Intersection Types: an Introduction

AAL02, Canberra, December 2, 2002



simple types
Intersection types
properties of A-terms
type preorder

filter models

Stone duality

Plan of the talk



Implicational Propositional Logics

(ax) ', obF o



Implicational Propositional Logics

(ax) ', obF o

[+ oco—T1 | F o

(= E) [+ T




Implicational Propositional Logics

(ax) ', obF o

[+ oco—T1 | F o
[+ T




Functional Interpretation of Implication

o— IS the set of functions which
applied to an argument belonging to o
give a result belonging to



Functional Interpretation of Implication

o— IS the set of functions which
applied to an argument belonging to o
give a result belonging to

even: number—>bool



Lambda Notation

If M is an expression (possibly containing the variable x)
then Ax.M represents a function
which applied to an argument N gives M [N/x]



Lambda Notation

If M is an expression (possibly containing the variable x)
then Ax.M represents a function
which applied to an argument N gives M [N/x]

M\z.z2 is the square function
(A\z.22)2 — 4



Lambda Calculus

variables: z, v, . ..

10



Lambda Calculus

variables: z, v, . ..

application: M N

11



Lambda Calculus

variables: x, vy, . ..
application: M N
abstraction: \x.M

12



Lambda Calculus

variables: x, vy, . ..
application: M N
abstraction: \x.M

(B-rule) (A\x.M)N — M[N/x]

13



Lambda Calculus
variables: x, vy, . ..
application: M N
abstraction: \x.M

(B-rule) (A\x.M)N — M[N/x]

(Azy.zyy)(Nz.2) — Ay.(Az.2)yy

14



Lambda Calculus
variables: x, vy, . ..
application: M N
abstraction: \x.M

(B-rule) (A\x.M)N — M[N/x]

(Azy.zyy)(Az.2) — Ay.(Az.2)yy — Ay.yy

15



Lambda Calculus
variables: x, vy, . ..
application: M N
abstraction: Ax. M
(B-rule) (A\x.M)N — M[N/x]

(Azy.zyy)(Az.2) — Ay.(Az.2)yy — Ay.yy

(My.yy) Ay.yy) — (Ay.yy) (A\y.yy)

16



Lambda Calculus
variables: x, vy, . ..
application: M N
abstraction: Ax. M
(B-rule) (A\x.M)N — M[N/x]

(Azy.zyy)(Az.2) — Ay.(Az.2)yy — Ay.yy

(My.yy) Ay.yy) — Ay.yy)(A\y.yy) — ...

17



Implicational Propositional Logics

(ax) ', obF o

[+ oco—T1 | F o
[+ T

18



(ax)

Simple types

[,x ok x .0

[+ c—1 [ I

(— E)

o

(= 1)

[+ T

[, ok T

[ = o—T

19



(—

E)

Simple types

(ax) T@xiokxio

MM o—7 ' N o

= MN T

[, ok T

[ = o—T

(= 1)

20



(—

E)

Simple types

(ax) T@xiokxio

' M :oco—7 ' N o

['=MN T

[,x o M:T

(— 1)
' e M o—T1

21



(—

L)

Simple types

(ax) T@xiokxio

' M :oco—7 ' N o

['=MN T

[,x .o M T

(— 1)
XM o—T1

22



2o z:0

FAz.z io—0

23



2o z:0

(= 1)

FAz.z io—0

[Fx 0—0o—1 [ Fyio

(— E)
2y io—T

={zc—0o—T1,y 0}

24



2o z:0

FAz.z io—0

[Fx 0—0o—T [ Fyo

(— E)
[ -2y io—T My o

M= xyy .7

={z0c—0o—T1,y 0}

25



2o z:0

(= 1)

FAz.z io—0

[Fx 0—0o—T [ Fyo

(— E)
[ -2y io—T My o

(

M= xyy .7

(= 1)

T .0—0—TF \Ny.xyy .oc—T

={zc—0o—T1,y 0}

. E)

26



z.oF 2z o

(— 1)

F Az.z io—0

[ Fx.0—oc—T [ Fy.o

(— E)
[ 2y io—T [y o

(— E)
(— 1)

T . 0—0—TF \Ny.xyy .0—T1
> 1)

[+ xyy 7

= Ary.xyy (c—o—T)—0o—T

={z0c—0o—T1,y 0}

27



z.oF 2z o

(— 1)
= Az.z i.o—0
[ Fx.0—oc—T [ Fy.o
(— E)
[ 2y io—T [y o
(— E)
[+ xyy 7
(— 1)
T . 0—0—TF \Ny.xyy .0—T1
> 1)

= Ary.xyy (c—o—T)—0o—T

={z0c—0o—T1,y 0}

Ay.yy cannot be typed

28



Simple types are preserved by reduction

[z:0] -+ [x:0]
M’T
o
M: T N
(— 1)
e . M:o—T N:o

29



Simple types are preserved by reduction

[z:0] - [z:0]
M'T
N° (B-red
M:
T (_) I) p—
e . M:o—T N:o
(— E)

(Ax.M)N: T M[N/z]

30



Simple types are preserved by reduction

[z:0] -+ [x:0]

N° : N°
MT |

N: ... N:
M: T N® @g 0 0
(=D

e . M:o—T N:o
(— E)

(Ax.M)N: T M[N/z]

31



Simple types are preserved by reduction

[z:0] -+ [z10]
M'T
M:T N®
(— 1)
e M:o—T1 N:o
(— E)
(M. M)N:t

(B-red

NO'

NO'

N:o --- N:.o

MI[N/x]"

MI[N/zx]: T

32



Simple types are NOT preserved by expansion

Exactly 1 occurrence of N

NO'
N:o

M[N/z]"

MI[N/zx]: T

33



Simple types are NOT preserved by expansion

Exactly 1 occurrence of N

NO'
N:o
M[N/z]" gexp

MI[N/zx]: T (M. M)N



Simple types are NOT preserved by expansion

Exactly 1 occurrence of N

[z: o]
MT
NO'
N o M:T
M[N/z]" gexp

MI[N/zx]: T (M. M)N

35



Simple types are NOT preserved by expansion

Exactly 1 occurrence of N

[x: o]
N° M”
N:o M: T
(— 1)
MI[N/z]|™ ﬁ:-e:xg Ax.M:o—T

MI[N/x]: T (Az.M)N



Simple types are NOT preserved by expansion

Exactly 1 occurrence of N

[x: o]
NO'
M’T
N:o
5 M: T ( ) N°
M[N/z]™ =P > I
[N/z] = Ae. M:o—T1 N:o

MI[N/x]: T (M. M)N:t

37



Simple types are NOT preserved by expansion

No occurrences of N

MT
M[N/z]™ fexp T (— 1)
. M:o—T1 N:7?

M[N/x]: T (Az.M)N

38



Simple types are NOT preserved by expansion

Two or more occurrences of vV

N91  IN92
N:oy1 N:oo
M[N/z]

MI[N/zx]: T

B-exp
[z:7] N:7°

(M. M )N

39



simple types
Intersection types
properties of A-terms
type preorder

filter models

Stone duality

Plan of the talk

40



Simple types are NOT preserved by expansion

No occurrences of N

MT
M[N/z]™ fexp T (— 1)
. M:o—T1 N:7?

M[N/x]: T (Az.M)N

41



MI[N/x]™

MI[N/x]: T

No occurrences of N

Universal type €2

[z: Q]

MT

42



Simple types are NOT preserved by expansion

Two or more occurrences of vV

N91  IN92
N:oy1 N:oo
M[N/z]

MI[N/zx]: T

B-exp
[z:7] N:7°

(M. M )N

43



No'| | N

NZUl NZJQ

M[N/z]"

MI[N/x]: T

Two or more occurrences of N

Type intersection N

[2:01N0o2] [z:01No2]
(NE) (NE)
T.o1q xr.02

M Noi| | No:

ox M:T N:o1 N:oo
7P (— 1) (NI)

(M. M):o1Nor—T N:o1No»o
(— E)
(Ax.M)N:t

44



(—

E)

Intersection types

(ax) T@xiokxio

' M :oco—7 ' N o

['=MN T

[,x .o M T
XM o—T1

(= 1)

45



Intersection types

() FT=M:Q

46



Intersection types

() Fr=M:Q

MM :oc =M : T
(NI)

=M :oNt

47



(NE)

Intersection types

() FT=M:Q

MM :oc =M : T

(NI)
=M : oNTt

= M :oNTt (NE) =M :oNTt

=M : o =M : T

48



(NE)

Intersection types

() FT=M:Q

MM :oc =M : T

(NI)
=M : oNTt

=M :oNTt (NE) =M :oNTt

=M : o =M : T

49



z:(c —1)Nokx: (60 — 7)No x.(c - 71)Nokx:(c — 7)No

(NE) (NE)

x:(c -71)Nokx.0—T x:(c - 71T)Nockx.0o

50



z:(c - 71)Nokx:(c — 7)No x:(c—71)Nokx:(c — 7)No

(NE) (NE)
z.(c - 71T)Nockx0—T1 z:(c—>71T)Nokx. 0

(— E)

x:(oc—17)No b+ xx:T

51



z:(c - 71)Nokxz:(c — 7)No x:(c—-1)Notxz:(0c — 7)No

(NE) (NE)
z.(c - 71T)Nockx0—T x:(c - 71T)Nockx. 0

(— E)
x.(c = 1)No - xx: T

(— 1)
FArv.xx: (0 — 7)No — T

52



simple types
Intersection types
properties of A-terms
type preorder

filter models

Stone duality

Plan of the talk

53



Normalization properties

(Azy.xyy) (Az.2) — Ay.(Az.2)yy — A\y.yy

54



Normalization properties

(Azy.xyy) (Az.2) — Ay.(Az.2)yy — A\y.yy

My.yy) Ay.yy) — Ayyy)(Ay.yy) — ...

55



Normalization properties
(Azy.xyy) (Az.2) — Ay.(Az.2)yy — A\y.yy

(My.yy) Ay.yy) — Ayyy)(Ayyy) — ...

M e N iff M —» g a normal form
(Azy.xyy)(Az.z) e N Az.a((Ay.yy)(Ayyy)) €N

56



Normalization properties

(Azy.xyy) (Az.2) — Ay.(Az.2)yy — A\y.yy
(My.yy) Ay.yy) — Qyyy) Ay.yy) — ...

M e N iff M —» g a normal form
(Azy.xyy)(Az.z) e N dz.a((Ay.yy)(Ayyy)) €N

M € HN iff M —g A& .yN
Ax.x((Ay.yy)(Ayyy)) € HN  dz.(Ay.yy) (Ay.yy) € HN

57



Normalization properties

(Azy.xyy) (Az.2) — Ay.(Az.2)yy — A\y.yy
(My.yy) Ay.yy) — Qyyy) Ay.yy) — ...

M e N iff M —» g a normal form
(Azy.xyy)(Az.z) e N dz.a((Ay.yy)(Ayyy)) €N

M € HN iff M —g A& .yN
Ax.x((Ay.yy)(Ayyy)) € HN  dz.(Ay.yy) Ay.yy) € HN

2z.(Ay.yy) (A\y.yy) € WN (Ay.yy) (Ay.yy) € WN
58



Normalization properties

(Azy.xyy) (Az.2) — Ay.(Az.2)yy — A\y.yy
(Ayyy) (Ay.yy) — (Ayyy)(Ay.yy) — ...

M e N iff M —» g a normal form
(Azy.xyy)(Az.z) e N dz.a((Ay.yy)(Ayyy)) €N

M € HN iff M —g A& .yN
Ax.x((Ay.yy)(Ayyy)) € HN  dz.(Ay.yy) Ay.yy) € HN

Az.(Ay.yy)(Myyy) € WN (Qyyy) Ay.yy) € WN
59



Characterization of A/ by types

M e Niff T = M : o for some I, o not containing $2

z:(c - 71)Nokx:(c — 7)No x:(c—71)Nokxz:(c — 7)No

(NE) (NE)
z.:(c - 71T)Nokx0—rT x:(c > 71T)Nockx:0

(— E)

x:(oc— 17)No b xx:T

(= 1)

FAx.xzx: (0 — 7)No — T

60



Characterization of HN by types

M € HN iff T = M : o for some I, o not containing <2 at top level

. QL—o>7F2:Q—>717 2.2 —>717F (Ay.yy)(Ay.yy): Q
2. Q2 —>71Fx((A\y.yy)(Ay.yy)):
= Az.a((Ayyy)(Ayyy)) (2 —7) — 7

—>E)

(= 1)

61



Characterization of WA by types

MeWNIffT - M : Q—-Q

. QF (M\y.yy) (A\y.yy): 2

FAx.(A\y.yy) (A\y.yy): Q—Q

62



Intersection types characterize also

strongly normalizable terms

63



Intersection types characterize also

strongly normalizable terms

closable terms

64



Intersection types characterize also

strongly normalizable terms
closable terms

terms of the I-calculus

65



Intersection types characterize also

strongly normalizable terms
closable terms
terms of the I-calculus

persistently normalizable terms

66



Intersection types characterize also

strongly normalizable terms
closable terms
terms of the I-calculus

persistently normalizable terms

67



Intersection types characterize also

strongly normalizable terms
closable terms
terms of the I-calculus

persistently normalizable terms

68



simple types
Intersection types
properties of A-terms
type preorder

filter models

Stone duality

Plan of the talk

69



Preorder on intersection types

o< oo

70



Preorder on intersection types

o< oNo

ot <o, oNt <7

71



Preorder on intersection types

o< oNo
ot <o, onNt <7

o<o, <1 =onr<ont

72



Preorder on intersection types

73



Preorder on intersection types

oc<o, 1<t =0 —-1r<o0->7T

/

74



Preorder on intersection types

s \
~
4 )
./
)
¢
\_ J

75



Preorder on intersection types

s \
~
4 N
./
)
¢
\_ J

(c—1)N(c—C) < o—1NC¢

76



Preorder on intersection types

77




Preorder on intersection types

78




Preorder on intersection types

79




Preorder on intersection types

oc—2 < QQ—Q

80




Preorder on intersection types

o< oNo
oc<o, r<7=onr<onr
(c—71)N(c—C) < o—1N¢

o< o

ot <o, onNnt <1
JSJ’, 7'§7'/:>0’—>7'§J—>7"

o< Q 0—-0<0-0

c<T, TS( =0=X(

81



deleting €2 and replacing — to <

o< oNo
o<o, <7 =onr<onr
(c—1)N(c—() < o—71N¢

o< o

ot <o, ocNt <71
USJ’, TST/:>0’—>T§J—>T’

o< Q2 c0—-0 <020

o7, TS( =0X(

82



deleting €2 and replacing — to <

o—oo oNT—o, oNT—T

/ /

o—o', T—=1" = ono’—rNt’ o—0o', =7 = (¢/—=7)—0o—7

(c—1)N(c—()—o—1N¢

o—0 o—T, T—( = c—(

the minimal relevant logic B_

83



Subsumption rule

r'-M:0 o<r

(<) =M :T

x.o0—(Fx.o—(

(<)

(— 1)
FAr.x: (c0—()—onNT—(

x.o0—(Fx.oNT—(

84



simple types
Intersection types
properties of A-terms
type preorder

filter models

Stone duality

Plan of the talk

85



The set F of filters

A filter is a set X of intersection types such that:

o Qc X
eifo<rtando € X,thent € X

o ifo, 7€ X, thenonr € X

F iIs the set of filters

T X Is the filter generated by X

ToisT{c}
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(F, C) is an w-algebraic complete lattice

T
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XNY
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(F, C) is a A-model (filter model)
For any lambda term M and environment p : var — F

M) ={reT |3 =p.T+HM:7}

where I = pifand only if (z : ) € I" implies o € p(x).

IfI‘I—M:TanszﬁN,thenl'l—N:r
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we stared from types and arrived to models: what is the framework?
Stone dualities
topological spaces as partial orders

Stone spaces as Boolean algebras
(Stone, 36)

Scott domains as information systems
(Scott, 82)

w-algebraic complete lattices as intersection type theories
(Coppo et al., 84)

SFP domains as pre-locales
(Abramsky, 91)
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Stone duality
d = [M]

der] & VM : 71

\
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thank you for your attention
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