their result. Therefore some sort of simplification is mandatory. To
this aim various useless-code elimination techniques have been developed in the last
ten years, see for instance, Takayama (1991) and Berardi (1996).

Useless-code elimination focused on the elimination of useless function’s formal
parameters is often called useless-variable elimination (Shivers, 1991). The original
technique proposed in Berardi (1996) is essentially a useless-variable elimination,
while extensions of this technique (Boerio, 1995; Berardi and Boerio, 1995; Berardi
and Boerio, 1997) consider more general forms of useless-code.

In this paper we present two non-standard type assignment systems and simplifi-
cation mappings for removing useless-code in simply typed higher-order functional
programs. We also present a complete and incremental useless-code elimination
algorithm based on these systems.

In the non-standard type inference approach to program analysis, properties are
represented by particular types (called non-standard types), and program analyses
are presented via a system of logical inference rules. These systems are usually built
by two sets of rules. One set of rules, the ‘subtyping’ rules, determines an entailment
relation between the properties under investigation, and another set of rules, the
‘type assignment’ rules, defines the way in which properties are assigned to the terms
of the language. Non-standard type systems tailored to a specific analysis, such as
strictness, totality, binding-time, etc. have been introduced in the literature (Kuo and
Mishra, 1989; Jensen, 1992; Benton, 1992; Wright, 1992; Hankin and Le Métayer,
1995; Solberg, 1995; Barendsen and Smetsers, 1995; Dussart et al.,, 1995; Mossin,
1997; Damiani, 1998).

The basic idea of the useless-code elimination techniques presented in this paper
is inspired by the techniques of Berardi (1996) and Berardi and Boerio (1995). We
decorate a typed functional program with non-standard types (called evaluation
types). Such types are used to prove that the program can be evaluated without
evaluating some of its subexpressions, which are therefore useless-code. For the
programs of type nat (the type of natural numbers) there are two evaluation types:

"at which is the property of the terms of type nat that can be evaluated, and
so they can only be replaced by terms with the same value, and
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I nat which is the property of the terms of type nat that are not evaluated,
and so they can be replaced by any term of type nat.

Evaluation types for programs of higher types are defined from these basic evaluation
types using the standard type construction. For instance the evaluation type ! "t !

nat is the property of all the functions of type nat ! nat that, when applied to
some argument, can be evaluated without using their argument (like X "3:Q where
X does not occur in Q). In other words, ! " ! " characterizes all the functions
of type nat! nat that do not use their argument: such functions are constant. The
evaluation type "1 M instead, does not give any information about useless-
code, since it says that the application of a function to an argument can be evaluated
if the argument can be evaluated. To detect the useless-code in a given term M we
will assume for it an evaluation type containing only s, i.e. we assume that M can be
evaluated, and we will try to assign evaluation types containing only ! ’s to as many
subterms of M as possible, in order to detect as many useless subterms as possible.
Let us look at three simple examples of useless-code detection and elimination.

Example 1.1
Take
M = (x "3)P
for some term P of type nat. Since X is never used in the body of the -
abstraction F = x "3, we have that F has the property ! ™1 " This
implies that P is not used in the computation of the value of M and could be
replaced by any term of the same type. In fact, in a call-by-name language, M
behaves like the term
M; = (x "":3)d
where d is a place-holder for the useless-code removed.
Note that, in this case, it is possible to perform a further simplification and
remove both the useless-variable X and the place-holder d, producing as final
result the body of the -abstraction (the constant 3).
Take
N = (x ":prj,Q; Qi )P
for some terms Qq, Q,, and P of type nat such that Q; does not contain
any occurrence of X. Since the projection prj; returns the first component of
the pair, the term Q, is useless-code. Moreover, since Q; does not contain
any occurrence of X, the -abstraction G = x ":prj,hQ; Qi has the property
I mat ] nat This implies that also P is useless-code. So, in a call-by-name
language, N behaves like the term

N; = (x ":prj,hQ;;di)d:

Also in this case it is possible to simplify further N, by removing the useless-
variable X, the projection operator, and the pair constructor, obtaining the
final term Q;.

In the previous examples the simplified terms were obtainable from the original
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ones just by reduction!, but this is not always the case. Let
R = (f nat! nat:fP )( X nat:s)

where P is a term of type nat. The function H = f "a" natfP has the property
(tmatp onmaty 1 natgand F = x "3 has the property ! "1 nat Thig
implies that the subexpression P of R is useless-code. So, in a call-by-name
language, R behaves like the term

Rl — (f nat! nat:f d)( X nat:3):

In this case, a further simplification gives the simpler term R, = (f "a.:f)3,
which cannot be obtained from R by reduction.

The soundness of the evaluation type assignment systems and of the induced
program transformations is proved via a partial equivalence relation semantics
of the evaluation types, showing that the simplified programs are observationally
equivalent to the original ones.

In section 2 of this paper we introduce the programming language we are dealing
with and its operational semantics. Section 3 shows how program properties can be
represented by partial equivalence relations on a term model of the programming
language.

In section 4 we describe the language of evaluation types and its semantics, we
also give a complete axiomatization of the logical implication between evaluation
types. Section 5 introduces an evaluation type assignment system and a program
simplification based on the information provided by the evaluation types assigned
to a program and to its subexpressions. We prove that a program and its simplified
version are observationally equivalent. Section 6 presents an evaluation type assign-
ment system, which characterizes a proper subset of the useless-code characterized
by the system in section 5: it restricts to useless-variable detection. The program
simplification induced by this type system is ‘deeper’ than that of section 5, since it
removes useless-variables without introducing dummy place-holders.

In section 7 we present two algorithms for inferring a representation of all the
evaluation typings of a term for the systems of sections 5 and 6.

In section 8 we show that the best way of using the useless-code elimination
techniques of Sections 5 and 6 is to compose them in a sequential way: first
detecting and removing useless-code using the technique of section 5, and then
applying the one of section 6 to the result.

In section 9 we discuss the independence of the techniques presented from the
particular evaluation strategy of the language considered in the paper (call-by-
name?). Related work is considered in section 10.

Appendix A contains the completeness proof for the e-type entailment relation
between e-types (introduced in section 4), while in Appendix B we show how the
algorithms described in section 7 can be integrated in an incremental useless-code
detection and elimination procedure.

! By ‘reduction’ we mean -reduction plus the reduction rules for projections.
2 The evaluation strategy used by languages like Miranda, Haskell and Clean.
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Fig. 1. PCFP terms.

A preliminary version of the material presented in this paper appeared in Coppo
et al. (1996) and Damiani (1998, Chap. 7).

2 The language PCFP

In this section we introduce a simple functional programming language and its
operational semantics. We use the acronym PCFP (which stands for ‘Programming
Computable Functions with Pairs’) for this language since it is the dialect of the
language PCF (Plotkin, 1977) obtained by using natural numbers instead of integers
and adding a type constructor for pairs.

2.1 PCFP syntax and evaluation rules

The set of PCFP types T is defined assuming as ground type the set of natural
numbers, nat.

De nition 2.1 (PCFP types)
PCFP types, ranged over by , ,and (with superscripts and subscripts if needed),
are defined by the following grammar: ::=natj ! i

PCFP terms are defined from a set of typed term constants

1 1 1 1
K =f0nat; 1nat; o ;SUCCnat' nat; pred nat! nat; +nat nat! nat; nat nat! natg

(ranged over by k), and a set V of typed term variables (ranged over by x ;y ;::).
The type of a constant k is denoted by T(k).

De nition 2.2 (PCFP terms)
The set of PCFP terms Ar, ranged over by M, N, ::: is defined by:

Ar=JA;
2T

where the set A is defined by the rules in figure 1.

According to Definition 2.2, in a PCFP term M the types of variables and
constants are explicitly mentioned. In the following we often omit to write types
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Fig. 2. ‘Natural semantics’ evaluation rules.

which are clear from the context. The finite set of the free variables of a term M,
denoted by FV(M), is defined in the standard way. In the following we identify
terms modulo renaming of the bound variables.

As usual a substitution is a finite function mapping term variables to terms,
denoted by [X; := Ny;:::;% := Np] ([ := N] for short), which respects the types,
ie. each X;' is substituted by a term N; of the same type. Substitution acts on free
variables, the renaming of the bound variables is implicitly assumed.

Let A =fM jM 2 Ay and FV(M) = ;g be the set of the closed PCFP terms. The
process of evaluating a program is specified in a standard way by giving a structural
operational semantics (Plotkin, 1981; Kahn, 1988) in the form of an inductively
defined evaluation relation, M + K, where M is a closed term and K is a closed term
in weak head normal form (whnf), i.e. an element of the set of values

Vr=K[f x :Njx :N2ASg[fhM;MyijhM;Myi 2 ASg:

Any PCFP constant has either type nat or nat ! nat or nat nat! nat The
meaning of a functional constant k is given by a set mean(k) of pairs, such that
if (K; ki) 2 mean(k) then kK evaluates to k;. For example (5;6) 2 mean(succ) and
(h;3i;4) 2 mean(+).

De nition 2.3 (Value of a term)
Let M 2 A%. We write M + K, and say that M evaluates to K, if this statement is
derivable by using the rules in figure 2.

Let M + to be read ‘M is convergent’, mean that, for some K, M +K, and let M *,
to be read ‘M is divergent’, mean that, for no K, M +K.

2.2 Ground contextual equivalence and bisimilarity

Two expressions M and N of a programming language are equivalent if any
occurrence of M in a complete program can be replaced by N, and vice versa,
without changing the results of program execution. To formalize this for a particular
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programming language it is necessary to specify which are the observable results of
program execution.

Following Pitts (1997), we introduce the ground contextual equivalence on PCFP
terms, which is the congruence on terms induced by the contextual preorder that
compares the termination behaviour of programs just at the ground type nat. This
amounts to assume that complete PCFP programs are closed terms of type nat, and
that the only observable behaviour of a complete program P is its divergence or
converge to some natural number.

Let (C[ ] ) denote a typed context of type with a hole of type in it.

De nition 2.4 (Ground contextual equivalence)

Let M and N be terms of type . Define M s N whenever, for all contexts
(C[ 1), if C[M] and C[N] are closed terms, then C[M] + implies C[N] +. The
relation s is the ground contextual preorder and the equivalence induced by s,
denoted by ' s, is the ground observational equivalence.

In Pitts (1997), a co-inductive characterization of ground contextual equivalence
in terms of bisimulation is given. This characterization allow to prove more easily
the equivalence results on terms needed to show that the optimizations presented in
this paper are correct. We give here the definition of bisimulation for PCFP, and
state the two main results presented in Pitts (1997), namely Theorems 2.6 and 2.8.
Such results will be used in this paper.

De nition 2.5 (PCFP bisimulations and bisimilarity)
A PCFP bisimulation B is a type indexed family of relations on closed terms,

B f (M;N)jJM;N2A and FV(MM)[ FV(N)=g
satisfying the conditions in figure 3. PCFP bisimilarity is the largest bisimulation
and will be denoted by ' .

A PCFP bisimulation B can be extended to a relation on (possibly) open terms
B° (called the open extension of B). For any PCFP terms P and Q such that

Px :=N] B Qx :=N]:
Let ' © denote the PCFP open bisimilarity. The following results hold.

Theorem 2.6 (Operational extensionality for PCFP)
Ground contextual equivalence coincides with bisimilarity, that is:

M ' oos N if and only if M " ° N:

Consider, for every type , the set of everywhere divergent terms of type
That is for type nat the always divergent terms, for an arrow type the terms that
for every input produce an everywhere divergent term, and for pairs that terms
whose projections are terms everywhere divergent. Notice that terms in these sets
are all observationally equivalent. In particular, the term fixX :X is a ‘canonical’
representative of the set of the everywhere divergent terms of type
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(bis 1a) (M Bnat N and M +k) implies N +k

(bis 1b) (M Bt N and N +k) implies M +k

(bis 2) MB, N implies forallP2 A, MP B NP

(bis 3) M B N implies prj;(M)B prj;(N) and prj,(M)B prj,(N)

Fig. 3. Bisimulation conditions for PCFP

The following definition introduces the set of finite approximations of a recursive
term fixX:M. As usual approximations are defined starting from an everywhere
divergent term, and iterating the substitution of the recursion variable with the term
defined at the previous stage.

De nition 2.7

For all natural numbers m define fix™ x :M as follows:
fixO x :M = fixx X
fixMDx M = M[x :=fix"x :M]:

Theorem 2.8 (‘Compactness’ of evaluation)
For every PCFP context of type nat, (C[ ] )", if (C[fixx:M] )" + k then exists
m > 0 such that (C[fix™ x:M] )"t +k.

2.3 A closed term model of PCFP

Let I( ) denote the set of the equivalence classes of the relation ' ,,s on the closed
terms of type in A%, and let [M] denote the equivalence class of the closed term
M. The preorder ,ps induces a partial order on I( ): define [M] ops [N] if and
only if M ;s N.

The closed term model M of PCFP is defined by interpreting each type as the
poset I( ) ordered by bs. For every type , [fixXx :X] is the least element of I( ).
An environment is a mapping e : V! |J 51 I( ) which respects types, i.e. a mapping
such that, for all X , x ) 2 I( ). The interpretation of a term M in an environment
e is defined in a standard way by:

rem 2.6, we can prove that M is an extensional model.

3 Partial equivalence relations and program properties

In this section we show how some properties of PCFP programs P of type can be
represented as partial equivalence relations over the interpretation, I( ), of the type
in the closed term model M .
A Partial Equivalence Relation (PER for short) over a set A is a symmetric and
transitive binary relation over A. Let R be a PER over a set A, we call domain of R
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the subset of A defined as:
Dom(R)=fEj(E;E9 2R or (E*E)2 R for some E%;

Note that R is reflexive on its domain. The use of PERs is well known in literature
on program analysis, and dates at least back to Hunt and Sands (1991).

In the following let ‘PER over a type ’ mean ‘PER over the set I( ). A PER R
over is an equivalence relation between the subset Dom(R) of the meanings I( )
of terms in the model M : the elements of Dom(R) that are in the same equivalence
class are identified by the property expressed by R. The following definition explains
what is meant by: a term P of type satisfies the property (PER) R over

De nition 3.1 (P satis es R)

Let R;Ry;:::Rn (n>0) be PER over types ; 1;:::; n, respectively. We say that a
term P of type with free variables x,'; :::; %" satis es the property R under the
assumptions R; for x;' (1 <i < n) if, for all the environments e and € such that
(e(x;"); ;")) 2 R, we have that ([Pl [Plle) 2R

A PER R over can be read as a relation between closed terms such that
M;N 2 A% are indistinguishable w.r.t. R if and only if ([M];[N]) 2 R. This view is
useful to understand which is the property represented by a given PER.

For every type 2 T, consider the diagonal PER over I( ),
A =f(MLMDjMI2I( )g

The relation A is the PCFP bisimilarity (it identifies two closed terms of
type if and only if they are observationally equivalent), so it represents the
property for which the value of a term does matter. In other words, the relation
A has a different equivalent class for each of the meanings of the terms of
type

The trivial PER over I( ),

Q =f(IMLINDjIM]IIN] 210 )g,

identifies all the closed terms of type , so it represents the ‘true’ property for
which the value of a term does not matter. In other words, the relation Q
consists of one equivalence class containing all the meanings of the terms of

type
Given a PER R; over | and a PER R, over », let R{IR , be the PER over
1!, defined as follows:

RiIR > = f([FI;[GDj8(IM];IN]) 2R ([FM];[GN]) 2 R »g

For instance, Q" | A" can be seen as the property of being a constant
function of type nat! nat, since two closed terms P and Q are identified by
Qa1 A"tif and only if: for all M;N 2 A%, PM and QN are observationally
equivalent. So the value returned by P and Q must be the same, and must be
independent from their input.

According to the M semantics we have that, for every ; ,2 T,
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I A" A2=A" 2 and

I Q" Q:=Q" 2=RI Q@ (for all the PERs R over ).

Given a PER Ry over | and a PER R; over », let R{ R , be the PER over
1 > defined as follows:

RiR . = f(MLINDj8i 2f1;2g([priiM]; [prjiN]) 2 Rig:

Observe that, for any pair of closed terms (P;Q), the fact that ([P];[Q]) 2
R{ R , does not imply neither that P + HPy; P,i, for some P; and P, nor
Q+My; @i, for some Q; and Q,. In particular this may not be the case when
Ri=Qtand R, =Q 2.

It is easy to show that

I A A>=A" 2 and

I Qt Q2=Q 1 2,

Example 3.2
The term G = (z ™ y "3t M3t 4 hprj,y; Xi) X, satisfies the property

(Anat Qnat)!! Anat.

under the assumptions A" for the free variable x; and Q" for the free variable X».
In fact,

the free variable X, is not used, and
the second component of any pair of numbers to which G is applied is not
used.

The set-theoretic inclusion between PERs over a type  represents a logical
implication between properties, i.e. if Ry R ; and a pair of closed terms (P; Q) is
identified by Ry, then (P ; Q) is also identified by R,. For instance, for every PER R
over ,R Q, according to the fact that Q represents the ‘true’ property.

4 Evaluation types

In this section we introduce a set of non-standard types over T, the set of the
evaluation types (e-types for short), which is at the heart of the program analysis
and transformation technique presented in this paper. We first introduce the e-types
syntax and semantics and then a complete axiomatization of the logical implication
between e-types.

4.1 E-types syntax and semantics

Let range over e-types and range over e-types with underlying type . In the
following we will often omit the superscript when it is either not relevant or clear
from the context. For an e-type 2 L( ),let ( ) denote the underlying type, , of

De nition 4.1 (Evaluation types)
The set of the e-types, L, is defined by: L = [ ,7L( ), where the sets L( ) are
defined by the rules in figure 4. The symbols and ! are called basic properties.
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Fig. 4. Evaluation types.

The meaning of e-types is given by interpreting each e-type, , as a PER, [ 1]
over the interpretation of the type in the model M (see Section 3).

De nition 4.2 (Semantics of e-types)
The interpretation [ ]| of an e-type is defined by:

[[ nat]] — Anat

oI =0

L' 20 = 0" [ 2]
L: =20 = 04 -

The previous definition justifies the choice of not having e-types of the form

t1 I 2and! ' ! 2(where isany e-type, and ;| and ; are any types),
since the first would denote the equivalence relation Q ' 2, and the second
would denote Q ' 2, and

where & nat,since A'll A2=A" 2and At A2=A"' 2forall ;
and .

Indeed, the e-type syntax has been defined in such a way that (syntactically) different
e-types denote different PERs.
A useful property of the e-types semantics is the following.
Proposition 4.3
If, for all n > 0, ([(C[fix®x:M] ) I;[(Co[fixPx:M] ) )2 [ T, then
([(CilfixxM] ) L (CalfixxM] ) D2 [ 1
Proof
By structural induction on

=! . Immediate.

= M The result is equivalent to Theorem 2.8.

= ,'! ;2. By absurd. Assume that ([(Ci[fixx:M] ) I, [(C;[fixx:M] ) ]) 62
[ 1. Then, for some ([P];[Q]) 2 [ '], we have

([(Ci[fixx:M] ) PLI[(Cyfixx:M] ) Q]) 62 ,’]:

By induction hypothesis there exists m>0 such that ([(C[fix™ x:M] )"2'P];
[(Ca[fix™ x:M] )"2'Q]) 62[ ,*]. Therefore

([(C[fix™ x:M ] )"4: [(Co [fix™ x:M] )"&]) 62 T:
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(Ref) < () <! ")

Fig. 5. Entailment rules for e-types (system <).

! ,*. Similar.

—_

4.2 A complete entailment relation for e-types

In this section we introduce an entailment relation between e-types, <. This rela-
tion models the set-theoretic inclusion between the interpretation of the e-types,
representing the logical implication between properties.

De nition 4.4 (Entailment relation <)
Let ; 2L Wewrite < tomeanthat < isderivable by the rules in Fig. 5.
By = we denote the equivalence relation induced by <.

It is immediate to show that < is reflexive and transitive. Moreover =  implies

The < entailment relation between e-types is sound and complete w.r.t. the PER
interpretation of Definition 4.2.

Theorem 4.5 (Soundness of <)
< implies[ T [ I

Proof
By induction on the structure of the derivations. []

The proof of completeness relies on the definition, for each e-type , of a set of
pairs of terms, Chr , which characterize the pairs of terms in [[ J. In particular, the
characteristic sets Chr have the properties expressed by the following lemma.

Lemma 4.6 (Characteristic set Chr )
L f([PQDj(P;Q2Chrg [ I
2 H(PLIQDj(P;Q2Chr g [ ] implies <

The construction of the set Chr , which is rather technical, and the proof of
Lemma 4.6 are presented in the Appendix A.

Theorem 4.7 (Completeness of <)
I01 [ 17 imples <
Proof

By absurd. Assume & . Then by Lemma 4.6.2 f([P];[Q])j (P; Q2 Chr g6 [ ]
and by Lemma 4.6.1 f([P];[Q])j(P;Q 2 Chr g [ 1. Therefore [ 16 [ 1. O
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4.3 | -types and -e-types
In this section we introduce two sets of e-types: the ! -e-types and the -e-types.

De nition 4.8 (! -e-types and -e-types)
1. We call ! -e-types the e-types in the set L, =f! | 2 Tg
2. The set of the -e-types (L ) is the subset of the e-types which do not contain
subexpressions of the form ! (for some ). For every type 2 T,let ( ) be
the unique -e-type of type

The following proposition shows that ! -e-types provide a syntactical characterization
for the set of the e-types such that [ ] =Q and -e-types for the set of the
e-types suchthat] [J=A.

Proposition 4.9
1. 2L, ifandonlyif [ J=Q, and
2. 2L ifandonlyif [ T=A
Proof
1. (® ). Immediate from Definition 4.2.
(( =). We prove that 6! implies[[ ]=Q.Let 6! . By structural
induction on 2 L.
= " Directly from Definition 4.2.
= ;' » 2. By definition of e-type, , 62L,, and, by induction,
[ -1 & Q-2 So there are [P];[Q] 2 I( ;) such that ([P];[Q]) 62[ :].
This implies that ([z ":P];[z :Q]) 62] ! 2, and so [[ ¢! 2l &

I i! 7.

= 1! 2 2. By definition of e-type either | 62L, or , 62L,. So,
by induction, either [ {]] 62L, or [[ ,] 62L, . This implies [[ | ]l &
m 2.

2. (® ). We prove that, forall 2 T, [ ( )] =A . By inductionon 2 T.

= nat. Immediate.

= ¢! 2. By hypothesis both [ ( )] = A" and [[ ( 2)]] = A 2. By
definition of [ ( 1! )] we have that
() (PLIQD 2 T (1! )] if and only if, for all M and N such that

(MEIND2 T ¢ oL (IPMEIQND 2 T ( 2)I

We first show that
(@) ((PLQD2T (1! 2)] implies P ' Q, and
(b) P Qimplies ([PL[QD2 T ( +! )]
The implication (a) is proved by absurd. If P 6' Q, then, by definition of
bisimilarity there would be an M such that P M 6' QM. So (by induction
hypothesis) ([P M];[QM]) 62[ ( 2)I, and therefore (from ( )) ([P];[Q]) 62
I (1! 20 For (b), let P ' Q. This implies that, for all R and S such
that R* S,PR' PS' QS' QR So (by induction hypothesis and ( ))
(PEQHZ2T (8 2
From the equivalence between ' and contextual equivalence (Theorem 2.6)
we get the result.
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= 3 5. Similar.

(( =). Assume that [ T =A . From (2 )A =1 ( )]. So Theorem 4.7
implies = ( ), and Definition 4.4 implies = ().
U

5 Detecting and removing useless-code |

In this section we first introduce an e-type assignment system for detecting useless-
code in PCFP programs (section 5.1) . Then we give a mapping for removing from a
program the useless-code proved by using the e-type assignment system (section 5.2)
and consider the problem of finding and removing all the useless-code that can be
proved by the e-type assignment system (section 5.3).

The basic idea for using e-types to detect the useless-code in a given PCFP term
M of type is the following: if we can prove that (under suitable assumptions
on its free variables) an application NM; M, has a -e-type while some of its
arguments M;’s have ! -e-types, then (according to the e-type semantics) such M;’s
are useless-code and can be removed without changing the semantics of the program.
This remark can be easily generalized to any subexpression of an expression having
a -e-type.

5.1 An e-type assignment system for detecting useless-code

If x is a term variable of type an assumption for X is an expression of the
shape X : . A basis is a set X of e-types assumptions for term variables. E-types
are assigned to PCFP terms by a set of inference rules for judgements of the form
Y 1 M where ¥ is a basis containing an assumption for each free variable of
M ,and M is a decorated term, that is, a term with (some of) the e-types assigned
to its subterms written in it. Such a decorated term can then be processed by a
transformation procedure (like the one described in section 5.2) that simplifies it.

Notation 5.1

For a basis £ let (X) denote the set of term variables in X, and for a decorated
term M define (M ) to be the term obtained from M by erasing all the e-type
decorations. Let X;X :  denote the basis £ [f X : ¢ where it is assumed that X
does not appear in X.

De nition 5.2 (E-type assignment system " {)
We write £ ° | M to mean that ¥~ M can be derived by the rules in figure 6.

Note that, being ~; an inference system, a term can have different decorations.
However, for every judgment £ *; M there is exactly one derivation. Moreover,
the only way ! -types can be derived is by using the rule (! ).

Remark 5.3
The system in figure 6 could be expressed in a slightly different way (equivalent to
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() _® FVM) M24A

> ™!
(Var) S 62 (Con) X k Tk
Ix: X !
x: M M ! SN
D) ——————— 624, I E .
( )2‘(X:M)! v (B ¥ (MN )
A 1 N 2
(D = M' 2. M. 9i2f1;2g ; 62,
> hMl;le L2
S M2
( E) c————— 6,
2 (prjjM 3 1)
x: M <
Fi ! = ,
(Fix) T (fixx:M ) 62,

2\Nnat E\Ml Z\Mz
Y (ifzN thenM else M,)

(If) 62,

Fig. 6. Rules for e-type assignment (system " ;).

this one) by removing the use of entailment in rules (Var) and (Fix), and by adding
an explicit entailment rule:
M
) ————— 624,:
Q) 5 |
We chose the actual presentation since it is more suitable to the definition of the
e-type inference algorithm (see section 7).

N

To state the soundness of the e-type assignment system we introduce the following
definitions.

De nition 5.4
1. Two environments €, & are X-related if and only if, for all x : 2 %,
(ex);ex)2 0 I
2.LetZ M andX N .Wewrite (M ) * (N )to mean that for all e,
&, if e and & are Z-related, then ([ (M )le;[[ (N )e)2 [ 1.

Observe that, for any term P of type  with free variables Xx,', ::; X, if

p D't R g P, then P satisfies (in the sense of Definition 3.1) the property
R = [ I under the assumptions Rj = [ ;] for x;' (1 <i < n). Soundness of the
system " | can now be stated as follows.

Theorem 5.5 (Soundness of ™ )
LetX (P .Then (P) * (P).

Proof
By induction on the structure of derivations. We only present three cases.
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Let the derivation end with rule (Var). So P = x. Let e and € be such
that (e(x);éx)) 2 [ 1. By Theorem 4.5 (soundness of <), [ ] [T, so
(&(x); Ax)) 2 [[ T which proves the result.

Let the derivation end with rule (! 1). SoP = xXM and = ! . We have
to prove that for every e and €® which are Z-related ([ XM Jo; [ XM Jg) 2
I ' D ie ((xM)E = QLEIxM)ly = Q) 2 [ ! I, where

y=y1 Yk (k> 0)are the variables in %, e(yi) = [Q]], elyi) = [Q], i is thee-

type of y; in , and (e(y;); élyi)) 2 [ i]. By definition this is equivalent to show
that, for all (INJ;IN9) 2 [ T, ([(xM )y :=QINL[(xM )iy :=QINN 2 [ T,
that is, since FV(N) = FV(N) = ;, ([M[x := N;¥ = Q];[M[x := N8y :=
QA]) 2 [ 1, that is ([MTex.—nyps [M Jeoe=vop) 2 [ T This follows directly
by induction.
Let the derivation end by with rule (Fix). So P = fixx:M. We have to prove that
([fixx:M Qg [ixx:MTe) 2 T 1, ie. ([(fixx:M)fy = QJ]; [(fix x:M) [y := Q9]) 2
[ 1,wherey =y;  yk (k= 0)are the variables in Z, &(y;) = [Q], €1yi) = [T,
i is the e-type of y; in X, and (&(y;);ly;)) 2 [ il. Since fixOx:P =
fixz:z for any P, we have ([fixX?x:M];[fix®x:M]) 2 [ . Assuming that
([fix™ x:M T g; [fixVx:MJ ) 2 [ 1 and applying the induction hypothesis to
the derivationZ;x : "1 M = we get ([M lgy.—grixo xmy,s [IM T i xmp01)
21 1,ie (IM[x := (fixVxM)y =Ql;¥ := Q;[M[x := (fixVx:M)fy =
Qhy = Q) 2 [ 1, ie ([(fix™xM)by = QI [(fix™) x:M)fy := QII) 2
[ 1, ie ([fix™Vx:M g [fix™Yx:MJ ) 2 [ 1. Then, by induction on n, we
have that for all n, ([fix™ x:M J|o; [fix™” x:MT») 2 [ 1. So we can conclude by
Proposition 4.3 that ([fix XM Jlg; [fixX:MJlw) 2 [ J. Since < then, by The-
orem 4.5 (soundness of <), [ ] [ I and therefore ([fixx:M Jlo; [fix X:M ]| ) 2
(I

The previous theorem implies that, given a term M, if we have a derivation
¥ > MO such that the subtem P of M is associated with the subderivation X0 ; PO,
then if we replace P with a term *_related to P we get a term  >-related to M.

Example 5.6
Take the terms M, N, and R of Example 1.1:

M = (x "at3)P,

N = (x "prj,hQ; Qi)P, where Q; does not contain any occurrence of X,
and

R = (f nat! nat-fp )( X nat:S).

Assume that P, Q; and Q, are closed. It it easy to check that the following ~ |-typings

hold:

o ((x 3P ™,

nat

1
1 ((x priQp; Qi ™)P' ™) ™, and
1 (( f:fP ' nal)( X: 3)[ na‘! naﬁ) nat-
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This means that we can replace the subterms of M, N and R that have e-type ! "
by with any other term of type nat without changing the meaning of M, N and P
(which have e-type "),

5.2 A useless-code elimination

We now introduce a useless-code elimination mapping O; that takes a ~ ;-decorated
term M and returns a simplified version of it. The simplified version of the term
has ‘dummy variables’ in place of subterms that are not needed for the evaluation
of the term.

5.2.1 Dummy variables

For each type , we consider a countable set f d , d,, d,, :::g of dummy variables of
type . We remark that dummy variables are not present in the original programs:
they are introduced by the useless-code elimination mapping O; as place-holders
for the useless-code removed. In the following we assume that all the occurrences of
dummy variables in a program are free and distinct?.

Notation 5.7
For every term M, let DV(M) be the set of the dummy variables in M.

5.2.2 The simpli cation mapping
Let A}‘ be the set of *~ ;-decorated PCFP terms, i.e.
A}‘ =fM jX | M forsome e-type and basis Xg:
De nition 5.8 (Simpli cation mapping Oy)
1. The function
O : AL ! AY
is defined by the clauses in figure 7, where the occurrence of ‘d’ (second row)

denotes a fresh dummy variable of the proper type.
2. If X is a basis then

O;X)=fx: jx: 2Xand 62,¢

Proposition 5.9 (Correctness of Oy)
LetZ M ,X0=0¢X)[fd :! jd 2 DV((O;(M ))g and 2= X [f d
' jd 2 DV( (Oy(M ))g Then

1. 20\ 1 O1(M ), and
2. M) = (OiM)).

3 Dummy variables are simply a tool for proving the soundness of the simplification mapping O :
we will show that the value of a simplified term does not depend from the values assigned to its
dummy variables. Indeed, since in a simplified program every dummy variable is useless-code, in a real
implementation we can replace them with some polymorphic ‘dummy constant’ d.
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OiM ) = (0u(M; )); where
oy(M; ) = d; if 2L, : Otherwise:
oi(k; ) = k
01(x; ) = X
o(fM;Mai; 1 2) = oi(My; 1);01(My; )i
oi(prijM 3 1; ) = prji(o;(M; 2)) 3" wherei2f1;29g
0i(MN ;) = oi(M; I )0i(N; )
o(xM; (! ) = xo(M; »)
oi(fixx:M ; ) = fixxi(o;(M; )
0:(ifzN thenM;elseM,; ) = ifzo;(N; ")theno;(M; )else0;(M,; )

Fig. 7. Mapping O; on terms.

Proof

Both (1) and (2) are by induction on the structure of the derivations, observing that
¥ | M implies both 2% ;M and Z° , O;(M ). O

To use the simplification mapping O; to simplify terms while preserving their
meaning we identify a subset of * ;-typings for which the * relations implies the
' obs relation.

De nition 5.10 (Faithful * {-typing)
X (M isa faithful " {-typingof M if 2 L ,andforallx: 2% 2L [ L.

Example 5.11
The ~ ;-typings of the terms M, N, and R in Example 5.6 are faithful. By applying
the simplification mapping O; we get the following ~ {-typings:

| nat, nat
)

fd:l g ((x:3)d
fdl | nat; dZ | natg\l((x: prjlf'Ql;dli! a
f d : | natg \1 (( f,f dl nat)( X: 3)| nat! nat) nal.

)d|2 nat) nat’ and

Then, by erasing all the e-type decorations, we get the simplified terms:
Ml — (X nat:3)dnat’

N1 = (x "prj;hQ;;d}*'i)d3*, and
Rl — (f nat! nat:f dnat)( X nat:3)_
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The proof that the simplification performed by the mapping O; on faithful
decorated terms preserve ' ,ps relies on the following lemma.

Lemma 5.12
Let ;M and £ | N be faithful * ;-typings. Then (M ) * (N ) implies
(M )‘ obs (N )

Proof

Let X% be the restriction of X to the variables FV(M)[ FV(N). Since £ " | M is

faithful, then for all x : 2 X% 2 L, [ L. So for all e eis X0 related with e

Let now (M ) ze (N ), then (by Definition 5.4.2) (I (M )l (N ) 2 [ T

Therefore, since 2 L , from Proposition 4.9 we get foralle [ (M )Je=[ (N ).

Using the definition of ' © and Theorem 2.6 we conclude that (M ) "' g (N ).
]

We can now show how to use the system ~ | and the simplification mapping O
to simplify terms producing observationally equivalent terms. In particular we show
that all the dummy variables introduced by applying the mapping O; on a faithful
" |-typing are useless-code.

Theorem 5.13 (O; on faithful ~ |-typings preserves ' ops)
Let £ { M be a faithful * ;-typing. Then (M )" s (O1(M )).
Proof
Let 2°=X[fd :! jd 2 DV((M ))g Since £ | M is a faithful * ;-typing
then also X°° | M and X% | O;(M ) are faithful * ;-typings. So the result follows
immediately from Proposition 5.9.2 and Lemma 5.12. []
Example 5.14
Let
M = (g " mat x nat 4 hibg; gxi; (Y "EDPI(2 "3)Q 2 Ana

where P, Q 2 Ana are such that FV(P) = fu™'g and FV(Q) = fv"¥g Then
FV(M) — ff (nat! nat)! nat; unat; Vnatg

Take the faithful * {-typing Z° ; M© where (writing and ! instead of " and
| nat)

0 = ff:(! ) ;u:lv:lg and
MO = ((g:x: +hthfig't ;oxi  (y:DP'i ) (z:3)' Q):
Applying the O; simplification mapping we get O((Z)[f d; :!; dy :!; d3 : ! g 4
0,(M9, where
0,29 = ff:(! ) @ and
OiM9 = ((g:x: +htHg'! sodii (y:Ddii )(z:3)'!' dy):
Let N; be the term obtained from O;(M9 by erasing the e-type decorations, i.e.
N, = (O;(M9Y). We have
N1 — ( g nat! nat: X nat: + h’H’fQ, gd?ati ;( y nat:l)dgati )( z nat:3)d2at

with FV(Nl) = ff (nat! nat)! nat;drfat;dgat;dgatg
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\ \'
1I 1 12I 22 262Lg

1V f" 29i2f1;2g ; 62,

Fig. 8. Relation v for e-types.

5.3 Optimal faithful ~ -typings

To detect all the useless-code of a term term M that can be proved useless in system
", it is useful to see whether there is a faithful * {-typing of M that shows all the
useless-code that is showed by some faithful ~ ;-typing of M. If such an ‘optimal’
faithful ~ {-typing exists then the problem of detecting all the useless-code that can
be proved by system ~ | would be reduced to the problem of computing the ‘optimal’
faithful ~ {-typing.

Given two faithful * j-typings of M, 2| M and X% | M? | the one which allows
the mapping O; to remove more useless-code is the one that assigns ! -e-types to
more subterms of M. This fact induces a partial order relation, v, on the set of the
" -typings of M, defined as follows.

De nition 5.15 (The v partial order)

1. For basic properties the order v is defined by: v , v ! and! v !.

2. For e-types the partial order v is defined by the rules in figure 8*.

3. For basis the partial order v is defined by: £ v ZCif for every x : 2 X°
there exists X : 2 X such that v

4. For * {-decorated terms the partial order v is defined by the rules in figure 9.

5. For * j-typings the partial order v is defined by: X~y M v X% MO if
v X%and M v MO,

It is straightforward to check that the relation v is a partial order.

De nition 5.16 (Optimal faithful * {-typing)
For every PCFP term M the optimal faithful * {-typing of M is the maximum element
of the set

f2° 1 M% =" MO is a faithful * |-typing of Mg :
In section 7 we will prove (Theorem 7.14) that for every PCFP term M there

exists the optimal faithful ~ {-typing of M. In particular we will give an algorithm
that returns such a typing.

4 The partial order v for e-types, which is covariant in both arguments of the constructor ! , should not
be confused with the e-type entailment relation <, which is contravariant in the left argument of ! .
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M v M) "

v 62,

2 62,

(xxM )1 2v (xiN) ' 2

Fi' 2vG! 2 M!vN:!
(FM ) 2v (GN 1) 2

M,"v N,' M,>v N,?
H\/Il;Mzi 1 2Vth;Nzi 1 2

9i2f1;2g ; 62,
M1 2y N1 2
(priiM 3 1) tv (prjjN 3 i) i

M tv N ! 2V 2
(fixx:M 1) 2v (fixx:N 1) 2

i2f1;2gand ; 62,

15 262,

B™vC™ M;,vVN, M,VN,
(ifzB then M elseM,) v (ifzCthenN; elseN,)

62,

Fig. 9. Relation v for decorated terms.

6 Detecting and removing useless-code 11

We now introduce a useless-code type assignment, ~ », which shows less useless-code
than * ;. In section 6.2, we will see that the system ", induces a more effective
simplification mapping, which transforms not only the code of a program but also
the type of its subexpressions. In particular, the simplification does not introduce
dummy variables. In Section 6.3 we show that system ", can be used to remove
some of the dummy variables introduced by O;.

6.1 A weaker e-type assignment system for detecting useless-code

De nition 6.1 (E-type assignment system " ;)
We write £ ", M to mean that ¥~ M can be derived by the rules in figure 6 in
which the rules (Var) and (Fix) are replaced by the following:

x: M

(Var) Z;x: " x 62, (Fix) T (fixxM )

62,
Also in this case, for every judgment £ ", M there is exactly one derivation.

Example 6.2
Take the terms M, N and R of Example 5.6:
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02( nat) — nat

_ O,()! Oy ) if 62,
O:( 1 )_{02() ’ it 2L

0,( ) it 2L

Oy ) Oa ) if ;7 62,
{ Oy( ) if 2L,

Fig. 10. Mapping O, on types.

M = (x "t3)P,
N = (x "tprj,hQ;; Qi)P, where Q; does not contain any occurrence of X,
and

R = (f nat! nat:fp )( X nat:s).

Assume that P, Q; and Q, are closed. It it easy to check that the two ~ ;-typings of
Example 5.6 are also " ;-typings, i.e.

nat

2 ((xi3)Pt™) ™
o ((x:pri Q@i ™H)P' ™) ™, and
D o (PP ™) (xe 3™ ™) ™

The following theorem states the soundness of the system ~ 5.

Theorem 6.3 (Soundness of ™ »)
LetX >M .Then (M ) * (M ).

Proof
By Theorem 5.5, since ¥ ", M impliessX " M . [J

6.2 A more effective useless-code elimination

In this section, following Berardi (1996), we introduce a simplification mapping O,
that, given a " ,-decorated term M with ~ 62L,, returns an optimized version
of it. The simplification performed by O,, which is essentially a useless-variable
elimination, can be much stronger than the simplification performed by O;. For
instance, O, transforms an application like ((x:M )N' ) (), in which the function
x:M does not use its argument, in the body of the applied function M (),

Since O, introduces a deep change in the structure of the term we need to define
it also on types and not only on terms.

6.2.1 The mapping on types

De nition 6.4 (Simpli cation mapping O, on types)
The function O, : (L Ly)! (L Ly)is defined by the clauses in Fig. 10.
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lna = x"tx

Jna = xMtx

| B f ot )iz @O (13 z) if 62
T f (D) it 2L
3 B f @0 00Nz () (f(1 z)) if 624,
T y ©0):z O3y if 2L,
z (v 2h (priyz);l L(privz)i  if 45 2 62
1, , = z (121 (prj;z) if ,2L,
z (121 (prjyz) if 2L
z @00 %020y (prjyz);d L(priyz)i  if 15 262
J, , = z @0 Ry z;D (2 if ,2L,
z ©020 (1,3 7 if (2L

Fig. 11. Mappings | and J.

Note that, in general, (Oy( )) & ( ). For any e-type 62L, there is a
(PCFP-definable) isomorphism between I( ( )) (the interpretation of ( ) in M)
and I( (Oy( ))) which is defined by a pair of PCFP terms. The basic idea is to map
a constant function which has e-type ! ! () in a term of e-type ( ), and vice-
versa. This idea is lifted to e-types with more involved structure in a standard way.

De nition 6.5

For 2 L L,, the closed PCFP terms I 2 A () (0x()) and J 2 A O N ()
are defined by induction on according to the clauses in figure 11 where every
occurrence of D denotes a closed term of the proper type.

The basic properties of these mappings are expressed by the following lemma that
can be proved by induction on e-types.

Lemma 6.6

1. Forall 2L L,
(a) [ x ©O (3 x)] =[x ©0):x], and
(b) [x DI (A x)]=[x x].

2. Let ; 62, ,and M;N be closed terms such that ([M
and ([N];[N]) 2 [Ox( ). Then [J (MN)]=[J , (M

3. Let {; ,62,,and M be a closed term such that ([M]
Then, fori2f1;2g [J ,(prjjM)] = [prji(d , ,(M))].

4. 1et 2L .Then[J]=[1]=[x ():x].

LIMD2 [0 ! )]
)N NI
MDD 20 1 21
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O,(M )=0,(M; ) where

o
S
=
=
N
Il
=

0(X; ) = o(x)

ho,(My; 1);02(My; )i if 15 262,
0:(My; 1) if ,21L,
0(M2; 2) if ;2L

0x(MM; Myi; ) =

Oa(prjiM 315 ) =
where i 2 f 1;29g

0x(M; 2) if 3y2L

0:(M; 1 )(0(N; )OO if e

ooM; I ) if 2L

{ prii(02(M; )23 if g, 62
0(MN ; ) = {

o xM: 11 ) = { o(x):02(M; ,) if {62,

0:(M; ») if 2L
o (fixx:M; ) = fixo(X):(0z(M; ))®20)
0,(ifzN thenM;elseM,; ) = ifz0,(N; ™) theno,(M; )else0,(M,; )

Fig. 12. Mapping O, on terms.

6.2.2 The mapping on terms

We now define the simplification mapping O, on terms. Note that the mapping O,
may modify the type of the term and of its subterms.
Let Ay be the set of the ", decorated terms, i.e.

A}z =fM jX , M forsomee-type and basis X0

In the following definition we assume that all free and bound variables of a term M
have different names, and that there is a mapping 0 which maps variables of type

( ) in variables of type (Oy( )). We assume also that the domain and the range
of 0 are disjoint.

De nition 6.7 (Simpli cation mapping O, on terms)
1. The function

0,:fM jM 2Af and 62,g!f M jM 2A7 and 62,9

is defined by the clauses in Fig. 12.
2. If ¥ is a basis then

O(X)=fo(X) :Oy( )jx: 2Xand 62, g
Notice that, for every £ ~» M , in Oy(X) and O,(M ) all the variables that have
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an ! -e-type in X have been removed by the simplification. The mapping O, is
correct.

Proposition 6.8 (Correctness of O,)
Let X", M (where 62, ). Then

1. Oy(X) 2 Ox(M ), and
2. for all environments €, & such that x: 2X and 62, implies (e(x);[J NJ])2
[ I (where [N] = ex(0(x))), we have that: ([MJlg;[J (O(M )g,) 2 [ 1.

Proof
Both (1) and (2) are by induction on derivations. In particular the proof of (2) uses
Lemma 6.6. [

Faithful ~ ,-typings are defined in the same way of faithful ~ {-typings (see Defini-
tion 5.10).

Example 6.9
The ~ ,-typings of the terms M, N, and R in Example 6.2 are faithful. By applying
the simplification mapping O, we get the following ~ ,-typings:

28,

;0 2 Q™ and

2 ((RF )3T

Then, by erasing all the e-type decorations, we get the simplified terms:

M; =3,
N; = Qy, and
R, = (f Mtf)s.

Note that, if ¥~ M is a faithful ~ ,-typing, then (Oy( )) = ( ), Ox(X) Z,
and [J (O(M ))] = (Oz(M ))]. We can now prove that if ¥~ , M is a faithful
" ,-type assignment then (M ) and (O,(M )) are observationally equivalent.

Theorem 6.10 (O, on faithful ~ ,-typings preserves ' ops)
Let X", M be a faithful * ,-typing. Then (M )' o5 (Oz2(M ).

Proof

Since £ "5, M s a faithful * ,-typing then also £ * ; Oy(M ) is a faithful ~ ,-typing.
Therefore for all environments €, e is X related to itself. From Proposition 6.8, and
the fact that [J (Oy(M ))] = [ (Oz2(M ))] which follows from 6.6.4, we derive that
(IMJe L (O2(M NIe) 2 [ 1- So from Proposition 49 and 2 L, we get that
for all environments € [M]c ' obs [ (O2(M ))]e Using the definition of ' © and
Theorem 2.6 we conclude that (M )" ops (O2(M ). O

Example 6.11
Let

M = ( g nat! nat: X nat: + h’{‘Hg, gXI ,( y nat:1)Pi )( z nat:S)Q
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be the term of Example 5.14. Take the faithful * >-typing X% , M % where (writing
and ! instead of ™! and! ")

00 — ff:( ! ) ;u:liv: g and
M = ((g:x: +htHg ' sgxi (y: PP )(z:3)' Q)

Applying the O, simplification mapping we get O»(Z% *, 0,(M ), where

0,z = ff:(! ) ;v: g and
0,M% = ((g:x: +htHg ' ;gxi  li )(z:3)' Q)

Let N, be the term obtained from O,(M% by erasing the e-type decorations, i.c.,
N, = (0O2(M9). We have

N2 — ( g nat! nat: X nat: + h+Hg, gXI : 1i )( z nat:S)Q
with FV(Nz) = ff (nat! nat)! nat;vnatg

Optimal faithful ~ ,-typings are defined like optimal faithful ~ -typings (see sec-
tion 5.3). In section 7 we will give an algorithm that for every PCFP term M returns
the optimal faithful * ,-typing of M.

6.3 Combined use of O; and O,

In this section we show that the combined use of the simplification mappings O;
and O, improves the useless-code elimination performed by either one of them.

Example 6.12
Let
M = (g " "t x "t 4 hitg; gxi; (y "U1)Pi)(z "3)Q
be the term of Example 5.14.
Let Ny be the term obtained from M as shown in Example 5.14, i.e. by

decorating M using the system ~ i,
applying the simplification mapping Oy, and
erasing the e-type decorations.

We have that
N1 — ( g nat! nat: X nat: + h’{‘“g, gd?ati ,( y nat:1)d3ati )( z nat:s)dgat
with FV(N,) = ff (nat na! nat. g, nat.q nat. g natg
Take the faithful * ,-typing £ 5 N?, where
r = ff:(v )l ;dy:!; dy:!; d3:! g and
N = ((gix: +hhg ' ;gdii (y:Ddyi )(z™43) ' dy):
Applying the O; simplification mapping we get O2(X) 2 O»(N?), where

02y = ff:(!" ) ;dy:!g and
Ox(N?) = ((g: +htHg ' ;gd,i ;1L )z"t3)' ):
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Let N be the term obtained from O,(N?) by erasing the e-type decorations, i.e.
N = (NY). We have that

N = ( g nat! nat: + h—l—”g, ngati : 1| )( z nat:3)

with FV(N) = ff (nat! nat)! nat;d1 natg

Comparing N with the term N; above and with the term N, of Example 6.11 we
note that this combined use of the simplification mappings O; and O, improves the
useless-code elimination performed by each one of them.

We remark that all the faithful typings considered in Example 6.12 are optimal
faithful typings w.r.t. the corresponding e-type assignment system.

7 Computing optimal faithful typings

In this section we prove that for every PCFP term M there exists both the optimal
faithful ~ ;-typing and  ,-typing. This result is proved by giving algorithms which
compute such typings. We first introduce e-type schemes which are meant to represent
sets of e-types, then we introduce the inference algorithm that given a term returns
a decorated version of the term and an e-type scheme representing the set of e-types
that can be assigned to the term.

7.1 FEvaluation type schemes

In this section we first introduce the notion of e-pattern and e-constraint. Then we
define e-type schemes as pairs of e-patterns and sets of e-constraints.

De nition 7.1 (Evaluation type patterns)

Let A be the set of basic property variables (basic variables for short), ranged by ,
, , ... The language P of e-type patterns (e-patterns for short), ranged over by ,
, .15 is defined by the following grammar: ::= "j | j , where 2A .

A basic variable can be replaced by another basic variable or instantiated to a
basic property ( or! ).

De nition 7.2 (Replacements and instantiations)
1. A replacement is a mapping r : A! A . A one-to-one replacement is called a

renaming.
Let ;:::; n (n = 0) be basic variables such that i & j implies ; & . As
usual the expression [ | ;= 1;:::; = p] denotes the replacement r which
behaves as described on ;:::; , and is the identity elsewhere.

2. An instantiation is a mapping i : A!f ;! g

Replacements and instantiations are extended to basic properties by defining
i@)=aandr(@a)=a,fora2f ;! g

The order relation v for basic properties (Definition 5.15.1) is such that: v |,

v ! and! v !. Let the symbol denote the equivalence relation induced by v .
An e-constraint is an equality or an inequality (between basic variables and/or the
basic property ) or a guarded set of e-constraints.
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De nition 7.3 (E-constraints)
An e-constraint is a formula of one of the following shapes:

1 2
Vo2
( inG))E
where |; ,2f g[A , Gis a finite not empty subset of f g[A and E is a finite
set of e-constraints. We call the third kind of constraint a conditional constraint.

De nition 7.4 (Solution of a set of constraints)
An instantiation i satis es a set of constraints E if

1 , 2 E implies i( ;) i( ,) (that is either i( ;) =i(,) = ori(,) =
i(,)=1!),and

vV ,2E impliesi( )V i( ,) (that is either i( {)= ori(,)="!), and
( inG))E 92E implies that, if 2 i(G), then i satisfies E°

If i satisfies E we say that i is a solution of E.

Let sat(E) denote the set of all the solutions of E. According to Definition 7.4
above we have that sat(E; [E ;) = sat(E;)\ sat(E,).
We can now give the definition of e-type scheme.

De nition 7.5 (E-type schemes)
An e-type scheme (e-scheme for short) is a pair h; Ei where is an e-pattern and E
is a finite set of e-constraints.

An e-scheme h; Ei represents the set of e-types fi( ) j i 2 sat(E)g where i( ) is
the e-type obtained by applying the instantiation i to the e-pattern according to
Definition 7.6 below. Replacements are extended to e-patterns by r( "a') = r( )",
r( ! y=1r()! r() and r( ) =1r() r(). Instead, the extension of
instantiations to e-patterns is more complex, since we define it as a mapping from
e-pattern to e-types.

De nition 7.6 (Instantiation of an e-pattern)
An instantiation i induces a mapping from e-patterns to e-types as specified by the
following clauses.

(e =i
i1 )= e, ifi( )2 L,
’ Li()! i );  otherwise
, PG, ifi( 1)3i( 2) 2 L
i(1r 2)=19 . . .
i( 1) i(2); otherwise.

We extend the order v for basic properties (Definition 5.15.1) to a preorder for
instantiations by considering the pointwise ordering.

De nition 7.7 (Pointwise ordering on instantiations)
Let iy, i, be instantiations. We write iy v iy if, for all 2 A | iy( ) v iz ).

A useful property relating the v preorder for instantiations to the v preorder for
e-types (Definition 5.15.2) is the following: for instantiations i; and i, and for an
e-pattern , if i; v iy then, from the covariance of v (see figure 8), iy( )V iz( ).
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E[= 111

(v) o L= 14 ()eoi= el oot ;0 g
E, v ,lI[f g E;cns ! I[f g '
0) e |i5n[ ICEB)O)'!El " 2G (STOP) 20 other ruée |c.an be applied

Fig. 13. ‘Natural semantics’ rules for e-constraints solution (system ! ).

7.2 Computing the maximal solution of a set of constraints

In this section we prove that any finite set of constraints E has a maximal solution,
and we give an algorithm for computing such a solution. In section 7.3, the e-type
inference problem will be reduced to the solution of a finite set of e-constraints whose
maximal solution corresponds to the optimal faithful typing. Before introducing the
algorithm we look at a simple example.

Example 7.8
Consider the set of e-constraints:
E = f v ;
(infi9)f 1 2 3V 40
(inf 3 59)f av ;6 g
(info)f sv 67 g g

To find the maximal instantiation i in sat(E) observe that from the first constraint

of E{ we get i( {) = . Then from the second constraint we get i( ;) = , and finally
from the last constraint of E we have i( ;) = . Let| =f {; ;; 70 then i defined
by:i( )= if 21 andi( )=! otherwise, is the maximal instantiation in sat(E).

The algorithm for finding the maximal instantiation i that satisfies a finite set of e-

constraints E is presented in natural semantics style using judgements E ] | , where
| is the set of basic variables that represents i, i.e. such thati( )= if 21 and
i( ) ="! otherwise. The idea is simply that of recognizing, following the equalities

and the inequalities, all the basic variables that are forced to be instantiated to
All other basic variables are then replaced by ! in the maximal solution.

De nition 7.9 (Algorithm for maximal solution of e-constraints)

Let E be a finite set of e-constraints, and let cns be an e-constraint. The expression
E;cns denotes the set of constraints E [f cnsg where it is assumed that cns 62 EWe
write E ] | to mean that this judgement is derivable by the rules in figure 13.

Theorem 7.10 (Soundness and completeness of algorithm | )
Let E be a finite set of e-constraints. Then E ! | if and only if | represents the
maximum of sat(E).

Proof
First, observe that | represents the maximal element of sat(E) if and only if for
all 1 © representing an instantiation i®2 sat(E), I | % Moreover if there is an
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instantiation i 2 sat(E) then there is a maximal one. The result can now be proved
by induction on the number of symbols in E, observing that if E does not contain
a constraint of the kind v , , ,or ( inG))E %with 2 G, then the
maximal solution of E is the one that assigns ! to all the basic variables. []

Remark 7.11 (Complexity of algorithm ! )

Define the length of an e-constraint cns, jensj, and the length of a nite set of
e-constraints E, jEj, to be the number of symbols in cns or E. Given E we can find
| such that E!l in linear time in jEj.

7.3 An algorithm for inferving ~ |-typings

In this section we first introduce notions and simple functions involving e-types and
e-patterns. Then we present the e-type inference algorithm W ; for ~ ;.

1. Let , be e-patterns such that ( ) = ( ). We say that a replacement r is
a unifier for and if r( ) =r( ). A most general uni er (m.g.u. for short) is a
unifier ry such that, for every unifier r, there exist a replacement r%such that:
r =% ry, where © ° denotes function composition.

It is easy check that U(; ), where U is the algorithm in figure 14, is a m.g.u.
for and

2. Let be a type. By fresh( ) we denote an e-pattern obtained from by
assigning a fresh basic variable to each occurrence of any ground type in
For example: fresh(nat! nat) = "1 "' For a set of term variables T,
fresh(I') =fx :fresh( )jx 2 Tg

3. The function vars maps an e-pattern to the finite set of its basic variables.
For instance, vars( "1 ") =f . g

4. The function tail, that maps e-patterns and -e-types to finite subsets of f g[A ,
is inductively defined by: tail( ™) =f g (for 2 f g[A ), tail( ) =

tail( )[ tail( ), and tail( ! ) =tail( ). We have that for all instantiations i:
(a) i(tail( )) =f! gif and only ifi( )="! ().
5. Let , be e-patterns or -e-types such that ( ) = ( ). Then cs¢(; ) and

acs<(; ) denote’ the sets of constraints inductively defined by the clauses in
figures 15 and 16. We have that for all instantiations i:

(a) i( )62, implies: i( ) < i( )if and only if i 2 sat(cs<(; )), and

(b) i( )< i( )if and only if i 2 sat(acs<(; ))-.

6. For each constant k an e-scheme ets(k) is specified. The function ets( ) is such
that: for an integer k, ets(k) = h ";;i, for an unary operator k; of type
nat! nat, ets(k;) = h " | nat-f v @i, and for a binary operator k, of
type nat nat! nat, ets(ky) = h " nat|  mat-f y . v gi, where ,

, are fresh variables. For all constants k let ets(k) = h; Ei. We have that:

(a) i2 sat(E) if and only if either i( )2 L, ori( )2 L .

3> Here ‘cs’ stands for ‘constraint set” and ‘acs’ stands for ‘auxiliary constraint set’.
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U ") =[ = ]
Uit 21! a)=letr=U( 5 2)in U(r( )ir( 1) rend

UCi 21 2)=letr=U(; 1)inU(r( 2);r( 2)) rend

Fig. 14. E-pattern unification algorithm U.

es<( ™ ") =f v ,g where ;;,2f g[A

cs<( 1! ! ndosoq ! n! )= os<(; ) Uicicnacs<( i; 1),
where n> 1 and ; are not arrow e-patterns or arrow -e-types.

cs<( 1 21 2) =acs<( 15 1)[ acs<( 2; 2)

Fig. 15. Function cs<.

We can now define the e-type inference algorithm W ;. This algorithm is presented
in figures 17 and 18. Let M 2 A , if W (M) = h®; MO :Ei then © is a basis that
associates to each term variable in FV(M) an e-pattern, M® is a term decorated
with e-patterns, and E is a finite set of e-constraints. We can read the conditional
constraints generated by the algorithm W as saying: if this terms is not assigned an
e-type with the rule (! ), then its decoration must satisfy the following constraints.
Notice that for abstractions, pairs, and projections these conditional constraints are
not generated since in these cases they are already present in the constraints gener-
ated by the subterms, and would be superfluous. This is also the case for constants,
since looking at the e-scheme for constants, we can see that for all constants k,
ets(k) = h; Ei is such that i 2 sat(E) if and only if i 2 sat(f( in tail( ))) Eg ).

Replacements are extended to decorated terms by applying the replacement to
every e-pattern in the term. The extension of instantiations to decorated terms is a
mapping from e-pattern decorated terms to e-type decorated terms.

De nition 7.12 (Instantiation of an e-pattern decorated term)
An instantiation i induces a mapping from terms decorated with e-patterns to terms

f( intail( ))) cs<(; )g if ; are arrow e-patterns or
acs<(; )= arrow -e-types
cs<(; ); otherwise

Fig. 16. Function acs<.
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W,P)=  let © = fresh(FV(P))
and P%Ei =W (O;P)
in h®;P%Ei end

Fig. 17. Algorithm W ;.

W (O;P) = case P of

k: let h; Ei =ets(k)
in hk;Ei end
X : let | =0(x) and , = fresh( ( 1))
in hx2;( 2tail( 2))) cs<( 1; 2)i end
X M let = fresh( )

and MO Ei =W (@O [f x: gM)
in hxM9' ;Ei end
MN;  Np, where p>1 and M is not an application :
let AMOit! ot B =W (O;M)
and, for all 1 <i<p, N’ Eji =W (O;N;)
and r=U( 1; 1) ( U(p; p) )
in W(MN®' NSP) jif( intail(r( ) FEo[E [ [E i end
BV Myi 2 Jet MY E i = W (O; M)
and HM Y2 E)i = W (O; M,)
in hM%M%) 1 2E, [E,i end
priM : let hM% 2:Ei =W (O;M)
in  hprijM% i)i;Ei end

fixx :M :
let {=fresh( ) and , =fresh( )
and MO, Ei =W (@@ [f x: ;g M)
and r=U( ;)

in  hr((fixx:M%) 2):f( intail(r( ,)))) r(E[ cs<( 1; 2))gi end
ifz N then M, else M, :
let HNO™;Egi =W (O;N)
and IMOLE i = W (O; M)
and HM Y2 E)i = W (O; M,)
and r=U( ; »2)
in  hr((ifzN°then M? else M) 1);
f( intail(r( 1)) r(f g[Eo[E [E2)gi end

Fig. 18. Algorithm W .

decorated with e-types as specified by the following clauses.

)_{ (PO ifi( )2 Ly

T i(P)C);  otherwise ,

i(P
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where
K; if P =k
; if P =x

X:i(M); if P = xM

iP) = i(M)i(N)iC2); if P =MN 2
A(M);i(My)i; if P = hV; Myi
priji(M)is ; if P =prjM *i
fix X:i(M); if P = fixx:M
ifzi(N) then i(M{) else i(M;); if P =ifz N then M else M:

Correctness and completeness of the inference are expressed by the following
proposition.

Proposition 7.13 (Soundness and completeness of W w.rt. ™ )
LetP 2 A and W (P) = h®;P°;Ei. Then

1. for all instantiations i 2 sat(E), i(®) 1 i(P?),
2. for all £ and P such that (£) = FV( (P®)) and (P°)=P,if x| PP
then there exists i 2 sat(E) such that i(®) = = and i(P%) = P,

Proof
From the definition of W (see figure 17) we have that hP?;Ei = W (O®;P), where
® = fresh(FV(P)).

1 (soundness). By induction on the structure of terms.
2 (completeness). By induction on the structure of derivations. We consider only
four cases:

The derivation ends with rule (! ), so 2 L,. Observe that, for all terms P,
the set of constraints returned by W (®; P) is satisfied by the instantiation that
maps every basic variable to! . The proof of this fact is by induction on the
structure on terms.
The derivation ends with rule (Var), so 62, , P%® =x , X =fx: g (for
some ¢ suchthat ;< ), ®=fx: ;g and W(®;P) =hx ;( intail( )))
cs<( 15 )i
The result follows by property (a) of tail and by property (b) of cs¢ (see
points (4) and (5) at the beginning of this subsection).
The derivation ends with rule (! E), so  62L;, P9 = (MON%" NSO")
(where M is not an application). We consider the case p = 1. We have that
LX ;MO 3 N and = (MONDOY) |
2. W(O;M) =M% Ei, W(O;N;) = iNY';Eji, and

W (©;P) = Ir(MNY") );f( intail(r( ))) r(Eo[E 1)gi,

where r = U( ; 1).
By induction there is iy 2 sat(Eg) such that ip(®) = X and in(M°" ) =
MO and there is iy 2 sat(E;) such that i;(®) = = and i;(N°1) = NoO
The only basic variables that occur in both Ey and E; are those in ®
so, since algorithm U returns a most general unifier, there must exist i 2
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sat(f( in tail(r( )))) r(Eo[E 1)g) such that i(®) = X and i(r(M 0N?‘) ) =
(MON 0Ty
The derivation ends with rule (Fix), so 62, and P = fixx:M. We have that
1. Z:x: 1 1M and = (fixx:M%1) | where ;<
2. W@OI[f x: gM)=hVO;Ei and

W (©;P) = hr((fixxxM?) );f( intail(r( )))) r(E[ cs<( 1; )gi,

where r=U( {; ).
By induction there is ig 2 sat(E) such that ig(® [f X : 19)=Z[f x: 1gand

io(M%) = M So the result follows by the fact that algorithm U returns a
most general unifier.

O

We are interested in finding the optimal faithful ~ {-typing, since it shows all the
useless-code that can be detected by using system ~ {. This can be done as shown by
the following theorem.

Theorem 7.14 (Optimal faithful * {-typing)
LetM 2 A, W (M) =hO;M°:Ei. Define: faithful(@®; )=

U f( intail( )))f j 2vars( )gg [ f j 2 vars( )g.
X: 20

If i is the maximum element of sat(E [ faithful(®; )) then i(®) * | i(M?) is the
optimal faithful ~ {-typing.

Proof

First observe that, for every x : 2 O, the constraint ( in tail( )) ) f j 2
vars( )g forces to be instantiated either to an ! -e-type or to a -e-type. Then
the result follows by Proposition 7.13 since, for every iy, i, 2 sat(E[ faithful(®; )),
i1 \' i2 1rnphes |1(®) ) 1 i](Mo ) \' |2(®) ) 1 iz(MO ) O

Example 7.15
By applying algorithm W to the term
N = ( X nat:prjll,ynat; Xi )Znat
we get W (N) = h®; N%;E i, where (writing instead of ")
® =fy: 1z: g
N = ((x: prj;hy;xi 1)z 1) '; and
Er =f( inff9)f v g ( infPg)f v Jg( infig)f v 199
We also have

faithful@; 9) = f ( inf,9)f + g ( info9)f » g ¢ g

Applying the algorithm of figure 13, we get E; [ faithful(®; ) | | |, where
l1=f9% 19
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R . .. . N R 0
Let i; be the instantiation represented by | , then i;(®) | i;(N°), where

i1(®) = fy:;z:!'g and
(NS = (O priyhyixi' )z )
is the faithful ~ ;-typing showing all the useless-code that can be detected by using
‘L
By applying the simplification mapping O; we get:
0ii1(®) = fy: g and
Oi(i1(N%)) = ((x: prihy;dii' )d5) :

Remark 7.16 (Complexity of algorithm W )

Define the length of a PCFP type , | j, and length of a PCFP term P, jPj, to be
the number of symbols in  or P. Define the width of a PCFP type , width( ), and
the width of a PCFP term P, width(P), as follows

1; if = nat
width( ) = width( 2); if = 41 5
width( () +width( {); if = ; >
width(P) = max fwidth( )j Q is a subterm of M of type g

Define the length of a pattern decorated term P?, jPOj, to be the number of symbols
in PO,
For every PCFP term P, let W {(P) = h®; P%;Ei. The following results hold:

j P?j is linear in jPj.

Since the set tail( ), for some  which occur in P°, may contain at most
width(P) elements, jEj has an upper bound of order width(P)jPj. If we restrict
to the language without the type constructor  (and therefore to terms without
pairs and projections) then jEj is linear in jPj.

The execution time of W {(P) is at worst quadratic in jPj (due to the linear
unifications in the clauses for application, fix, and ifz).

7.4 An algorithm for inferving ~ ,-typings

The only difference between ~ | and ~ , is in the use of the < in rules (Var) and (Fix).
This use is reflected in the inference algorithm W | by generating the constraints
cs¢ for variables and recursive terms. The inference algorithm for the system ° ,,
W ,, is therefore obtained from the algorithm W in figure 17 by replacing (in the
algorithm W in figure 18) the occurrence of cS¢ with ¢s—, which is defined by the
clauses in figure 19. It is easy to see that, for all instantiations i: i( ) = i( ) if and
only if i 2 sat(cs=(; )).

The inference algorithm W, is correct and complete w.r.t. the ~, assignment
system, and we can find the optimal faithful ~ ,-typing in the same way as for ~ .
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cs_( ™ L, =1 ,0 where (; ,2f g[A
es=( 1! v 2! 2)=cso( s 2)[ es=( 15 2)

es=( 1 o2 2) =05=( 1; 2)[ cs=( 1; 2)

Fig. 19. Function cs_.

Example 7.17

By appolying algorithm W, to the term N of Example 7.15 we get W,(N) =
h®; N1 E,i where ® and N are as in Example 7.15, while

Ex=f( inff9)f 1+ fg( inffg)f g ( infig)f > 109

The set faithful(®; 9) is as in Example 7.15, and by applying the algorithm of
figure 13 we get E; [ faithful(®; 9) J1 5, where | , =f 9; ;g Since | ; is equal to
the set | | in Example 7.15 the faithful * ;-typing i;(®) " ; i;(N%) of Example 7.15
is also a faithful ~ ,-typing.

By applying the simplification mapping O, we get:

Oz(i1(®))0 = fy: g and
Ox(i1(N%®) = y

8 A useless-code detection and elimination procedure

Let O, : At! At be the mapping that given a PCFP term M finds the optimal
faithful * ;-typing of M, £; *{ M%!, and then returns (O;(M?')). Similarly, let
O, : At! At be the mapping that given a PCFP term M finds the optimal faithful
*)-typing of M, £, * 5 M2 and then returns (O»(M ?)). The following property
holds.

Proposition 8.1
For every PCFP term M,

L. O;(M) =0,(0;(M)),
2. 0,(M) = 0,(0,(M)), and
3. 02(01('\/' )) = 01(02(01(M ))) = 02(01(02(M )))-

Proof

1. We will show that, if £ ~; MCis the optimal faithful * ;-typing of M, then
21 O|(M9, where £; = O(X)[fd :! jd 2 DV((0;(M9Y))g is the
optimal faithful * -typing of N = (O;(M9) = O,(M).
From Proposition 5.9.1 we have that £; | O;(M9 is a faithful * {-typing of
N. Assume, by contraposition, that this is not the optimal one. This implies
that the optimal faithful * ;-typing of N, say % | N9 is such that an ! -e-type
is assigned to some subexpression of N different from d. Then it is possible to
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define (starting from the derivation of X% ; N%and looking at the definition
of Oy) a faithful * ;-typing of M, % | M % with

0—fx : 23x%x 2FV(MM)g[fx :! jx 2FV(M) FV(N)g

such that % | M%6vX * | M This contradicts the hypothesis that £~ ; M©
is optimal.

2. We will show that, if £ *, M%is the optimal faithful * ,-typing of M, then
02(Z) ~ 2 02(MY is the optimal faithful * ,-typing of N = (02(M9) = O,(M).
From Proposition 6.8.1 we have that O»(Z) ~; O5(M9) is a faithful * ,-typing
of N. Assume, by absurd, that this is not the optimal one. This implies that
the optimal faithful * ,-typing of N, say £°° , N is such that an ! -e-type is
assigned to some subexpression of N. Then it is possible to define (starting
from the derivation of %" ; N®and looking at the definition of O,) a faithful

Y )-typing of M, 29, M%(where 2= X°[f x :! jx 2 (£) (299,
such that % , M%6vX * , MC This contradicts the hypothesis that £, M©
is optimal.

3. 0,(0,(M)) = 0,(0,(0,(M))). Let £ " ; M°be the optimal faithful " ;-typing
of M, and let N®= O;(M% and N = (N9 = O,(M), then =°"; N©
where X0= O((Z)[fd :! jd 2 DV(N)g is the optimal faithful " ;-
typing of N. Let X%, N%be the optimal faithful * ,-typing of N, and let
P = (O2(N%) = 0O,(N). Let 2% | PObe the optimal faithful * -typing of
P. Suppose, by absurd, that an ! -e-type is assigned to some subexpression
of P different from d. Then it is possible to define® (starting from the
derivation of £9°°; P%and looking at the definition of O,) a faithful * -
typing of N, X999, N9®gych that £%09°; N®®Byx°" | N° This contradicts
the fact that X°° | N%is optimal.

0,(0;(M)) = 0,(0,(0,(M))). We first consider the optimal faithful typings
involved on the left and right-hand side of the equality.
(L) Let Zp ME be the optimal faithful * ;-typing of M, let N, = O,(M),
and let ¢ ", N? be the optimal faithful * ,-typing of Np.
(R) Let Zr “» M2 be the optimal faithful * ,-typing of M, and let Ng =
O,(M). Let =8 | N be the optimal faithful " ;-typing of Ng, and let
Pr = O,(NR)). Let =", PR be the optimal faithful * ,-typing of Pg.
Since ", is a subsystem of " {, any subexpression of M that is labeled by an
I -e-type in Zg ~» MY is also labeled by an ! -e-type in 1. * 1 M?. Moreover,
any subexpression of M that is not labeled by an ! -e-type in Tp ~2 M3
corresponds to a subexpression of Ng, and if such a subexpression is labeled
by an! -e-type in £ "1 N3, then the original subexpression of M is labeled
by an ! -e-type in £~ 1 M?. This implies that
any subexpression of Pg that is labeled by an ! -e-type in X", P2 is
labeled by an ! -e-type in 2 ", NP,

6 Observe that, since " 5 is a subsystem of * |, any subexpression of N that is labeled by an ! -e-type in
Z? > 5 N9is also labeled by an ! -e-type in Z; ~ | N©
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any subexpression of Np that does not correspond to a subexpression
of Pr (since the corresponding one has been removed by the application
of O, to M) is labeled by an ! -e-type in 2 *, N?, and

any subexpression of Ny that is labeled by an ! -e-type in Zg Ty NE
and that corresponds to a subexpression of Pr (since it has not been
removed by the application of O, to M) is labeled by an ! -e-type in
=0, PR

So we have that O,(Ny) = O,(PRr).
O

This shows that the more convenient way of using the useless-code detection and
elimination techniques described in sections 5 and 6 is to apply first the simplification
mapping O, and then the simplification mapping O, (as done in Example 6.12).

In particular, if we apply the simplification mappings in the reverse order, i.e. first
O, and then O, we may loose some simplifications, as the following example shows.

Example 8.2
Consider the term of Example 6.12,

M =(gnat! nat:xnat:+h_|_ﬁg;gxi;(ynat:1)Pi)(Znat:3)Q:

We have that:

Ol(M ) — ( g nat! nat: X nat: + h-l—h‘g, gd?ati ,( y nat:1)dgati )( Z nat:3)d5\at
(which is the term N; in Example 6.12),
02(M ) — ( g nat! nat: X nat: + h-H’fg, gXI ; 1| )( z nat:3)Q

(which is the term N, in Example 6.11),
0,(05(M)) = (gnrat nat;xnat: 4 hihfg; gdfati; 1i)( z ":3)d5™; and

0,(0,(M)) = (g™ "4 hthg; gdf™i; 1i)( 2 "*3)
(which is the term N in Example 6.12).

9 Functional languages with other evaluation strategies

The useless-code detection and elimination techniques described in Section 8 is in
some sense independent from the evaluation strategy of the language and so they
can be applied also to call-by-value languages’. The key property is that in general,
for any evaluation strategy, a simplified program is always observationally greater
or equal than the original one.

To see that under some evaluation strategy observational equivalence is not
preserved look at the following example.

7 Like ML, Objective Caml and Scheme.
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Example 9.1
Take the PCFP term

M = (z "a:3)(fix x"3:x):
By applying the simplification mappings O, and O, of Section § we get

1. O,(M) = (z"3)d", and
2. O,(M) =3.

It is easy to see that, under the call-by-value evaluation strategy, we have that® the
original program M is observationally less or equal than (and not equivalent to)
both O,(M) and O,(M).

The fact that the simplified program are observationally greater or equal than
the original ones is guaranteed from the fact that, for any PCFP term M, if
N = O,(0,(M)), then we have that

the evaluation of N under the call-by-name evaluation strategy never requires
the evaluation of a dummy variable, and

the evaluation of N under any evaluation strategy never requires the evaluation
of an application of a dummy variable (ie. dQ; Q, with n > 1) or of a
projection of a dummy variable (i.e. prj;d or prj,d).

Note that, when considering terminating programs (which is the typical case for
programs extracted from proof) we have that, independently from the evaluation
strategy of the language, the simplified programs are observationally equivalent to
the original ones.

10 Related work

In this section we give a brief account of the use of PERs in program analysis
and discuss the relation between our approach and other useless-code elimination
techniques.

10.1 About PERs and program analysis

The first use of PERs in program analysis is, to our knowledge, in (Hunt and Sands,
1991), where the authors present a binding-time analysis for a functional program-
ming language which is a version of PCFP with lists. In particular, they pointed
out that PERs can be used for live-variable analysis (which is a form of useless-code
analysis). The PER model in Hunt and Sands (1991) is built on a model of the
language based on Scott domains, and the analysis is specified via abstract interpre-
tation. The PhD thesis (Hunt, 1991) shows how recursive domain equations can be
solved by PERs, allowing the construction of finite lattices expressing properties of
algebraic data structures.

8 Considering the dummy variables d as special constants having only the property of being convergent:
d +d.
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The key idea in using PERs for specifying a binding-time analysis (as described
in Hunt and Sands (1991)) is that of understanding A as the property of values
that are available at compile-time, and Q as the property of values that may not be
available at compile-time. The binding-time analysis of Hunt and Sands (1991) has
been expressed as a type system by a number of authors (Jensen, 1995; Hankin and
Le Métayer, 1995). The corresponding type system makes use of the conjunction
type operator, which is necessary to model the analysis of Hunt and Sands (1991)
(see Jensen (1995) for a discussion about the relation between conjunctive types and
abstract interpretation). More recently, in Abadi et al. (1999), PER models are used
for dependency-based type systems.

We got the idea for our use of PERs from Berardi (1996). The main difference
between the use of PERs of Berardi (1996) and the one of Hunt and Sands (1991)
is in the underlying model of the language: Berardi (1996) consider PERs on a term
model of the language, whereas Hunt and Sands (1991) use a model based on a
Scott domain.

10.2 About useless-code elimination

The useless-code elimination presented in this paper is inspired by that of Berardi
(1996) and Berardi and Boerio (1995). The main differences between our approach
and that of Berardi (1996) and Berardi and Boerio (1995) are the programming
language considered, and the algorithm that finds the useless-code in a given term.
The language considered in these papers is strongly normalizing: it can be obtained
from PCFP by removing the constructor fix and adding, for every type 2 T, an
operator rec for primitive recursion from nat to . The algorithm described in
Berardi (1996) and Berardi and Boerio (1995) is a backtracking algorithm: it finds
the best simplification of a given term by trying to type simplified versions of the term
without changing the original type and context. Such algorithm is rather difficult
understand, and this makes its proof of correctness even more difficult to follow.
In our approach instead we assign to each term a set of constraints representing
all the faithful e-type assignment of the term®. This system has always a maximal
solution corresponding to the e-typing of the term showing all the useless-code that
can be proved by the corresponding e-type assignment system (the optimal faithful
e-typing). An important feature of our algorithm is that it is naturally compositional
(see Appendix B) while that of Berardi (1996) and Berardi and Boerio (1995) is not.

The paper by Boerio (1994) (see also Boerio (1995, Chap. 5)) Extends the technique
of Berardi (1996) to the Polymorphic Second Order -calculus. This analysis does
not consider type entailment. In Prost (2000) this work is extended to the higher
order polymorphisms present in the lambda-cube systems. In Berardi and Boerio

? The condition of being a faithful e-type assignment (Definition 5.10) is simply the translation in our
framework of the condition introduced in Berardi (1996) to find useless-code. Namely, in Berardi’s type
assignment system a subterm is useless-code if once removed (replaced by a dummy constant having
a special type, corresponding to our ! -e-types) the type of the term is unchanged. So the fact that (in
a faithful e-type assignment) the e-type of the term is in L , reflects exactly Berardi’s requirement that
the global type of the term is unchanged.
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(1997) (see also Boerio (1995, Chap. 3) the technique of Berardi (1996) is extended
to deal with algebraic data types. Also this analysis considers a strongly normalizing
language and does not make use of type entailment. The problem of extending
the analysis of Berardi and Boerio (1997) by adding a type entailment relation is
considered in Damiani (1999), which extends system " | (in section 5 of this paper)
to a version of PCF with algebraic data types.

In Damiani (2000) (see also Damiani (1998, Chap. 8)) the system " ;| is extended
by adding conjunction. A version of the system in which conjunction is restricted
to rank 2 is presented in Damiani and Prost (1998) (see also Damiani (1998, Chap.
9). The addition of conjunction increases significantly the power of the analysis, but
makes the inference problem more difficult.

The paper by Xi (1999) describes a technique, based on dependent types, for
detecting unreachable matching clauses in typed functional programs. This work is
primarily concerned with error detection, while our approach is mainly designed
for program optimization. The kind of useless-code considered in Xi (1999) is
orthogonal with respect to the useless-code detected by the techniques mentioned
above. It could be interesting to integrate the useless-code detection for PCF with
algebraic data types of Damiani (1999) with the approach based on dependent types.

Useless-variable elimination (Shivers, 1991; Wand and Siveroni, 1999; Kobayashi,
2000; Fischbach and Hannan, 1999) is a particular useless-code elimination that
focuses on useless function’s formal parameters. This particular form of useless-
code can be removed without introducing dummy place-holders: the key idea is
that a function’s actual parameter can be removed if and only if the function’s formal
parameter can be removed. Both the simplification mapping O, (see section 8 of this
paper) and the algorithm described in Berardi (1996) perform essentially a useless-
variable elimination. The useless-code elimination performed by the simplification
mapping O, removes more useless-code, but requires the introduction of dummy
place-holders in the simplified code. As explained in section 8, the best result is
obtained by applying both the two mappings (first O, and then O,). Take, for
instance the term M in Example 8.2. All the useless-code eliminations in Shivers
(1991), Wand and Siveroni (1999), Kobayashi (2000) and Fishbach and Hannan
(1999) can simplify M to O,(M), but they cannot simplify it to O,(O,(M)).

The technique described in Shivers (1991) is based on control flow analysis
and works on higher-order untyped functional programs. This approach has been
recently reformulated and proved correct in Wand and Siveroni (1999). This method
has cubic time cost in the worst case.

Both Kobayashi (2000) and Fishbach and Hannan (1999) propose type-based
useless-variable elimination techniques which are closely related to ours. The useless-
variable elimination proposed in Kobayashi (2000) can be described as the extension
to a language with let-polymorphism of the one performed by O,. As explained
in Kobayashi (2000), let-polymorphism has interesting interactions with useless-
variable elimination: on one side polymorphism provides more opportunity for
useless-variable elimination and, on the other, the simplified program may be more
polymorphic than the original one. We are working on the extensions of both O,
and O, to a language with let-polymorphism.
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If 2L, then Ext =;

If = ;1 al mMin>0, then Ext =f(x ()x; g
If = 1 ! ! n ! 1 2, N = 0, then
Ext = Ui ingf (X y 0y COEriyr ye) Y
(E;! )2 Extig

Fig. A 1. Set Ext

The simplification in Fishbach and Hannan (1999) can be described as the
extension to a language with effects of the one performed by O,. The key idea is
that of integrating a simple effect analysis in the type system for detecting useless-
code, marking as ‘useful’ the pieces of code containing side effects. Therefore, the
program simplification preserves such effects.

A Proof of Lemma 4.6

In this appendix we complete the proof of completeness for the entailment relation
between e-types by presenting the construction, for each e-type , of a set of pairs
of terms, Chr , characterizing membership in the set [ ] as specified by Lemma 4.6.
This construction is done by defining at the same time the set Ext , which is a set of
pairs (E;'I ) where E is a closed PCFP term, and 'isa sequence of n > 0 e-types

1 n. Each pair (E; n) 2 Ext identifies an occurrence of "' in  that
does not occur in the left-hand side of some arrow operator. In particular E is such
that, whenever applied to a term M of type ( ) and to n terms N; of type ( i)
(I <i<n), returns a value of type nat.

Both Ext and Chr are defined by structural induction on

De nition Al
Let be an e-type. The set of pairs Ext is defined according to the clauses in
Fig. A 1.

It is easy to prove that: (E; n)2 Ext impliesE2 Ay (1t (o) nat

Example A.2
Let =( Mty pnatp naty (naty (nat | naty) Pyt s the set

f (X ( ):(X('.hat! nat! nat:XO)(prjlx); nat! nat) :
(x ()(x Ot (st na; y naty x 08atx0§(prj, (x%,)))(pripx); | ™) g :

The set Ext characterizes in the following sense.

Proposition A.3
Let 2 L. ([P];[Q]) 2 [[ T if and only if, for all (E; n) 2 Ext and for all
(Mi;IND2 [ i A<i<n),

EPM;  Mp" o EQNy  Np
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Proof
The case 2 L, is immediate. If 62, the proof is by structural induction on

= 4! n! " n>0. By Definition A.1, Ext =f(x ():x; ; )@ and,
by Definition 4.2, ([P];[Q]) 2 [ T if and only if, for all ([Mi];[Ni]) 2 [ il
(I1<i<gn,(PM; My [QN;  Np) 2 [ "84. Again, from Definition 4.2, this
isifand only if PM; My "' os QN;  Np: Therefore also

(X { ):X)P Ml Mn‘ obs (X . ):X)QNI Nn:
= ! nloq 2, N = 0. By Definition 4.2, ([P];[Q]) 2 [ ] if and only if,
for all for all ((Mil;IN\D2 [ 1A <i<n),([PM;y My;[QN;y N2 ;
2]l. Moreover, again by Definition 4.2, ([PM; My];[QON;  Np) 2 [ 2l

if and only if both [prjy(P M; My)] 2 [ ] and [prj,(QN; Nyl 2 [ -I. So
the result follows by induction hypotheses and Definition A.1.

O

The set of characteristic pairs Chr is defined by induction on

De nition A4
Let be an e-type. The set of pairs of closed terms Chr is defined according to
the clauses in Fig. A 2.

It is easy to prove that: (P;Q 2 Chr impliessP 2 A (yand Q2 A ().
The proof of completeness relies on the following lemma.

Lemma A5
& implies that there are (P;Q 2 Chr and (E; ; n) 2 Ext ; such that for
some (M{;Ny)2 Chr ', ::; (M,;N,) 2 Chr ",

EPM; M6, EQN; Ny

Proof
By structural induction on

=1 ! nnat Qince & it must be that = ;! | n! By

definition

Chr =f(P;Qg where P = x ;' x,0and Q= x,' x,"1, and

Ext =f(E; n)@ where E = x ():x.
Therefore, for all (Mj;N;)2 Chr ' (1 <i<n),EPM; M6, EQN; N
= ! 1 nl "M n>0. Since & itmustbethatn>1 = ;!

I 4! M and, for somej 2f1;:::; i & j. By induction hypothesis
there are (P% Q) 2 Chr i and (E% 9  ?) 2 Ext ' such that, for some (M9 N?) 2
chr i o (MNP 2 Chr k

EPM? ML EQNY N2

LetP=x," x{"EXM? MPand Q= x " x, :EXN? N2 Itis
immediate to see that (P;Q 2 Chr . Since Ext = (x ()ix; n), we have
that, for any (Mj;N;) 2 Chr " (1 <i6&j <n),

(x C2PM; Mj (PMj Mgl (x CV0QN;  Nj QNG Ny
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If =! ' nndtn>Q then

Chr =f(x,' X 10; X! X ,m1)g
If =! 't o °n>0, then

Chr =f(x; XnaPPXi X Po%  Xai;
X1 XahQXi  Xn QX Xgi )] .
P;Q2cht' " andPCQ)2cChrt " " g
f = ;! ! an! M n>0, then
chr =f(x " x mo;x " x.(n:0)g[
[iof 1mf ( X 1( v X n( n:EXM, My;
x ' x UEXNG N ) j ,
(E; |} ‘ki)2 Extiand8j2f1;:::;kg:(Mj;Nj)ZChrJ!g
If = ;! 0! % n>0, then
Chr =f(x; XaPx X P%  Xui;

X XX Xa QX Xl )]
(P;Q2Chr and (PSQ@) 2 Chr g

where
I I L A L if 2L
0 ! ! n! ¢ if %62,
T et a9 it °2 L,

Fig. A2. Set Chr .

which proves the result.

= ;! 1 a9 >0 Since & it mustbethat = ;! |

n! 0 ®and:

1. either ! ! nl 0& 4 a0
2.0or ¢! ! ! g 1 G100
Assume that ; @ ; 962, and that condition (1) holds (a similar proof can be
given if (2) holds). By inductive hypothesis there are (P¢ Q)2 Chr ' ' ' “and
(ES | n? 92Ext!!t " "(n;k=0), such that for some (Mj;Nj) 2
Chr (1<i<n)and (MZNY) 2 Chr 7’ (1 <j <k)

EPM, MM? M, EQN, NN N2
Let
P=x,""7 x/mhP%  xu);(P%%; xp)i, and
_ (1) ( 0% (0% ;
Q= x, Xp VHQX1  Xn)i(Q7%1 Xn)i,
for some (PQP92 Chr ' ' * Itis easy to check that (P;Q) 2 Chr . Let

B )=(x Oy, 0y COB%priyyi ya)) 1 n D P
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then (E;! ) 2 Ext . However

EPM; MM? M? ' 4 EPM; MM? M and
EQN;  NoNO NO ' 5o EQN; NuN? N

so EPM;  MM? M%®»',;EQN; NpN? NZ and the result is proved.
=1 ' o Similar.

d

From Proposition A.3 and Lemma A.5 we can prove Lemma 4.6.

Proof of Lemma 4.6

1. By induction on

2. By absurd. Assume & . By Lemma A.5 there are (P;Q 2 Chr and
(E; 4 n) 2 Ext , such that for some (M{;N;) 2 Chr !, ::; (M;Np) 2
Chr n,

EPM; Mu6',EQN; Np:

However, from Point 1. we get ([M;];[Ni]) 2 [ il (1 < i < n), which, by
Proposition A.3, implies (P;Q 62[ 1.
Il

B An incremental useless-code detection an elimination procedure

In this appendix we show how the useless-code detection algorithms developed in
section 7 can be used to build an incremental useless-code detection and elimination
procedure.

B.1 " | and " , inference in a single step

We first show how to modify the algorithm W to infer a compact representation
of both the * ;-typings of M and the " »-typings of O,(M) (see section 8). To do this
we have to keep track of the constraints generated by uses of < in the type rules
for variables and recursive terms. We do it by replacing in the text of the algorithm
W in figure 18 (but not in the definition of the function cs¢ in figure 15) every
occurrence of ) by ) . The ‘marked connectives’) keep track of the conditional
constraints associated with a potential application of the (! ) rule to some subterm,
whereas the unmarked ) are associated with the uses of < in rules (Var) and (Fix)
of ° 1-
The e-constraints that may contain occurrences of ) marked by are called
-e-constraints. Define W to be the algorithm obtained from the algorithm W in
figure 17 by making to the algorithm W in figure 18 the change previously described.
As shown in section 8, the best way to use the simplifications induced by * | and
", on aterm M is: first apply O; to M and then O, to the result. So the idea
behind solving the -e-constraints associated to a term M is that, in the solution
procedure, we first detect which variables are forced to be by the maximal solution
for all the constraints (marked and unmarked), then all the marked conditional
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E[=1! 141,

E[: ],l | 1;| 2 . 12
) Eenst T,0F gL ™2t 0 Mg ~—T1 71,77 a5
E[EY 141, 9 .
UV ECine) TEW 1, 2Gmd) 2D e
(CHANGE) no other ! -rule can be applied change(E) ! |

El 5l

Fig. B1. ‘Natural semantics’ rules for -e-constraints solution (system ! ).

constraints that are trivially satisfied by the solution can be removed (in fact, since
they corresponding to applications of the rule (! ), the corresponding subterm is
removed by the mapping O,). After that, to identify which variables are forced to
be by the optimal faithful * ,-typing of O,(M), we have to replace the constraints
generated by cS¢ with the constraints generated by cs— (all the unmarked conditional
constraints are generated by cS¢). To this aim, define for a set of -e-constraint E,
change(E) to be the set of e-constraint obtained from E by

removing all the marked conditional constraints,

‘opening’ all the conditional constraints, i.e. repeatedly replacing a set of
e-constraints of the form E%( inG)) E “with E°[E % and

replacing every occurrence of v by

Note that change(E) contains only e-constraints of the form 5 for ;5,2
Alf ¢

Let faithful (®; ) be the set of -e-constraints obtained from faithful(®; ) (as
defined in Theorem 7.14) by replacing each occurrence of ) by ) . We now define
an algorithm for finding both the maximal solutions w.r.t. ~; and ~; of the -e-
constraints generated by the algorithm W . The algorithm is presented in natural
semantics style, using judgements E! | ;1 , (see figure B 1, where the symbol |
in rule (CHANGE) refers to the derivation system described in figure 13. ). We can
see that all the rules except (CHANGE) correspond to the standard solution of the
constraints of figure 13. Once finished the application of such rules the resulting set
of constraints is changed and solved again. We have that, for every PCFP term M
of type ,if W (M) =h®;MC;Ei and E[ faithful (®; )! | i;l ,, then

1. the instantiation represented by | i, iy, is such that i;(®) ~; i;(M?) is the
optimal faithful ~ ;-typing of M, and
2. if M% is the e-pattern decorated term obtained from MO by replacing all
subterms decorated by ! -e-types in i;(M?) with fresh dummy variables, i.e.
(M%) = Oy(i1(M?)) = O,(M), then the instantiation represented by | ([l 2,
ir, is such that

0@ f x : jii()=! g[fd:! jd 2DV((MP)g (M)
is the optimal faithful * ,-typing of (M ).
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Remark B.1 (Complexity of algorithm ! )
According to Remark 7.11, given a finite set of -e-constraints E we can find | |
and | ; such that E!l | ;1 , in a time linear in jEj.

B.2 Useless-code elimination on pattern-decorated terms

Let M 2 A, W (M) =hO;M%;Ei and E[ faithful (®; )! | ;I 5. Let i; and i,
be the instantiations represented by | ; and | [ .
1. Define

0! (M%) to be the term obtained from M® following Definition 5.8, that
is, by replacing all the maximal subterms of M® which are assigned an
e-pattern such that ij( ) 2 L, with a fresh dummy variable of type ( ),

and
Ol'(@) =fx: jx: 2T andi( )62 g
We have that i;(O}"(®))[ Z° | ij(O}'(M?)), where X°=1fd :! jd 2

DV( (O}'(M°))g
2. Similarly, define!”

0} 2(M?) to be the (pattern decorated) term obtained from O} '(M?)
by removing, following Definition 6.7, the subterms which are assigned an
e-pattern such that i;( )2 L,, and
;" *(®) =0\'(®).
Since O'3 il ’(®) contain exactly all the free non-dummy variables in
0} (M%) we have that i(O}"" (@) [ 2%, i,(O} " (M?)), where X%°=
fd :! jd 2DV((O,">(M%))g

The following result holds.

Theorem B.2 (03; computes the best simpli cation w.rt. *{ and " ;)

Let M 2 A, W (M) = h®;M%;Ei and E [ faithful (®; )! | ;1 5. Then
(O'_,, ol 2(M?)) is the best simplification of M that can be obtained by a combined

use of the mappings O, and O,. That is: (O} 2(M?%)) = 0,(O,(M)).

Example B.3
By applying algorithm W to the term

N = ( X nat:prjll,.ynat; Xi )Znat

of Examples 7.15 and 7.17 we get W (N) = h®; N°: Ei, where ® and N are as
in Example 7.15, while

E=f( infl9) f v Jg( inff9) f v Jg( infi9) f.v 09
We also have

faithful (@; ) =f( inf 19) f, g( inf.g) f>» g ? g

10 We choose the name 03; for this simplification mapping, since if performs the ‘sum’ of the simplifications
of the mappings O; and O,.
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Compare the sets E and faithful (®; 9) above with the sets E; and faithful(®; ?)
in Example 7.15. By applying the algorithm shown in figure B1, we get E [
faithful (©; ?),’ I 1;1 5, where | ; and | ; are as in Examples 7.15 and 7.17,
respectively (ie. | 1 =1 ,=1f ¢ g

Because of Theorem B.2 we can use the mapping O'3 "2 {0 remove the useless-
code directly from the e-pattern decorated term NoOf (without instantiating the basic
variables). So we get

1. O|1 ](N 00?) — (( X prhl'y,dﬂ ?)dzl) [1)9
2. O;l;l z(®)zolll(®):fy . lg: and
()l3 ul Z(NOO(I)) =y ! .

B.3 The procedure

We have now all the components for the definition of an incremental useless-code
detection and elimination procedure on PCFP terms. Let M 2 A, W (M) =
he; MO ;Ei, E[ faithful(®; )! | ;| ,. The simplification algorithm O(M) returns

ro|3 1l 2(@),()|3 1)l 2(M0 ),EI

The term simplified is (O} "' *(M©)) and the triple hO} "' >(®); 0} "' >(MO? );Ei is
all we need to perform further analysis of a program containing M, since the
simplification performed by O are those which are possible in any context. For
instance M could be applied to a term or could be itself the argument of function.
In such contexts further simplifications of M could be possible.

Remark B.4 (Complexity of the useless-code detection and elimination procedure)
According to Remarks 7.16 and B.1 we have that the execution time of the simpli-
fication procedure is of order width(M )jM |, where M is the PCFP term in input.

B.4 Constraints simplification

We now give a constraints simplification algorithm that can be used to simplify the
constraints E produced by the algorithm O applied to a term M. The simplification
preserves the maximum solution of E w.r.t. ~ | and " ,. This implies that, for the
purpose of eliminating the useless-code in any term containing M as a subexpression,
the simplified set of constraints E°contains the same information of the original set E.

Proposition B.5 (Constraints simpli cation algorithm)

Let M 2 A, W (M) = h®;M?%;Ei and E[ faithful (®; )! | ;I 5. Let E® be
obtained from E by performing (at the top level and, recursively, in the right-
hand-side of every conditional constraints in E) the following three simplification
steps:

1 In the simple example that we are considering we have | | =1 ,, but in general these sets are different
since the system " | allows to detect more useless-code than ~ ;.
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1. remove all the constraints of the form ( inG))E o with | {\ (G[f @ =;;
2. remove all the constraints of the form either ;v , or |, with |; , 62

o[l 2ff g
3. remove all the constraints of the form ( in G));

E%is such that for every finite set of constraints Eg, if E[E ¢! 1 %1 § and both

191 yand1 9 I 5 then EC[E ! | %19

Proof

First observe that, by definition of | , we have that both | {\l , = ; and
I 9\1 9=;. Moreover, if E[E ¢! 1 91 § then, for every set E%btained from E

by removing some constraints (either at the top level or in the in the right-hand-side
of some conditional constraints), we have that E°TE o} | 9l 9for some | 91 9
and | 9° 1 9. Since by the hypotheses | § 1 jand 1 9 1 5 we have that E®is
obtained from E by removing only constraints that do not force any basic variable

inl 9[1 9to , we can conclude that, if E®°=E® then | =1 9and | =19 O

Example B.6
Consid%r the output of the inference algorithm W in Example B.3, ie. the triple
h®; N, Ei; and the sets | | and | 5 such that E[ faithful (®; 9)] I ;1 2. Ac-

cording to Proposition B.5 we can replace E by the simplified set of constraint
E° = f(inff9) f.v f9g

without loss of information. . ,
The triple hO} " 2(©); 0} " 2(N%1): E9, where O} " 2(®) and O} " *(N%) are as
in Example B.3, is all we need in the analysis of programs that use M.

Remark B.7 (Complexity of the constraint simpli cation)
The constraint simplification described in Proposition B.5 can be performed in
quadratic time in the length, jEj, of the set E of constraints to be simplified.
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