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Abstract. We investigate logical semantics of the first ordezalculus. An as-
signment system of predicates to first order typed terms of the @Rulus is
introduced. We define retraction models for that calculus and an interpretation
of terms, types and predicates into such models. The assignment system is then
proved to be sound and complete w.r.t. retraction models.

1 Introduction

The essence of logical semantics of a calculus is a system of predicates and a relation of
satisfiability, such that the meaning of a term in the calculus can be identified with the
set of predicates it satisfies. Examples are intersection types for the typedadeulus

[7, 6], pre-locales for typed-calculi and domain logic [4], Hennessy-Milner logic for
CCS terms [15, 3]. The present work is aimed at defining a logical semantics suitable
for typed object calculi.

In [12] it is shown that certain characterizations of reduction properties of pure
terms via intersection types (for which see e.qg. [10, 16, 6, 11]) are smoothly inherited
by the type-free-calculus, provided we extend the intersection type disciplineXe a
calculus with records, and interpreterms using the self-application interpretation of
[14]. Nonetheless the focus of research in the area of object calculi is on typed systems
and typed equational theories. To make our approach applicable to the latter case we
have to put on a clear footing the idea of an assignment system of predicates to typed
objects: a first investigation is [13].

For monomorphic typed calculi predicates differ from types in that each term has ex-
actly one type, but satisfies (often infinitely) many predicates. This difference is blurred
in the polymorphic case (indeed, in the literature, Curry types, intersection types and
ML types are considered as forms of polymorphism), but it is still true that, while pred-
icates give partial information about the behavior of single terms, types are concerned
with general properties of the system, like strong normalization for typedlculi, or
error-freeness of the reducts of typed terms in object calculi.
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The solution we propose is to consider types as languages of predicates, or even
better as theories. The denotation of a term is then a set of predicates closed under
conjunction and logical implication (technically a filter), but when such a denotation
is relativized to a type, which is the counterpart of typing the term, its denotation is
restricted to the language associated with that type. This suggests a natural interpreta-
tion of features of polymorphic typed systems, as it is the case of subtypirg: B
if the theory associated tB is “included” into the theory ofd, which means that its
discriminating power is at most that df (for a topological interpretation of the same
idea, and its relation to realizability models and PER inclusion see [13]).

In the present paper we investigate logical semantics of the first orcidculus of
[1], called there system OBThis is the core of the object calculi studied in that book,
even if it is poorly expressive and does not include any form of subtyping. Still it is an
interesting case study, as the recursive nature of types is challenging to model (it is the
most complex and contrived part of the semantic constructions in [2, 1, 8]). It comes
out that the filter model of the typed calculus has the structure of a retraction model,
in the sense of [18], where retractions map filters of predicates to their intersection
with the language associated to the given type. This leads to a completeness theorem
of the assignment system with respect to retraction models of the calculus. We stress
that languages, which define the retractions over the filter model, are inductively defined
sets of predicates: a concept of lower logical complexity, and much easier to understand,
than fixed-points of contractive operators over ideals or over complete uniform PERSs.

2 Assignment for the typedg-calculus

In this section we introduce the calculus, its types and typing rules, the syntax of the
predicates and an assignment system, to syntactically derive judgements associating
predicates to typed terms under the assumption of similar judgements about a finite set
of typed variables. Predicates are transparently intersection types\foaleulus with
records, and come from [12]. The essential difference is that the set of predicates is
stratified into languages, in such a way that whenever a predicate can be deduced for a
terma, it belongs to the languagé, associated withd.

2.1 The calculus

Definition 1 (Untyped terms).Let L = {/¢; | i€ N} be a denumerable set tzfbels
The terms of the first ordercalculus are defined through the following grammar.

a,bu=a | [l; =<(z;)b/ "] | al | al=q(z)b

In the expression(x4)b, the operatot(-) bindsz in b; free and bound variables are
defined as usual. Terms are considered equal maguionversion, i.e. up to renaming
of bound variables.

Definition 2 (Reduction).On terms, theeduction relatiorns defined as the contextual,
transitive closure of the following reduction rules:



wherej € I anda{x < b} is the substitution of by b in a, avoiding variable clashes.

The reduction relation is confluent (see [1] Ch. 6). Terms do not necessarily have a
normal form: e.gf2 = [¢ = ¢(z)x.¢].¢ is such that? — (2.
2.2 The typed system

The following is a presentation of the system {08 [1], with minor changes consisting
in writing a* instead ofa:A, and omitting rules for deriving well formed types and
contexts: first order types are indeed defined by a simple inductive definition.

Definition 3 (Types).Let K be a set of type constants, ranged overbyThe set of
typesis defined by the following grammar:

A, B =K |[t;: B; €]
wherel is a finite set of indexes.

In the present setting, @ontextfor a type judgement is just a finite sitof type
decorated variables, of the shapé.

Definition 4. Thetype judgementare defined by the following natural deduction sys-
tem (Whered = [¢}, : By *€1)):

(Var) - (@7 €E) (Val Objech : Viel
Er a2t E+ [6; = g(af)pP €A (riel)
(Val Select mo (jelI) (val Update Bfa® Batibn (jel)
al Selec € al Upda S
EF (a0, 7 EF (a0, =@ P2

Having adopted the notation” for a term variablex of type A, the contextEl
becomes redundant. We keep it, however, since this turns out to be useful when intro-
ducing bases in the subsequent section.

Reduction among typed terms is defined by adapting Definition 2 in the obvious
way. The main result about this system (and all its extensions in [1]) is that types are
preserved under reduction: since a term of the fofm= ¢(z*)b].¢; or of the form
(i = s(z)b].l; =c(y")c has no type if # j, we may conclude that the reduction of
typed terms will never get stuck into not well formed terms (see [1] Ch. 7). Typed terms
do not necessarily normalize, howevier24 = ([¢ = ¢(z!“A1)x.£).0)4 is derivable in
the empty context for all typed.

2.3 A predicate system

Much in the style of [7], in this section we will present a notionimrsection types
called predicateshere; using these, we will define a notionredicate assignment
which will consists basically of associating a predicate to a typed term.



Definition 5 (Predicates).The setC of predicatess inductively defined by:
o, 7=k | w| (0—=7) | (oAT) | (4 : 0 €T)

wherex ranges over a countable set of atoms. On predicates a pregtdemductively
defined by:

o < o
o < w
w < w—ow
(0—T)AN(o—p) < o—(rAp)
p<oc ANT<u = 0—=T< p—U
oNT < o0, oANTLS T
c<T ANo<p = c<TNAp
o<1t = ({:0)<{l:T)
Pk = ONTk, ikaImJ,
<€ O'LZEI>/\<£ T;9€ ]> < <€k : pk(kGIUJ)>’ where Pk = Ok, if kGI\J,
Pk = Tk, ikaJ\I
<£1 : O'ii61> <£J : O-ijJ>7 if J - I

<
c<7<p = o<p

Finallyo =17 < oc<7<o0.

Atomic predicates are intended to describe elements of atomic type in the domain
of interpretationz—r is the property of functions sending elements satisfyirigto
elements satisfying; (¢; : o; ‘) is the property of records having values that satisfy
o; associated with the field; for all + € I. Predicatesv and cAT mean truth and
conjunction respectivelys < 7 reads asd implies’.

In the following we consider as ‘types’ also arrow typés-B: functional types
are indeed implicit in the interpretation of objects (especially of methods) but do not
appear in the syntax of the calculus OBut they do in the calculi in [1] enriched
with lambda abstraction and functional application). Here their use allows for more
transparent notations.

Definition 6 (Languages).The set of all predicates is stratified into a family{ £ 4 } 4
of sets of predicates callddnguagesindexed over types such that:

1. anyx belongs exactly to onég, for someK € K;
2. anyL , is the least set (including atomsAf = K') such that:

cels T7€ELy oc€Lly TELB

wela oATEL A oc—T17€LA_B

UEﬁA*}BJ. UEEA

(A=[t;:B;€1),j€l)

—_— oc<T
<£j10'>€£14 TELA

A statemenis an expression of the shapé: o, wherea is a term,A is a type, such
that there exist& with E + ¢, ando is a predicate, and is called thesubjectof this
statement.



A basis is a finite set of statements with only (distinct) term variables as subject,
of which the predicate is nai. We say that" preserves languagéko € £ 4 whenever
zt:oel.

If Eis acontextand” a basis, we say thd fits intoI", writen E< I', if z4:0€ T’
impliesz* € E. We say that two basd$), I'; arecompatiblef there exists a context
including all variables occurring in bothy and 7, fitting into both of them.

Definition 7 (Predicate Assignment).Let A = [(; : B;*¢!] and B, B; be any type,
then:

— (B.ser
<Var)Fl—mB:0( )

I‘,xf‘:ml—bf":n
I [l = (@)oo —77)
Fat:(;o;—17S7) TFat:op
Fl—a.ékB":Tk
I'a®: (oS DytioFbBer

I'F (aly=c(y)b)A: (007N l:o—T)

(Type Object

(VieI A JCI)

(Val Select

(keld)

(Val Update

(ked)

plus the following ‘logical’ rules:

Eta® I'taP:0 I'tadP:7 (<)F|—aB:a c<rT

(W) ———(Ea) (Al
FI—aB:w( ) I'taP:onr I'tad?:r

As a straightforward induction shows, if all bases in the derivatiod 6fa : o
preserve languages, ther L 4.

We remark that in rul€Type Object it is not required that the; are equal, not even
pairwise consistent (but for the fact that they belong to the same langlLiggel his
should be compared to ru{®al Update, which allows for replacing the subexpression
o in the predicatél;:o;7€7) of the first premise by the completely unrelated predicate
o— in the conclusion. This is sound, however, because of fuSelect, which
checks in the crucial place that the antecedent of the arrow hola$,db which the
self variablez;! is bound.

These features, which surely sound odd to readers familiar with the literature on
object calculi, are indeed essential. Suppose in fact that

A= [é() : |nt7 lq: |nt] anda = [60 = §({EA)].,£1 = §($A)£U.£()]
(using a constarit of typeInt), so that- a*. Then

(b s w—0dd) F z? : (fy : w—Odd)  z*:(ly : w—Odd) F z? : w
z}whk1:0dd xA:<Zo : w—0Odd) + (m.fo)lnt : Odd
Fa®:(ly : w—0dd, £1 : (o : w—Odd)—Odd)




where/, is a field and/; is the methodyet ¢y. By rule (Val Update one might derive
the seemingly incorrect:

Fa®: (b : w—0dd, £ : (¢ : w—0dd)—O0dd) 3w+ 2: Even

F (alo=s(y™)2)? : (Lo : w—Even, £; : (fy : w—0dd)—0Odd)

This makes sense, however, since it simply tells that if the valug & an odd
integer, then the methad will return an odd integer; it also tells that this is vacuously
true of the actual objedta./y =< (y*)2)*, since it has an even integer @t More-
over it is harmless{a.fp =¢(y*)2).t; — 2 and we clearly assume thigt2 : Odd;
nonetheles¥ (a.fo<<(y*)2).¢;, : Odd, because rulevl Select does not apply since
i (a.lo=s(y*)2) : (£ : w—0Odd).

On the other hand the following odd-looking assignment is legal as well, this time
by rule (Type Object

x?:(ly : w—Even) -z : (£y : w—Even)z*:(fy : w—Even) -z : w

#*wk1:0dd 2™ty : w—Even) F (z.60)M . Even

Fa™:(ly : w—0dd, £ : (¢o : w—Even)—Even)

In the last case, however, the apparently odd predicate we deduce, is of use to con-
clude by rule Yal Update:

Fa®: (fy : w—0Odd, £, : (£ : w—Even)—Even) y*:wk 2:Even

F(alo=c(y™)2)* : (€ : w—Even, ; : (s : w—Even)—Even)
which is what we expected.

The next lemma will be of use in the last section. Iet< IV mean that for all
z? .7 eI there exister < 7 such thatr?:0 eI

Lemma8. 1. ' < I’andI’F a?:oimplies"+ a*:o.
2. If Iy, I, are compatible bases, then there exists the bAgid ™ which is the
greatest one such thd@yAly < I; fori =0, 1.

Proof. The first part is proved by induction over the derivationI&f- a* : o, using
(<). For the second, lefyAI'; be the basis including exactly the statements o
such that eithet:* : & is in one of the two basis and not in the otherady: oy € I,
zd:01 €I ando = goioy. [

We end this section by stating, without proof, the main theorem about syntactical
properties of the assignment system. It establishes that predicates are invariant under
conversion.

Theorem 9 (Subject reduction and expansion).

1. fI'Fa?:p,anda — o/, thenI" - a’4 : p.
2. fI'-a”:panda’ — a whereE + o/ for E< I, thenl' - a'4:p.



3 Models and logical semantics

There is no definite agreement about what should be considered as a model of object
calculi. Even [1] does not give a general definition of this concept. Rather it is com-
monly held, especially after Cardelli's seminal work on records calculi, that it should
be a model of the\-calculus including operators to build, access and modify finite
records, often seen as finite functions over a set of labels.

Definition 10. We call a structureD = (D, L,emp, Icond, sel) an untypeds-model
if:

— DisaA-model;

— L ={{; | ie N} is a denumerable set of labels;

— empeD,;

—sel: Dx L — D;

—lcond: DxLxD—D

such that (writingcond andsel in a Curryfied form):

1. sel(lcond z ¢; y)¢; =y,
2. 1 # j = sel(lcondz ¢; y)l; = selx;,
3. i# j = lcond(lcond z ¢; y) £; z = Icond(lcond z ¢; z) ¢; y.

emp is the empty recordsel is a selection operator, depending on its second argument
for the field to be selected on its first argumdogind is a conditional update operator,
setting to the value of its third argument the field of its first argument at the label which
is the second argument. Note that, due to the untyped nature of the structure, nothing
prevents from field selection or field update of some non record element of the domain.
An untypeds-model is a particular case of what is called,aecord-combinatory
structure in [17] ch. 10. Differences are that h&ds a \-model, instead of a par-
tial combinatory algebra, and the third axiom ablmaind which is not in the original
definition. The present choices allow for a simpler treatment and are satisfied by the
untyped structure in [1] ch. 14, which is the only denotational model oftb&lculus
in the literature.

Since anyD is a \-model, we shall freely use abstraction notation. Moreover, we
use the abbreviations:

(-) =emp
(; = di*€{h-mh)y = Icond(. .. (lcondemp (1 dy) .. )¢, d,,
d-l; = sel dl;

d-l;: =e=Icondd/;e
A structure of this form can be constructed by solving the domain equation:
D= At+[L— D]+ [D — D] 1)

whereAt is a domain interpreting atomic (namely ground) types. This equation appears
in [9, 5], and is essentially the same as in [1], where it is used to build a model of the
(second order) typegtcalculus.



Definition 11. To each predicater we associate a subs@ﬂ]nD C D (or simply[o],,
whenD is clear from the context), whefesends each predicate atotrto some subset

of D, andn(x) C [K] whenk € L for some constant typ&:

1

2

3.

4,
5. <€z L 0; i61>]]n = {dED | Viel.d-V; e [[O‘i]]n}.

The latter definition formalizes the intended meaning of predicates by defining their ex-

tensions; the subsequent proposition states that implication corresponds to set theoretic
inclusion of predicate denotations as expected.

Proposition 1. If o < 7 then, for anyy, [o], C [7],.

Definition 12. Atype interpretatiooverD is a mapping associating with each tyge

asubsefA]” C D. Itis said to beconsistentwith the predicate interpretatiof- | o i
o €Ly implies[s], C [A].

Previous definitions provide the essentials to give meaning'ter and to judg-
mentsl" - a? 0.

Definition 13. Suppose thab is an untyped;-model. Let the type interpretation and
the predicate interpretation be consistehAtpe a context]” a basis and; a term envi-
ronment:

1. ¢ £ Eif &(z)e[A]" whenever: € E;

2. Ef=atifforall £st.é = B, [a]¢ € [A]7;

3. ¢ = rifzt:oe N impliesé(z?) e[o], C [A]”

4. I atioifforall €st.é = I, [a]f €[o], € [A]”.

3.1 A model of retractions

Let D be any domain solving the equation (1). Following [18letiactionover D is a
continuous functiom : D — D such thaip? = p o p = p. Types can be interpreted by
means of retractions by settifigl] = {d€ D | pa(d) = d}, which is the same as the
range ofp 4. For basic types one may chogsge(d) = d if de At, else L.

Proposition 2. LetA = [¢; : B; ‘€!]:if pp, is aretraction for alli € I, then there exists
a retractionp 4 such that

pa(d) = (i = pa_p,(d-£;) "),

wherepa_.p(d) = Ax.pp(d(pa(z))) (indeedp s, 5 is a retraction, ifp 4 andpp are).



Proof. The function (in Curryfied form)
Yafd=(t;=Xv.pp,((d- 6:;)(fz)) ")

is continuous, hence it has a fixed-pojnt = Fix(Y4) = ||, T\, whereT©® =
Ar. L, 7Y = 1,4 (r(Y). By its definition we have

pald) = (t; = Az.pp,((d- £;)(pa(x))) *<") = (6; = pa_p,(d- £;) <").
Observe that this is indeed a retraction:
n,m n+m

We say thatD, {p4} 4) is aretraction modelf D is an untyped-model and{p4 } 4
is a family of retractions such thaty (d) = (¢; = pa_p,(d - ¢;) ‘T), whereA = [¢;
Bi ieI]'

Definition 14. Let (D, {p4} ) be a retraction model. Thigped interpretatio@aAﬂ?,
where¢ is an environment associating with each term variable an elemeit,aé
inductively defined by:

o], = £(@) |
[le; = c(mf‘)bfl le[“]g == Ad-ﬂb?i]]g[xi;:m(d)] )
[ aA-fi)Bfﬁg = [([[[ A]]g'gz)[[aA]]g
. : .

B;
Elz=pa(d)]”

Theorem 15 (Soundness of the type system w.r.t. retraction models).
If £+ a? thenE | a?.

Proof. By induction over the derivation of - a* we prove thapa([a*],) = [a*],
for any environmen{ such that = E. [ |

Lemma 16. Suppose that the image @fx) underpg is included inton(x) when
KELk. IfoeLaandde[o], thenpa(d) € [o], .

Proof. By induction ono. Casesv andk are trivial, by definition and hypothesis re-
spectively. CaseAr € L4 is immediate by induction, since thenre L 4.

Cases—1eLa_p.thencelLandreLp;if de [[cr—w]]?7 then:
€lo], = pale)elo], by ind.

= d(pa(e)) €[], by hyp. ond
= pp(d(pale)))€[r], by ind.

and we conclude singes . 5(d) = Az.pp(d(pa(x))).



Case(l; : 0; I€7)e L4, whereA = [¢; : B; 7] andJ C I:theno; € L4_.p, for
all j. This implies that, il € [(¢; : 0; 7<7)], thend - £; €[o;], and by induction
pa—g;(d)€[o;],: the thesis follows sincpa(d) = (¢; = pa—p,(d) €y, m

Theorem 17 (Soundness of the predicate system w.r.t. retraction models).
If I't-a?:othenl |=a?:0.

Proof. By induction on the derivation af - a“ : o. We show only the interesting cases.

The derivation ends with:
F,q:f‘:ai F blBi:Ti
e, = g(xf)biiEI]A:<€j:UjHTjjeJ>
. B; A -
By definition ([a], - ¢;)d = [b;"¢(s,.—pnay, WherejeJ C It if defo],
then, by Lemma 16p4(d) € [0;],,, sincec; € L4; therefored[z; := pa(d)] =
1€ [7;],,- This implies

(Type Object (VieI N JCI)

T, xj‘:aj and, conseqqently, by inductio[bff]]g[
that[[aAﬂEE [[(ijoj—m'jje‘]wn.

The derivation ends with:

zj:=pa(d)

FCLAZ<ijO'j—>TijJ> I'ta?:op
I+~ (a.Zk)B’“ T

The thesis follows immediately by inductiofu] . € [(¢;:0,—7;7<”)], and[a?], € [o4],,

and by the definitiorf(a.(x)®*], = ([a*],-£x)[a?],

The derivation ends with: )
I aA:<€j:UjJEJ) Ioyt:oFbPr:r

It (aly=s(yMb)A: (00— TN by o—T)
Definec? = (a? .4, =<(y?)bP*)4, and recall that

[]e = [0™]e- b 2= M-I gy -

Letde[o;], for someje J: if j # k then([c],-¢;)d = ([a?],-¢;)d € [7;], by
induction. Otherwisg = k and ([¢*],-¢;)d = [6"*]¢(,.—,, @y € 7], @gain by
induction. |

(Val Select (keJ)

(Val Update (keld)

3.2 The filter model
Definition 18. Afilter of predicates is a subsét C £ of predicates such that:

1. werF,
2. ifo,7e Fthenont € F,
3. ifceFando < 7thenteF.

Let F be the set of all filters of predicates.

A filter is principal if it is of the form {7 | ¢ < 7}, which we denote by o (the
upset ofo). As is known from the literature (see e.g. [119,is a A-model, where



continuous functions, that is mappings: 7 — F such thatf(F) = J, . f(10),
are representable by the filters

U(f) ={o—7[7€f(T0)}
and functional application is defined by:
FG={r|30eG.o—T€cF}.

Moreover,F is a solution of the domain equation (1), hence it is a model of the type-free
¢-calculus. In the next proposition we spell out the details of the definitions of record
selection and record update operations over filters.

Proposition 3. The following operations on filters interpret the record constant and
operations, turning¥ into an untyped-model:

1. emp= T();
2. F[Z:{U|<£ZO'>€F},
B(Fti:=G)={{l;:0;7€NY | (j#i N {j:0)€F) V (j=1i A 0,€Q)}.

Proof. The equations of Definition 10 are checked by straightforward calculatmns.

We remark that all the operations above, as well as functional composition, are
continuous in their arguments which are filters.

Proposition 4. [o], = {F'€F | o€ F'} is a predicate interpretation that satisfies all
clauses in Definition 11. Moreover,jfx) C [K] whenever € Lk, then[o], C [A]
ifoela. ]

In the following, if X is a variable ranging over filters andX] an expression
denoting a filter such that the functionX.e[X] is continuous, then we abuse notation
writing AX.e[X] for (A X.e[X]).

Lemma 19. The family{p 4} 4 whereps(F) = F N L4, is a family of retractions
turning F into a retraction model.

Proof. We checkthal' N L4 = (¢{; = AX.(F - £;)(X N L4) N Lp, !). Observe that
o€l =AX.(F - )(XNLA)NLp, €y ifand only if o = (¢; : Na—p I7),
whereJ C Iandge (F-£;)(TanNLa) N Lp, foreacha—gin A a—pandjec.J. On
the other han@ < (F - £;)(Ta N L4) N Lp, if and only if (¢; : o/ =) F' N L, for
somea’ € TaN La4.

Now, if o€ (¢; = AX.(F - £;)(X N La) N Lp, €LY then(l; : No/—BI)eFn
Laand(?;: No/—BIT)y < (¢; : Na—BI€7) = o which is theninF N L 4.

Vice versa, ife€e F N L4 theno = (¢; : Ay—87€7) > (¢; : Na—BI€7) for
someJ C I, ac€ Ly, B€Lp,. This implies that\ a—3 < y—¢ for eachjcJ and
y—d in Ay—4. This is true if and only ifAY < § whereY = {# | a€X} and
X ={a|a>~v}. Itfollows thatA a—8 < AX— AY <~v—4;sinceX C1yNLy
and both filters and languages are closed under finite intersecfoss Ty N L4,
which impliess € (F - £;)(Ty N La): nowo € (6; = AX.(F - £;)(X N La) N Lp, )
follows. ]



Theorem 20. For all a* such thatF + a*, for someF, and all environmeng such
that¢ = E:

[[CLA]]?:{O'|3F.£':F&FI—GAZO'}.

Proof. (2): (F,{pa}a) is aretraction model by Lemma 19 and therefore, by Theorem
17,if¢ = I'andI" - a? 0 then[a”] € [o], , so thato € [a*] by definition of[a], .

(C): by induction over”.

Caser?: if o€ ﬂxA}]? = &(2?) C La, then{z*:0} is a well formed context =
{z4:0} and{z4:0} F 240 by (Var).

Casen” = [(; = ¢(a?;)bPi €1]Aif

gc [[aA]]? = (i = )\X~[[b£31]]gf[zi;:xm;,] NLp, i61>7
theno = (¢; : ANa—B7€7)e L, for someJ C I, whereBe [[bff]]f[mj:zmm“] N
L, . By induction hypothesis for eagte .J there existd’; such that[z; := TaN
L] = Iy andIy, - bfj : 3 this implies that:7 : o/ € I'; for somea’ € Ta N L a.
Since this holds for alf € J, while clearly '}, - bf*’ :wforallkel\ J, we derive
I'"ta?:(¢; : \ o/—p) by (val Objec), wherel” = I"\ z# : a foranyje.J. Now
o/ > awhich impliesA o/ -3 <4 A\ a—( and we are done.

Case(a”.(;) P if re[(a.4)P ] = ([a*]{ - €:)[a*]] then there exist € [a]{
such that(¢; : o—7) € [[aA}]?. By induction there ardy, I'; such that |= I for
i=0,1,andly F a?:{¢; : o—7) andIy - a?:0: it follows thatl” = THALY is a
well formed context such thgt= I", and thatl" - a4 : (¢; : o—7) andI" - a4 : 0.
The thesis follows byVal Selec}.

Case(a? .£; =¢(z)bBi)A: if

TE II(aA‘gi/Fg(xA)bBi)A]]ff = [[G’A]]gf : gl = )‘X'[[bBi]]Ef[a:::XﬁﬁA] N ‘CBM

thenr = (¢; : Aa—37<7) for someJ C I:if j # i then(; : /\aﬂﬂ)é[[a‘q]]?,
which by induction implies thaf; - a: (¢; : A a—/3) for someI} such that
£ | Iy if j = i then ﬁe[[bBi]]f[x:zTamA] N Lp,, hence by induction there
exist I; st. & = Ii,z?:a and I, 24 :a b5 :3. Take ' = Njes Is: then
¢ B rand'Fa?:(¢; : Na—p) and I,z :a - bP: 3, and we conclude by
(Val Update). ]

Corollary 1 (Completeness w.r.t. retraction models)" - a”:0<=T = a”:0.

Proof. The ‘only if’ part is Theorem 17. For the ‘if part’ define the term environment
Er(@B) = 1 rif 2B:r € I, 1 wif x does not occur in: thenér = I, hence
o€ [[aA]]fF. By Theorem 20 there exisfs such that, |= I andI” - a*:o. Now if

&r b= I thenép(2B) € [7'],, (for anyn consistent with the type interpretation) when
xB:7" € I"; this implies that’ € ¢r(2P) = 1 7, andz®:7 € I': we conclude that
I < I, hencel F a”:0 by Lemma 8. ]



4 Conclusions and further work

We have shown that an assignment system of predicates (essentially of intersection
types) to typed terms of the object calculus dBduces a sound and complete seman-
tics with respect to a family of models of tkecalculus using the range of a family

of retractions as the interpretation of types. This is a logical semantics, since a retrac-
tion model can be constructed in which the denotation of a term coincides with the set
(namely the filter) of predicates that can be derived for it in the system.

It remains to be seen how retraction models extend to cope with subtyping and
bounded quantification, to model the fghcalculus. It should be also investigated the
relation of retraction models to PER models, which are used in [1] to model the calculus,
e.g. along the lines of [13]. This will be the topic of further research.
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