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Bohm’s Theorem:

if M and N are two distinct 3n-normal forms, then there is a context C| ]
such that C[M] —% x and C[N] —>; v,
where z, y are arbitrary distinct variables

proof (Azy.C[ ]I
Bohm-out technique C[M] converges and C'[N] diverges

Bohm trees observational equivalences



to observe the computational behaviour of A-terms we can

either reduce the terms and look at the meaningful information we obtain

or put the terms inside contexts and test the termination
(bisimulation in concurrent scenarios)

in both cases we obtain a notion of equality between \-terms

full abstraction of A\-models



What is meaningful information?
first answer: a head normal form Axzq ...xzp.yMq ... Mm
The Bohm tree BT (M) of aterm M is defined by

it M —% AL ...xn.xM7q ... My then

AL]...Tp.T
BE(Mq) BT (M)

otherwise BT (M) = L

local structure of P, and T}, models [Barendregt, 84]



What is meaningful information?
second answer: a weak head normal form Ax.M xMq ... Mpm

The Lévy-Longo tree £5(M ) of a term M is defined by

AL
if M —% Az.N then £E(M)= |
£T(N)
XT
if M —% aMy ... My, then £T(M)= TN
CT(My) - £3(Mp)

otherwise £L(M) = L

local structure of Plotkin-Scott-Engeler models [Longo, 83]



What is meaningful information?
third answer: a top normal form Ax. M MN it M 74; Ax. M’
The Berarducci tree tree Be¢T (M) of a term M is defined by

AT
it M —>; Azx.N then BeT(M)= |
BeT(N)
if M —% Mq Mo and My 742 Ax.N then

@
BeT(M)= T
BeT(Mq) BeT(M>)

otherwise BeT (M) = L

Infinite reductions [Berarducci, 94, Kennaway et al., 96]
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(A\z.zz)(A\z.22)y —3 (Ar.22)(A2.02)Y
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BI(M) = BI(N) ﬁ ST(M) = £3(N) i’ BeT(M) = BeT(N)



observational equivalence
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V = set of head normal forms M~ N

local structure of D, model [Wadsworth, 76]

) = set of normal forms M>~n, N

local structure of D* model [Coppo et al., 87]

) = set of weak head normal forms M~y N

V = set of top normal forms M=~N
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I=)\z.x R=\zzy.z(xxy)
Q=(Mz.zz)(Ar.22) Q3=(A\z.222) (A\2.222)

I~,RR I1#,RR I%,RR I%RR
Qp Ay Qoo Ay QEWAY. Q2 Q2 y.C2
Q’ith, QZnQ:g Ql’wQ:g Q:ﬁtQ:g

Ql~p Ay QL QIp Ay QL QLA A Y. Q2L QI Ay Q21

M~, N ﬁ M~, N Zi M~,,N M~ N

A
%
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Ar.xrx~pAr.c(Ay.xy) Av.xr=p r.x(Ay.zy)

Az.zx = AT 2 (AYy.2Y)

AT
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| x
T |
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(Ax.zx)(Ax.xx) > \y.(Ar.xx)(Ar.xx) (Ax.zx)(Ax.zx) =, \y.(Az.xz)(Ar.xx
(Az.zx)(Ar.xzx)Zw y.(Az.zx)(Ax.zx) (Az.zz)(Axz.xzx)Z y.(Az.xx)(Ar.zx)

(Ax.xx)(Ar.xx)~),(Ar.xx)(Ar.xx)y (Ax.zx)(Ax.xzx)~,(Az.xx)(Ar.xx)y
(Az.xzx)(Ar.xx)~y(Ar.xx) Ar.xx)y (Az.zx)(Az.xzx)?#i(Az.xx)(Ax.xx)y

1 1 1
Ay Ay

1 | |
1 1

@
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=

BI(M) = BIWN) [ M=pN z M~, N
= =
LIT(M) = £T(N) + M~,N BeT (M) = BeT(N) ~ M~;N

ST(M) = £T(N) & Mr~ywN & BI(M) = BT(N)
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~., 0N ‘BT

(n) A.Mx — M fxzg FV(M)

n(L)=1
( \ if T}, is finite,

r1...Irp_1.T
1/ n\l n(Tm) = on #F
' and z, € F'V (T;)

AL]...Tp.T 11 N Sl .
_ forl <i:<m-—1.
| =
AL ...Tn.T
/ \ otherwise
n(11) ... n(Tm)

\

n(BT(M)) =n("BT(N)) <= M~,N [Hyland, 75]
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B = A; Ay where Ay = Azy.x(zzy)
My (By)y —g  yx(Ry)y —g \x(z(Ry))y —g \y.z(z(xz(Ry)))y —3 -

<
- — 8 — 8 — 8
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~; on ‘BT

Noo(L) = L
( A\ If Tmznwn,
:Ul...xn\_l.a: 2o % z and
oo / xn & FV (T;) for
AL]...Tp.x 11 Y e .
1 << m-—-1.
Tloo / \ = 9
T RN
1 " AL]...Tp.T
/ \ otherwise
\ Noo(T1) - Moo(Tim)

Noo(BEL(M)) = 1N (BL(N)) <= M~ N [Barendregt, 81]
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AYQ-T <n AYo.T
| |
Yo AY1-Y0
Y1

<n AYQ-T
AY1-Y0
>\y2‘-y1

Y2

@ = RR where R = \zxy.x(zzy)

Q — 3 Aryo-z(Qyo) —g Azyo-x(Ay1.y0(Qy1)) —3 - -

TNoo

= \z.x

AY1-Y0

AY2.Y1
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scenarios for Bohm trees
non-determinism and bisimulation

Sangiorgi encoding of A-calculus into the w-calculus ()™
divergence sensitive bisimulation between processes ~"

BIE(M) =BT(N) «<— M~TN [Sangiorgi, 98]
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non-determinism and observational equivalence
non-deterministic choice M + N — M M+ N — N

adequate numeral system 0 s p zero?

p0— 0 p(sn) - n zero?0— T  zero?(sn) — F

where n stands fors(s...(s0)...),and T = Azy.x, F = \zy.y.
nti?hGS

V = set of numerals
M |} is “may”
observational equivalence ~y

BT(M) =BT(N) < M>=nN [Dezani et al., 98]
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()\ZU.CUCE)l(S + 0)

(s+0)(s+0)
— T
s(s+ 0) 0(s+0)

(/\:v-w(ky-ajy))(s +0)
(s+0)(A\y.(s+0)y)

/ \
s(Ay.(s + 0)y) 0(Ay.(s+ 0)y)
s(Ay.sy) s(Ay.0y)  0(\y.sy) 0(Ay.0y)

(Az.zx)(s+ 0)J (Az.z(Ay.zy)) (s + 01

(Az.xzx)En(Az.x(Ay.zy))
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scenarios for Lévy-Longo trees
non-determinism and bisimulation

Milner encoding of lazy A-calculus into the w-calculus ()7
weak bisimulation between processes ~7

LIZ(M) = £I(N) <= M~[N [Sangiorgi, 92]
lazy A-calculus

non-deterministic operator PM — M OM — Q
applicative bisimulation ~¢

LI(M) = £3Z(N) < M~pN [Sangiorgi, 92]
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()\a:.a:a:l)(@K) ()\a:.:c()\y.f:y))(@K)

d K(dK) D K(\y. ® Ky)
K(@K)/ \Q(@K) K(Ay.@ W@ Ky)
AV. l@ K i AVYy. ée Ky l

(M. e K)L
@lK (Ay. @ Ky)L
K/ \Q AY. é Ky

!

(Ax.zx)#e(Ax.x(A\y.zy))
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deadlock and observational equivalence

A-calculus of multiplicities
(Az.M)N™ — M < N™/z > N is available at most m times
standard (3) m = oo  possibility of deadlock

V = set of abstractions
observational equivalence ~

LL(M) = L£Z(N) <—= M~,N [Boudol and Laneve, 96]

z.zx)I! — (zz) <1z >— (Iz) <19/ >— 2 < /2 >< 19/z >
—x<a®/z><1%/z > 1

z.zOy.zy))It — (zOy.zy)) < Iz >— I(y.zy)) <19/z >

— 2z < Ay.zy)®/z >< 1%z >— y.ay) < Oy.zy)®/z >< 10/ > |

(Az.zx) 2, (Az.x(Ay.zy))
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concurrency and observational equivalence

call-by-value and call-by-name variables

M—M N-—>N
parallel operator (D
M||N — M'||N’

non-deterministic choice M + N —-— M M+ N — N

Vi €&l AxeM| XM | VM| M|V
M | 1s “must”
observational equivalence ~ )

L£I(M) = £3(N) — M=~ N [Dezani et al., 97]
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(Az.xzx)(P 4+ Q)

!
(P/-I- QP +Q
P(P+ Q) QP+ Q)
/ N\ |
PP PQ Ax.x$2

| |
P(PO) Q(QO)
P(0(00)) Az.x$2
2
|
1(10)
|
(@]

1
O

P = \.£(€0)
O = MXztt
Q = \yz.xS2

(/\x-x(/\y-xi/))(P + Q)
(P + Q)(Ayl-(P + Q)y)
P(>\y-(Pl + Q)y)
(Ay.(P + Q)y)((f\y-(P + Q)y)0)
(P + Q)((Ayl(P + Q)y)0O)
P((A’y-(Pl-l- Q)y)0O)
P((P -l— Q)0)
P(?O)
P(\z.2Q)
(Ax.a:Q)((l)\ac.azQ)O)
(Az.22)00
000

!
Q2

!

()\CU.ZEQZ‘);ﬁ_H‘ (Az.x(\y.zy))
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scenarios for Berarducci trees
selectors and observational equivalence
operator selector O(MN) — M if M is an unsolvable of order zero
argument selector A(MN) — N if M is an unsolvable of order zero

) = set of top normal forms
observational equivalence ~0A

BeT(M) = BeT(N) < M~opN [Dezani et al., 00]
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AT N
L 1

A(O(QII)) — A(QI) — I
A(O(QQI)) — A(QQ) — Q

QITA QI

@
Az /N
@ A

T

T
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~T =

Y

! <

Noo(BT) <—

i
n(’BT) <—
N4
~N = BI
f N4
~g = £3
f 4

~0OA BeT

open problems:

?(2@) — w
7(BeT) = ~
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