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We propose a rank 2 intersection type system with new typing rules for local definitions
(let-expressions and letrec-expressions) and conditional expressions (if-expressions and match-
expressions). This is a further step towards the use of intersection types in “real” programming
languages.

The technique for typing local definitions relies entirely on the principal typing property (i.e.
it does not depend on particulars of rank 2 intersection), so it can be applied to any system with
principal typings. The technique for typing conditional expressions, which is based on the idea of
introducing metrics on types to “limit the use” of the intersection type constructor in the types
assigned to the branches of the conditionals, is instead tailored to rank 2 intersection. However,
the underlying idea might also be useful for other type systems.
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1. INTRODUCTION

The Damas/Milner type system [Damas and Milner 1982] is the core of the type
systems of modern functional programming languages, like ML [Milner et al.
1997] and Haskell. The fact that this type system is somewhat inflexible! has
motivated the search for more expressive, but still decidable, type systems (see,

In particular it does not allow assigning different types to different occurrences of a formal
parameter in the body of a function.
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for instance, Leivant [1983]; Mycroft [1984]; van Bakel [1993]; Kfoury and Wells
[1994]; Damiani and Giannini [1994]; Coppo and Giannini [1995]; Yokouchi
[1995]; Jim [1996]; Kfoury and Wells [1999]; Jim [2000]; van Bakel et al. [2000]).
Intersection type systems [Coppo and Dezani-Ciancaglini 1980; Coppo 1980;
Coppo et al. 1981; Barendregt et al. 1983] are particularly interesting since they
generally have the principal pair property (a.k.a. principal typing property),?
whose advantages with respect to the principal type property 2 of the ML type
system have been described by Jim [1996] (MLs lack of principal pairs was
already pointed out by Damas [1984] in his PhD thesis). In particular, the
system of rank 2 intersection types [Leivant 1983; van Bakel 1993; Yokouchi
1995; Jim 1996] is able to type all ML programs, has the principal pair property,
decidable type inference, and complexity of type inference which is of the same
order as in ML.

In this paper we propose a rank 2 intersection type system with new typing
rules for (possibly mutually recursive) local definitions and conditional expres-
sions. This is a further step towards the use of intersection types in “real”
programming languages.

In order to simplify the exposition, the new typing rules are first introduced
though three orthogonal extensions (for local definitions, recursive definitions,
and conditional expressions) of a rank 2 intersection type system for a A-calculus
with constants, and then combined into a single system.

For the reader unfamiliar with (rank 2) intersection types, we give an early
explanation of what a rank 2 intersection type is. Intersection types are obtained
from simple types (see, for instance, Hindley [1997]) by adding the intersection
type constructor A. An expression has type u; A ug (17 intersection ug) if it has
both type u; and type us. For example, the identity function Ax.x has both type
int — int and bool — bool, so it has type (int — int) A (bool — bool). Rank 2
intersection types are types that may contain intersections only to the left of a
single arrow. So, for instance, ((int — int) A (bool — bool)) — int — intis a rank
2 intersection type,* while (((int — int) A (bool — bool)) — int) — int is not a
rank 2 intersection type.

1.1 Rank 2 Intersection for Local Definitions

The Curry/Hindley type system [Hindley 1997] assigns the same type to all the
uses of an identifier. To overcome this limitation the ML type system [Damas
and Milner 1982] considers the following rule to type local definitions:
Ulrey:uy U,x:Vdugte:u

Uktletx =epine:u

(LETML)

where @ are the free type variables of uo that do not occur free in U.

2A type system has the principal pair property if, whenever a term e is typable, there exist a type
environment A and a type v representing all possible typings of e.

3 A type system has the principal type property if, whenever a term e is typable in a type environment
A, there exists a type v representing all possible types of e in A.

4As usual, the arrow type constructor is right associative, so ((int — int) A (bool — bool)) — int — int
means ((int — int) A (bool — bool)) — (int — int).
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The formula V& .ug is a type scheme: it represents all types u; that can be
obtained from u by substituting all the occurrences of the type variables @ =
o1 - oy (m > 0) with types u; - - - u,, (in this case we say that u;, is an instance
of V& .up). The rule (LETML) allows assigning a different instance of the type
scheme V& . to each occurrence of the let-bound identifier x in e.

Systems with rank 2 intersection types can type all the ML typable expres-
sions by handling let-expressions “letx = ey ine” as syntactic sugar for “(A x.e)ey”.
However this strategy has a drawback: it forces assigning simple types to the
uses of the locally defined identifier x in e. For instance, the expression®

let g=xfrx.f(fx) in g(yirzy)3(true (1)

(which safely computes 3) cannot be typed, since to type (1) it is necessary to
assign the rank 2 type

((int = (bool — int)) A ((bool — int) — (unit = bool — int))) — int —
(unit — bool — int)

to the use of the let-bound identifier g in the body of the let.

In this paper we present a technique that allows assigning rank 2 inter-
section types to the uses of locally defined identifiers, by exploiting the fact
that their definition is indeed available. As we will see (in Section 5.1), the
“straightforward” extension of rule (LETML) to rank 2 intersection, that is typ-
ing let-expressions let x = ¢( in e by associating to the identifier x a rank 2
type scheme for ey (which is a formula V& .vg, where vy is a rank 2 type and
& are some of the type variables of vy) is not a good solution. In fact, when e
contains free identifiers, it may happen that replacing a subexpression (A x.e)eg
with letx = egine does not preserve typability. To avoid this problem we propose
to associate to x a rank 2 pair scheme for ey (which is a formula V& .(A, vo),
where A is a type environment, vo is a rank 2 type, and @ are all the type
variables of Ay and vg).

It is worth mentioning that this technique relies entirely on the principal
pair property (i.e. it does not depend on particulars of rank 2 intersection), so
it can be applied to any system with principal pairs.

1.2 Rank 2 Intersection for Recursive Definitions
The typing rule for recursive definitions of the ML type system [Damas and
Milner 1982]

UkFlMe:u—u
Ukrec{x =e}:u

(FrxML)

allows assigning to a recursive definition rec {x = e} any simple type « that can
be assigned to e by associating type u to all the occurrences of x in e.

5This example was introduced by Coppo [1980] to illustrate the limitations of the ML type system.
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A first example of recursive definition that is not ML-typable is the expression
(for a more interesting example we refer to Section 6):

rec{x = xx}, (2)

where the application xx can not be typed by assuming a simple type for x.
To overcome this limitation Meertens [1983]% and, independently, Mycroft
[1984] proposed the rule for polymorphic recursion:

U,x:Vdute:V&.u

(Fr0) Ukrec{x =e}:u

Rule (Fix) allows, for instance, assigning type o to the expression (2). How-
ever type inference in presence of rule (Fix) is undecidable [Kfoury et al. 1993;
Henglein 1993].

Myecroft [1984] presented a semi-algorithm for polymorphic recursion and
suggested the following (decidable) restriction of rule (F1x)":

UM Axpe iu1— - > Uy —>u

(Frx) Urrec{x =e}:u

where

(a) € is obtained from e by renaming all the free occurrences of x with
fresh names x4, ..., X,

(b) & are the type variables of u that are not free in U, and

(c) forall j €{1,...,m}, u; is an instance of V& ..

To see how this rule works observe that typing the expression rec {x = e} with
rule (FiX') is the same as typing the expression

rec{x = (Ax1. - Axp.)x - -x}

m

with rule (Fix). Rule (FIX') is of intermediate power between (FIxML) and (Fix).
For instance, rule (F1x') allows assigning type « to the expression (2), but does
not allow typing the expression

(Af.rec{x = fxx)DAy.y),

that, by using (Fix), can be typed with type «.
Rule (F1x’) can be further restricted by replacing the requirement (b) with

(bl) & are the type variables of u that are not free in U, x1 : u1, . .., Xy : Un.

The resulting rule, (Fix1), is of intermediate power between (FixML) and (Fix).
For instance it does not allow to typing the expression (2), but it allows assigning

6The language considered by Meertens [1983], B, has no higher-order function or nested definitions.
7A semi-algorithm and a check to arrive at a (terminating) type inference algorithm for the language
B was first given by Meertens [1983].
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type « — int — int to the expression®

rec{x = Ay.rz.if(z < 3)thenlelse (x 0(z — 1) + x false (z — 2))}, 3)

that can not be typed by using (FixML).

By relying on the principal typing property of the system of rank 2 in-
tersection types Jim [1996] proposed a new typing rule for recursive defini-
tions. Jim’s rule can be understood as the extension to rank 2 intersection of
rule (Fix1). As we will see (in Section 6.1) the extended rule is more elegant
since the use of intersection avoids the renaming of the occurrences of x in e.
The typing rule for recursive definitions considered in this paper is a slight
improvement of the rule suggested by Jim [1996].

1.3 Rank 2 Intersection for Conditional Expressions

The ML type system handles an if-expression “ifeg thene; else ey” like the appli-
cation “ifceg e e2”, where ifc is a constant of type scheme Va.bool - o — a — «.
If we apply this strategy to a system with rank 2 intersection types we are
forced to assign simple types to the if-expression and to its branches, e; and e,
and so the additional type information provided by intersection is lost.

In this paper we propose a technique for assigning rank 2 intersection types
to conditional expressions. As we will see (in Section 7.2), allowing one to assign
to an if-expression ifegthene; elsees any rank 2 type v that can be assigned to
both e; and es destroys the principal pair (and type) property of the rank 2
intersection type system. To preserve the principal pair property, we introduce
two metrics on types to “limit the use” of the intersection type constructor in
the type v (assigned to the branches e; and ez of the if-expression) by “looking
at the use” of the arrow type constructor in the principal pairs of e; and es.

Although the typing rules presented in the paper are tailored to rank 2 in-
tersection types, the idea of introducing metrics on types to limit the use of
intersection in the types assigned to the branches of the conditionals expres-
sions might also be useful for other type systems.

1.4 Organization of the Paper

Section 2 of this paper introduces a small programming language, which can
be considered the kernel of functional programming languages like ML and
Haskell (the evaluation mechanism, call-by-name or call-by-value, is not rel-
evant for the purpose of typechecking). Section 3 introduces the syntax of
our rank 2 intersection types, together with other basic definitions. Section 4
presents a rank 2 intersection type system, F-,,, for the “A-core” of the language,
which does not include local definitions, recursive definitions, and conditional

8This expression represents a function that, when applied to an arbitrary value e and to an integer
n, ignores the argument e and returns:

—1,ifn < 1.
—The n-th number of Fibonacci, otherwise.
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expressions. Sections 5, 6, and 7 describe three orthogonal extensions of |-,,:

I—];‘Z"’, with a typing rule for local definitions,
I—lf(fc, with a typing rule for mutually recursive definitions, and

I—f;n, with typing rules for conditional expressions (including definitions by

pattern matching).

Section 8 presents the type system H-2“8%°" \which combines the three exten-

sions. Section 9 describes a sound and complete type inference algorithm for
p-Loe.Ree.Con Related work is discussed in Section 10. Proofs of the main theorems
can be found in the appendix.

An extended abstract describing a preliminary version of the system pre-
sented in this paper appeared as Damiani [2000].

A prototype implementation of the type inference algorithm for H5o¢eeCon
has been developed as a part of the Master thesis of Leporati [2000] (an on-
line demonstration is available at the url http://lambda.di.unito.it/rank2/). The
prototype is written in O’Caml [O’CamL ] and the language accepted is a small
subset of O’Caml itself.

2. A SMALL ML-LIKE LANGUAGE

We consider two classes of constants: constructors for denoting base values
(integer, booleans) and building data structures, and base functions for denot-
ing operations on base values and for decomposing data structures. The base
functions include some arithmetic and logical operators, and the functions for
decomposing pairs (fst and snd). The constructors include the unique element
of type unit, the booleans, the integer numbers, and the constructors for tuples
and lists. Let bf range over base functions (all unary) and cs” range over n-ary
constructors. The syntax of constants (ranged over by c) is as follows

c u=0bf|cs®|cs?|esP| -

bf w=mnot|land|or| + | — | % |/| =] < |fst|snd
cs® u= () |true |false| --- | =1]0]1]--- |nil

cs? = tuple? | cons

cs® = tuple" (n>3)

Sometimes we will use pair as short for tuple?.
Expressions (ranged over by e) and patterns (ranged over by p) have the
following syntax

e n=x|c|Ax.e]|eies

| letx =egine

| rec; {x1 =e1,...,x, = ey}

| ifeg thene; else ey | matcheg with {p; = e1ll - - - p,, = en}
p = x| cs’ | es®pipy | ¢s’pipops | -+

where x, x1, ..., x, range over identifiers. The construct rec allows mutually
recursive expression definitions, and the construct match allows definitions by
pattern matching.
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The finite set of the free identifiers of an expression e is denoted by FV(e).

Remark 2.1. (About rec-expressions). A rec-expression rec; {x; = eq,...,
X, = e,} (where 1 <i < n) denotes the i-th expression defined by the mutually
recursive definition {x; = ej, ..., x, = e,}. We consider this kind of expression,
instead of the more usual letrec-expression letrec {x; = e1,...,x, = e,}ine, for
convenience in presenting the type system: considering rec-expressions instead
of letrec-expressions allows the separation of the issue of typing mutually recur-
sive definitions from the issue of typing local definitions. This is not restrictive
since, for the purpose of typechecking, the expression letrec{x; =e1,...,x, =
e,}ine is equivalent to the expression

!5 g
letx; =ejin---letx, =e), ine

where, for i € {1,...,n}, e, =rec; {x1 = ey, ..., x, = e,}. A shortcut typing rule
for letrec-expression, which avoids the introduction of the n auxiliary expres-
sions e, will be described in Remark 8.2 at the end of Section 8.

3. TYPES, SCHEMES, ENVIRONMENTS, AND Y-CLOSURE

In this section we introduce the syntax of our rank 2 intersection types, together
with other basic definitions that will be used in the rest of the paper.

3.1 Types and Schemes

We will be defining several classes of types. For sake of readibility we will omit
parens ‘C and ‘) from the grammars describing these types, but parens are of
course needed and used throughout the paper.?

The set of simple types (Ty), ranged over by u, is defined by the grammar:

u = a|u1—>u2|d0|u1d1|u1u2d2|

We have type variables (ranged over by «), arrow types, and a selection of para-
metric datatypes (ranged over by d ', where n > 0 is the number of parameters).
The 0-parameter datatypes (also called ground types) are: unit (the singleton
type), bool (the set of booleans), and int (the set of integers). The other types are
list types and n-ary product types (n > 2).

d® = unit| bool | int
dl == list
d" = x (n>2)

For sake of readibility, we will often write u; x --- x u, instead of uy - - - u, x".
The constructor — is right associative, for example, u; — us — u3z means
u1 — (ug — us), and the constructors d” (n > 1) bind more tightly than —, for
example, u; — uglist means u; — (ug list).
The set of rank 1 intersection types (T1), ranged over by ui, the set of rank 2
intersection types (T3), ranged over by v, and the set of rank 2 intersection

9Indeed, we already adopted this convention when we presented the syntax of the programming
language (in Section 2).
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schemes (Tyz), ranged over by vs, are defined as follows

Ul = Ui A Ay (rank 1 types, i.e. intersections of simple types)
v t=ului—>v (rank 2 types)
vs i=Va.v (rank 2 schemes)

where u ranges over the set of simple types To, n > 1, and & is a finite (possibly
empty) sequence of type variables oy - - - o, (m > 0). Note that Tog = T; NTs. Let
€ denote the empty sequence, Ve.v is a legal expression, syntactically different
from v, so that Ty N Tye = ¥. The constructor A binds more tightly than —, for
example, u; A ug — ug means (uy A ug) — us.

Free and bound type variables are defined as usual. For every type ¢t € T; U
Ty UTye let FTV(¢) denote the set of free type variables of ¢. For every scheme
V& v it is assumed that {&@} € FTV(v). Moreover, schemes are considered
equal modulo renaming of bound type variables. We say that a scheme vs is
closed if FTV(vs) = .

To simplify the presentation we adopt the following syntactic convention:
we consider A to be associative, commutative, and idempotent. Modulo this
convention any type in T; can be considered as a set of types in Tj.

We assume a countable set Tv of type variables. A substitution s is a func-
tion from type variables to simple types which is the identity on all but a finite
number of type variables. The domain and the set of free type variables occur-
ring in the range of a substitution s are the sets of type variables: Dom(s) =
{a | s(a) # o} and FTVR(S) = Uy cpom(s) FTV(s(a)).

The composition of two substitutions s; and ss is the substitution, denoted
by s1 o sg, such that s; o so(a) = s1(sa(a)), for all type variables a. We say that
s is more general than s, written s < &/, if there is a substitution s” such that
s’ = §”os. A substitution is idempotent if s = sos (i.e. if Dom(s)NFTVR(s) = 9).

The application of a substitution s to a type ¢, denoted by s(¢), is defined as
usual. Note that, since substitutions replace free variables by simple types, we
have that Ty, T1, T9, and Ty are closed under substitution.

The following definitions are fairly standard. Note that we keep a clear dis-
tinction between subtyping and instantiation relations, and we do not introduce
a subtyping relation between rank 2 schemes.

Definition 3.1. (Subtyping relations <; and <3). The subtyping relations
<1 (€ Ty x Ty and <3 (S Ty x Ts) are defined by the rules in Figure 1.1°

Note that the relations <7 and <, are reflexive and transitive.

Definition 3.2. (Instantiation relations <ys ¢ and <vg 1). The instantiation
relations <y (C Ty x To) and <vg,1 (€ Tv2 x T1) are defined as follows. For
every scheme V& .v € Tye and for every type
0. ueTyletVa v <v2,0 ¥ to mean that u = s(v), for some substitution s;

1. ug A~ Au, €Ty, let Vo <v2,1 U1 A -+ A U, to mean that V& v <v2,0 Ui,

for everyi € {1,...,n}.

10Tn rule (Ref), the condition that u is not an arrow type (i.e., not a type of the shape v’ — u”) is
included for technical convenience only, to get a syntax directed system.
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u € Ty and u is not an arrow type

(Ref)

u<ou
(A) {ui,...,un} 2 {ully”wu'lm} (—) ui’ <g ui v <sv
ul/\-n/\unglu’l/\n-/\uﬁn uiauﬁgui’avl

Fig. 1. Subtyping relations <; and <s.

Example 3.3. For vs = Vajagas.((0; — a3) A (@g — a3)) — a3, we have
(remember that A is idempotent):

—us <yg (int — int) — int (by using the substitution s; = [, a2, g := int]),
and

—us <yg3 ((int — int) — int) A ((bool — bool) — bool) (by s; as above, and
So = [Oll,Olz, g 1= bool]).

As stated by the following Lemmas, subtyping and instantiation are closed
by substitution.

Lemma 3.4. 1. wi <y ui’ implies s(ui) <1 s(ui’).
2. v <o V' implies s(v) <s s(v').

LEMMa 3.5. 0. vs <vg,0 u implies s(vs) <va s(u).
1. vs <v21 ui implies s(vs) <va1 s(ui).

Remark 3.6. (Comparison with the relations <;, <g, and <yg; of Jim
[1996]). The relations <;, <9, and <vg; are the same as Jim [1996]. However,
we have defined the relation <vg; in terms of the relation <yg (see Defini-
tion 3.2), while Jim [1996] defines <y9 1 in terms of a more complex relation <v
(€ Tvo x Tvo).

3.2 Environments

An environment T is a set {x1 : t1, ..., %, : t,} of type or scheme assumptions for
identifiers such that every identifier x; (1 < i < n) can occur at most once in 7.
The expression Dom(7T') denotes the domain of T', which is the set {x1, ..., x,}.
We write

T, Ty for the environment 77 UT5 where it is assumed that Dom(77)NDom(7T53) =
¢,and T, x : ¢t as short for T', {x : ¢}.

T'|x for the restriction of T to the set of identifiers X , which is the environment
{x:t]xeX).

The application of a substitution s to an environment 7', denoted by s(7"), is
defined as usual.

Definition 3.7. (Rank 0, rank 1, and closed rank 2 environments).

0. A rank 0 environment U is an environment {x; : u1,...,x, : u,} of simple
type assumptions for identifiers.

1. A rank 1 environment A is an environment {x; : uiy, ..., %, : ui,} of rank 1
type assumptions for identifiers.
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2. A closed rank 2 environment D is an environment {x1 : vS1,..., %, : US,} of
closed rank 2 schemes assumptions for identifiers.

Given two rank 1 environments A; and As; we write A; + As to denote the rank
1 environment

{x :uiy Auis | x :uip € Ay and x : uig € AU
{x :ui; € A1 | x € Dom(Ag)} U {x : uis € Ag | x € Dom(A1)},

and write A; <; Ay to mean that

—Dom(A;) = Dom(As),'* and
—for every assumption x : uis € Ay there is an assumption x : ui; € A; such
that ui1 <1 uls.

3.3 V-Closure

Given a type v € Ty and a set of type variables W, we write Gen(W, v) for the
V-closure of v in W, i.e. for the scheme V& .v where { @} = FTV(v) — W. For
every rank 1 environment A, let Gen(A, v) be a short for Gen(FTV(A), v).

The following lemma will be useful for proving soundness and completeness
of the inference algorithm for system H-°“8“C°® (Theorem 9.13 of Section 9.3).

LemMA 3.8. Let Gen(A,v) = V& .0 and {@} N (Dom(s) U FTVR(s)) = .
Then

s(Gen(A, v)) <vo,1 s(ui) implies Gen(s(A), s(v)) <va1 s(ui).

4. SYSTEM I-,,: RANK 2 INTERSECTION TYPES
FOR THE “A-CORE” OF THE LANGUAGE

In this section we introduce the F,, type system for the “A-core” of the
language—we do not consider local definitions, recursive definitions, and condi-
tional expressions. We first present the type inference rules (Section 4.1), then
we discuss the role played by the two type environments occurring in the judg-
ments of the system (Section 4.2) and state the principal pair property of the
system (Section 4.3).

In Sections 5, 6, and 7, we will extend +,, with new typing rules for local
definitions, recursive definitions, and conditional expressions.

4.1 The Type Inference Rules of I,
The type inference system +,, has judgements of the form
D;AbF,, e:v,
11The requirement Dom(A;) = Dom(As) in the definition of A; <; As is “unusual” (going counter
to the definitions in other papers). The “usual” definition drops this requirement, thus allowing

Dom(A;1) 2 Dom(As). We have added such a requirement since it will simplify the presentation of
the type inference system I, (in Section 4).
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bf  Typeof(bf)

bf Typeof (bf)

not Ve.bool — bool isntd Zala?.al i o
and, or Ve.bool x bool — bool qrozar s T
+, —, %, / Ve.int X int — int

= < Ve.int X int — bool

Fig. 2. Types for base functions.

cs Typeof(cs) cs Typeof(cs)

0 Ve.unit nil Va.alist

true, false Ve.bool cons Va.a — alist — alist

<o —1,0,1,--- Ve.int tuple  Voai---anar — - —anp — (@1 X X an)

Fig. 3. Types for constructors.

where

—v is the rank 2 type inferred for e,

—D is a closed rank 2 environment specifying types for the globally defined
identifiers'? (note that, by definition of closed rank 2 environment, FTV(D) =
#), and

—A is a rank 1 environment containing the type assumptions for the free
identifiers of e which are not in Dom(D).

In any valid judgment, we have:

—Dom(D) N Dom(A) = ¢,
—Dom(A) = FV(e) — Dom(D), and
—FV(e) = Dom(D|pye)) U Dom(A).

System F,, is meant to be used to infer pairs (and not just types).!> We call
undefined the identifiers in Dom(A), since their definition is not available when
typechecking the expression e.'*

We say that e is typable in \-,, with respect to the environment D if there exist
a typing D; A+, e : v, for some A and v.

Since we distinguish between global(ly defined) and undefined identifiers,
we have two different rules for identifiers (see Figure 4).

The rule for typing constants uses the function Typeof (tabulated in
Figures 2 and 3), which specifies a closed type scheme for each constant.

12F g. for the identifiers defined in the libraries available to the programmer.

13 A way to emphasize this aspect is to use typing judgments of the shape D Ag €1 (A, v). However,
to make the comparison with other type systems easier, we adopt the more usual notation D; A -,
e:v.

14The possibility of dealing with undefined identifiers allows the support of incremental type in-
ference [Aditya and Nikhil 1991] and smartest recompilation [Shao and Appel 1993] as outlined in
Section 4 of Jim [1996].
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(IDgiobal) D, x : V@ .0;0 F x : s(v) where Dom(s) = {@'}
(IDundefined) D;{z:u}t bz :u where z ¢ Dom(D)
(ConsT) D; 0+ c : s(v) where Typeof(c) = V&.v and Dom(s) = {@}

D;A, 2’ cuibelz:=2]:v

(ABS) D AF T et S0 z € FV(e) and ' is fresh
(ABSVAC) 15 AR ey @ FV(e) and u e Ty

D;AFe:ur A~ Aup — v
Vie{l,...,n}) D;A;Feo:u;
(APP) D;A+A1+---+A,Fee v

D;AtkFe:vi A2 <1 A v <2 v

(Sus) D;AxF e :vg

Fig. 4. Type assignment rules for the “A-core” of the language (system F,,).

We have two rules for typing an abstraction X x.e, corresponding to the two
cases x € FV(e) and x ¢ FV(e). Note that rule (ABs) renames the occurrences of
the bound identifier x before typing e (the condition “x’ is fresh” is equivalent
to “x’ does not occur in D and FV(e)”). This renaming is done to prevent “name-
clashes” with the identifiers in the environment D (this will be further explained
in Section 4.2.3).15

The rule for typing function application, (Aprp), allows using different typing
for each expected type of the argument.

The only non-structural rule is (SuB), which allows strengthening the type
assumptions in the rank 1 environment and weakening the rank 2 type inferred
for the expression (for instance, without rule (SuB) it would not be possible to
assign type (@1 A ag) — o7 to the identity function A x.x).

4.2 About Environments and Renaming in Rule (ABS)

The two environments in the typing judgements of system |-, and the renaming
in rule (ABs) will play an essential role in the design the new typing rules
for local definitions (see Section 5), recursive definitions (see Section 6), and
conditional expressions (see Section 7). In this section we try to clarify their
role in system +,,.

4.2.1 The Environment A is “Relevant”. A notable feature of system -, is
a “relevant” treatment of the type environment A: for any typing D; AF,, e : v,

—Dom(A) € FV(e), and
—the type environment A has been “built-up” from the type environments of
the typings of the subexpression of e.

4.2.2 The Environment D is for “Defined” Identifiers. The environment D
stores the closed rank 2 scheme assumptions for the globally defined identifiers.

15Remember that, in any valid judgement D; A I-,, e : v, we have Dom(D) N Dom(A) = #.
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4.2.3 The Renaming in Rule (ABS) is Done for “Preserving Typability under
Alpha Conversion”. The renaming in rule (ABs) prevents “name clashes” with
the identifiers occurring in environment D. It allows, for instance, typing the
expression k(Ak.fstk), with respect to the environment D = {k : Yojas.01 —
as — a1}. In fact we have:

(1) D;@F,, fst: (B1 x B2) — B1, by axiom (ConsT), with s = |1 := B1, ag 1= Bal,

(2) D;{k": B1 x Pa} n, k' 1 B1 X B2, by axiom (IDundefined),

(3) D;{k': B1 x B2} Fn, fstk’ : B1, from hypotheses (1) and (2), by rule (Arp),

(4) D;0 ., Ak.fstk : (B1 x B2) — B1, from hypothesis (3), by rule (Ass), (note
that renaming the A-bound identifier £ into the fresh identifier 2’ prevents
a “name-clash” with the global identifier &),

(5) D;@kp, b ((B1 % B2) = B1) = ¥ — (B1 X B2) — B1, by axiom (IDgjgba1), with
s = [o1 :=(B1 x B2) = B1, a2 :=y], and

(6) D;? b, k(AR .fStk) : y — (B1 x B2) — Bi1, from hypotheses (5) and (4), by
rule (App).

Without the renaming performed by rule (ABs) in point (4), it would be not
possible to type the expression k(A% .fstk), with respect to the environment D
(that contains an assumption for the identifier %).

Let 12" be the system obtained from I, by replacing rule (ABs) with the
following rule

D;A, x:uikFe:v

ABsN.
(Ass AIVE)D;AI—Ax.e:ui—>v

x € FV(e)

System I—If:‘i"e is not able to type the expression k(Ak.fstk), with respect to the
environment D, while it is able to type the expression k(Ah.fst ), which is equal,
modulo alpha conversion (i.e., renaming of bound identifiers). So, in system
I—lf:i"e, typability is not preserved under alpha conversion, while it is preserved
in system I, (that uses rule (ABs)).

4.3 Principal Pairs for +-,,

The type derivations of system F,, are closed by substitution (remember that
FTV(D) = 0).

Lemma 4.1. (Substitutivity property for \=,,). If D; A 4, e : v, then D;s(A)
F A, € : s(v), for every substitution s.

Proor. By induction on the structure of derivations, using Lemma 3.4 for
rule (SuB). O

The following definition of principal pair takes into account the presence of
the environment D.

Definition 4.2. (Pairs, instantiation, and principal pairs for +-,,).

(1) A pair (A,v) is a pair for e with respect to D if D; A+, e : v.
(2) A pair (A’,v’) is an instance of a pair (A, v) if there is a substitution s such
that Dom(s) = FTV(A) U FTV(v), s(v) <¢ v’ and A’ <; s(A).
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(8) A pair for e with respect to D is principal if any pair for e with respect to D
is an instance of it.

If (A, v) is a principal pair for e with respect to D we say that D; A +,, e : v is
a principal typing for e with respect to D.
The type system ,, has the principal pair property.

THEOREM 4.3. (Principal pair property for \,,). If e is typable in +,, with
respect to D, then it has a principal pair with respect to D.

The proof of the Theorem 4.3 is similar to the proof of Theorem 8.4 of Section 8

(the principal pair property for system F°¢%¢¢°n which is an extension of -,,).
2 2

5. SYSTEM I—';cz’c: RANK 2 INTERSECTION FOR LOCAL DEFINITIONS

In this section we extend the system F,, to deal with let-expressions. We first
motivate and introduce the notion of pair scheme (Section 5.1). Then we present
the new type system (Section 5.2).

5.1 From type schemes to pair schemes

The simplest way to extend system I, to deal with local definitions is to treat
let-expressions letx = ey ine as syntactic sugar for the application (1 x.e)eg. This
corresponds to introducing the following rule:

D;AF(Ax.e)eg:v

LerS
(LeTSUGAR) D;Al-letx =egine: v

Rule (LETSUGAR) allows typing all the let-expressions that can be typed by the
ML type system, but it does not allow assigning rank 2 types to the uses of
x in e. To overcome this limitation, Jim [1996] suggests typing let-expressions
letx =egine by:

—inferring a rank 2 type scheme vsg for the expression eg, and

—associating a different rank 2 type, instance of vsg, to each use of x in e.

The following rule implements this strategy by storing in the environment D the
assumptions of the rank 2 type schemes for the let-bound identifiers (note that
now the environment D can contain free type variables).!6

D;AgFeg:vg D,x : Gen(FTV(D)UFTV(Ag), vg); A1 Felx:=x'] : v
D;Alletx =egine:v

(LETTS)

A, if x € FV(e)

where x’ is fresh and A = { A + A;, otherwise

The system I—I: which uses this rule to type let-expressions allows, for in-
stance, assigning type int to the expression (1) of Section 1. However it has an

16Tn rule (LETTS), the condition “x’ is fresh” is equivalent to “x’ does not occur in D, FV(e), and
FV(e)”. The renaming of the bound identifier x is done just for preserving typability under alpha
conversion (see the explanation for rule (ABs), in Section 4.2.3).
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unpleasant feature: for some ey and e such that FV(eg) # @, replacing (A x.e)eg
with letx = egine may not preserve typability, as the following example shows.

Example 5.1. (Weakness of rule (LETTS)). System I—fj is not able to type the
expression x'x’ with respect to the environment {x’ : Ve.«}, so it is not able to
type the expressions A y.(letx = y inxx).

Instead, as shown below, I-,, (and so also I—I;) allows assigning type ((a; —
as) A ay) — ag to the expression A y.(Ax.xx)y). So A y.(letx = yinxx) can be
typed by using the rule (LETSUGAR) introduced at the beginning of the section.

1) ; {x/ fap — ag) l_Az x': o] — g, by rule (IDundeﬁned)7

(2) B;{x" : 1} =5, X" 2 1, by rule (IDundefined)

(3) B;{x" : (1 = a2) A1} Fa, x'x" 1 a9, from hypotheses (1) and (2), by rule
(App),

4) P;0,, rxxx : (@1 = a2) A a1) — ag, from hypothesis (3), by rule (ABs),

(5) U;{y" a1 — ag} A, ' 1 a1 — ag, by rule (IDyndefined),

(6) ; {y' taq} l_/\z y' oy, by rule (IDyndefined),

(7) B;{y’ : (@1 > @2) A1} Fa, Lxxx)y’ @ g, from hypotheses (4), (5), and (6),
by rule (Arp),

(8) B;0 bp, Ay .(Axxx)y : (01 — w2) A1) — ag, from hypothesis (7), by rule
(ABs).

This unpleasant feature of system I—I; is due to the fact that rule (LETTS) as-
sociates to the let-bound identifier x a type scheme which, in general, can not
express the principal typing of the expression ey. To overcome this limitation
we introduce the notion of pair scheme.

Definition 5.2. (Pair schemes). A pair scheme ps is a formula V& .(A, v)
where A is a rank 1 environment, v is a rank 2 type, and @ = FTV(A)UFTV(v).

5.2 The Type Inference Rules of -5
We propose typing let-expressions letx = egine by:

—inferring a pair scheme Vo .{Ag, vg) for the expression ey, and

—associating a different rank 2 typing, instance of V& .(Ayg, vo), to each use of
the local(ly defined) identifier x in e.

The rules in Figure 5 implement this strategy: rule (LETPS) stores in the envi-
ronment D the pair scheme assumptions for the let-bound identifier!” and rule
(Imyocal) @associates a new rank 2 typing to each use of the let-bound identifier.
System ¢ extends 5, with the rules (IDjoca1) and (LETPS) of Figure 5. The
new system extends "5 and is such that D; A F5%¢ (A x.e)eo : v implies D; A 1o
letx = egine : v, for all expressions ep and e. For instance, it allows assigning

17Tn rule (LETPS), the condition “x’ is fresh” is equivalent to “x’ does not occur in D, FV(eg), and
FV(e)”. Again, the renaming of the bound identifier x is done just for preserving typability under
alpha conversion.
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(ID1ocal) D, x : V& .(A,v);s8(A) F z:s(v) where Dom(s) = {@'}

D;AokFep:vg D, 2’ :Va.(Aog,vo); A1 e[z :=2']:v

(LETPS) D;AFletx =epine: v

Ay, if z € FV(e)

/s — —
where &’ is fresh, {@} = FTV(Ag) UFTV(vg), and A = { Ao + Ay, otherwise

Fig. 5. Typing rules for local definitions (system )—k‘z’c).

type (01 — ag) Aay) — ag to the expression A y.(letx = y inxx) of Example 5.1.

In fact we have:

(1) @; {y, : Ol} l_%gc y/ L, by rule (IDundeﬁned)y

(2) {x" :Va.({y’ 1 a},a);{y 1 a1 = asg} l—];‘;‘: x' 1 a1 — ag, by rule (IDjyca1), with
s=lu:=0a1 — asl,

3) {x':Va.({y 1 a},a);{y : a1} l—I;gc x' : a1, by rule (IDjgeq)), with s = [o := 1],

(4) {x' :Va.l{y' :a}t,a)};{y : (01 = ag) Aoy} I—];gc x'x" : ag, from hypotheses (2)
and (3), by rule (Arp),

B) B;{y’ : (@1 = ag) Ay} '_]ch (letx = y’inxx) : ag, from hypotheses (1) and
(4), by rule (LETPS),

(6) 0;0 I—I;‘;‘: ry.(letx = yinxx) : (0 — ag) A ay) — asg, from hypothesis (5), by
rule (ABs).

We write Domygiopal(D) for {x | x : vs € D and vsis a closed rank 2 type scheme}
and Domyj,ca(D) for {x | x : ps € D and ps is a pair scheme}. The expression
FVR(D) denotes the set of identifiers occurring in the range of D, which is the
set Ux:\v’:).(A,U)eDom(D)Dom(A)‘

In any valid judgement

D;A l—IAJ‘Z’C e:v,
we have:

— {Domygiehat (D), Domyeea1(D)} is a partition of Dom(D),
—Dom(D) N Dom(A) = ¥ and Dom(D) N FVR(D) = 0,
—Dom(A) = (FV(e) — Dom(D)) U FVR(D |py()), and
—FV(e) = Dom(D|pye)) U Dom(A|pye)).

Rules (IDjyea1) and (LETPs) destroy the property

Dom(A) € FV(e)

of F,,. In fact, in system F.°¢, Dom(A) may contain identifiers that occur in

FVR(D|pye)) and do not occur in FV(e). Note, however, that we still have
that system I—I;‘Z’c does a “relevant” treatment of the type environment A (see
Section 4.2.1), since

The system I—I;‘Z)C has the substitutivity property and the principal pair prop-
erty. Principal pairs with respect to an environment D are defined as for I-,,

ACM Transactions on Programming Languages and Systems, Vol. 25, No. 4, July 2003.



Rank 2 Intersection Types for Local Definitions and Conditional Expressions . 417

(see Definition 4.2), just remember that, now, the environment D can contain
pair schemes.

For an example of application of rule (LETPs) where the principal typing of
the let-bound identifier contains an intersection, consider the expression

let twice = L fAax.f (f x) in
let tolist = X y.cons y nil in
twice tolist

that cannot be typed by the ML type system. The type system l—IA“Z’C can assign the
following principal pair schemes to the let-bound identifiers of the expression:

twice : YaBy.B,(a—> BAB—>y)—>a—y)
tolist : V& .(,8 — §list)

and the principal pair (@, ¥ — ¢ listlist) to the expression twice tolist.
The expression'®

let selfApply2 = Lz.(zz)z in

let apply = A fAx.f x In

let reverseApply = Ly.Lg.g y in

let id = Aw.w in

pair (selfApply2 apply not true) (selfApply2 reverseApply id false not)

safely computes pair false true. However, it cannot be typed by the ML type
system. System I—];gc instead allows typing it by assigning the following principal
pair schemes to the let-bound indentifiers of the expression:

selfApply2 :VaBy.@,(a > B—>y)AaAB)—y)
apply VapB. (@, (a— B)—a— )
reverseApply : Va .0, a — (@ — ) — B)

id Va. W, a — )

Remark 5.3. (About the renaming in rules (ABs) and (LETPs)). The renam-
ing in rules (ABs) and (LETPs) prevents “name-clashes” with the identifiers
occurring in (the domain and in the range of) the environment D, thus pre-
serving typability under alpha conversion. In Section 4.2.3 we have illustrated
this point through an example with system +,,. We now present another ex-
ample, illustrating how things become more “subtle” with system I—IA“‘Z’C, where
the environment D can contain pair schemes.

Let HLocNaive he the system obtained from H.%¢ by replacing rule (ABs) with
the rule (ABsNAIVE) presented at the end of Section 4.2.3. Take the expression

e1 = (Ax.lety =x + 1inAz.pair y (notz)) 4 true.

18This example, suggested by Joe Wells, is essentially a rearrangement of a program that Pawel
Urzyczyn [1997] proved to be not typable in F,,. Indeed, Urzyczyn proved the untypability of the
expression (A\x.z(x(Afu.fu))x(rvg.gv)(ry.yyy), that cannot be typed in our system, but can be
typed by using intersection at rank 3 (so it can be typed by the algorithm given in Kfoury and Wells
[1999)).
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We have ;¢ FLoNaive ¢, - int x bool (indeed the expression e; is ML-typable),
while the expression

eg = (Ax.lety = x + 1inix.pair y (notx)) 4 true

(which is equal, modulo alpha conversion) cannot be typed by Hre*Nave, Consider,
in fact, the following fragment of derivation:

(1) @ {x : int} FLoeNaive x4 1 - int, from axioms (IDundefinea) and (CoNsT), by rule
(App),

(2) {y’:Ve.({x :int},int)}; {x : int} FLoeNaive 7 - int, by axiom (IDjcal),

(3) {y' : Ye.(fx :int},int)}; {x : int} =LoNaive pair v/ : hool — (int x bool), from
axiom (ConsT) and hypothesis (2), by rule (Arp),

(4) {y’: Ve.({x : int},int)}; {x : bool} FroeeNaive notx : bool, from axioms (CoNsT)
and (IDyndefined), by rule (App),

(5) {y': Ve.({x :int},int)}; {x : int A bool} FLeeNave pair v/ (notx) : int x bool, from
hypothesis (3) and (4), by rule (App),

(6) {y':Ve.({x :int}, int)}; @ FrecNave 3 x pair y’ (notx) : (int A bool) — (int x bool),
from hypothesis (5), by rule (ABSNAIVE).

By using system H.0N#¥¢ there is no way to assign to Ax.pair y’ (notx) the type
bool — (int x bool), and so there is no way to type es.

The problem that occurred in the example above is that, in the rank 1 en-
vironment {x : int A bool} inferred for the expression pair ¥y’ (notx) in step (5),
there has been a “name-clash” between the assumption x : int for the identifier
x occurring in the definition of the let-bound identifier y (which is bound by the
leftmost A in eg) and the assumption x : bool for the identifier x occurring in
the expression pair y’ (notx) (which is bound by the rightmost A in es).

The system I—];‘;C (in which typability is preserved under alpha conversion)
prevents “name-clashes” in typing the expression es. In fact we have:

(1) @;{x’ : int} I—IAJ‘;C x4+ 1 :int, from axioms (IDyngefined) and (ConsT), by rule
(App),

(2) {y’:Ve.({x :int},int)}; {x’ : int} F:2¢ ¥ - int, by axiom (IDjeca),

(3) {y’:Ve.({x' :int}, int)}; {x’ : Int} ,_ngc pair ¥’ : bool — (int x bool), from axiom
(Const) and hypothesis (2), by rule (Aprp),

(4) {y’ : Ve.({ax’ : int},int)}; {x” : bool} l—I;‘z’c notx” : bool, by rules (ConsT),
(IDundeﬁned), and (APP)’

(B5) {y’ : Ve.({x’ :int},int)}; {x’ : int, x” : bool} '_k;)c pair ¥’ (notx”) : int x bool,
from hypotheses (3) and (4), by rule (Aprp),

(6) {y’ :Ve.{{a’ :int}, int)}; {x’ : int} l—];gc Ax.pair y’ (notx) : bool — (int x bool),
from hypothesis (5), by rule (Ass),

(7) @;{x’ :int} I—I;‘;‘? lety = x’ 4+ linAx.pair y (notx) : bool — (int x bool), from
hypotheses (1) and (6), by rule (LETPs), and

(8) B;0 l—I;;"’ rxlety =x + 1linax.pair y (notx) : int — bool — (int x bool), from
hypotheses (7), by rule (ABs),
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9) ;0 l—IAJ‘Z"’ (Ax.lety = x + linAx.pair y (notx)) 4 : bool — (int x bool), from
hypotheses (8) and axiom (ConsT), by rule (App),
(10) 9;0 I—I;;w eg : int x bool, from hypotheses (9) and axiom (ConsT), by rule
(App).

6. SYSTEM I—FA“;C: RANK 2 INTERSECTION FOR MUTUALLY
RECURSIVE DEFINITIONS

In this section we extend I-,, to deal with rec-expressions. We first present the
typing rule for recursive definition of Jim [1996] (Section 6.1). Then we present
the new type system (Section 6.2).

6.1 Jim’s Rule for Recursive Definitions

The rule for typing recursive definitions proposed by Jim [1996] is (modulo
change of notation!®):

D;AbFAxe:ui—v
Gen((A, x : ui), v) <vg1 ui

D;AFrec{x =e}:v

This rule can be understood as the straightforward extension to rank 2 inter-
section of the rule (Fix1) presented in Section 1.2. A first example of recursive
definition that can be typed by (REc) (or (F1x1)) and cannot be typed by (FixML)
is the expression (3) of Section 1.2. Another example (taken from Jim [1996]) is
the recursive definition:

(REC)

rec{x = (\y.rz.2)(xx)},

that by using (Rec) (or (Fix1)) can be typed with principal type ¢ — «, but
cannot be typed by (FIxML).

Note that, when x ¢ FV(e), rule (REc) requires that the rank 2 type v assigned
to e must be such that Gen((A, x : ui), v) <v21 ui, for some ui € Ty (see rule
(ABsVac) of Figure 4). So, for instance, the term rec{x = A f.Ay.f(fy)} can be
typed with principal type (¢ — B) A (B = y)) - a — y,%° while the term
rec{x = A y.yy} cannot be typed.?! This anomaly has been pointed out in Jim
[1995] where a solution to the problem is described: modify rule (Rtc) not to
require Gen((4A, x : ui), v) <vg1 ui when x ¢ FV(e).

6.2 The Type Inference Rules of I—fj‘c

System 8¢ extends t,, with the rule (Rec2) of Figure 6.22 This extension
preserves the substitutivity property and the principal pair property.

19We still give to the rule the original name used in Jim [1996], but we adapt the rule to fit in the
type assignment system -, .

20Since VaBy.((@ > BYA(B = ¥) > a —> y <v2,1 (8 > 8) =8 —4.

21Since A y.yy has no rank 0 types.

22Tn rule (REC2), the condition “x}, ..., %, are fresh” is equivalent to “x], ..., x;, are distinct and do
not occur in D, FV(ey), ..., FV(e,)”. Again, the renaming of the bound identifiers x1, ..., x, is done
just for preserving typability under alpha conversion.
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(Vie{l,...,n}) D;A;F elzr =] - [xn :=2),] 05
(V5 € {j1,-.-,m}) Gen(A1 4 -+ Ap, v;) <vo 1 uij

REC2

( ) D; Al recyy {x1 =e1, -+, @xn = en} : v

where x,..., ], are fresh,
A+ An =A@ g2 Uiy,
Dom(A)N{z},...,z,} =0, and
ioe{l,...7n}

Fig. 6. Typing rule for recursive definitions (system )—}};C).

By observing that the rank 1 environment A is “relevant” (as it is pointed
out in Section 4.2.1) we can note that rule (REc2) applies “for free” to mutu-
ally recursive definitions Jim’s extension of rule (REc) described at the end of
Section 6.1. The constraint Gen(A; + - - -+ A,, v;) <vo,1 ui; is enforced only for
those j such that x; € Ujc1,,FV(e;).23

Remark 6.1. (Comparison with Mycroft’s (Fix’) rule). There are many in-
teresting examples of polymorphic recursion that can be typed by rule (Fix')
and cannot be typed by rule (REc2). Consider for instance the following O’Caml
program?*

type ’a tree = EMPTY
| NODE of ’a * (’a tree) tree ;;

let rec collect t = match t with
EMPTY -> [
| NODE(n,t1) -> n::flatmap collect (collect t1);;

where ’a tree is a polymorphic tree type and flatmap is the standard list
manipulation function of principal type (’a -> ’b list) -> ’a list -> ’b
list. The function collect, which collects all the labels in an ’a tree and
returns them in an ’a list, is not typable by (REc2) but can be typed (with
principal type ’a tree -> ’a list) by rule (Fix).

As pointed out by Jim [1996], rule (REc2) can be easily generalized along the
lines of rule (F1X'): just replace the condition

(v.] € {Jl’a]m}) Gen(A1++An7 vj)SVZ,l ul]
by

Vj e{j1,..-, Jm}) Gen(A, v;) <vo1 ui;.

23The rule for mutually recursive definitions proposed in Jim [1996, 1995] enforces the constraint
Gen(Ay +--- 4+ Ay, vj) <vo1 uij for all j € {1,...,n}. So rule (REC2) is a slight generalization of
that rule.

24This example is taken from Jim [1996], it originally comes from the ML mailing list, and has
arisen in practice. Here we use O’Caml syntax since this is the syntax accepted by our prototype
implementation of the type inference algorithm (see Section 1.4).
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(IpPAT) {z:u} >z :u

(Vie{l,...,n}) Ui>p;:u

CsPAT : L

( )®7U17-~-7Unl>CSnPl“'pnIU'

where n >0,

Typeof(cs™) =Va&.u1 — -+ — up — u, and
s(ur — - = up —u) =u) — - —up, —u

Fig. 7. Type assignment rules for patterns.

The resulting system still has principal typing and decidable type inference.
For simplicity, we do not consider this extension.?®

7. SYSTEM I—fg”: RANK 2 INTERSECTION
FOR CONDITIONAL EXPRESSIONS

In this section we extend system +,, to deal with if-expressions and match-
expressions. We first introduce the typing rules for patterns (Section 7.1) and
the notions of —-index and A-index of a type (Section 7.2). Then we present the
new type system (Section 7.3).

7.1 System >: Types for Patterns

The type inference system > (see Figure 7) has judgements of the form
Urp:u,
where

—u is the rank 0 type inferred for the pattern p, and

—U is a rank 0 environment containing type assumption for all and only the
free identifiers occurring in the pattern (i.e., Dom(U) = FV(p)).

The type derivations of system > are closed by substitution and the system has
the principal pair property. This follows straightforwardly from the well-known
substitutivity property and principal pair property of the Curry/Hindley type
system (see, for instance, Chapter 3 of Hindley [1997]).

Lemma 7.1.  (Substitutivity property for ). If Urp : u, then s(U) > p : s(u),
for every substitution s.

Definition 7.2. (Pairs, instantiation, and principal pairs for ).

(1) Avpair (U,u)is apairforpifU >p : u.

(2) A pair (U, u') is an instance of a pair (U, u) if there is a substitution s such
that Dom(s) = FTV(U) U FTV(u), s(u) = v’ and U’ = s(U).

(3) A pair for p is principal if any pair for p is an instance of it.

25The corresponding inference algorithm requires a termination check and a iteration to compute
the fixpoint, along the line of the inference algorithm for the system with (Fix’) described by Mycroft
[1984].
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Lemma 7.3. (Principal pair property for ). If p is typable in >, then it has
a principal pair.

7.2 Introducing A-Indexes and — -Indexes

The simplest way to extend system +,, to deal with conditional expressions is
to treat them as in ML. This amounts to introducing the following typing rules
(note that rule (MATCHSIMPLE) uses the system > to type patterns)?®

D;AFe:bool D;AibFei:u D;Askes:u
D; A+ A; + Ag - ifethene; elsees : u

D;AygFeg:ug
~Vie{l,...,n) U;>p;:up
D;A;,{y v eU;|yeFVE)ite :u
D;Ay+ A1+ --- + A, F matchegwith{p; = e1,...,p, = en} 1 u

where (Vi € {1,...,n}) {xi1,..., % m} = FV(p,),
xi’,l, ey .X'L{’mi are fresh
p; =Dp; [Xi,l = xi,,l] - [xi’mi = xL{,mi]’ and

e; = eilxi1 =] [Xim, =]

(IFSIMPLE)

(MATCHSIMPLE)

that assign to a conditional expression the unique rank 0 type inferred for its
branches.

Rule (IFSiMPLE) does not allow assigning rank 2 types to the branches of if-
expressions. So it does not allow typing expressions that have a “true rank 2
type” (i.e., a type in T¢ — T) and no rank 0 type, as illustrated by the following
example.

Example 7.4. Taketheexpressionse; = A f .f(pairl12)andes = A g . g(pair
1true). We have

—0;0 +,, e1: u1, where u; = ((int x int) > o) - «, and

—0;0 +,, ea : ug, where ug = ((int x bool) - o) — «.

Let v = (((int x int) = a) A((int x bool) — «)) — «. Since both 1 <9 vand us <a v
(v is, indeed, the least upper bound of ©; and us with respect to <), we have

7;0 ., e1 :vand B;0 b, ea : v. However, the expression e = A z.ifz thene;
elseey cannot be typed by system F,, extended with rule (IFSIMPLE).

We may consider replacing rule (IFSiMPLE) by the following rule
D;AFeg:bool D;AiFei:v D;Askes:v

I
S TRONG) = & A,  ifeg thene; else e 0

which allows assigning a rank 2 type to the branches of an if-expression. By
using rule (IFSTRONG) we can assign the type bool — v to the expression

26Tn rule (MATcHSIMPLE), the condition “Ai1,..,%im; (1 < i < n) are fresh” is equivalent to
“X1,15 -+ > XLmy» -+ +>%n,15 - - - » Xn,m, are distinct and do not occur in D, FV(ep), FV(p,),...,FV(p,),
FV(ey),...,FV(e,)”. Again, the renaming of the bound identifiers x; 1, ..., %;m; (1 <i < n)is done
just for preserving typability under alpha conversion.
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e = MLz.ifzthene;elseey introduced at the end of Example 7.4. However the
resulting system, I—i';mng, has neither the principal pair property nor the prin-

cipal type property, as the following example shows.

Example 7.5. (Rule (IFSTRONG) destroys the principal pair property of ,,).
Lete = Az.Ax1.1 x9.ifz thenx else xo. We have

—@;{z’ : bool, x/ : &, x} : &} »—Eﬁmng ifz’thenx] else x} : o, and

—@;0 l—itzmng e :bool - o - o — «.

We also have

Strong
—@;{z" : bool, x} : w1, x} : us} s, ¢ ifz' thenxj elsex, : v, and

Stron,
—0; 0 3,8 ¢’ - bool — uy — ug — v,

where u1, ug, and v are as in Example 7.4.

The fact that both @; ¢ Fﬁ?"“g ¢ :bool > @« > « »> « and 3; ¥ I—%m“g e :
bool — u; — us — v shows that in Fiﬁ”“g there is no principal type for e’: the
“natural candidate” is © = bool - o« — o — «, but there exists no substitution

s such that s(u) <9 bool — u; — us — v.

This problem is due to the fact that, by definition, substitutions map type
variables into simple types (see Section 3.1).

In order to restore the principal pair property we will restrict rule (IFSTRONG)
by adding some condition, involving the principal pairs of e; and e; with respect
to D, that must be satisfied by the rank 2 type v.

As a first attempt, we restrict rule (IFSTRONG) with the condition:

v=s@), v] <2V, and v, <3V,
where (A;, v}) is a principal pair for e; with respect to D (1 <i < 2).

i

(C1)

Consider the types u1, ug, and v introduced in Example 7.4. The resulting rule,
(IrC1),

—allows assigning type bool — v to the expression e of Example 7.4,

—allows assigning type bool — o — a — « to the expression ¢’ of Example 7.5,
and

—prevents assigning the type bool — u; — ugs — v to e'. In fact, we have that
(modulo renaming of type variables) the principal pairs for x; are of the shape
({x; @ B}, Bi) (1 < i < 2) and, for any type v', if 1 <o v’ and B2 <2 v/, then
B1 = B2 = v’ = B, for some type variable 8. So, since there is no substitution
s such that v = s(8), the type v does not satisfy the condition (C1).

However, rule (IFC1) has a serious drawback: it does not allow typing all the
expressions that can be typed by using rule (IFSIMPLE), as shown by the following
example.

Example 7.6. (Rule (IrC1) does not extend rule (IFSIMPLE)). System ,, ex-
tended with rule (IFSmMPLE) allows assigning type ug =bool — (¢ - o) > o — «
to the expression ey = Az.Ax.ifzthenx else) y.y. Instead, ey cannot be typed
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Ind”(u) =0, for u € Ty
Ind” (ui — v) = 1+ Ind”"(v), for ui — v € Ta — To

Ind ™ (unit) = Ind~ (bool) = Ind " (int) = Ind " (u1 X u2) = Ind™ (ulist) =0
Ind™ (ui — v) =1+ Ind ™ (v)

Fig. 8. The functions Ind"(v) and Ind™ (v).

by system F,, extended with rule (IrC1). In fact (modulo renaming of type vari-
ables), the principal pairs for x’ are of the shape ({x’ : 8}, 8), the principal pairs
for A y.y are of the shape (@, (y1 A --- A y,) — 1) (n > 1), and there is no type
v’ such that B <g v’ and (1 A --- A y,) = y1 <o V'. So the condition (C1) cannot
be satisfied.?”

Our second attempt avoids any explicit reference to the notion of substitution.
It is based on the idea of restricting rule (IFSTRONG) by “limiting the use” of the
intersection type constructor in the type v by “looking at the use” of the arrow
type constructor in the principal pairs of e; and es. To do this we introduce two
metrics on types: the A-index and the —-index of a type.

Definition 7.7. (A-index and —-index of a type). For every type v € Ty the
A-index of v, Ind"(v), and the —-index of v, Ind~ (v), are the natural numbers
defined in Figure 8 (note that Ind"(v) < Ind™ (v)).28

The fundamental properties of the metrics Ind” and Ind~ are expressed by
the following propositions.

ProposiTioN 7.8. (1) If Ind"(v) = pand Ind”(v) =q (¢ > p > 0), then v

is of the form v = uiy — --- = uip - U1 — -+ — Uq_p — U for some
ui,...,uip € Tranduy, ..., uq—p,u € To, with ui, ¢ To and u not an arrow
type.

(2) For every substitution s, Ind"(v) > Ind"(s(v)) and Ind~ (v) < Ind~ (s(v)).2°
(3) If v <o V' then Ind"(v) < Ind"(v') and Ind~ (v) = Ind ™~ (v").

Proor. (1) Byinduction on the definition of Ind~ and Ind” (Definition 7.7).

(2) By structural induction of v, using the fact that any substitution s maps
type variables to rank 0 types.

(3) By induction on the definition of <g (Definition 3.1). O

27We may consider weakening the condition (C1) by applying the substitution s directly on v; and
v, and just requiring v to be an upper bound of s(v}) and s(vy). However, some restriction on the
substitution s must be specified, since the condition

(C0) v =1/, where s(v;) < v and (A}, v;) is a principal typing for e; with respect to D (1 <i < 2)
is satisfied by any type v that can be assigned to both e; and ey (see Definition 4.2), i.e., it does not
restrict rule (IFSTRONG).

28Remember that A is idempotent, so, for any u € Ty, the type u A u is considered to be an element
of To.

29Remember that a substitution s may transform a type ui € T; — Ty into a type s(ui) € T, (take,
for instance, ui = Ay ands = [ :=«, y 1= «a]).
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ProposiTioNn 7.9. For every expression e and environment D, if (A,v) is a
principal pair for e with respect to D, then

Ind” (v) = Min{Ind” (") | D; A’ e : V'}.

Proor. By Definition 4.2, observing that (by Proposition 7.8.(2)) Ind ™~ (v) <
Ind ™ (s(v)), for every substitution s, and that (by Proposition 7.8.(3)) v <g v’
implies Ind” (v) = Ind~ (v'). O

We can now formulate the condition:

Ind"(v) < Min{Ind~ (v}), Ind ™ (v})},

where (A], v}) is a principal pair for e; with respect to D (1 <i < 2).

(C2)

that produces a rule, (IFC2), which retains the principal pair property, is of
intermediate power between rule (IFSmMPLE) and (IFSTRONG), and “successfully
handles” the expressions considered in the above examples: it allows assigning
type bool — v to the expression e of Example 7.4, it allows assigning type
bool > ¢ — o — « tothe expressione’ of Example 7.5, and it prevents assigning
toe’ the type bool — u; — us — v. Indeed, we can do even better, as “suggested”
by the following example.

Example 7.10. (A limitation of rule (IFC2)). The expression
e’ =xrz.(Ax.ifzthenx elseey)ey,

where ey = A f .f(pairl2) and es = A g .g(pairltrue) are the expressions in-
troduced in Example 7.4, is not typable by rule (IrC2). In fact, the type v =
(((int x int) - a) A((int x bool) - «)) — « considered in Example 7.4 is such that

Ind"(v) =1 £ 0 = Min{0, 1} = Min{Ind "~ (8), Ind™ (((int x bool) — &) — «)}

(where ({x’ : B}, B) is a principal pair for x’ and (@, ((int x bool) - «a) — «) is a
principal pair for e3). So, condition (IFC2) cannot be satisfied.

In order to be able to assign type bool — v to the expression e¢” of
Example 7.10, we weaken the condition (C2) into the following condition:

Ind"(v) < Max{Ind~ (v})), Ind ™ (v})},
where (A, v!) is a principal pair for e; with respect to D (1 <i < 2).

12 71

(C3)

that produces a rule which extends rule (IrC2) while retaining the principal
pair property.

Note that the condition (C3) can be rephrased to avoid any explicit reference
to principal pairs. In fact, in a system with the principal pair property, we have
that (by Proposition 7.9) the condition (C3) is equivalent to the condition

Ind"(v) < Max{Min{Ind (v1) | D; A} ey : v1},

(Cw) Min{Ind ™~ (v2) | D; A, F e : va)),

that does not mention principal pairs.
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D;AF e :bool D;Aiber:v D;Azbex:w
Ind"(v) < Max{ Min{Ind " (v1) | D; A] F e1 : v1},
Min{Ind~ (v2) | D; A, F ez : v2} }

(I¥D) D; A+ A + AsFifegtheneelsees : v
D; Ao eo:ug
(Vie{l,...,n}) Ui>p}:uo
D;Aj {y:ueU; |yeFV(e)}tel:v
Ind”(v) < Max(Ui<;<,Min{ Ind™ (v;) |
D; A& eo - ug,
U/ > p} : ug, and
(MATCHI) DA {y:uclUi [y FV(e)}t e vi })
D;Ao+ A1+ -+ Ap F matchegwith {p1 = €1, -, pn = en}: v
where (Vi € {1,...,n}) {@i1,...,%im,; } = FV(p;),
m;!l, s 737;:,7",- are fresh
p; = pilzia =) ] [Bim, =] ], and
e = eilzin = x;,l] e [wim = x;,mi]

Fig. 9. Typing rules for conditional expressions (system Fﬁgn).

7.3 The Type Inference Rules of I—f;’“

System F{ extends I, with rules (IF]) and (Marcul) of Figure 9.3° This ex-
tension preserves the substitutivity property and the principal pair property.

Rule (IF]) is the restriction of rule (IFSTRONG) of Section 7.2 with the condition
(Cif) presented at the end of Section 7.2. Rule (Matcul) applies the same idea
to match-expressions.

Example 7.11. (Use of rule (IFl)). By using rule (IFl) instead of (IFSIMPLE),
it is possible to assign type bool — v to the expression e = A z.ifz thene; elseesy
of Example 7.4. In fact, since the type v = ((int x int) - a A(int x bool) - o) — «
is such that

Ind"(v) =1 <1 =Max({1, 1} = Max{Min{Ind " (v1) | J; A| I e; : v1}
Min{Ind ™ (v2) | 7; A} ez : v2}},

condition (Cjy) is satisfied. So, by rule (Irl), we can derive @;{z’ : bool} l—(j‘;n
ifz’ thene elsees : v and then, by rule (ABs), we can obtain

@; 0 I—S’gn e : bool — v,

which is, indeed, a principal typing of e.

Also the expression ¢’ = Az.(Ax.ifzthenxelseeg)e; (where e; =
Af . f(pairl2) and e; = A g .g(pair1true)) of Example 7.10, is typable by I—S;’“.
In fact, we have

Ind"(v) = 1 < 1 = Max{0, 1} = Max{Min{Ind "~ (v7) | 7; Al Fx' o),
Min{Ind ™ (v2) | 3; A} - eg : va}}.

30Tn rule (Marcul), as in rule (MATCHSIMPLE), the renaming of the bound identifiers ity Xiymy
(1 <i < n)is done just for preserving typability under alpha conversion.
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So, by rule (Irl), ¥; {z’ : bool, x : ((int x int) - a) — «} FC ifz’ thenx' elsees : v
and, by rules (ABs), (App), and (ABs), we get

7,0 -2 ¢” : bool — v,
which is a principal typing of e”.

Instead, it is not possible to assign type bool — u; — uy — v to the expres-
sion € = Az.Ax1.)\x9.if z then x else x, of Example 7.5. In fact, since

Ind"(v) = 1 £ 0 = Max{0, 0} = Max{Min{Ind~ (v{) | 0; A} Fxj o),
Min{Ind™~ (ve) | 8; A, - x5 : va}},

rule (IFI) cannot be used to assign type v to ifz’ thenx] else x}.
For an example of application of rule (MarcHI), consider the expression

( Al.match [ with
nil = Af.rx.f(fx)
l conshr = Aw.Az.r

)
nil
(A y.cons y nil)
5.

It safely computes cons (cons 5 nil) nil, however, it cannot be typed by the ML
type system. Instead, the I—fg“ type system can assign the two principal pairs
@,(a—=BAPB—=>Y)—a—y)

({r' : plist}, § — ¢ — g@list)
to the first and to the second branch of the match-expression (respectively),
principal pair
(U : plist}, (@ — B) A (B — glist)) - a — glist)
to the match-expression, principal pair
@, plist > ((a — B) A (B — glist)) - a — glist)

to the function (A /. - - - ), and principal pair (@, intlist list) to the whole expression.

8. SYSTEM 52 Ree. Con: pyTTING THE THREE EXTENSIONS TOGETHER

In this section we present a type system, that combines the three extensions of
k., presented in Sections 5, 6, and 7. We first show that, because of a “subtle”
interaction between the rules for typing local definitions and the rules for typing
conditional expressions, the combination of F°¢ and F{° does not have the
principal pair property. Then we present the new type system (Section 8.2) and
its principal pair property (Section 8.3).

8.1 A Subtle Problem

Extending +,, with both the rules in Figure 5 and the rules in Figure 9 does
not preserve the principal pair property, as the following example illustrates.
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Example 8.1. (The interaction between (LETPs) and (IFI) destroys the prin-
cipal pair property). Consider the expression

e” = Az Ay.lxgletxy = y inifzthenx; elsexy
In the system I-,, extended with the rules in Figures 5 and 9 we have:

—{x] Va.({y' :a},a)};{z' : bool, ¥y’ : &/, x5 : &’} - ifz" thenx] elsex; : o,
—@;{z’ :bool, y" : ', x5 : &'} - letx; = y'inifz’ thenx; elsex; : o, and
—@;0=e” :bool - o — o — o'

We also have

—f{x] VBy.({y' : B — vhB = vz bool, y B — y,x, 8 - Y} E
ifz thenxjelsex, : B/ A8 — v/,

—@;{z’ : bool, y' : B’ — y',x, : 8 — y'} F let xy = y' in ifz'thenx; elsex :
B A8 — y', and

—@;0e” :bool - (B —y)—> (8= y)—> B AS—y.

The fact both #;8 - e¢” : bool - o' — o — o’ and @;0 F e” : bool — (B —
y')—> (8 > y') = B’ A8 — y’ shows (by the same argument used at the end of
Example 7.5) that the system F,, extended with the rules in Figures 5 and 9
does not have the principal pair property.

This problem is due to the fact that, since the condition in rule (Irl) consid-
ers the —-indexes of rank 2 types that can be assigned to the branches with
respect to the given environment D (see Figure 9), the minimum —-index as-
sociated to the then-branch (the let-bound identifier x1) is computed on a subset
of the types of the expression y associated to x;.3!

Loc, Rec, Con

8.2 The Type Inference Rules of -5,

The principal pair property for the combination of -5°¢ and - can be restored
by forcing one to assume types of minimum —-index for let-bound identifiers.
This is exactly what rule (LETPsI) in Figure 10 does: it is the restriction of rule
(LETPs) in Figure 5 requiring that, when typing a let-expression letx = egine,
the pair scheme V@ .(Ag, vo) assumed for the locally defined identifier x must
satisfy the condition

(Ciet) Ind ™ (vg) = Min{Ind " (vy) | D; Ay Feq : vg}-

For instance, by using rule (LETPsI) instead of (LETPS), it is not possible to assign
type bool — (B’ — ') — (§ = y') = B’ A8 — y’ to the term ¢” of Example 8.1.

System I—I;‘QC’R“’CO“ is the extension of I-,, with the typing rules in Figure 10,
where rule (Martcul) uses the type inference system for patterns > (see Figure 7).
Since rules (Rec2), (Irl), and (MarcHI) are exactly the corresponding rules of
FRee (in Figure 6) and of -$°" (in Figure 9), the system 2% extends both
I—ﬁ;’c and I—f;’“. Moreover, in spite of the fact that rule (LETPsI) in Figure 10 is a

31The subset represented by the pair scheme assumed for x; in the given environment D.
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(IDlocal) D, z : V@ .(A,v);s(A) -z : s(v) where Dom(s) = {@}

D; Ao eg :vo

Ind ™ (vo) = Min{Ind ™ (v}) | D; A{ F eo : v{}

' V& (Ap,v0); A1 Felz:=a']:v
D;AFletz =eine:v

D
(LETPSI) —

Ay, if x € FV(e)

/s J— —
where 2’ is fresh, {@} = FTV(4p) UFTV(vg), and A = { Ao + Ay, otherwise

(Vie{l,...,n}) D;A;F ez =] [on =] v
(Vj € {j1,...,jm}) Gen(A1 +---+ An, v;) <va1 uij

REC2
( ) D;AFreciy {1 = €1, -, Tn = en} : vy,
where z/,...,x; are fresh,
_— / . ;. / . > .
Ar+--+ A=A, T UGy, T U,

Dom(A) Nn{z},...,z,} =0, and
70 G{l,...,n}

D;AF e :bool D;Aiber:v D;Asbex:w
Ind”(v) < Max{ Min{Ind ™ (v1) | D; A} - e1 : v1},
Min{Ind~ (v2) | D; A, - ez : w2} }

(IFD) D;A+A; + Ay Fifegthenejelsees : v
D;AplF eg:ug
(Vie{l,...,n}) Ui>p}:uo
DA, {y:ueU;|yeFV(e)}tel:v
Ind” (v) < Max(Ui<;<,Min{ Ind ™ (v;) |
D; Aj & eo - uy,
Ul l>/p: s ug, and, ) )
. DAl {y:ueU]|ycFV(e)} el v })
(MaTcal) D;Ag+ A1+ -+ Ay Fmatchegwith{p1 = e1, -, pn = en}: v
where (Vi € {1,...,n}) {zi1,...,%im,; } = FV(ps),
Ty, T m,; are fresh
p; = pilrin =@ [@im, = x;mt], and
e; = ei[zi,l = x;,l] e [mivmi = z;,mi]

Fig. 10. Typing rules for local definitions, recursive definitions, and conditional expressions

(system I—kgc’Rec’Con).

restriction of rule (LETPs) in Figure 5,32 we have that I—I;‘;"’Rec’cm also extends

l—];gc. This follows from the fact that, by Proposition 7.9, any principal typing
D; A, I—I;‘Z’C’Rec’c"“ e : Vg satisfies the condition (Cigp).

Remark 8.2. (A shortcut typing rule for letrec-expression). As explained in
Remark 2.1 at the end of Section 2, rec-expressions, rec; {x; = e, ..., X, = ey}
(where 1 < i < n), have been considered instead of the more usual letrec-
expressions, letrec{x; = e1,...,x, = e,}ine, since they allow separating the

32Rule (IDjgeq1), instead, is exactly the rule in Figure 5.
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(Vie{l,...,n}) D; Aj ko eiler ==al] - [xn i=a)] s vy

(Vi€ {j1,.--,dm}) Gen(A1+ -+ An, vj) <va,1 uij

D, 1 :Vo?.(Ao,vl), e, T :Vo?t.(Ao,"un);A’ Felzy:=a)]- - [zn =ap] 1 v
D;AF letrec{z1 = €1, --,Tn = ep}ine: v

(LETRECPSI)
where 2/, ...,z are fresh,
A1+ -+ Ap = Ao, m;& S UGGy, T
Dom(Ao) 1 {&},.., 4} = 0,
—
(Vie{l,...,n}) {a'} = FTV(Ag) UFTV(v;),
{x;l,...,xzq} ={zf,...,2,,} —Dom(A’), and
A=A+ Ap, +- + Ap,
(Vie{1,...,n}) (Ind”(v1),...,Ind " (vy)) =
Min{ (Ind~(v}),...,Ind ™ (v},)) |

/ TR
Jm " Wi

. ! e ! JUR— o/
D; Al Fefzr i=a]] - [on = 27,] 1 0],

. / — ! — ! o/
D; AL Fenfz1 i= 2] - [zn = 27,] : vy,

’ A / / . ! / . !
Al + + A, = A), @y udl Ty

(Vi € {j1,--,dm}) Gen(A] + -+ A, v}) Sva1 uil; }

Fig. 11. Shortcut typing rule for letrec-expressions (system I—ﬁ‘gc’Rec’c"“).

issue of typing mutually recursive definitions from the issue of typing local
definitions.

Even though, for the purpose of typechecking, the expression letrec {x; =
e1,...,x, =ey}ine is equivalent to the expression

/A /A
letx; =ejin ---letx, =e, ine

where e} =rec; {x; =e1,...,x, =e,} @ € {1,...,n}), it is better, for the design
of practical inference algorithm, to introduce a shortcut typing rule for letrec-
expressions, which avoids the introduction of the n auxiliary rec-expressions e;
and does not require typing each expression e; n times.

The rule (LETRECPSsI) in Figure 11 is a suitable shortcut typing rule for letrec-
expression in system I—I;‘;C’R“’COH.33 However, to keep the proofs simpler, we have
not considered rule (LETRECPSI) in the type inference algorithm presented in
Section 9.

8.3 Principal Pairs for |-52¢ Ree: Con

o]

The system 28" hag the substitutivity property.

LemMa 8.3. (Substitutivity property for I—]A‘ZC’R“’CO“). IfD; A Fk‘;C’R“’C““ e:v,
then D;s(A) H-0@ReCom o - s(v), for every substitution s.

Proor By induction on the structure of derivations, using Proposition 7.8.(2)
to deal with rule (Irl), and Lemma 7.1 and Proposition 7.8.(2) to deal with rule
(MarcuD). O

33Tn rule (LETRECPSI), the minimum of the set of tuples of indexes is taken with respect to pointwise
ordering. The condition “x, ..., x;, are fresh” is equivalent to “x}, . .., x,, are distinct and do not occur
in D, FV(ey),...,FV(e,), and FV(e) ”. Again, the renaming of the bound identifiers x4, ..., x, is done

just for preserving typability under alpha conversion.
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Principal pairs for F2%8°¢C are defined as for i, (see Definition 4.2). The
following result holds.

THEOREM 8.4. (Principal pair property for I—I;gc’Rec’Con). If e is typable in

p-Loc.Ree.Con 1yt respect to D, then it has a principal pair with respect to D.

Proor. The result follows from Theorem 9.13 (soundness and completeness

of the inference algorithm for HFL%Re:Con) of Section 9. O

9. A SOUND AND COMPLETE INFERENCE ALGORITHM FOR 50 Rec: Con
In this section we present an algorithm that, for any expression e and environ-
ment D,

—reports a failure, if e can not be typed by I—%ZC’REC’C’"‘ with respect to D, and

—computes a principal pair for e with respect to D, otherwise.

Until now, to simplify the presentation, we have considered A to be asso-
ciative, commutative, and idempotent. In this section we do not rely on this
syntactic convention.

9.1 An Extension of Jim’s Subtype Satisfaction Algorithm

Following Jim [1996, 1995] we say that a <vyq 1-satisfaction problem is a formula
3@ .P, where

—d is a (possibly empty) sequence of type variables occurring free in P, and

— P is a set in which every element is
—an equality between T types, or
—an inequality between a T type and a T type, or
—an inequality between a Tys type and a T, type.

A substitution s is a solution to 3 . P if there exists a substitution s’ such that

—s(a)=s(a)foralla ¢ &,
—s'(vs) <vg.1 §'(ui) for every inequality (vs < ui) € P, and
—s'(u1) = s'(ug) for every equality (uy = ug) € P.

Definition 9.1. (Most general solutions of a <y ;-satisfaction problem).

(1) A substitution s is a most general solution (mgs) of a <y 1-satisfaction prob-
lem 3% .P if it satisfies the following conditions:3*
—sis a solution of 3% .P,
—s < &, for all solutions 8’ of 3. P,
—s is idempotent, and
—Dom(s) C FTV(3« .P).

(2) We write MGS(3@ .P) for the (possibly empty) set of the most general
solutions of 3@ .P.

34The last two conditions are included for technical convenience only. Indeed they can be eliminated:
a <yy 1-satisfaction problem has a solution that satisfies the first two conditions if and only if it has
a solution that satisfies all four conditions.
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Lubc, (u,u) = u, if u € Tp and u is not an arrow type
Lubc, (ui1 — v1,uiz — v2) = ui1 A uiz — Lubc, (v1, v2)

Fig. 12. The partial function Lub., : Ty x Ty — Ts.

THEOREM 9.2. Ifa <vg 1-satisfaction problem is solvable, then there is a most
general solution for it. In particular, there is an algorithm that decides, for
any <vyg 1-satisfaction problem, whether it is solvable, and, if so, returns a most
general solution.

Proor. See Appendix A.1. O

9.2 A Lub Satisfaction Algorithm

Definition 9.3. (Least upper bound with respect to <g). Given two rank 2
types vy, ve € To the least upper bound (lub) with respect to <9 of v1 and vy is a
rank 2 type v such that

(1) v1 <2 v,v2 <9v,and
(2) for every v’ € Ty if v; <2 v/ and vy <3 v’ then v <g V'.

It straightforward to check that, for every vy, vy € Ty, if the lub with respect to
<s exists then it is unique (modulo =,).3> Moreover, the lub operator, which is
a partial function : Tg x To — Te, is idempotent, commutative, and associative
(modulo =5). As illustrated by the following lemmas the lub operator admits an
inductive characterization and commutes with substitution.

LEmMma 9.4. (Inductive characterization the lub with respect to <s). Let
Lub., : To xTy — Ty be the partial function defined by the clauses in Figure 12.
For every vy, vg € Ty,

(1) if Lub.,(v1, v2) is defined, then it is the lub with respect to <9 of v1 and vs,
and

(2) if Lub.,(v1, v2) is not defined, then no upper bound with respect to <9 of v1
and vy exists.

Proor. By induction on the definition of Lub., (see Figure 12). O

Observe that Lemma 9.4 assures that, for all vy, ve € Ts, if there exists v € Ty
such that v; <9 v and v; <y v, then Lub.,(v1, v9) is defined.

Lemma 9.5. (Lub., commutes with substitution). If v = Lub,(v1, v2), then
s(v) =9 Lub.,(s(v1), s(v2)).

Proor. By induction on the definition of Lub., (see Figure 12). O

35The relation =9 (C Ty x Ty) is the equivalence induced by <o, i.e., v; =9 vs means that both
v1 <2 v and vy <p vy.
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For every vy, ...,v, € Te (n > 1) define

v1, if n=1

L bn sy Un) = - i
ub_, (v1 Un) {Lub<2(Lub'i21(Ul,-~-,Un—1), vn), if n>1

A Lub_,-satisfaction problem is a pair (j, @) where

— @ is a finite non-empty set of rank 2 types, and
—j el0,...,Max{Ind” (v) |v € Q}}.

A substitution s is a solution to (j,{vi,...,v,}) if Ind"(Lubl
(s(v1),...,s(wp)) < Jj.

Definition 9.6. (Most general solutions of a Lub.,-satisfaction problem).

(1) A substitution s is a most general solution (mgs) of a Lub.,-satisfaction
problem (j, Q) if it satisfies the following conditions?%:
—s is a solution of (j, @),
—s < ¢/, for all solutions s’ of (j, @),
—s is idempotent, and
—Dom(s) C FTV(Q).

(2) We write MGS({j, @)) for the (possibly empty) set of the most general so-
lutions of (j, @).

THEOREM 9.7. If a Lub.,-satisfaction problem is solvable, then there is a
most general solution for it. In particular, there is an algorithm that decides,
for any Lub.,-satisfaction problem, whether it is solvable, and, if so, returns a
most general solution.

Proor. See Appendix A.2. O

9.3 An Inference Algorithm for -159¢ Rec: con

In the following definitions we will write “the pair (A, v) is fresh” as short
for “the type variables in the pair (A, v) are fresh”. Moreover, for a rigorous
treatment of new type variables, we assume that, whenever “s € MGS(3& .P)”
(or “s € MGS({j, @))”) occurs in a mathematical context, s is chosen so that
it does not interfere with “current” type variables, that is, we assume that
FTVR(s)N W = ¢, where W w FTV(3 & .P) (W W FTV(Q)) is the set of the type
variables present in the context.3”

9.3.1 Inference Algorithm for >. The inference algorithm is presented by
defining the function PAT that, for every pattern p, provides an inductive char-
acterization of the set of principal pairs for p.

Definition 9.8. (The function PAT). For every pattern p, the set PAT(p) is
defined by structural induction on p.

36 As for Definition 9.1, the last two conditions are included for technical convenience only. Indeed
they can be eliminated: a Lub,-satisfaction problem has a solution that satisfies the first two
conditions if and only if it has a solution that satisfies all four conditions.

37The operator & denotes disjoint union.
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—If p = x, then ({x : a}, o) € PAT(x).

—Ifp = cs"p, - --p,, Typeof(cs®) = V& .uy — --- — u, — u, the substitution
s is a fresh renaming of @, for all i € {1, ..., n} the pairs (U;, u;) € PAT(p;)
are fresh, for all j,l € {1,...,n} j # [ implies Dom(U;) N Dom(U;) = @, and
s’ € MGS3e {u| = s(u1), ..., u, = s(u,)}, then

(s'(U1U---UUpy,),s'(s(w) € PAT(cs"p; - - - p,).

For every pattern p, the set PAT(p) is an equivalence class of pairs modulo
renaming of the type variables in a pair.

LeEmmA 9.9. For every pattern p, if (U, u) € PAT(p), then

(1) Dom(U) = FV(p), and
(2) (U',u'y € PAT(p) if an only if there is a bijection s : Tv — Tv such that
s(U)=U"and s(u) =u'.
Proor. By induction on Definition 9.8. O

Indeed Definition 9.8 specifies an inference algorithm: to perform type infer-
ence on a pattern p simply follow the definition of PAT(p), choosing fresh type
variables and using the <s-satisfaction algorithm as necessary.

LemMa 9.10. (Soundness and completeness of PAT for t>). For every pattern
b
(Soundness). If (U, u) € PAT(p), then Up : u.

(Completeness). If U't>p : u/, then there are a pair (U,u) € PAT(p) and a
substitution s such that: s(U) = U’ and s(u) = u'.

Proor. By structural induction on p (note that system > is syntax
directed). O

9.3.2 An Inference Algorithm for I—];(Z’C’Rec’con. The inference algorithm is
presented by defining the function PP which, for every expression e and envi-
ronment D, returns a set of pairs PP(D, e¢) such that

—if PP(D, e) = #, then e can not be typed by F:2“F¢C" with respect to D, and
—every element of PP(D, e) is a principal pair for e with respect to D.38

Definition 9.11. (The function PP). For every expression e and environ-
ment D, the set PP(D, e) is defined by structural induction on e.

—Ife =x, then
—Ifx : V@ .(A,v) € D and the substitution s is a fresh renaming of &, then
(s(A), s(v)) € PP(D, x).
—Ifx : V@ .v € D and the substitution s is a fresh renaming of &, then
(@, s(v)) € PP(D, x).
—Ifx ¢ Dom(D) and « is a type variable, then ({x : a}, @) € PP(D, x).

38The set PP(D, e) does not contain all the principal pairs for e with respect to D. For instance,
(@, (eq Aag) — a1) is a principal pair for A x.x with respect to @, but (¢, (¢y Aag) — 1) € PP(J, L x.x).
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—Ife = ¢, Typeof(c) = V& .v, and the substitution s is a fresh renaming of &,
then (4, s(v)) € PP(D,c).
—Ife = Ax.ep, x’ is fresh and (A, v) € PP(D, eglx := x']), then
—Ifx ¢ FV(ep) and « is a fresh type variable, then
(A, a — v) e PP(D, Lx.ep)
—Ifx € FV(ep) and A = A, x’ : ui, then

(A", ui — v) e PP(D, Ax.ep)
—Ife =ege; and (Ag, vg) € PP(D, egp), then
—If vy = « (a type variable), @1 and ag are fresh type variables, (A1, v1) €
PP(D,e;) is fresh, and s € MGS(3e¢.{v; < a1, @ = a1 — a3}, then
(s(Ag + A1), s(az)) € PP(D, egeq)
—Ifvo=ui A---Au, > v, foralli € {1, ...,n} the pairs (4;,v;) € PP(D,e;)
are fresh, and s e MGS(3e.{v; <u; |i € {1,...,n}}), then

(S(AO =+ A1 + .-+ An), S(U)) S PP(D, 6061)

—Ife =letx =egines, (Ao, vo) € PP(D,ep), @ = FTV(A))UFTV(vp), x’ is fresh,
and (A, v1) € PP((D, ' : V& .(Ag, vo)), e1[x := x']) is fresh, then
—Ifx € FV(ey), then

(Al, Ul> € PP(D, letx = eo inel)
—Ifx ¢ FV(ey), then
(Ao + Al, V1) € PP(D, letx =egin e1)

—Ife =rec;, {x1 =e1,...,x, = en}, x1,..., %, are fresh, for alli € {1,...,n}
the pairs (A;,v;) € PP(D,e;[x1 := x1] - - - [x, := x,,]) are fresh, {x;-l, .. .,x}m =
{x, -, x )N Dom(Ay + - -+ Ap), A1+ -+ Ap = A, &) tudy, .., x5 i,

and s € MGS(3e.{Gen(A; + - -+ A,,vj) <uij | j € {j1,---, Jm}}), the

(s(A), s(vy,)) € PP(D,rec;, {x1 =e1,...,%X, =e€n})
—If e = ifegthene; elseeg, (Ao, Vo) € PP(D, e()), Sp € MGS(HG.{UO < bOOl}),
(A1,v1) € PP(D,e;) and (As, vg) € PP(D, e5) are fresh, j = Max(Ind™ (vy),
Ind™ (v2)), and s € MGS((J, {v1, v2})), then

(so(Ap) + s(A1) + s(Ag), Lub-,(s(v1), s(v2))) € PP(D, ifeg thene; else ey)

—If e = matchegwith{p; = e1,...,p, = eu}, (Ao,v0) € PP(D,ep), for alll e
{1,...,n}
—{xr,1, ., x,m ) = FV(py),
—X) 155X, are fresh,
—p; =pila =40 [ =%,
—e; = e w1 =07 4] [ m =27 1
— (U, w) € PAT(p;) are fresh,
—(A;,v;) € PP(D, ¢)) are fresh,
—{¥1.1, -+ Y1, } = Dom(U;) N Dom(A4; ),

390bserve that {y;,1, ..., ¥, } € {%] 15, 4], }, since Dom(U;) = FV(p)).
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—U =U/ {yi,1 w1, Yin Uy
—A =A {yiui, o, Yo UL ),
«a is a fresh type variable,

s € MGSQa.{vo <} U( | {w <o, uigy <w, ..., uis, <wp))), and

1<l<n

j = Max(Ind (s(vy)),...,Ind”(s(v,)), and § € MGS((j, {s1),...,
s(v,)})), then
(8'(s(Ag + Ay + -+ A})), Lub”_(s'(s(v1)), ..., s(s,) €
PP(D, matchegwith{p; = e1,...,p, = en})

For every expression e and environment D, the set PP(D, e) is an equivalence
class of pairs modulo renaming of the type variables in a pair.

LEmMA 9.12. Forevery expression e and environment D, if (A, v) € PP(D, e),
then

(1) Dom(A) = (FV(e) — Dom(D)) U FVR(D|pye)), and
(2) (A,v") € PP(D,e) if and only if there is a bijection s : Tv — TV such that
s(A) = A’ and s(v) =v'.

Proor. By induction on Definition 9.11. O

Indeed Definition 9.11 specifies an inference algorithm: to perform type infer-
ence on an expression e with respect to the environment D simply follow the def-
inition of PP(D, e), choosing fresh type variables and using the <;-satisfaction,
Lub_,-satisfaction, and PAT algorithms as necessary.

TueorEM 9.13. (Soundness and completeness of PP for Fx2eReCn) For ep.
ery expression e and environment D:

(Soundness). If (A,v) e PP(D,e), then D; A I—];;’C’Rec’con e:v.

(Completeness). If D;A’ Fk‘;C’R“’C"“ e : U, then there are a pair (A,v) €
PP(D, e) and a substitution s such that A’ <1 s(A) and s(v) <o V.

Proor. See Appendix A.3. O

10. RELATED WORK AND CONCLUSION

The literature related to the present work has been partially quoted through the
paper. We add here a brief survey on inference algorithms for systems involving
intersection types.

The system of intersection types [Coppo and Dezani-Ciancaglini 1980; Coppo
1980; Coppo et al. 1981; Barendregt et al. 1983] is undecidable. A first approach
for designing a (semi-)algorithm for finding a principal pair is that of splitting
the problem in two parts: first find a normal form for the term being typed (this
problem is undecidable) and then build a principal pair for the normal form
(this problem is decidable). To show that the approach is sound it is necessary
to prove that both the normal form and the original term have the same typings.
This approach has been followed, for instance, by Coppo et al. [1980], Ronchi
della Rocca and Venneri [1984], and van Bakel [1993].
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The first unification-based approach to intersection type inference was pro-
posed by Ronchi della Rocca [1988] where, in particular, a decidable restriction
which bounds the height of types is presented. More recently, Kfoury and Wells
[1999] presented a simpler unification-based approach using a novel form of
unification, called B-unification.

In spite of the fact that System F [Girard 1972; Reynolds 1974] and its finite
rank restrictions above 3 have neither principal typings nor decidable type in-
ference [Wells 1994; Kfoury and Wells 1994], combining intersection types and
universal quantification results in a system with principal typings [Margaria
and Zacchi 1995]. Moreover, decidable restrictions of the combined system have
been developed (e.g. [Damiani and Giannini 1994; Coppo and Giannini 1995;
Jim 2000]).

Due to the expressive power of the corresponding type systems, the inference
algorithms mentioned above are inherently quite expensive. More efficient in-
ference algorithms can be developed by considering the rank 2 restriction of
intersection types [Leivant 1983; van Bakel 1993; Yokouchi 1995; Jim 1996].
Following this line of research, in the present paper we have proposed a sound
and complete principal pair inference algorithm for a rank 2 intersection type
system with new typing rules for assigning rank 2 types to:

(1) local definitions, by using the principal pair property of the system to asso-
ciate a different instance of the principal typing to each occurrence of the
locally defined identifier;

(2) mutually recursive definitions, by allowing a restricted form of polymorphic
recursion (as explained in Section 6, this rule is a slight improvement of a
rule proposed by Jim [1996, 1995]);

(3) conditional expressions, by restricting the use of intersection in the types
assigned to the branches in order to preserve the principal pair property.

Both the techniques for local definitions and recursive definitions do not depend
on the particulars of rank 2 intersection typing, but apply to any system with
principal pairs. The technique for conditional expressions, instead, is tailored
to rank 2 intersection types. However, the strategy of introducing metrics on
types to limit the use of the intersection type constructor in the types assigned
to the branches of the conditionals expressions might also be useful for other
type systems.

APPENDIX

A.1 An Extension of Jim’s Subtype Satisfaction Algorithm (Theorem 9.2)

We say that two <vg j-satisfaction problems are equivalent if they have the same
solutions.

A unification problem is a <y i-satisfaction problem that involves only
equalities.40

40A unification problem can be solved by Robinsons’s algorithm (see, for instance, Chapter 3 of
Hindley [1997]), which can decide whether it is solvable, and, if so, return a most general solution.
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The following lemma implies Theorem 9.2.

LEMMA A.1. Every <yo1-satisfaction problem is equivalent to a unification
problem. In particular, there is an algorithm that, given a <vs 1-satisfaction prob-
lem, either proves that it cannot be satisfied or transforms it into an equivalent
unification problem.

Proor. Following Jim [1996, 1995], we prove the lemma by providing the
transformation algorithm. We first introduce a set of transformation rules of
the form

t <ui = 37.P (wheret € Ty UTy9).

Each rule transforms an inequality in a <vy ;-satisfaction problem. The trans-
formation rules are in Figure 13. Note that, for each transformation rule
t <ui = 3 .P,we have that

FTV(t) UFTV(ui) = FTV(3 @ .P). 4)

In particular, the type variables @ are either fresh type variables introduced
by the transformation rule (i.e., they do not appear in the left-hand side) or are
the bound variables of ¢ (when ¢ € Tys).

The transformation algorithm is specified as a rewrite relation on problems,
=, defined by the rule:

) vs<ui = 3d.P

3B (P W{vs<ui}) — IB W .(P'UP)
where the operator “&” denotes disjoint union (this implies that the variables
o must be fresh).

To see that the rewriting relation = describes an algorithm which proves
the lemma, observe that:

(=

(1) every rewriting step (corresponding to the application of one of the rules
in Figure 13) transforms a <yg i-satisfaction problem into another <yg ;-
satisfaction problem,

(2) every rewriting step preserves the set of solutions (note that the condition
(4) above is necessary to ensure this preservation),

(3) every inequality matches the left-hand side of at most one rule, and

(4) repeated application of these rules must terminate.*! This is proved by
defining a metric | - | on problems for which each rewriting step is strictly
decreasing. The size of inequalities will be defined by structural induction.
By point (3), it is sufficient to consider the cases given by the left-hand
sides of the rules in Figure 13. For the base case we set |ug < u| = 1.
Every other case is simply defined so that the size of the left-hand side of
a rule is greater than the sum of the of the inequalities appearing on the
corresponding right-hand side. For example, define
—|(ui - v) <a|=|ag <uil+|v <as|+1,

— Wi - v) < (w1 — w2l = lur < uil + v <ug| +1,

417n the original termination proof given in Jim [1996, 1995] there is an error. Here we are following
the termination proof given in Jim [2000].

ACM Transactions on Programming Languages and Systems, Vol. 25, No. 4, July 2003.



Rank 2 Intersection Types for Local Definitions and Conditional Expressions . 439

up <u = Je{uo =u}
where ug,u € Tp and ug is not an arrow type

(wi »v) <a = Jaraz{ar <ui,v<a, a=a1 — az}
where aq, ag are fresh

(ut = v) < (u1 — u2) = Je{ur < wui, v <wua}

t<(ui A Aup) = Jeft <ur,...,t <up}
where t € To U Tyo, n > 2, and uy,...,un € To

Vaw) <u = FJa@{v<u}
where u € Tp and {@} NFTV(u) =0

Fig. 13. Transformation rules for <y -satisfaction.

—t<@in--Au)l =1t <ui|l+---+1t <u,|l+1,and

— V& v) <ul=|v<u|+1.

The function || is defined by structural induction (since types on right-hand
sides either appear as syntactic subtypes on left-hand sides, or are type
variables) and, by construction, gives a decreasing metric on problems.

Normal forms are either unification problems (i.e. do not contain inequalities)
or contain at least an inequality of the form ui — v < uy where ug is a simple
type which is neither a type variable nor an arrow type (such an inequality is
clearly not satisfiable). O

Remark A.2. (Comparison with Jim’s subtype satisfaction algorithm).
Lemma A.1 and Theorem 9.2 are a slight extension of results presented by
Jim [1996, 1995]. The main differences are in the transformation rules. The
transformation rules in Figure 13 either produce a unification problem or a
satisfaction problem which is clearly not satisfiable. The transformation rules
in Jim [1996, 1995], instead, always produce a unification problem. This dif-
ference is due to the richer set of types handled by our rules*?: if we restrict
ourselves to the set of types considered in Jim [1996, 1995] the rules in Figure 13
always produce a unification problem.

A.2 A Lub Satisfaction Algorithm (Theorem 9.7)

We say that a Lub,-satisfaction problem and a <y ;-satisfaction problem are
equivalent if they have the same solutions.

A Lub.,-satisfaction problem (j, {v1, ..., v,}) is binary ifn = 2. The following
lemma implies Theorem 9.7 restricted to binary Lub.,-satisfaction problems.

LEmma A.3. Every binary Lub.,-satisfaction problem is equivalent to a
<ve,1-satisfaction problem. In particular, there is an algorithm that, given o
Lub.,-satisfaction problem transforms it into an equivalent <y 1-problem.

42The rules in Jim [1996, 1995] consider only type variables, arrow types, and top-level conjunctions.
We also consider parametric datatypes.
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TA(0,v1,v2) = MGS(3a.{vi < a, v2 < a}),
where « is a fresh type variable

TA(j + 1, wiy — v, uiz — v2) TA(j,v1,v2)

TA(G + 1, ui — v, )
TA(G + 1, o, ui — v)

ooz W B.({a= o1 — as} U P), where

a1, ag are fresh type variables, and

Elﬁ.P =TA(j, [a := a1 — az]v, az),
ifv=wi;y — -+ — uip — u (m > 0) for some u € T( such that
u is not an arrow type and o € FTV (u)

TA(j + 1,v1,v2) = Fe.{int = bool}, otherwise

Fig. 14. Transformation algorithm for binary Lub-,-satisfaction.

Proor. We prove the lemma by providing the transformation algorithm. The
transformation algorithm is specified as a recursive function TA defined by the
clauses in Figure 14.

To show that the recursive function TA describes an algorithm that proves
the lemma, for every binary Lub.,-satisfaction problem (j, {v1, ve}) we will
prove that:

(1) TA(J, v1, v2) is terminating and returns a <vy 1-satisfaction problem,
(2) FTV(TA(j, v1,v2)) € FTV({v1, v2}), and

(3) the transformation preserves the set of solutions (i.e. {Jj,{vi,ve}) and
TA(j, v1, ve) are equivalent).

Points (1) and (2) are straightforward, so we consider only point (3). The proof
is by induction on j € {0, ..., Max{Ind ™~ (v1), Ind ™~ (v2)}}.

J = 0. From the definition of TA (see Figure 14) we have TA(0, vy, vg) = Ja. P,
where « is fresh and P = {v; < «, ve < a}.

—If s is a solution of (0, {v1, ve}) then Ind"(Lub_,(s(v1), s(v2))) = 0, which
implies s(v1) = s(vg) € Ty. So s is a solution of . P.

—If s is a solution of Ja.P then s(v;) = s(vy) € Ty, which implies
Ind" (Lub.,(s(v1), s(v2))) = 0. So s is a solution of (0, {v1, va}).
J > 0. By definition of Lub.,-satisfaction problem we have j <
Max{Ind~ (v1), Ind ™ (v2)}}, so at least one of v; and vs is an arrow type.
—If they are both arrow types, say v; = ui; — v} and vy = uiz — vj, then
TA(j, uiy — vy, uis — vy) = TA(j — 1,0}, v;). By definition of Lub-, we
have that, for every substitution s, Lub_,(s(v1), s(v2)) = s(ui1) A s(uiz) —
Lub_,(s(v}), s(v})). So (j, {v1,ve}) and (j — 1, {v], vy}) are equivalent, and
the result follows by induction.

—Ifvyisatypevariable« and vy = ui — v, forsomev = ui; — -+ — ui, > u
(m > 0) with u € Ty such that u is not an arrow type and « ¢ FTV(u) (the
symmetric case is similar), then TA(J, o, ui — v) = Jeie W B .({a = a1 —
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TAl(j,v1) = e

TA"(j,v1,...,0n) = dA W B w .(PUP"), where
Ia@.P=TA Y(j,v1,...,0n-1),
s € MGS(3@.P),
FTV(0n) N FTV(ETVR(s)) =

38.P' = TA(j, Lub" 1(s(v1) ,8(vn—1)),s(vn)), and
7 = FTVR(s) — (@ & 7),
if n > 1 and TA™ 1(],711, ...,Un—1) has solutions

TAn(jvvh s U’n) = 36-{int = b00|}
if n > 1 and TA"1(4,v1,...,vn_1) has no solutions

Fig. 15. Transformation algorithm for n-ary Lub-,-satisfaction.

a2} UP), where a1, as are fresh type variables,and 38 .P = TA(j — 1, [« :=
a1 — aslv, as). We now prove that (J, {o, ui — v}) and Jouyas ¥ B .({a =
a1 — ag} U P) are equivalent.

— By definition of Lub., we have that every solution s of (j, {«, ui — v})
is such that s(a) = u1 — us and Ind"(Lub.,(s(a), s(ui — v))) < j.
So s = s'ola := a7 — ag] for some fresh type variables a7, as and
substitution s such that s'(y) = s(y) for every y ¢ {a1,as} and &
is a solution of (j — 1, {[e := a1 — aglv, @s}). By induction s is a
solution to 38 .P = TA(j — 1, [a := a1 — as]v, as), so s is a solution to
dojog W ?.({a =a; > as}UP).

—If s is a solution to Jajae W B .({a = a1 — a9} U P), then s = s'ola :=
a1 — ag], for some substitution s’ such that s'(y) = s(y) for every y ¢
{a1, a0} and §' is a solution of 3B .P = TA(j — 1, [o := a1 — aslv, a).
By induction s’ is a solution to (j — 1, {[« := a1 — aglv, a3}), so sis a
solution to (j, {«, ui — v}).

—Otherwise (J, {v1,v2}) has no solutions and is, therefore, equivalent to
Je.{int = bool}. O

The following lemma generalizes LemmaA.3 to n-ary Lub.,-satisfaction
problems, and so implies Theorem 9.7.

LEmMa A4. Every Lub.,-satisfaction problem is equivalent to a <y 1-
satisfaction problem. In particular, there is an algorithm that, given a Lub.,-
satisfaction problem transforms it into an equivalent <yo 1-problem.

Proor. We prove the lemma by providing the transformation algorithm.
The transformation algorithm is specified as a recursive function TA" defined
by the clauses in Figure 15, that generalizes the function TA in Figure 14 to an
arbitrary number of arguments.

To show that the recursive function TA" describes an algorithm that proves
the lemma, for every n-ary (n > 1) Lub-,-satisfaction problem (j, {v1,...,Un})
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we will prove that, if j < Ind ™ (v1) then*?

(1) TA"(j,v1,...,v,) is terminating and returns a <y 1-satisfaction problem,

(2) FTV(TA"(j,v1,...,v,) € FTV({vy, ..., v,}), and

(3) the transformation preserves the set of solutions (i.e. (J, {v1,...,v,}) and
TA"(j,v1,...,v,) are equivalent).

Points (1) and (2) are straightforward, so we consider only point (3). The proof
is by induction on n.

n = 1. Every substitution s is a solution to (j, {v1}). Therefore, (Jj, {v1}) and J¢.¢
are equivalent.

n > 1. By induction (j, {v1,...,0,-1}) and TA"_I(j, v1,...,Un_1) are equivalent.
Therefore, ifTA”_l(j, v1,...,U,_1) has no solutions, then (j, {vy, ..., v,}) and
Je.{int = bool} are equivalent (they both have no solutions). Assume that
TA" Y(j,v1,...,vn_1) = 3&.P has solutions. For all s € MGS(3& .P) we
have that, by Lemma A.3,

(j, Lub”, Y(s(v1), ..., s(v,_1)), s(v,)) and TA(j, Lub” '(s(v1), ..., s(v,_1)),
s(v,)) are equivalent. Let TA(j,Lubgl(s(vl),...,S(vn_l)), s(v,)) = 3B .P’
and 7 = FTVR(s) — (@ ¥ B ). We now prove that (J, {v1,...,v,}) and
3o W B w7y .(PUP’) are equivalent.

—If § is a solution to {(j,{vi,...,v,}) then it is a solution of
(j,{v1,...,Un_1}). So there is s € MGS(3®.P) such that s < s and
FTV(v,) N FTVR(s) = ¢. Since s is idempotent, s’ is a solution to
TA(j, Lubgl(s(vl), ..., 8(n_1)), s(vy)) = 3B .P’. Therefore, s’ is also a so-
lutionto 3 W B W 7 .(PUP).

—If §' is a solution to 3@ & B W 3 .(P U P’), then § is a solution to both

(J,{v1,...,0,_1}) and {J, {Lubgl(s(vl), ..., S(vp-1)), s(vy)}), for some s €
MGS(3@ .P) such that FTV(v,) N FTVR(s) = . Therefore, since s < §'
and s is idempotent, IndA(Lub’;z(s’(vl), ...,8(vy)) < j. s is a solution to

(j7 {vl""’vn}>' D

A.3 Soundness and Completeness of the Inference Algorithm
for H50¢ Ree: CoN (Theorem 9.13)

Let I—i‘i be the syntax directed restriction of F%;’C’Rec’c"“ obtained by removing

rule (SuB) and by replacing the rules (IFl) and (MatcHI) by the following rules:

D;AFeg:bool D;AibFei:vi D;Astes:vs
v = Lub.,(v1, v2)
Ind"(v) < Max{ Min{Ind~ (v}) | D; A| e : v}},
Min{Ind™ (v)) | D; A, e 1 vy} }
D; A+ A; + Ay - ifegthene; elsees : v

(Irlsp)

43By definition of Lub_, -satisfaction problem we have 0 < j < Max{Ind ™ (v1), ..., Ind” (v,)}. The
condition j < Ind™ (vy) is necessary to ensure that, for every & € {1,...,n}, (j,{v1,...,v:})) is a
Lub_, -satisfaction problem (i.e. 0 < j < Max{Ind™ (vq), ..., Ind™ (vz)}).
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D;Ag e :ug
(Vi e{l,...,n}) Upp; :up
D;A;,{y :uelU; |y eFVi)ite v

v =Lub’ (vy,...,0,)
Ind"(v) < Max(U;<;<,Min{Ind~ (v}) |
D; Ay Feg - ug,
U/>p; : uy, and
D; Al {y:ueU|y eFV(e)} ke, :v})
(MatcuIsD)

D;Ay+ Ay + -+ + A, - matcheywith{p; =e1,...,p,=en} v
where (Vi € {1,...,n}) {xi1,...,%m)} = FV(p,),
X1y X, are fresh
p; =pilxin =11 [xim, = %], ], and
e, =eilxi1 =[] [ m, =] ]

Indeed, system I—idz is as powerful as system F%8eC° a5 shown by the follow-

ing lemma.

. L
Lemma A.5. (System 39 is as powerful as system =

! e.Rec.Con) - Bor every ex-
pression e and environment D, if D; A }_kgc,Rec,Con e:v, then D;A' =59 e : v’ for

some A’ and v’ such that A <1 A’ and v’ <9 v.
Proor. Let D; <9 Dy mean that

—Dom(D7) = Dom(D5),

—for every assumption x : VB .(As,vs) € Dy there is an assumption x :
V& .(A1,v1) € Dy such that Ay <; Ay, v1 <o U9, and @ C B ,* and

—for every assumption x : VB .va € D5 there is an assumption x : V& .v1 € Dy
such that vy <o ve and @ C PB.

The result can be proved by showing that (the proof is by structural induction
on Fkgc’R“’C” derivations), for every expression e, environment D, and environ-
ment D', such that D’ <5 D, if D; A l—%‘z’c’Rec’Con e :v,then D"; A/ I—i‘i e : v for

some A’ and v’ such that A <; A’and v’ <9 v. O

By Lemma A.5, we have that Theorem 9.13 (Soundness and completeness of
PP for HLoBeeCon) is implied by the following result.

Lemma A.6. (Soundness and completeness of PP for I—i‘i ). For every expres-
ston e and environment D:
(Soundness). If (A,v) € PP(D,e), then D; A I—i‘i e:v.
(Completeness). If D; A’ I—i‘i e : U, then there are a pair (A,v) € PP(D, e) and
a substitution s such that A’ = s(A) and s(v) =v'.

Proor. Both soundness and completeness by structural induction on e.

44Observe that
—vq <g vy implies FTV(vy) € FTV(vy), and
— Ay <1 A implies FTV(A5) D FTV(Ay).
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e=2Xx.

(Soundness). We have to consider three cases.
—Ifx : V& .(Ag,v0) € D, then (s(Ag), s(vy)) € PP(D, x), for some fresh
renaming s of @ . We have D;s(A4y) I—i‘i x : 8(vg) by rule (IDjgcal).
—Ifx:Va.v e D, use rule (IDggobal).
—If x ¢ Dom(D), use rule (IDyndefined)-
(Completeness). Again, we have to consider three cases.
—Ifx : V& .(Ag,v) € D, then the last (and only) rule applied must be

(ID1ocal)-
—Ifx : V& .v € D, the last (and only) rule applied must be (IDglobal)-
—Ifx ¢ Dom(D), the last (and only) rule applied must be (IDyndefined)-

In all the three cases the proof is immediate.

e=c.
(Soundness). Use rule (ConsT).
(Completeness). Immediate, since the last (and only) rule applied must be
(Consr).

e = Ax.eq.
(Soundness). We have to consider two cases.

—Ifx € FV(eg), then (A, x’ : ui, vg) € PP(D, eglx := x’']) and (A, ui — vg) €
PP(D, 1 x.ep). By induction, D; A, x" : ui I—j‘i eolx := x’] : vy, and by rule
(ABs) we get:

D; A I—i‘i AX.eq : Ul — Ug.

—Ifx € FV(ey), then (A, vg) € PP(D,eq) and (A, a — vg) € PP(D, Ax.ep)
for some fresh type variable «. By induction, D; A I—i‘i e : g, and by rule
(ABsVac) we get:

D;A I—i‘i AX.eq o — Up.
(Completeness). Again, we have to consider two cases.

—If x € FV(ep), then the last rule applied must be (ABs). We have v’ =
ui’ > vgand D; A, x" tui’ I—i‘i eolx := x'] : vj. By induction there exist a
fresh pair ((A, x' : ui), vg) € PP(D, eglx := x']) and a substitution s such
that

A x" tui’ =s(A,x" 1 ui) and s(vy) = vy.
So (A, ui — vo) € PP(D, Ax.eg) and s are the desired pair and substitu-
tion.

—If x ¢ FV(ep), then the last rule applied must be (ABsVac). We have
v’ =u — vy and D; A’ 59 ¢ : v). By induction there exist a fresh pair
(A, vo) € PP(D, eg) and a substitution s such that

A’ =s(A) and s(vg) = vy,

So (A,a — vo) € PP(D, Ax.ep), where « is a fresh type variable, and
[ := u] o s are the desired pair and substitution.
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e = epe1q.
(Soundness). We have (Ag, vg) € PP(D, eg) and, by induction, D; Ag I—i‘i e :
Ug.

—If vy is a type variable «, then we must have a fresh pair (Aq,v1) €
PP(D,e ), A =s(Ag+A1)andv = s(as), wheres € MGS(Fe.{v1 < ay, a =
a1 — ag} for fresh type variables «; and ag. By induction, D; A, I—SAcl e1:
v1. By substitutivity

D;s(Ap) 4 e : s(a), and
D;s(Ay) I—i‘i e1 : s(vy).
Then, by rule (Arp), we have:

D;s(Ag + A1) I—i‘; epe1 : s(ag).

—Ifvg = uy1 A --- Au, — v, then we must have fresh pairs (A;,v;) €
PP(D,e;) (for alli € {1,...,n}),s € MGSQ3e.{v; <u; | i € {1,...,n}},
A=s(Ag+A;+ -+ A,), and v = s(v). By induction and substitutivity

D;s(Ap) H8 eg i s(uy A+ Auy — v'), and

D;s(A) Hd e @ s(vy) (for alli € {1, ..., n}).
Then, by rule (Arp), we have:

D;s(Ag+A1+---+A) I—SAd epe1 : s(v).

2

(Completeness). The last rule applied must be (App). We have D;Aj I—i‘i
eo Uy A---Aup, = U, DA I—SA% er tu; (Vi € {1,...,n}), and A" = A} +
A} +---+ Aj,. By induction both PP(D, eg) and PP(D, e;) are not empty and,
by Lemma 9.12.(2), it is enough to consider the following two cases on the
structure of the pairs (Ag, vg) € PP(D, eg).

—uvo = « (a type variable). By induction there exists a substitution sy such

that

o =50(Ap) and sp(a) =ujA---Au, > V.

By definition of substitution, so(«) € Ty, so we havethatn =1andv =u
for some u € Ty.
By induction and Lemma 9.12.(2) there is a fresh pair (Ai,vi) €
PP(D, e;) and a substitution s; such that
A/l = Sl(Al) and sl(vl) = u&

Let P = {v1 < a1, @ = @1 — ag}, where a1, as are fresh. The substitution
s’ = sposiofa; = u),ap := u} is a solution of the satisfaction problem
Je.P and is such that

A’ =s0(Ap) +s1(A1) = s'(Ag + A1), and

s(ag) =u="10'.
So there is s €¢ MGS(3e.P) such that

(S(AO + Al), S(Olg)) € PP(D, 6061)

and s < ¥
—Up = Uy A -+ Ay — . By induction there exists a substitution sy such
that

Ay =sp(Ag) and so(v) =ujA---Au, > V.
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By induction and Lemma 9.12.(2), for all j € {1, ..., m}, there are fresh
pairs (Aj,v;) € PP(D,e;1) and substitutions s; such that

A/J = Sj(Aj) and Sj(l)j) = u’J
Let P ={v; <u; | j €{1,...,m}}. The substitution s" = sposj0- - - oS, is
a solution of the satisfaction problem Je¢.P and is such that A’ = s¢(Ag) +
s1(A)+ - +s,(A4,) =sAg+ A1 +---+A,), and s'(v) = v'. So there is
s € MGS(3¢.P) such that

(s(Ag + A1 +---+ Ap), s(v)) e PP(D, eger)
and s <.

e =letx =egpine;.
(Soundness). We have fresh pairs (Ag,vg) € PP(D,ep) and (A;,v) €
PP((D, x' : VI .(Ag, v0)), e1lx := x']), where @ = FTV(Ag) U FTV(vy). By
induction, D; Ag I—i‘l ey :vgand D, x': VE).(AO, vo); Aq I—i‘i e1lx :==x'] : v1.
—Ifx € FV(ey), then A = A;. So by rule (LETPsI) we have:*®
D; A I—i‘i letx =egine; : v.
—Ifx € FV(ey), then A = Ay + Ap. So by rule (LETPsI) we have:
D; A I—SAd2 letx =egine; : v.
(Completeness). The last rule applied must be (LETPsI). We have D; A I—i‘i
eo : vy, Ind” (vy) = Min{Ind ™ (v]) | D; Aj I—i‘i ey : vy}, D, x: V?.(Az),v());
A} I—i‘i eilx :=x'1:v', and

L { A, if x € FV(er)

A} + Aj, otherwise

Let x € FV(ey) (the other case is similar). By induction there are fresh pairs
(Ag,v0) € PP(D,ep), (A1,v1) € PP((D, x' : Y& (A}, v)), e1lx := x]), and
substitutions sg, s1, such that:

0. A6 = So(Ao) and So(Uo) = 06,

1. 14/1 = Sl(Al) and Sl(Ul) =v.
By point (0), there are a fresh pair (As, v) € PP((D, x' : V& .(Ag, vo)), e1lx :=
x']) and a substitution ss such that:

2. A} =s9(Az) and so(v) =v'.
So (Ag,v) € PP(D,letx = e¢gine;) and sy are the desired pair and substitu-
tion.

e=rec;{x1=e1,...,x, =en} (ip € {1,...,n}).
(Soundness). We have fresh pairs (A;,v;) € PP(D, e;[x; :=x{]--- [x, :=x,,])
(foralli € {1,...,n}), and s € MGS(3e.{Gen(A; + --- + A,,vj) <uij | j €
{J1, -5 Jmih), with {x} .o 2 b = {xg, ..., 25} N (Dom(A; + --- + Ay)) and

45The rule can be applied, since:
Ind™ (v9) = Min{Ind™ (vy) | D; Aj I—SA‘; eo 1 vg)
(by induction and Proposition 7.9).
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A+ + Ay = A, x) tuijy, .., x) uij,. By induction and substitutivity
D;s(A;) I—j‘i eilx1 :=x7]- - [x, :=x,] : s(v;) (for all i € {1, ..., n}). By Defini-
tion 9.1, for all j € {j1, ..., jm}, s(Gen(A; + - - - + A;, v;)) <v2,1 s(ui;) and, by
Lemma 3.8, Gen(s(A; + - -- + A,), s(v;)) <vo,1 s(ui;). Then, by rule (REc2), we

have:

D;s(A) 8 rec;, {x1 =e1, ..., %, = e,} : 8(v;,).

(Completeness). The last rule applied must be (REc2). We have D; A I—SA%
eilxr :=x1]- [y i=xp] s vj (foralli € {1,...,n}), Gen(A] +---+ A}, V) <va1
ui; (for all j € {j1,..., jm}), with {x’ , ..., %} } = {x],...,x,} N Dom(A] +
ot A)and Al + -+ A=A X w1 tud
By induction, for all i € {1,...,n}, there are fresh pairs (A;,v;) €
PP(D,e;[xy := x{]- - [x, := x;]) and substitutions s; such that

A; =s;(A;) and s;(v;) =v,.
LetAi+---+A,=A, x} tuijy,...,x; :uij, and P = {Gen(A1+ - -+Ap,v;) <
uij | j €{ji,..., jm}}. The substitution s’ = sjo-- - os, is such that

A’ =s'(A) and s'(v;) =v;,
and is a solution of the satisfaction problem J¢.P. So there is s € MGS(3¢.P)
such that

(S(A)7 S(Ui0)> € PP(D7 recio {xl = el, R xn = en})

ands <s'.

e = ifegthene; elsees.

(Soundness). We have fresh pairs (Ag, vo) € PP(D, eg), (A1, v1) € PP(D, e7),
(Ag,v2) € PP(D,es), and substitutions sy € MGS(Je.{vg < bool}), s €
MGS({j, {v1, v2})), where j = Max(Ind~ (v1), Ind~ (v2)). By induction and
substitutivity

D;so(Ag) I—i‘i eg : so(vg), and

D;s(A;) H54 e; : s(v;) (for all i € {1,2)).
Then by rule (IrIsp) we have*6

D;so(Ag) + s(Ar) + s(As) l—i‘i ifeg thene; elsees : Lub.,(s(v1), s(v2)).

(Completeness). Thelastrule applied must be (IFIsp). We have D; A; I—j‘i ep :
bO(()ll, D; A} I—SA% e1: vy, D; A, I—SA‘i es 1 vy, A = Aj+ A+ A, v = Lub., (v}, vy),
an

Ind"(v') < Max{ Min{Ind~ (}) | D; A] 4 ey : v]},
Min{Ind~ (v}) | D; A} - ey : 0]} )
46The rule can be applied, since
Ind"(Lub_,(s(vy), s(ve))) < j
(since s e MGS((J, {v1, v2}))), and

Jj Max(Ind ™~ (v1), Ind ™~ (vy))
Max{ Min{Ind~ (v}) | D; A} )—i‘i ey : vy}, Min{Ind™ (vp) | D; A} I—SAd2 eg 1 v} )

(by induction and Proposition 7.9).
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By induction there are fresh pairs (Ag, vo) € PP(D, eg), (A1,v1) € PP(D, e1),
(Ao, v2) € PP(D, ez), and substitutions sg, s1, S, such that:

0. A6 = So(Ao) and S()(Uo) = b00|,

1. A| =s1(Ay) and s1(v1) = 0],

2. A, =s3(A3) and sa(v2) = vy

Let P = {vg < bool}. The substitution s” = syos;0sg

—1is such that

Ay + A+ Ay, =8"(Ap+ A1 + Ag)), and Lub.,(s"(v1),8"(v2)) =V,

—1is a solution of the <vy 1-satisfaction problem J¢.P, and
—is a solution to the Lub.,-satisfaction problem (j, {v1,vs}), where j =
Max(Ind " (v1), Ind ™ (v9)).4"
So there are
—s3 € MGS(Fe.P), and
—s € MGS((J, {v1, va})),
such that
(s3(Ap) + s(A1) + s(Ayg), LubSZ(s(vl), s(v2))) € PP(D, ifegthene; elseesy),
s” = sjos3 and s” = s”os, for some substitutions s;, s” such that Dom(s;) N
Dom(s"”) = ¢, FTVR(s;)"Dom(s”) = #, Dom(s”" ) NFTV(s;(s3(Ao))) = ¥, and
Dom(s;)N(FTV(s(A1))UFTV(s(Az))UFTV(s(v1))Us(FTV(ve))) = #. Therefore,
s’ = §”0s; is such that

A+ A} + Ay = §/(s3(Ag) + S(A1) + 8(Ap)), and s'(Lub,(s@y), s(vs) = v'.

e = matcheowith {p; = e1,...,p,, = en}.
(Soundness). We have fresh pairs (Ag, vo) € PP(D, eg), (U, u;) € PAT(p})
and (A;,v;) e PP(D,e) (for alll € {1, ..., n}), and substitutions
s e MGSGa.{ vo < a} U Uiyl <o, uizy <w1,...,uipn < uw ),

s’ € MGS((J, {s(v1), ..., s(w)}), with {y;1, ..., ¥1.n,} = Dom(U;) N Dom(4;),
U =U{yi1 w5 Yin s Uy, A = Ay w0 Yon - Wiy,
a fresh type variable, and j = Max(Ind ™ (s(vy)), ..., Ind " (s(v,))). By induc-
tion and substitutivity
D;s'(s(Ag) H8 eg : §'(s(vo)),
s'(s(Up))>p; : s'(s(y;)) and D; s'(s(4;)) l—i‘i e; : §'(s(v)) (foralll € {1,...,n}).
Then by rule (MarcuIsp) we have*8
D;s'(s(Ag+ A} +---+A) I—i‘i matcheg with {p; = e1,...,p, = e} :
Lub’ (s'(s(v1)), ..., s'(s(v,))).

471n fact
IndA(LubSZ(s”(vl), §"(v9))) = Ind"(v') = IndA(LubS2 (v],v5))
< Max{ Min{Ind "~ (v]) | D; A] I—SAd2 eq :v]}, Min{Ind™ (v}) | D; A} I—SAd2 eg vy} )
= Max(Ind~ (v1), Ind ™ (vg))
=J
(by induction and Proposition 7.9).
48The rule can be applied, since

IndA(Lub'éz(s’(s(vl)), LS ) <Jj
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(Completeness). The last rule applied must be (Matculsp). We have
D; Ay 59 eg s ug and, Vi € (1,...,n}, U/ep; : uy, D;Aj,{y :w e U] | y €
FVi(e;)} I—i‘i e :vj, A=A + A +---+ A, v =Lub’ (v],...,v),),and
Ind"(v') < Max(U;<;<,Min{ Ind~ (v}) |
D; Aj I—SACL eo : ug,
U/>p; :ug, and
D; Al {y:ueU |y eFV(e)} - e :v) ).
By induction and Lemma 9.10 there are fresh pairs (Ag, vo) € PP(D, ey) and,
Vi e (1,...,n}, (U,{yi1: wi,..., Yim 2wy, w) € PAT(p)), (A, {yi1 :
U1, -5 Y - Uiyt v1) € PP(D,e)) (where {y;1,..., yi,n,} = Dom(U;) N
FV(e;)), and substitutions so, s;, s; such that:
0. Ab = So(Ao) and So(Uo) = u{),
1. Ul/ = Sl’(Ul, {yl,l TULAs - Ykt ul,hl}) and s}(ul) = u},
2. Al {y :u eU] | y € FV(e))} = si(A;, {y1.1 : uli1,---, Yi,p, - Uiy }) and
sl(vl) = Ul/.
Let P ={vo < a}UU gl <o, wig1 <upa,...,uiipn <up), whereaisa
fresh type variable. The substitution s” = sgoso---osjosi0- - - 08
—1is such that
Ay+ A+ +A, =s"(A+A1+---+A4,) and
Lub® (s"(v1),...,8"(v,) =0,
—1is a solution of the <vg ;-satisfaction problem J«.P, and
—is a solution to the Lub.,-satisfaction problem (j, {s(v1),...,s(v,)}),
where s € MGS(Ja.P) is such that s < 8’ and j = Max(Ind™
(s(v1)), ..., Ind” (s(v,))).*?
Let s such that " = 8" o s, since s” is a solution to (J, {s(v1), ..., s(,)}),
there is
s’ e MGS((J, {s(v1), ..., s(vy)}))
such that
(s'(s(Ag + A1 +--- + Ay)), LubZ (s'(s(v1)), . .., 8'(s(vs)) €

iy / PP(D, matchegwith{p; = e1,...,p, = en})
and s'os <s”. O

(since s’ € MGS((j, {s(v1), ..., s(vp)}))), and

Jj =Max(Ind~ (s(vq)), ..., Ind” (s(v,)))
= Max(U; g ,Min{ Ind™ (v]) |
D; A, I—SAd2 eq : ug,
U/tp; : u;, and
D; A}, {y:ueU] |y eFVi) I—sAd2 e; v })
(by induction and Proposition 7.9).
491n fact
IndA(Lubréz(s”(vl), ...,8" () =Ind ) = IndA(Lubréz(v’l, cesU)
< Max(Us <; <, Min{Ind~ (v)) | D; Aj F54 eq : ug,
U/>p; : ug, and
D; Al {y:uecU |y eFVi))} I—i‘; e; v/ })
= Max(Ind™ (s(v1)), ..., Ind™ (s(v,)))
=J
(by induction and Proposition 7.9).
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