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Extended abstract

Abstract. We build two inverse limit lambda models which characterize com-
pletely sets of terms having similar computational behaviour. More precisely for
each one of these sets of terms there is a corresponding element in at least one of
the two models such that a term belongs to the set if and only if its interpretation
(in a suitable environment) is greater than or equal to that element. This is proved
by using the finitary logical description of the models obtained by defining suit-
able intersection type assignment systems.

1 Introduction

The aim of this paper is to present two lambda models which completely characterize
well-known computational properties of lambda terms. We consider nine computational
properties of lambda terms and corresponding nine sets of lambda terms: the set ofnor-
malizing, head normalizing, weak head normalizinglambda terms, those corresponding
to thepersistentversions of these notions, and the sets ofclosable, closable normalizing
andclosable head normalizinglambda terms.

We build two inverse lambda modelsD∞ andE∞, according to Scott [24], which
completely characterize each of the mentioned sets of terms. More precisely for each
one of the above nine sets of terms there is a corresponding element in at least one of
these models such that a term belongs to the set if and only if its interpretation (in a
suitable environment) is greater than or equal to that element. This is proved by using
the finitary logical descriptions of the modelsD∞ andE∞ obtained by defining twoin-
tersection type assignment systemsin the following way. First, we construct the setsTD
andTE of types which are generated from atomic types corresponding to the elements of
D0 andE0, by thefunction typeconstructor and theintersection typeconstructor. Then
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we define the setsFD andFE of filters respectively on the setsTD andTE . Following
Scott [26], Coppo et al. [8], and Alessi [3], we will show that the setsFD (ordered
by subset inclusion) andFE and the corresponding inverse modelsD∞ andE∞ are
isomorphic asω-algebraic cpos. This isomorphism falls in the general framework of
Stone dualities(Johnstone [14]). This framework later received a categorically princi-
pled explanation by Abramsky in the broader perspective of “domain theory in logical
form” [1]. The interest of the above isomorphism lies in the fact that the interpretations
of lambda terms inD∞ andE∞ are isomorphic to the filters of types one can derive in
the corresponding type assignment systems (Alessi [3]). This gives the desired finitary
logical descriptions of the models. Therefore an equivalent of the primary complete
characterization can be stated: a term belongs to one of the nine sets mentioned if and
only if it has a certain type (in a suitable context) in one of the obtained type assignment
systems.

In order to prove one part of this property we apply the so calledreducibility
method. This method is a generally accepted way for proving the strong normalization
property of various type systems (Tait [28], Tait [29], Girard [13], Krivine [16], [17],
Mitchell [20]). The reducibility method is also used in Leivant [18] and Gallier [11] for
characterizing strongly normalizing terms, normalizing terms, head normalizing terms,
and weak head normalizing terms by their typeability in various intersection type sys-
tems. In Dezani et al. [10] the reducibility method is applied to characterizing both the
mentioned sets of terms and their persistent versions.

In all these papers different properties are characterized by means of different type
assignment systems: so the novelty of the present approach is that we characterize all
nine computational properties of terms by means ofonly two type assignment systems,
which induceλ-models. Moreover in all the papers mentioned different computational
properties require different type interpretations in the reducibility method, whereas we
adapt the reducibility method usingonly two type interpretationsfor all nine computa-
tional properties.

In the other direction of the proof the most intriguing part is the one concerning
the persistently normalizing terms, which requires the characterization of these terms
presented in Dezani et al. [10].

Lastly we remark that there are essentiallytwo semantics for intersection types in
the literature and that the present paper deals with both of them. Theset-theoretical
semantics, originally introduced in Barendregt et al. [5], generalizes the one given by
Scott for simple types (Scott [25]). The meanings of types are subsets of the domain
of discourse, arrow types are defined aslogical predicatesand intersection is the set-
theoretic intersection. This semantics is at the basis of our application of the reducibil-
ity method. The second semantics views types ascompact elementsof Plotkin’s λ-
structures (Plotkin [22]). According to this interpretation, the universal type denotes the
least element, intersections denote joins of compact elements, and arrow types allow to
internalize the space of continuous endomorphisms. This semantics allows us to obtain
the isomorphisms between the modelsD∞, E∞ and the setsFD, FE of filters of types.

The paper is organized as follows. In Section 2 the modelsD∞ andE∞ are built.
The corresponding intersection type assignment systems are defined in Section 3. The
main result is a complete characterization of computational behaviours of terms by their



typeability in the corresponding type systems. This is stated in Section 4. For lack of
space some proofs are omitted.

A preliminary version of the present paper (dealing only with the first six sets of
terms) was presented at the International Workshop on Rewriting in Proof and Compu-
tation (RPC’01, Tohoku University 25-27/10/2001, Sendai, Japan) [9] and at the Types
Workshop (TYPES 2002 24-28/04/2002, Nijmegen, The Netherlands).

2 The Models

We use standard notations for lambda terms and beta reductions.

Definition 1 (The setΛ of lambda terms). The setΛ of (type-free) lambda terms is
defined by the following abstract syntax.

Λ ::= var | (ΛΛ) | (λvarΛ)
var ::= x | var′

We usex, y, z, . . . , x1, . . . for arbitrary term variables andM,N,P, . . . ,M1, . . . for
arbitrary terms. In writing terms we assume the standard conventions on parentheses
and dots [6].FV(M) denotes the set of free variables of a termM . By M [x :=N ] we
denote the term obtained by substituting the termN for all the free occurrences of the
variablex in M , taking into account that free variables ofN remain free in the term
obtained.

The axiom ofβ-reductionis (λx.M)N →β M [x :=N ].A term of the form(λx.M)N
is called aβ-redex. The transitive reflexive closure of→β is denoted by→→β . A term is
a normal formif it does not containβ-redexes.

We introduce now the computational behaviours of lambda terms we want to char-
acterize.

Definition 2 (Normalization properties).

i) A termM has a normal form,M ∈ N , if M reduces to a normal form.
ii) A termM has a head normal form, M ∈ HN , if M reduces to a term of the form

λ
→
x .y

→
M (where possiblyy appears in→x ).

iii) A termM has a weak head normal form,M ∈ WN , if M reduces to an abstraction
or to a term starting with a free variable.

For each of the above properties, we also consider the correspondingpersistent
version (see Definition 3).Persistently normalizingterms have been introduced in Böhm
and Dezani [7].

Definition 3 (Persistent normalization properties).

i) A termM is persistently normalizing, M ∈ PN , if M
→
N ∈ N for all terms

→
N

in N .
ii) A termM is persistently head normalizing, M ∈ PHN , if M

→
N ∈ HN for all

terms
→
N .

iii) A termM is persistently weak head normalizing,M ∈ PWN , if M
→
N ∈ WN for

all terms
→
N .



We also consider the reducibility of terms to closed terms, to closed normal forms,
and to closed head normal forms.

Definition 4 (Closability properties).

i) A termM is closable,M ∈ C, if M reduces to a closed term.
ii) A termM is closable normalizing, M ∈ CN , if M reduces to a closed normal

form.
iii) A termM is closable head normalizing,M ∈ CHN , if M reduces to a closed head

normal form.

Example 1.Let I ≡ λx.x, ∆ ≡ λx.xx, Y ≡ λf.(λx.f(xx))(λx.f(xx)), K ≡
λxy.x.

– λx.x∆∆ ∈ N , butλx.x∆∆ /∈ PWN (henceλx.x∆∆ /∈ PHN ), since
(λx.x∆∆)I→→β ∆∆ /∈ WN . Notice thatλx.x∆∆ /∈ PN sinceI ∈ N . Lastly
λx.x∆∆ ∈ CN .

– λx.y(∆∆) ∈ PHN , butλx.y(∆∆) /∈ N .
– λx.x(∆∆) ∈ HN , butλx.x(∆∆) /∈ N andλx.x(∆∆) /∈ PWN , since

(λx.x(∆∆))∆→β ∆(∆∆) /∈ WN . Moreoverλx.x(∆∆) ∈ CHN , but
λx.x(∆∆) /∈ CN .

– YK ∈ PWN , butYK /∈ HN , henceYK /∈ PHN .
– λx.∆∆ ∈ WN , butλx.∆∆ /∈ HN andλx.∆∆ /∈ PWN , since(λx.∆∆)M→→β

∆∆ /∈ WN . Moreoverλx.∆∆ ∈ C, butλx.∆∆ /∈ CHN , henceλx.∆∆ /∈ CN .
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Fig. 1. Inclusions between sets ofλ-terms

The following proposition, represented pictorially by Figure 1, sums up the mutual
implications between the above notions:



Proposition 1. The followingstrict inclusions hold:

PN  N  HN  WN  Λ
PN  PHN  PWN  WN
PHN  HN
CN  CHN  C  Λ
CN  N
CHN  HN .

No other inclusion holds between the above sets. Moreover

PHN = PWN ∩HN PN  PHN ∩N
CHN = C ∩ HN CN = C ∩ N
C ∩ PHN = ∅ C ∩ PN = ∅.

Proof. A persistently weak head normalizing termM is either an unsolvable term of
order∞ (as defined in Abramsky and Ong [2]), i.e. for alln there isN such thatM =β

λx1 . . . xn.N , or it is a solvable term such that the head variable of its head normal
form is free. In fact ifM is an unsolvable term of a finite order, i.e.M =β λx1 . . . xn.N

whereN is unsolvable and it does not reduce to an abstraction, thenM
→
N /∈ WN where

→
N aren arbitraryλ-terms. IfM =β λ

→
xy

→
z .y

→
N we getM

→
X(∆∆)

→
Z →→β ∆∆

→

N ′ /∈
WN , where

→
X has the same length as→x ,

→
Z has the same length of→z ,∆ is defined in

Example 1, and
→

N ′ =
→
N [→x :=

→
X, y := ∆∆,

→
z :=

→
Z ].

The above discussion also shows that a persistently head normalizing term is a solv-
able term such that the head variable of its head normal form is free. So we get:

PHN = PWN ∩HN .

From the same example we have that a necessary condition for a normalizing term to
be a persistently normalizing term is that the head variable of its normal form is free.
This condition is not sufficient, since for example(λx.y(xx))∆ →β y(∆∆). Being
λx.y(xx) ∈ PHN andλx.y(xx) ∈ N this term shows that:

PN  PHN ∩N .

For closable terms we clearly have:

CHN = C ∩ HN CN = C ∩ N
C ∩ PHN = ∅ C ∩ PN = ∅.

The above discussion gives some inclusions between the current sets of terms, and
Example 1 shows differences between them. The remaining inclusions easily follow by
definition.

Our goal is to build two inverse limit lambda models (Scott [24]) which satisfy the
following condition:
for each one of the above nine sets of terms there is a corresponding element in one



of these models such that a term belongs to the set iff its interpretation (in a suitable
environment) is greater than or equal to that element.

We therefore need to discuss the functional behaviours of the terms belonging to
these classes, in particular with respect to the step functions, where as usual a step
functiona ⇒ b is defined by

λd. if a v d then b else⊥.

A weak head normalizing term either reduces to an abstraction or to an application
of a variable to (possibly zero) terms: in both cases (in a suitable environment) it be-
haves at least as well as (i.e. its interpretation is greater or equal to the interpretation
of) the step function⊥ ⇒ ⊥. So we can choose the representative of the step function
⊥ ⇒ ⊥ as the element which corresponds to the elements ofWN . We need to consider
a model in which this step function is not the bottom of the whole domain, i.e. a solution
of the domain equationD = [D → D]⊥, where as usual[D → D] is the domain of
continuous functions fromD toD and⊥ is the lifting operator.

A persistently weak head normalizing term applied to any number of arbitrary terms
gives a weak head normalizing term, i.e. it behaves at least as well as the step function
⊥ ⇒ . . .⇒ ⊥︸ ︷︷ ︸

n

⇒ ⊥ for all values ofn. Therefore the element representing⊔
n∈IN(⊥ ⇒ . . .⇒ ⊥︸ ︷︷ ︸

n

⇒ ⊥) is a good candidate for the correspondence with the set

PWN .
A head normalizing term when applied to a persistently head normalizing term re-

duces to a head normalizing term: in its turn a persistently head normalizing term ap-
plied to an arbitrary term gives a persistently head normalizing term. Therefore, ifh and
ĥ are two elements ofD0 corresponding respectively to the setsHN andPHN , they
represent the step functionsĥ ⇒ h and⊥ ⇒ ĥ.

A normalizing term is also a head normalizing term and therefore it behaves at least
as well as the step function̂h ⇒ h. Similarly a persistently normalizing term is also a
persistently head normalizing term and therefore it behaves at least as well as the step
function⊥ ⇒ ĥ. Moreover a persistently normalizing term applied to a normalizing
term gives a persistently normalizing term. One can show that:

Proposition 2. The application of a normalizing term to a persistently normalizing
term is in turn a normalizing term.

Proof. We show that ifN ∈ N andM ∈ PN thenNM ∈ N . We can assume that
N is in normal form. IfN is λ-free it is trivial. Otherwise letN ≡ λx.N ′. The proof
is by induction on the number of occurrences ofx in N ′. The basic step, that isx does
not occur inN ′, is immediate. Ifx occurs inN ′, let N ′ ≡ C[x], where the hole in
C[ ] identifies the left-most occurrence ofx in N ′. Let y be fresh: by the induction
hypothesis(λx.C[y])M→→β C

′[y] andC ′[y] is in normal form. By construction there

is exactly one hole inC ′[ ]. Let
→
N be all the terms to which[ ] is applied inC ′[ ]. Since

M ∈ PN , M
→
N ∈ N and therefore(λy.C ′[y])M ∈ N too. We concludeNM ∈ N

sinceNM =β (λxy.C[y])MM =β (λy.C ′[y])M .



Therefore ifn andn̂ are two elements ofD0 corresponding respectively to the setsN
andPN , they represent the functions(ĥ ⇒ h) t (n̂ ⇒ n) and(⊥ ⇒ ĥ) t (n ⇒ n̂).

A closable term applied to a closable term gives a closable term. Then ifc is the
element representingC it behaves like the functionc ⇒ c. The key observation here is
that there are closable terms (like∆∆, where∆ is defined in Example 1) which are not
weak head normalizing, and therefore we need to equate⊥ and⊥ ⇒ ⊥, i.e. we need to
consider a solution of the domain equationD = [D → D]. Moreover we do not have
a join betweenc andĥ (and hencên) since all persistently head normalizing terms are
open. Therefore we consider a cpoE0 with elementsc, n, ĥ, n̂.

To sum up we define our models as follows.

Definition 5.

i) LetD∞ be the inverse limit model obtained by taking asD0 the lattice of Figure 2,
asD1 the lattice[D0 → D0]⊥, and by defining the projectioniD0 : D0 → [D0 →
D0]⊥ as follows:

iD0 (n̂) = (⊥ ⇒ ĥ) t (n ⇒ n̂), iD0 (n) = (ĥ ⇒ h) t (n̂ ⇒ n),
iD0 (ĥ) = ⊥ ⇒ ĥ, iD0 (h) = ĥ ⇒ h, iD0 (⊥) = ⊥.

ii) Let E∞ be the inverse limit model obtained by taking asE0 the cpo of Figure 2,
asE1 the cpo[E0 → E0], and by defining the projectioniE0 : E0 → [E0 → E0] as
follows:

iE0 (n̂) = (⊥ ⇒ ĥ) t (n ⇒ n̂), iE0 (n) = (ĥ ⇒ h) t (n̂ ⇒ n),
iE0 (ĥ) = ⊥ ⇒ ĥ, iE0 (h) = ĥ ⇒ h,
iE0 (c) = c ⇒ c, iE0 (⊥) = ⊥ ⇒ ⊥.
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ĥ t n

����
��

��
�

��;
;;

;;
;;

ĥ
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Fig. 2.The latticeD0 and the cpoE0



We will denote the partial orders onD∞ andE∞ byvD andvE , respectively.
Since each variable is clearly a persistently normalizing term, it is meaningful to

interpret terms in the environment which maps each variable to the elementn̂. The
main result of our paper is:

Theorem 1 (Main Theorem, Version I). LetD∞ andE∞ be the inverse limit models
defined in Definition 5 andθn̂ the environment defined byθn̂(x) = n̂ for all x ∈ var.
Then:

i) M ∈ PN iff [[M ]]D∞θn̂
wD n̂ iff [[M ]]E∞θn̂

wE n̂;

ii) M ∈ N iff [[M ]]D∞θn̂
wD n iff [[M ]]E∞θn̂

wE n;

iii) M ∈ PHN iff [[M ]]D∞θn̂
wD ĥ iff [[M ]]E∞θn̂

wE ĥ;

iv) M ∈ HN iff [[M ]]D∞θn̂
wD h iff [[M ]]E∞θn̂

wE h;

v) M ∈ PWN iff [[M ]]D∞θn̂
wD

⊔
n∈IN(⊥ ⇒ . . .⇒ ⊥︸ ︷︷ ︸

n

⇒ ⊥);

vi) M ∈ WN iff [[M ]]D∞θn̂
wD ⊥ ⇒ ⊥;

vii) M ∈ CN iff [[M ]]E∞θn̂
wE c t n;

viii) M ∈ CHN iff [[M ]]E∞θn̂
wE c t h;

ix) M ∈ C iff [[M ]]E∞θn̂
wE c.

The proof of this theorem is done by means of finitary logical descriptions ofD∞
andE∞ obtained by defining intersection type assignment systems in Section 3.

3 The Type Assignment System

Stone dualitiesallow to describe special classes of topological spaces by means of (pos-
sibly finitary) partial orders. Typically, these partial orders are given by the topology, a
basis for it, or a subbasis for it. The seminal result is the duality between the categories
of Stone spaces and of Boolean algebras (see Johnstone [14]). Other very important
examples are the descriptions ofω-algebraic complete latticesasintersection type the-
ories in Coppo et al. [8],Scott domainsasinformation systemsin Scott [26], andSFP
domainsaspre-localesin Abramsky [1]. It is worthwhile to mention also Martin-Löf’s
domain interpretation of intuitionistic type theory in Martin-Löf [19].

As stated first in Coppo et al. [8] and proved in Alessi [3], we can describe an inverse
limit model by taking:

– the types freely generated by closing (a set of atomic types corresponding to) the
elements of the initial cpo under thefunction typeconstructor→ and theintersec-
tion typeconstructor∩ betweencompatibletypes, where two types are compatible
iff the corresponding elements have a join;

– the preorder between types induced by reversing the order in the initial cpo and by
encoding the initial projection, according to the correspondence:

function type constructor 7→ step function
intersection type constructor 7→ join.



Let Ẽ0 be the lattice obtained fromE0 by adding the missing joins and̃E∞ the
inverse limit model obtained from̃E0 by taking asẼ1 the cpo[Ẽ0 → Ẽ0], and as initial
projection the projectioniE0 of Definition 5. We first define pretypes corresponding to
the elements iñE∞ and then types corresponding to the elements inD∞ andE∞.

Definition 6 (The setPT of pretypes).The setPT of pretypes is defined as follows.

PT ::= ν | ν̂ | µ | µ̂ | γ | Ω | PT →PT | PT ∩ PT
Pretypes will be denoted byφ, φ1, . . . , φ

′, . . ..
We give now the correspondence between pretypes and finite elements ofẼ∞ (as

usual we identify elements of̃En with their projections iñE∞).

Definition 7 (The mappingm). The mappingm : PT → Ẽ∞ is defined as follows.

m(ν) = n m(ν̂) = n̂

m(µ) = h m(µ̂) = ĥ
m(γ) = c m(Ω) = ⊥
m(φ→ψ) = m(φ) ⇒ m(ψ) m(φ ∩ ψ) = m(φ) t m(ψ).

The mappingm allows us to single out the sets of types.

Definition 8 (The setsTD and TE of types).

i) A pretypeφ is aD-type,φ ∈ TD iff m(φ) ∈ D∞;
ii) A pretypeφ is anE-type,φ ∈ TE iff m(φ) ∈ E∞.

Types will be denoted byσ, τ, . . . , σ1, . . .. When writing types we shall use the fol-
lowing convention: the constructor∩ takes precedence over the constructor→ which
associates to the right. For example

(σ→ τ→ ζ) ∩ σ→ τ→ ζ ≡ ((σ→(τ→ ζ)) ∩ σ)→(τ→ ζ).

Moreoverσn → τ will be short forσ → · · · → σ︸ ︷︷ ︸
n

→ τ (n ≥ 0).

(ν̂ν) ν̂ ≤ ν (ν̂µ̂) ν̂ ≤ µ̂
(νµ) ν ≤ µ (µ̂µ) µ̂ ≤ µ
(Ω) σ ≤ Ω (arint) (σ→ τ) ∩ (σ→ ζ) ≤ σ→ τ ∩ ζ
(ν̂→) ν̂ ∼ (Ω→ µ̂) ∩ (ν→ ν̂) (ν→) ν ∼ (µ̂→µ) ∩ (ν̂→ ν)
(µ̂→) µ̂ ∼ Ω→ µ̂ (µ→) µ ∼ µ̂→µ
(refl) σ ≤ σ (mon) σ ≤ σ′, τ ≤ τ ′ ⇒ σ ∩ τ ≤ σ′ ∩ τ ′

(idem)σ ≤ σ ∩ σ (trans)σ ≤ τ, τ ≤ ζ ⇒ σ ≤ ζ
(incl) σ ∩ τ ≤ σ, σ ∩ τ ≤ τ (arco) σ ≤ σ′, τ ≤ τ ′ ⇒ σ′ → τ ≤ σ → τ ′

whereσ ∼ τ is short forσ ≤ τ andτ ≤ σ.

Fig. 3.Preorder axioms and rules

Figure 3 defines a preorder on pretypes. The first four axioms correspond to the
partial order inD0 andE0. The axioms(ν̂→), (ν→), (µ̂→), (µ→) encode the initial
projection of the constants different fromγ andΩ. The remaining axioms are standard
properties of joins and step functions. We can now give the preorders on types.



Definition 9 (Preorders onTD and TE ).

i) The relation≤D is defined onTD by the axioms and rules of Figure 3 plus the
following axiom:

(Ω→) σ→Ω ≤ Ω→Ω;

ii) The relation≤E is defined onTE by the axioms and rules of Figure 3 plus the
following axioms:

(→Ω) Ω ≤ Ω→Ω (γ→) γ ∼ γ→ γ.

The axioms(Ω→) and(→Ω) reflect the differences between the projectionsiD0
andiE0 on⊥. Notice that(→Ω) and(Ω) imply (Ω→). The axiom(γ→) encodes the
initial projection of the constantγ.

Remark 1.The setsTD andTE are not closed under≤, since for example by rule(incl)
ν̂ ∩ γ ≤ ν̂, andν̂ ∈ TD, ν̂ ∈ TE , while ν̂ ∩ γ 6∈ TD, ν̂ ∩ γ 6∈ TE . For this reason we take
≤D (respectively≤E ) as the restriction of≤ to TD (respectivelyTE ).

We build filters on the set of pretypes and then single out the filters on the sets of
types.

Definition 10 (The setsFD andFE ).

i) A filter is a setΞ ⊆ PT such that:
(a) Ω ∈ Ξ;
(b) if σ ≤ τ andσ ∈ Ξ, thenτ ∈ Ξ;
(c) if σ, τ ∈ Ξ, thenσ ∩ τ ∈ Ξ;
where≤ is the preorder defined in Figure 3;

ii) if Ξ ⊆ T , then↑ Ξ denotes the filter generated byΞ;
iii) a filter is principal if it is of the shape↑ {σ}, for some typeσ. We shall denote

↑ {σ} simply by↑ σ;
iv) FD denotes the set of filtersΞ such that

(a) if σ ∈ Ξ, thenσ ∈ TD;
(b) if σ ≤D τ andσ ∈ Ξ, thenτ ∈ Ξ;

v) FE denotes the set of filtersΞ such that
(a) if σ ∈ Ξ, thenσ ∈ TE ;
(b) if σ ≤E τ andσ ∈ Ξ, thenτ ∈ Ξ.

It is easy to verify that the setFD, ordered by subset inclusion, is anω-algebraic
complete lattice, where↑ Ω is the bottom, andT is the top. Further, the setFE , ordered
by subset inclusion, is anω-algebraic cpo, where↑ Ω is the bottom. For both domains
the finite elements are exactly the principal filters.

Using the mappingm we can show thatFD andD∞ are isomorphic asω-algebraic
complete lattices, and thatFE andE∞ are isomorphic asω-algebraic cpos. In this re-
spect it is useful to show that the mappingm agrees with the preorders on types and the
partial orders on inverse limit models. Let∇ ∈ {D, E}. For lack of space the proof is
omitted.



Lemma 1. For all typesσ, τ ∈ T ∇ we get:

m(σ) w∇ m(τ) iff σ ≤∇ τ.

Theorem 2 (Isomorphism).

i) The mappingm∗ : FD→D∞ defined by

m∗(Ξ) =
⊔

σ∈Ξ

m(σ)

is a lattice isomorphism betweenFD andD∞.
ii) The mappingm∗ : FE→E∞ defined by

m∗(Ξ) =
⊔

σ∈Ξ

m(σ)

is a cpo isomorphism betweenFE andE∞.

Proof. Clearly ifΞ ⊆ Ξ ′ then
⊔

σ∈Ξ m(σ) v∇
⊔

τ∈Ξ′ m(τ).
Vice versa, if

⊔
σ∈Ξ m(σ) v∇

⊔
τ∈Ξ′ m(τ) then for allσ ∈ Ξ there isτ ∈ Ξ ′ such

thatm(σ) v∇ m(τ). By Lemma 1 this implies that for allσ ∈ Ξ there isτ ∈ Ξ ′ such
thatσ ≥∇ τ . Then beingΞ ′ a filter we getσ ∈ Ξ ′ for all σ ∈ Ξ.

Notice thatm∗(↑ σ) = m(σ).

Due to the above isomorphism the interpretations of lambda terms inD∞ andE∞
are isomorphic to the filters of types one can derive in the following type assignment
systems. This gives us finitary logical descriptions of the models.

Let∇ ∈ {D, E}. A ∇-type assignmentis an expression of the formM : τ , where
M ∈ Λ is thesubjectandτ ∈ T∇ is thepredicate. A∇-contextΓ is a (possibly infinite)
set of∇-type assignments of the shapex : σ with different subjects (term variables).

In the following we will use both the contexts which assign to all variables the same
type and the contexts which assign to all variables but one the same type.

Definition 11.
Γσ = {x : σ | x ∈ var} andΓ x:τ

σ = {x : τ} ∪ {y : σ | y ∈ var&y 6= x}.

Exploiting the intersection type constructor we can build a context out of two arbi-
trary contexts.

Definition 12. Γ1

⊎
Γ2 = {(x:τ) | (x:τ) ∈ Γ1&x 6∈ Γ2} ∪

{(x:τ) | (x:τ) ∈ Γ2&x 6∈ Γ1} ∪
{(x:τ1 ∩ τ2) | (x:τ1) ∈ Γ1&(x:τ2) ∈ Γ2}

Definition 13 (The type assignment systems).The∇-type assignmentM : τ is deriv-
able from the∇-contextΓ , notationΓ `∇ M : τ , if Γ `∇ M : τ can be generated by
the following axioms and rules.



(ax)
Γ, x : σ ` x : σ

(Ω)
Γ `M : Ω

Γ `M : σ → τ Γ ` N : σ
(→ E)

Γ `MN : τ

Γ, x : σ `M : τ
(→ I)

Γ ` λx.M : σ → τ

Γ `M : σ Γ `M : τ
(∩I)

Γ `M : σ ∩ τ

Γ `M : σ, σ ≤∇ τ
(≤∇)

Γ `M : τ

It is easy to verify that the intersection elimination rule is derivable:

Γ `M : σ ∩ τ
(∩E)

Γ `M : σ Γ `M : τ

and that the following rules are admissible:

Γ, x : σ `M : τ σ′ ≤∇ σ
(≤∇ L)

Γ, x : σ′ `M : τ

Γ `M : τ x 6∈ Γ
(weakening)

Γ, x : σ `M : τ

Example 2.Figure 4 gives some paradigmatic examples of deductions in our type sys-
tems. Notice the use of the intersection introduction and the subsumption rules in order
to derive atomic types. All derivations but the last one are valid in both systems, whereas
the last one is valid only iǹ E . We omit the indexesD andE .

As usual we have a Generation Theorem for our type assignment system: the proof
by induction on derivations follows the proof of the same property for the standard
intersection type system (see e.g. [5]).

Theorem 3 (Generation Theorem).

1. Assumeσ 6∼∇ Ω. ThenΓ `∇ x : σ iff (x : τ) ∈ Γ andτ ≤∇ σ for someτ ∈ T ∇.
2. Γ `∇ MN : σ iff Γ `∇ M : τ→σ, andΓ `∇ N : τ for someτ ∈ T ∇.
3. Γ `∇ λx.M : τ→σ iff Γ, x : τ `∇ M : σ.

The main motivation for introducing the type assignment systems is to get the mean-
ing of a lambda term in the inverse limit models by means of the types which are de-
ducible for it.

Mappingsθ : var→D∞ andθ : var→E∞ are called environments. The notation
Γ � θ means that(x : σ) ∈ Γ impliesm(σ) v θ(x).

Theorem 4 (Finitary logical descriptions).

i) For any lambda termM and environmentθ : var→D∞,

[[M ]]D∞θ = m∗({τ ∈ TD | ∃Γ. Γ � θ & Γ `D M : τ});

ii) For any lambda termM and environmentθ : var→E∞,

[[M ]]E∞θ = m∗({τ ∈ TE | ∃Γ. Γ � θ & Γ `E M : τ}).



(ax)
Γ x:Ω

ν̂ ` y : ν̂
(≤)

Γ x:Ω
ν̂ ` y : Ω→ µ̂

(ax)
Γ x:Ω

ν̂ ` x : Ω
(→E)

Γ x:Ω
ν̂ ` yx : µ̂

(→ I)
Γν̂ ` λx.yx : Ω→ µ̂

(ax)
Γ x:ν

ν̂ ` y : ν̂
(≤)

Γ x:ν
ν̂ ` y : ν→ ν̂

(ax)
Γ x:ν

ν̂ ` x : ν
(→E)

Γ x:ν
ν̂ ` yx : ν̂

(→ I)
Γν̂ ` λx.yx : ν→ ν̂

(∩I)
Γν̂ ` λx.yx : (Ω→ µ̂) ∩ (ν→ ν̂)

(≤)
Γν̂ ` λx.yx : ν̂

(ax)
Γ x:µ̂

ν̂ ` x : µ̂
(≤)

Γ x:µ̂
ν̂ ` x : µ̂→µ

(ax)
Γ x:µ̂

ν̂ ` x : µ̂
(→E)

Γ x:µ̂
ν̂ ` xx : µ

(→ I)
Γν̂ ` λx.xx : µ̂→µ

(ax)
Γν̂ ` x : ν̂

(≤)
Γν̂ ` x : ν̂→ ν

(ax)
Γν̂ ` x : ν̂

(→E)
Γν̂ ` xx : ν

(→ I)
Γν̂ ` λx.xx : ν̂→ ν

(∩I)
Γν̂ ` λx.xx : (µ̂→µ) ∩ (ν̂→ ν)

(≤)
Γν̂ ` λx.xx : ν

(ax)
Γ x:Ω

ν̂ ` y : ν̂
(≤)

Γ x:Ω
ν̂ ` y : Ω→ µ̂

(Ω)
Γ x:Ω

ν̂ ` ∆∆ : Ω
(→E)

Γ x:Ω
ν̂ ` y(∆∆) : µ̂

(→ I)
Γν̂ ` λx.y(∆∆) : Ω→ µ̂

(≤)
Γν̂ ` λx.y(∆∆) : µ̂

(ax)
Γ x:µ̂

ν̂ ` x : µ̂
(≤)

Γ x:µ̂
ν̂ ` x : Ω→µ

(Ω)
Γ x:µ̂

ν̂ ` ∆∆ : Ω
(→E)

Γ x:µ̂
ν̂ ` x(∆∆) : µ

(→ I)
Γν̂ ` λx.x(∆∆) : µ̂→µ

(≤)
Γν̂ ` λx.x(∆∆) : µ

(ax)
Γ x:γ

ν̂ ` x : γ
(≤)

Γ x:γ
ν̂ ` x : γ→ γ

(ax)
Γ x:γ

ν̂ ` x : γ
(→E)

Γ x:γ
ν̂ ` xx : γ

(→ I)
Γν̂ ` λx.xx : γ→ γ

(ax)
Γ x:γ

ν̂ ` x : γ
(≤)

Γ x:γ
ν̂ ` x : γ→ γ

(ax)
Γ x:γ

ν̂ ` x : γ
(→E)

Γ x:γ
ν̂ ` xx : γ

(→ I)
Γν̂ ` λx.xx : γ→ γ

(≤)
Γν̂ ` λx.xx : γ

(→E)
Γν̂ ` (λx.xx)(λx.xx) : γ

Fig. 4.Type derivations



Proof. Clearly it suffices to prove that

m(τ) v∇ [[M ]]∇∞θ iff there isΓ � θ such thatΓ `∇ M : τ.

The proof is by structural induction onM . The caseτ ∼∇ Ω is trivial.
If M is a variable then it follows immediately from the definition ofΓ � θ.
If M ≡ λx.N let τ ∼∇

⋂
i∈I(σi → ζi). By definition of [[]]∇∞θ :

⊔
i∈I(m(σi) ⇒

m(ζi)) v∇ [[M ]]∇∞θ iff m(ζi) v∇ [[N ]]∇∞θ[x:=m(σi)]
for all i ∈ I. By inductionm(ζi) v∇

[[N ]]∇∞θ[x:=m(σi)]
iff there isΓ ′ � θ[x := m(σi)] such thatΓ ′ `∇ N : ζi. By definition of

� and Lemma 1Γ ′ � θ[x := m(σi)] impliesΓ ′ = Γ, x : σ′i for someσ′i ≥∇ σi. We get
by the Generation Theorem (Theorem 3)Γ ′ `∇ N : ζi iff Γ `∇ M : σi → ζi. Lastly
Γ `∇ M : σi → ζi for all i ∈ I iff Γ `∇ M : τ.

If M ≡ NP by definition of [[]]∇∞θ : m(τ) v∇ [[M ]]∇∞θ iff there isσ such that
m(σ) ⇒ m(τ) v∇ [[N ]]∇∞θ andm(σ) v∇ [[P ]]∇∞θ . By inductionm(σ) ⇒ m(τ) v∇
[[N ]]∇∞θ iff there isΓ ′ � θ such thatΓ ′ `∇ N : σ → τ . Similarly m(σ) v∇ [[P ]]∇∞θ iff
there isΓ ′′�θ such thatΓ ′′ `∇ P : σ. TakingΓ = Γ ′

⊎
Γ ′′ we haveΓ `∇ N : σ → τ

andΓ `∇ P : σ. By the Generation Theorem (Theorem 3)Γ `∇ N : σ → τ and
Γ `∇ P : σ for someσ iff Γ `∇ M : τ.

As an immediate consequence we get that typings are invariant under subject con-
version.

Corollary 1. If Γ `∇ M : τ andM =β N , thenΓ `∇ N : τ .

4 The Main Result

Theorem 4 allows us to rephrase the main theorem of previous section, Theorem 1, as
follows:

Theorem 5 (Main Theorem, Version II).

i) M ∈ PN iff Γν̂ `D M : ν̂ iff Γν̂ `E M : ν̂;
ii) M ∈ N iff Γν̂ `D M : ν iff Γν̂ `E M : ν;

iii) M ∈ PHN iff Γν̂ `D M : µ̂ iff Γν̂ `E M : µ̂;
iv) M ∈ HN iff Γν̂ `D M : µ iff Γν̂ `E M : µ;
v) M ∈ PWN iff Γν̂ `D M : Ωn → Ω for all n ∈ IN;

vi) M ∈ WN iff Γν̂ `D M : Ω → Ω;
vii) M ∈ CN iff Γν̂ `E M : γ ∩ ν;

viii) M ∈ CHN iff Γν̂ `E M : γ ∩ µ;
ix) M ∈ C iff Γν̂ `E M : γ.

The proofs of theif parts of this Theorem are mainly straightforward induction and
case split, with the exception of the case of persistently normalizing terms. This case
needs the characterization of the setPN given in Böhm and Dezani [10] and it is omit-
ted. The proofs of theonly if parts require the set-theoretic semantics of intersection
types using saturated sets.



Proof of Theorem 5(ix)-(ii)(⇒)
In this proof we will use the characterizations ofPWN andPHN given in the proof
of Proposition 1.

(ix) We will showΓγ `E M : γ for all M by structural induction onM . If M is a
variable it is trivial. IfM ≡ NP , then by inductionΓγ `E N : γ andΓγ `E P : γ.
By rule (≤E ) we getΓγ `E N : γ→ γ and therefore using (→E) we conclude
Γγ `E M : γ. If M ≡ λx.N , then by inductionΓγ `E N : γ. Then using (→ I)
we deduceΓγ `E M : γ→ γ, and we conclude by (≤E ) Γγ `E M : γ. We can
concludè E M : γ for all closedM , and by rule (weakening) Γν̂ `E M : γ.

(vi) By Corollary 1 it suffices to considerM in weak head normal form. IfM ≡ λx.N ,
then we getΓ x:Ω

ν̂ `D N : Ω by (Ω) andΓν̂ `D M : Ω→Ω by rule (→ I).

If M ≡ x
→
N , wherem is the length of

→
N , being ν̂ ≤D Ωm+1→Ω, we derive

Γν̂ `D M : Ω → Ω using (Ω), (≤D) and (→ E).
(v) If M is an unsolvable term of order∞, i.e. for alln, there isN such thatM =β

λx1 . . . xn.N , we can deriveΓν̂ `D λx1 . . . xn.N : Ωn → Ω by (Ω) and rule
(→ I). If M is a solvable term such that the head variable of its head normal
form is free, i.e.M =β λ

→
x .y

→
N , beingν̂ ≤D Ωm+l→Ω for all l, we can derive

Γν̂ `D λ
→
x .y

→
N : Ωn+l → Ω, wherem is the length of

→
N andn is the length of→x .

(iv) Again by Corollary 1 it suffices to considerM in head normal form. LetM ≡
λ
→
y .x

→
N where →

y has lengthn and
→
N has lengthm. We haveΓµ̂ `∇ x

→
N : µ by

rules(Ω), (≤∇) and(→E) beingµ̂ ≤∇ Ωm→µ. By (→ I) this impliesΓµ̂ `∇
M : µ̂n→µ. We concludeΓν̂ `∇ M : µ using (≤∇) and(≤∇ L).

(viii ) follows from (iv) and (ix) beingCHN = C ∩ HN .
(iii ) The head variable of the head normal form ofM must be free. We can type a term

of the shapeλ→x .y
→
N , wherey /∈ →

x as follows:Γν̂ `∇ λ
→
x .y

→
N : Ωn → µ̂, since

ν̂ ≤∇ Ωm → µ̂, wherem is the length of
→
N andn is the length of→x . We conclude

Γν̂ `∇ M : µ̂ using (≤∇).
(ii ) By (iv) we getΓν̂ `∇ M : µ. So we only need to proveΓν̂ `∇ M : ν̂ → ν. The

proof is by induction on the normal formM . If M is a variable it is trivial since

ν̂ ≤∇ ν̂ → ν. If M ≡ x
→
N then by inductionΓν̂ `∇ N : ν for all N ∈

→
N and we

getΓν̂ `∇ M : ν̂ → ν sinceν̂ ≤∇ νm → ν̂ → ν, wherem is the length of
→
N . If

M ≡ λx.N then by inductionΓν̂ `∇ N : ν and this givesΓν̂ `∇ M : ν̂ → ν by
rule (→ I).

(vii) follows from (ii ) and (ix) beingCN = C ∩ N .

In order to prove the (⇐)-part of our main statement (Theorem 5) we will use the
set theoretic semantics of intersection types and saturated sets, which is referred to as
the reducibility method.

Thereducibility methodwas introduced by Tait [28] for proving the strong normal-
ization property of simply typed lambda calculus. Further it was developed in Tait [29]
and Girard [13] for proving the strong normalization property of polymorphic lambda
calculus.

In Pottinger [23], van Bakel [30], Krivine [16], [17], Ghilezan [12], Amadio and
Curien [4], the reducibility method is applied in order to characterize all and only the



strongly normalizing lambda terms in lambda calculus with intersection types. The re-
ducibility method is also used for characterizing some special classes of lambda terms
such as strongly normalizing terms, normalizing terms, head normalizing terms, and
weak head normalizing terms. They are characterized by their typeability in various
intersection type assignment systems in Leivant [18] and Gallier [11], whereas both
the mentioned terms as well as their persistent versions are characterized in Dezani et
al. [10]. Furthermore, this method was applied for the proof of the Church-Rosser prop-
erty (confluence) of the simply typed lambda calculus in Statman [27], Koletsos [15],
and Mitchell [20], [21].

We will adapt the reducibility method, by requiring that the terms typable with the
key types listed in Theorem 5 belong to the corresponding sets.

In order to develop the reducibility method we considerΛ as theapplicative struc-
ture whose domain are lambda terms and where the application is just the application
of terms.

We first define theinterpretations of typesin TD and inTE : the only difference
between the two interpretations concerns the arrow constructor.

Definition 14.

i) The map[[−]]D : TD → 2Λ is defined by:
[[ν]]D = N , [[ν̂]]D = PN , [[µ]]D = HN , [[µ̂]]D = PHN , [[Ω]]D = Λ;
[[σ ∩ τ ]]D = [[σ]]D ∩ [[τ ]]D;

[[σ → τ ]]D = [[σ]]D D7−→ [[τ ]]D = {M ∈ WN | ∀N ∈ [[σ]]D MN ∈ [[τ ]]D}.
ii) The map[[−]]E : TE → 2Λ is defined by:

[[ν]]E = N , [[ν̂]]E = PN , [[µ]]E = HN [[µ̂]]E = PHN , [[γ]]E = C,
[[Ω]]E = Λ;
[[σ ∩ τ ]]E = [[σ]]E ∩ [[τ ]]E ;

[[σ → τ ]]E = [[σ]]E E7−→ [[τ ]]E = {M ∈ Λ | ∀N ∈ [[σ]]E MN ∈ [[τ ]]E}.

Notice that

[[Ω → Ω]]D = {M ∈ WN | ∀N ∈ [[Ω]]D MN ∈ [[Ω]]D}
= {M ∈ WN | ∀N ∈ Λ MN ∈ Λ} = WN ,

and by Definition 3⋂
n∈IN [[Ωn → Ω]]D =

⋂
n∈IN [[Ωn → Ω → Ω]]D

= {M ∈ WN | ∀
→
N ∈ [[Ω]]D M

→
N ∈ [[Ω → Ω]]D}

= {M ∈ WN | ∀
→
N ∈ Λ M

→
N ∈ WN} = PWN .

The following definition ofsaturated setis standard, see Krivine [16], [17].

Definition 15. A setX ⊆ Λ is saturated, notationSAT(X), if

(∀M,N ∈ Λ) (∀
→
M ∈ Λ) M [x :=N ]

→
M ∈ X ⇒ (λx.M)N

→
M ∈ X.

Obviously, each one of the setsPN , N , PHN , HN , C, andΛ satisfies the above
condition, since they are closed underβ-conversion. We can show that both type inter-
pretations are saturated.



Lemma 2. (∀τ ∈ TD)SAT([[τ ]]D) and(∀τ ∈ TE)SAT([[τ ]]E).

Proof. The proof is by structural induction on types. The only interesting case is that

of arrow types. LetM,N,
→
P ∈ Λ. SupposeM [x :=N ]

→
P ∈ [[σ → τ ]]D. Let Q ∈

[[σ]]D be arbitrary. Therefore by Definition 14(i) M [x :=N ]
→
PQ ∈ [[τ ]]D. Then by the

induction hypothesis(λx.M)N
→
PQ ∈ [[τ ]]D. Moreover by Definition 14(i) we get

M [x :=N ]
→
P ∈ WN , and this implies(λx.M)N

→
P ∈ WN . SinceQ was arbitrary,

according to Definition 14(i) we get(λx.M)N
→
P ∈ [[σ → τ ]]D. Similarly one can

show thatM [x :=N ]
→
P ∈ [[σ → τ ]]E implies(λx.M)N

→
P ∈ [[σ → τ ]]E .

We can get a simplification of Lemma 2.

Corollary 2. (∀τ ∈ T ∇) (∀N ∈ Λ) M [x :=N ] ∈ [[τ ]]∇ ⇒ (λx.M)N ∈ [[τ ]]∇.

The preorders on types agree with the set theoretic inclusion between type interpre-
tations.

Lemma 3. If σ ≤∇ τ , then[[σ]]∇ ⊆ [[τ ]]∇.

Proof. By induction on the length of the derivation ofσ ≤∇ τ . Proposition 1 justifies
the axioms between atomic types. Axioms(µ̂→) and(µ→) follow from Definitions 2
and 3. Axiom(ν̂ →) follows from the same definitions taking into account thatPN ⊆
Λ → PHN sincePHN = Λ → PHN . Axiom (ν →) follows from Proposition 2
taking into account thatN ⊆ PHN → HN sinceHN = PHN → HN .

Let us further define the∇-valuations of terms[[−]]∇ρ : Λ→ Λ and thesemantic sat-
isfiability relations|=∇ which connect the type interpretations and the term valuations
as follows.

Definition 16. Let [[−]]∇ : T∇ → 2Λ, ∇ ∈ {D, E}, be the defined type interpretation
and letρ : var→ Λ be a valuation of term variables inΛ. Then

i) [[−]]∇ρ : Λ→ Λ is defined by
[[M ]]∇ρ = M [x1 := ρ(x1), . . . , xn := ρ(xn)], whereFV(M) = {x1, . . . , xn};

ii) ρ |=∇ M : τ iff [[M ]]∇ρ ∈ [[τ ]]∇;
iii) ρ |=∇ Γ iff (∀(x : σ) ∈ Γ ) ρ |=∇ x : σ;
iv) Γ |=∇ M : τ iff (∀ρ |=∇ Γ ) ρ |=∇ M : τ .

We can prove that our type assignment systems aresoundwith respect to the above
semantic satisfiability.

Theorem 6 (Soundness).

Γ `D M : τ ⇒ Γ |=D M : τ Γ `E M : τ ⇒ Γ |=E M : τ.



Proof. By induction on the derivation ofΓ `∇ M : τ .
Case 1.The last step applied is(ax), i.e.Γ, x : τ `∇ x : τ . ThenΓ, x : τ |=∇ x : τ

by Definition 16(iii ).
Case 2.The last step applied is(→ E), i.e. Γ `∇ M : σ → τ, Γ `∇ N :

σ ⇒ Γ `∇ MN : τ . Then by the induction hypothesisΓ |=∇ M : σ → τ and

Γ |=∇ N : σ. Let ρ |=∇ Γ , then [[M ]]∇ρ ∈ [[σ → τ ]]∇ = [[σ]]∇ ∇7−→ [[τ ]]∇ and
[[N ]]∇ρ ∈ [[σ]]∇. Therefore[[MN ]]∇ρ ≡ [[M ]]∇ρ [[N ]]∇ρ ∈ [[τ ]]∇.

Case 3.The last step applied is(→ I), i.e.Γ, x : σ `∇ M : τ ⇒ Γ `∇ λx.M :
σ → τ . By the induction hypothesisΓ, x : σ |=∇ M : τ . Let ρ |=∇ Γ and let
N ∈ [[σ]]∇. We defineρ[x :=N ](x) = N, ρ[x :=N ](y) = ρ(y) for x 6= y. Then
ρ[x :=N ] |=∇ Γ , sincex /∈ Γ , andρ[x :=N ] |=∇ x : σ, sinceN ∈ [[σ]]∇. Therefore
ρ[x :=N ] |=∇ M : τ , i.e. [[M ]]∇ρ[x := N ] ∈ [[τ ]]∇, which means by Definition 16(i)

thatM [→y := ρ(→y )][x :=N ] ∈ [[τ ]]∇, where →
y = FV(M) \ {x}. By Corollary 2 we

have(λx.M [→y := ρ(→y )])N ∈ [[τ ]]∇. Then[[λx.M ]]∇ρ N ∈ [[τ ]]∇ sincex /∈ FV(λx.M).

Notice that[[λx.M ]]Dρ ∈ WN . Therefore[[λx.M ]]Dρ ∈ [[σ]]D D7−→ [[τ ]]D = [[σ → τ ]]D

sinceN ∈ [[σ]]D was arbitrary. Similarly[[λx.M ]]Eρ ∈ [[σ → τ ]]E .
Case 4.The last step applied is(∩I), i.e.Γ `∇ M : σ, Γ `∇ M : τ ⇒ Γ `∇

M : σ ∩ τ . Then by the induction hypothesisΓ |=∇ M : σ andΓ |=∇ M : τ . Let
ρ |=∇ Γ , then[[M ]]∇ρ ∈ [[σ]]∇ and[[M ]]∇ρ ∈ [[τ ]]∇. Therefore[[M ]]∇ρ ∈ [[σ ∩ τ ]]∇, i.e.
Γ |=∇ M : σ ∩ τ .

Case 5.The last step applied is(≤∇), i.e.Γ `∇ M : σ, σ ≤∇ τ ⇒ Γ `∇ M :
τ . By the induction hypothesisΓ |=∇ M : σ. Let ρ |=∇ Γ , then [[M ]]∇ρ ∈ [[σ]]∇.
According to Lemma 3[[σ]]∇ ⊆ [[τ ]]∇ so it follows that[[M ]]∇ρ ∈ [[τ ]]∇, i.e.Γ |=∇ M :
τ .

We conclude this section with the proof of theonly if part of Main Theorem, Ver-
sion II.

Proof of Theorem 5(⇐).
The proofs of all parts are similar, so we only consider part (v). LetΓν̂ `M : Ωn → Ω,
for all n: by soundness (Theorem 6) we have that ifρ |=D Γν̂ , then[[M ]]Dρ ∈ [[Ωn →
Ω]]D, for all n. We can takeρ1(x) = x, beingρ1 |=D Γν̂ , because all variables belong
to PN . Obviously,ρ1(M) = M for every lambda termM . Therefore we get that
M ∈ [[Ωn → Ω]]D, for all n: hence,M ∈ PWN since

⋂
n∈IN [[Ωn → Ω]]D = PWN

by Definition 14.

5 Discussion

Two natural questions, at least, lurk behind this paper: “can we characterize in some sig-
nificant way the class of evaluation properties which we can characterize using lambda
models?” and “is there a method for going from a logical specification of a property to
the appropriate lambda model?”.

Regarding the first question, obviously the sets of terms having a given property
have to be closed, at least, underβ-conversion. But clearly this is not the whole story.
Probably the answer to this question is linked to some very important open problems



in the theory of the denotational semantics of untypedλ-calculus, like the existence
of a denotational model whose theory is preciselyλβ. As far as the latter question is
concerned, we really have no idea. It seems that we are still missing something in our
understanding of lambda models.

The main contribution of the present paper is to show that two models can char-
acterize many different sets of terms. On the one hand it seems that we cannot find
elements representing weak head normalizability and closability in the same model,
since the first property requires the lifting of the space of functions and this does not
agree with the second one. On the other hand there are properties which appear strongly
connected, like each normalization property with its persistent version. It is not clear if
these properties can be characterized separately, i.e. if one can build models in which
only one of these properties is characterized.

Acknowledgements

We are grateful to the referees for careful reading and useful suggestions.

References

1. Samson Abramsky. Domain theory in logical form.Ann. Pure Appl. Logic, 51(1-2):1–77,
1991.

2. Samson Abramsky and C.-H. Luke Ong. Full abstraction in the lazy lambda calculus.Inform.
and Comput., 105(2):159–267, 1993.

3. Fabio Alessi.Strutture di tipi, teoria dei domini e modelli del lambda calcolo. PhD thesis,
Torino University, 1991.

4. Roberto M. Amadio and Pierre-Louis Curien.Domains and Lambda-Calculi. Cambridge
University Press, Cambridge, 1998.

5. Henk Barendregt, Mario Coppo, and Mariangiola Dezani-Ciancaglini. A filter lambda model
and the completeness of type assignment.J. Symbolic Logic, 48(4):931–940 (1984), 1983.

6. Henk P. Barendregt.The Lambda Calculus: its Syntax and Semantics. North-Holland, Am-
sterdam, revised edition, 1984.

7. Corrado B̈ohm and Mariangiola Dezani-Ciancaglini.λ-terms as total or partial functions on
normal forms. In C. B̈ohm, editor,λ-calculus and Computer Science Theory, volume 37 of
Lecture Notes in Computer Science, pages 96–121, Berlin, 1975. Springer.

8. Mario Coppo, Mariangiola Dezani-Ciancaglini, Furio Honsell, and Giuseppe Longo. Ex-
tended type structures and filter lambda models. In G.Lolli, G.Longo, and A.Marcja, editors,
Logic colloquium ’82, pages 241–262, Amsterdam, 1984. North-Holland.

9. Mariangiola Dezani-Ciancaglini and Silvia Ghilezan. A lambda model characterizing com-
putational behaviours of terms. In Y.Toyama, editor,International Workshop on Rewriting
in Proof and Computation, RPC’01, pages 100–119, 2001.

10. Mariangiola Dezani-Ciancaglini, Furio Honsell, and Yoko Motohama. Compositional char-
acterization ofλ-terms using intersection types. InMathematical Foundations of Computer
Science 2000, volume 1893 ofLecture Notes in Computer Science, pages 304–313. Springer-
Verlag, 2000.

11. Jean Gallier. Typing untypedλ-terms, or reducibility strikes again!Ann. Pure Appl. Logic,
91:231–270, 1998.



12. Silvia Ghilezan. Strong normalization and typability with intersection types.Notre Dame J.
Formal Logic, 37(1):44–52, 1996.

13. Jean-Yves Girard. Une extension de l’interprétation de G̈odelà l’analyse, et son application
à l’elimination des coupures dans l’analyse et la théorie des types. In J.E. Fenstadt, editor,
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