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This is important:

e from the foundational viewpoint since the explicit substitution is first-order
e from the implementation viewpoint since it leads to a more pertinent anal-
ysis of the correctness and efficiency of compilers, theorem provers, and
proof-checkers.
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The substitution calculus Ax
M,N = z|(Xe.M)|(MN) | (M{(x=N))

(B) (Ax.M)N M {(x= N)
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we can apply more than one reduction rule

((Ay.z(zy))a)(z = f)
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we can apply more than one reduction rule

((\y.z(zy))a)(z=[)
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we can apply more than one reduction rule

((y.z(zy))a)(z=f)
((x(zy))(y=a))(z=1)
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we can apply more than one reduction rule

((Ay.z(zy))a) (= f)
/ \)
(Ay.z(zy))(z = flalz=f) ((z(zy))(y=a))(z=f)

THE STRONG NORMALISATION PROPERTY
allows us to freely apply the reduction rules

a term is strongly normalising iff every reduction terminates
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a non strongly normalising term
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(—1)

How can we guarantee strong normalisation?

a possible answer is: using types!

SIMPLE TYPES FOR A-CALCULUS

¥ zioel
() I_I—a:':cf( <0

[, x.oc-M:T '-M.o—71 [THFN:.o
(—E)

(). M:0—T1 [[FMN:T
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= {z0 - 0,y.0}

[Fx0 -0 [Fyio

(

[Fxy.o

E)
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= {z0 - 0,y.0}

[Fx0 -0 [Fyio

(

E)

[Fx0 —> 0O [Fxy.o

(

M-z(zy):o

‘E)
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= {z0 - 0,y.0}

[Fx0 -0 [Fyio

(—E)
[Fx0 —> 0O [Fxy.o
(—E)

M-z(zy):o

(

{x:0c —» o} \y.x(xy)ioc — o

>I)
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= {z0 - 0,y.0}

[Fx0 -0 [Fyio

(—E)
[Fx0 —> 0O [Fxy.o
(—E)

M-z(zy):o (o)

{x:0c —» o} \y.x(xy)ioc — o

Xz \y.x(zy) (0 - 0) 0 — 0

(

)
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= {z0 - 0,y.0}

[Fx0 -0 [Fyio

(—E)
[Fx0 —> 0O [Fxy.o
(—E)

M-z(zy):o

(—1)
{x:0c — o} Ay.x(ry)ioc — 0o

Xz \y.x(zy) (0 - 0) 0 — 0

no type for Az.zz

(

)
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INTERSECTION TYPES FOR A-CALCULUS

(AX) (xio€el)
[Fxzi0
[, x:oFM:T '-M:o—1 [THFN:.o
(—1) (—E)
A M.o—T1 [-MN:T
[V-M.c TEM:T [[-M:o1Noo
(i) (NE) (ze{1,2})

TEM:onT =M:o;
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= {z:(c—7)No}

[+z:(c—T)No

[+z:0—T

(NE)

[z:(c—T)No

2.0

(NE)
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= {z:(c—7)No}

[+z:(c—T)No

[+z:0—T

(NE)

[z:(c—T)No

2.0

[ zz:T

(NE)

(—E)
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= {z:(c—7)No}

[+z:(c—T)No

[+z:0—T

(NE)

[z:(c—T)No

(NE)

(—E)

2.0

[ zz:T

(—=1)

F)Az.zz:(o—T)No—T
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= {z:(c—7)No}

[+z:(c—T)No [z:(c—T)No

(NE) (NE)

[(Fz.i0—T [(Fz.0
(—E)

(—=1)

[ zz:T

F)Az.zz:(o—T)No—T

ALL AND ONLY THE STRONGLY NORMALIZING A\-TERMS ARE TYPABLE
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INTERSECTION TYPES FOR /Ax-CALCULUS: first attempt

(AX) (xio€l)
[ Fx:io
[, x.oc-M:T 'V-M:0—7 ['HEN:o

(—1) (—E)

(X M .o—T1 '=MN:T

[-M.c TEM:T [-M:01No>
(Ni) (NE) (i€{1,2})

M-M:onT =M:o;

[, x.oFM:m TTHEFN:.o

(cutl)
M-M{z=N):7
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M =A{y:p,z:(c—7)No}

MNEz:(c—7)No

(Fz:i0—T

M-z:(c—7)No
(NE) (NE)
20

(—E)

Fzz:7

(—1)

{y:p}FAz.zz:(c—1)No—T
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M ={y:p,z:(c—7)No}

MNEz:(c—T7)No MEz:(c—T)No
(NE) (NE)
(Fzi0—T Fz.0
(—E)
[(Fzz:T
(—1)
{y:p,x:(c—1)Nc}tty:p {y:ptEAz.zz: (c—71)No—T
(cutl)

{y:ptryle=Az.zz):p
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M =A{y:p,z:(c—71)No}

MNEz:(c—7)No MFz:(c—T)No
(NE) (NE)
[(Fzi0—T Fzi0
(—E)
FzziT
(—D)
{y:p,z:(c—1)Nc}tFy:p {y:p}FAz.zz:(c—T)No—T
(cutl)

{yiptrylz=Az.22)p

ALL THE TYPABLE Ax-TERMS ARE STRONGLY NORMALIZING
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M =A{y:p,z:(c—71)No}

MNEz:(c—7)No MFz:(c—T)No
(NE) (NE)
[(Fzi0—T Fzi0
(—E)
FzziT
(—D)
{y:p,z:(c—1)Nc}tFy:p {y:p}FAz.zz:(c—T)No—T
(cutl)

{yiptrylz=Az.22)p

ALL THE TYPABLE Ax-TERMS ARE STRONGLY NORMALIZING
but there are strongly normalizing Ax-terms
like y(t = zx) (x = Az.zz) which are not typable
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(—=1)

(i)

(cutl)

INTERSECTION TYPES FOR Ax-CALCULUS

(AX) (x:o€l)
[Fx:0

[, x.oFM:T [-M:c—1 [FN:.o

(—E)
[(FAxe.M.oc—T -MN:T
[-M:.c THEM:T [-M:o01Noo

(NE) (€{1,2})

C-M:oNT Mo

[,x.oc-M:m TTHEFN:.o '-M: 7 AFN.o

(cutK) (xe&l)

M-M{z=N):7

(-M{x=N):T
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M = {z:(p—v)Nu}

M-z (u—v)Np

M-z (u—v)Np

[z u—v

[z

R 2 A
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M = {z:(p—v)Nu}

Mz (u—v)Np M-z (u—v)Np

[z pu—v Il A7)

{y:ptFuy:p M-zxiv
(cutK)

{yiptty(t==z):p
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r = {z:(u—v)Nu}

Mz (u—v)Np M-z (u—v)Np

[z pu—v Il A7)

{y:p}Fyip Mxzv
(cutK)

{y:ptry{t=2ax):p FAz.zz:(o—T)No—T

(cutK)
{y:ptFy{t=zx) (r=Az.22) p
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= {z:(u—v)Nu}

M-z (u—v)Np Mz (p—v)Np

M-z p—v xiu

{y:ptFyip MFzxxiv
(cutK)

{y:ptry{t=xax):p FAz.zz:(o—T)No—T

(cut K)
{yiptrylt=xx) (x =Xz.22) ip

ALL AND ONLY THE STRONGLY NORMALIZING Ax-TERMS ARE TYPABLE
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THE SET OF PROPER FREE VARIABLES

{z}
pfv(M)\x
pfv(M) Upfv(N)

pfv(z)
pfv(Ax. M)
piv(MN)
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THE SET OF PROPER FREE VARIABLES

piv(z) = {x}
piv(Ax. M) = piv(M)\x
piv(MN) = ptv(M)Uptv(N)

pfv (M (2= N))

{ piv(M)\z Upiv(N) if z€pfv(M)
pfv (M) otherwise
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THE SET OF PROPER FREE VARIABLES

piv(z) = {x}
piv(Ax.M) = piv(M)\x
piv(MN) = ptv(M)Uptv(N)

piv(M (z = N))

{ piv(M)\z Upiv(N) if z€pfv(M)
pfv (M) otherwise

piv(y) = {y}
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THE SET OF PROPER FREE VARIABLES

piv(z) = {z}
piv(Ax.M) = piv(M)\x
piv(MN) = ptv(M)Uptv(N)

. . fv(M)\xUpiv(N) if x€piv(M)
pv(Mz=N)) = {va(M) ; other\?vise
piv(y) = {y}

piv(y(t=zz)) = {y}
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THE SET OF PROPER FREE VARIABLES

piv(z) = {z}
piv(Ax.M) = piv(M)\x
piv(MN) = ptv(M)Uptv(N)

. . fv(M)\xUpiv(N) if x€piv(M)
pv(M(z=N)) = {va(M) i other\?vise
pv(y) = {y}

piv(y{t=zz)) = {y}
piv(y(t =zx) (x =Az.22)) = {y}
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THE SET OF PROPER FREE VARIABLES

piv(z) = {z}
piv(Ax.M) = piv(M)\x
piv(MN) = ptv(M)Uptv(N)

. . fv(M)\xUpiv(N) if x€piv(M)
pv(M(z=N)) = {va(M) i other\?vise
pv(y) = {y}

piv(y{t=zz)) = {y}
piv(y(t =zz) (z =Az.22)) = {y}

a new reduction rule: garbage collection

(gcp) M{z=N) —M ifxgptv(M)

71



THE SET OF PROPER FREE VARIABLES

piv(z) = {z}
piv(Ax.M) = piv(M)\x
piv(MN) = ptv(M)Uptv(N)

. . fv(M)\xUpiv(N) if x€piv(M)
pv(M(z=N)) = {va(M) i other\?vise
pv(y) = {y}

piv(y{t=zz)) = {y}
piv(y(t =zz) (z =Az.22)) = {y}

a new reduction rule: garbage collection
(gcp) M{z=N) —M ifxgptv(M)

y{t=zxx)(x =Az.22) — y{t=zxx)
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OUR RESULT: A TYPE SYSTEM CHARACTERING THE STRONGLY
NORMALISING Ax-TERMS

further work:

e characterize other computational properties of substitution calculi by means
of intersection types;

e build semantic models of substitution calculi by means of intersection
types;
e consider substitution calculi with composition of substitutions.
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