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Extended abstract

Abstract. We build two inverse limit lambda models which characterize com-
pletely sets of terms having similar computational behaviour. More precisely for
each one of these sets of terms there is a corresponding element in at least one of
the two models such that a term belongs to the set if and only if its interpretation
(in a suitable environment) is greater than or equal to that element. This is proved
by using the finitary logical description of the models obtained by defining suit-
able intersection type assignment systems.

1 Introduction

The aim of this paper is to present two lambda models which completely characterize
well-known computational properties of lambda terms. We consider nine computational
properties of lambda terms and corresponding nine sets of lambda terms: thaaet of
malizing head normalizingweak head normalizinigmbda terms, those corresponding

to thepersistentrersions of these notions, and the setslo$able closable normalizing
andclosable head normalizingmbda terms.

We build twoinverse lambda model®., and€&,, according to Scott [24], which
completely characterize each of the mentioned sets of terms. More precisely for each
one of the above nine sets of terms there is a corresponding element in at least one of
these models such that a term belongs to the set if and only if its interpretation (in a
suitable environment) is greater than or equal to that element. This is proved by using
the finitary logical descriptions of the moddls,, and&., obtained by defining twn-
tersection type assignment systemthe following way. First, we construct the séfs
and7¢ of types which are generated from atomic types corresponding to the elements of
Dy and&y, by thefunction typeconstructor and thimtersection typeonstructor. Then
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we define the set&p and F¢ of filters respectively on the sefs, andZ¢. Following

Scott [26], Coppo et al. [8], and Alessi [3], we will show that the s&is (ordered

by subset inclusion) an@s and the corresponding inverse modélg, and &, are
isomorphic asv-algebraic cpos. This isomorphism falls in the general framework of
Stone dualitiegJohnstone [14]). This framework later received a categorically princi-
pled explanation by Abramsky in the broader perspective of “domain theory in logical
form” [1]. The interest of the above isomorphism lies in the fact that the interpretations
of lambda terms D, and&,, are isomorphic to the filters of types one can derive in
the corresponding type assignment systems (Alessi [3]). This gives the desired finitary
logical descriptions of the models. Therefore an equivalent of the primary complete
characterization can be stated: a term belongs to one of the nine sets mentioned if and
only if it has a certain type (in a suitable context) in one of the obtained type assignment
systems.

In order to prove one part of this property we apply the so catézticibility
method This method is a generally accepted way for proving the strong normalization
property of various type systems (Tait [28], Tait [29], Girard [13], Krivine [16], [17],
Mitchell [20]). The reducibility method is also used in Leivant [18] and Gallier [11] for
characterizing strongly normalizing terms, normalizing terms, head normalizing terms,
and weak head normalizing terms by their typeability in various intersection type sys-
tems. In Dezani et al. [10] the reducibility method is applied to characterizing both the
mentioned sets of terms and their persistent versions.

In all these papers different properties are characterized by means of different type
assignment systems: so the novelty of the present approach is that we characterize all
nine computational properties of terms by meanerdf two type assignment systems
which induce\-models. Moreover in all the papers mentioned different computational
properties require different type interpretations in the reducibility method, whereas we
adapt the reducibility method usirmaly two type interpretationfor all nine computa-
tional properties.

In the other direction of the proof the most intriguing part is the one concerning
the persistently normalizing terms, which requires the characterization of these terms
presented in Dezani et al. [10].

Lastly we remark that there are essentiailyp semantics for intersection types in
the literature and that the present paper deals with both of themséthheoretical
semantics, originally introduced in Barendregt et al. [5], generalizes the one given by
Scott for simple types (Scott [25]). The meanings of types are subsets of the domain
of discourse, arrow types are definedl@gical predicatesand intersection is the set-
theoretic intersection. This semantics is at the basis of our application of the reducibil-
ity method. The second semantics views types@spact elementsf Plotkin's \-
structures (Plotkin [22]). According to this interpretation, the universal type denotes the
least element, intersections denote joins of compact elements, and arrow types allow to
internalize the space of continuous endomorphisms. This semantics allows us to obtain
the isomorphisms between the modBlg,, £, and the setsp, F¢ of filters of types.

The paper is organized as follows. In Section 2 the mofglsand &, are built.

The corresponding intersection type assignment systems are defined in Section 3. The
main result is a complete characterization of computational behaviours of terms by their



typeability in the corresponding type systems. This is stated in Section 4. For lack of
space some proofs are omitted.

A preliminary version of the present paper (dealing only with the first six sets of
terms) was presented at the International Workshop on Rewriting in Proof and Compu-
tation (RPC’01, Tohoku University 25-27/10/2001, Sendai, Japan) [9] and at the Types
Workshop (TYPES 2002 24-28/04/2002, Nijmegen, The Netherlands).

2 The Models

We use standard notations for lambda terms and beta reductions.

Definition 1 (The setA of lambda terms). The set/ of (type-free) lambda terms is
defined by the following abstract syntax.

A n=var | (AA) | (AvarA)

var =z | var’

We usezx, vy, z,...,x1,... for arbitrary term variables and/, N, P,..., My, ... for
arbitrary terms. In writing terms we assume the standard conventions on parentheses
and dots [6]FV(M) denotes the set of free variables of a telfn By M|z := N| we
denote the term obtained by substituting the té¥nfor all the free occurrences of the
variablex in M, taking into account that free variables &f remain free in the term
obtained.

The axiom of3-reductionis (Az.M)N — 3 M [z := N]. Aterm of the form(Az. M) N
is called a3-redex The transitive reflexive closure e# s is denoted by—g3. A term is
a normal formif it does not contairs-redexes.

We introduce now the computational behaviours of lambda terms we want to char-
acterize.

Definition 2 (Normalization properties).
i) AtermM has a normal formM € A, if M reduces to a normal form.
i) AtermM has a head normal formi/ € HA, if M reduces to a term of the form
AZ.yM (where possibly appears inx).
i) AtermM has a weak head normal fordid € WA, if M reduces to an abstraction
or to a term starting with a free variable.

For each of the above properties, we also consider the correspopeiaigtent
version (see Definition 3Rersistently normalizinterms have been introduced iHBm
and Dezani [7].

Definition 3 (Persistent normalization properties).
i) AtermM is persistently normalizinghf € PN, if MN € N for all terms N
in .
ii) A termM is persistently head normalizind/ € PHWN, if MN € HN for all
termsN. _
i) AtermM is persistently weak head normaliziny € PWN, if MN € WA for
all terms N .



We also consider the reducibility of terms to closed terms, to closed normal forms,
and to closed head normal forms.

Definition 4 (Closability properties).

i) AtermM isclosable M € C, if M reduces to a closed term.
ii) AtermM is closable normalizingM € CN, if M reduces to a closed normal
form.
i) AtermM is closable head normalizing/ € CHN, if M reduces to a closed head
normal form.

Example 1.LetI = Ar.z, A = dzxx, Y = Af.(Az.f(zz))(Az.f(zz)), K =
Azy.x.

— Ax.2zAA € N, buthz.zAA ¢ PWN (hencehz.xAA ¢ PHN), since
(Az.2AA)—53 AA ¢ WN. Notice that\z.zAA ¢ PN sincel € N. Lastly
Ax.xAA € CN.

— Az.y(AA) € PHN, butAz.y(AA) ¢ N.

- \z.z(AA) € HN, butA\z.z(AA) ¢ N and\z.z(AA) ¢ PWN, since
(Az.z(AA))A -5 A(AA) ¢ WN . Moreoverhz.z(AA) € CHN, but
Ax.z(AA) ¢ CN.

- YK € PWAN, butYK ¢ HN, henceYK ¢ PHN.

— 2. AA € WA, buthz. AA ¢ HN andAz.AA ¢ PWAN, since(Az.AA)M —»
AA ¢ WN . Moreoverhz. AA € C, but \z.AA ¢ CHN, hencez. AA ¢ CN.

Fig. 1. Inclusions between sets afterms

The following proposition, represented pictorially by Figure 1, sums up the mutual
implications between the above notions:



Proposition 1. The followingstrictinclusions hold:

PN G N CHN CWNGA
PN ¢ PHN C PWN C WN
PHN G HN

CN GCCHN ¢C ¢4

CN CN

CHN G HN.

No other inclusion holds between the above sets. Moreover

PHN =PWNNHN PN ¢ PHNNN
CHN =CNHN CN=CnN
CNPHN =10 CNPN = 0.

Proof. A persistently weak head normalizing ted is either an unsolvable term of
orderoo (as defined in Abramsky and Ong [2]), i.e. for althere isN such that\V/ =g
Ax1...x2,.N, Or it is a solvable term such that the head variable of its head normal
formis free. In factifM is an unsolvable term of a finite order, id. =5 Az ...z, N

whereN is unsolvable and it does not reduce to an abstraction,]thghgé WN where
N aren arbitrary A-terms. If M =5 A\z'y Z.yﬁ we getM)?(AA)E —3 AAN ¢
WA, whereX has the same length as, Z has the same length af, A is defined in
Example 1, andV’ = N[f = X,y=AA, 7 = Z].

The above discussion also shows that a persistently head normalizing term is a solv-
able term such that the head variable of its head normal form is free. So we get:

PHN = PWN NHN.

From the same example we have that a necessary condition for a normalizing term to
be a persistently normalizing term is that the head variable of its normal form is free.
This condition is not sufficient, since for examplez.y(zxz))A —35 y(AA). Being
\z.y(zz) € PHN and\z.y(zx) € N this term shows that:

PN C PHN NN.
For closable terms we clearly have:

CHN =CNHN CN=CnN
CNPHN =10 CNPN =0.

The above discussion gives some inclusions between the current sets of terms, and
Example 1 shows differences between them. The remaining inclusions easily follow by
definition.

Our goal is to build two inverse limit lambda models (Scott [24]) which satisfy the
following condition:
for each one of the above nine sets of terms there is a corresponding element in one



of these models such that a term belongs to the set iff its interpretation (in a suitable
environment) is greater than or equal to that element.

We therefore need to discuss the functional behaviours of the terms belonging to
these classes, in particular with respect to the step functions, where as usual a step
functiona = b is defined by

M. if aC dthenbelsel.

A weak head normalizing term either reduces to an abstraction or to an application
of a variable to (possibly zero) terms: in both cases (in a suitable environment) it be-
haves at least as well as (i.e. its interpretation is greater or equal to the interpretation
of) the step functionL. = 1. So we can choose the representative of the step function
L = 1 asthe element which corresponds to the elemenig.bf. We need to consider
a model in which this step function is not the bottom of the whole domain, i.e. a solution
of the domain equatio® = [D — D], where as usudD — D] is the domain of
continuous functions fron to D and, is the lifting operator.

A persistently weak head normalizing term applied to any number of arbitrary terms
gives a weak head normalizing term, i.e. it behaves at least as well as the step function
1L = ...= 1 = 1 forall values ofn. Therefore the element representing

n

Ll,en(L=...= L = 1)is agood candidate for the correspondence with the set
G ——

n

PWN.

A head normalizing term when applied to a persistently head normalizing term re-
duces to a head normalizing term: in its turn a persistently head normalizing term ap-
plied to an arbitrary term gives a persistently head normalizing term. Thereforand
h are two elements dP, corresponding respectively to the sétd/ and PHAN, they
represent the step functiohs= h and_L = h.

A normalizing term is also a head normalizing term and therefore it behaves at least
as well as the step functidn=- h. Similarly a persistently normalizing term is also a
persistently head normalizing term and therefore it behaves at least as well as the step
function L = h. Moreover a persistently normalizing term applied to a normalizing
term gives a persistently normalizing term. One can show that:

Proposition 2. The application of a normalizing term to a persistently normalizing
termis in turn a normalizing term.

Proof. We show that ifN € N andM € PN thenNM € N. We can assume that
N is in normal form. If N is A-free it is trivial. Otherwise leftV = \z.N’. The proof
is by induction on the number of occurrencescdh N'. The basic step, that isdoes
not occur inN’, is immediate. Ifx occurs inN’, let N/ = Clx], where the hole in
C] ] identifies the left-most occurrence ofin N’. Let y be fresh: by the induction
hypothesigAz.C[y]) M — 3 C’[y] andC’[y] is in normal form. By construction there

is exactly one hole i’[ ]. Let V be all the terms to which] is applied inC’[]. Since

M € PN, MN € N and thereford)\y.C’[y))M € N too. We concludeVM € N
sinceNM =g (Azy.Cly]) MM =5 (A\y.C'[y]) M.



Therefore ifn andf are two elements dP, corresponding respectively to the safs
andPN, they represent the functios = h) L (i = n) and(L = h) U (n = #).

A closable term applied to a closable term gives a closable term. Theis ithe
element representing it behaves like the function = c. The key observation here is
that there are closable terms (likeA, whereA is defined in Example 1) which are not
weak head normalizing, and therefore we need to equated | = 1, i.e. we need to
consider a solution of the domain equatibn= [D — D]. Moreover we do not have
a join betweert andh (and hence) since all persistently head normalizing terms are
open. Therefore we consider a cfipwith elements:, n, h, fi.

) ) )

To sum up we define our models as follows.
Definition 5.

i) LetD,, be the inverse limit model obtained by takinglasthe lattice of Figure 2,
asD; the lattice[Dy — Do), and by defining the projectiof : Dy — [Dy —
Do] . as follows:

i?(R)=(L=hU(n=n
Phy=L=h  Ph)=h=h PWL)=

i) Let&, be the inverse limit model obtained by taking&sthe cpo of Figure 2,
as &, the cpo[€y — &), and by defining the projectio§ : & — [y — &) as

follows:
i5(A) = (L=hu(=n), ifn)=((h=h)U@l=n),
i5(h) = L = h, i5(h) =h = h,
i5(c) =c=c, iS5(L)=1= 1

Fig. 2. The latticeD, and the cp&y



We will denote the partial orders dp,, and&,, by CP andC¢, respectively.

Since each variable is clearly a persistently normalizing term, it is meaningful to
interpret terms in the environment which maps each variable to the elemédihte
main result of our paper is:

Theorem 1 (Main Theorem, Version I). Let D, and&,, be the inverse limit models
defined in Definition 5 and; the environment defined By(x) = n for all = € var.
Then:

i) M e PN iff [M]g>= 3P fiff [M]5= 2° &;
i) M e N iff [M]5= 3P niff [M]5=> 2° n;
iii)y M e PHN iff [M]g>~ 3P hiff [M]5= 3 h;
iv) M e HNiff [M]7~ 2P hiff [M]5> 2 h;
V) M e PWNiff [M]5>~ 2P ||, cn(L=...= L= 1);
vi) M € WA iff [M]5>~ 2P L = 1;
vii) M € CN iff [M]5= 2% cn;
viil) M € CHN iff [M]5>= 3¢ cLih;
iX) M € Ciff [M]5= 2¢ c.

The proof of this theorem is done by means of finitary logical descriptiori3.of
and&,, obtained by defining intersection type assignment systems in Section 3.

3 The Type Assignment System

Stone dualitiesllow to describe special classes of topological spaces by means of (pos-
sibly finitary) partial orders. Typically, these partial orders are given by the topology, a
basis for it, or a subbasis for it. The seminal result is the duality between the categories
of Stone spaces and of Boolean algebras (see Johnstone [14]). Other very important
examples are the descriptionsupfalgebraic complete latticeasintersection type the-
oriesin Coppo et al. [8]Scott domaingsinformation systemi Scott [26], andSFP
domainsaspre-localesn Abramsky [1]. It is worthwhile to mention also Martinéf's
domain interpretation of intuitionistic type theory in Martirdi[19].

As stated firstin Coppo et al. [8] and proved in Alessi [3], we can describe an inverse
limit model by taking:

— the types freely generated by closing (a set of atomic types corresponding to) the
elements of the initial cpo under tlfignction typeconstructor— and theintersec-
tion typeconstructon betweercompatibletypes, where two types are compatible
iff the corresponding elements have a join;

— the preorder between types induced by reversing the order in the initial cpo and by
encoding the initial projection, according to the correspondence:

function type constructor — step function
intersection type constructor — join.



Let & be the lattice obtained frorfi, by adding the missing joins anfl,, the
inverse limit model obtained frorfiy by taking asf; the cpo[&y — &), and as initial
projection the projectioiif of Definition 5. We first define pretypes corresponding to

the elements i€, and then types corresponding to the elemen®@jnand€&,..
Definition 6 (The setPT of pretypes).The setPT of pretypes is defined as follows.
(PT w=v || pulp[y]R2]PT—PT|PTNPT]

Pretypes will be denoted by, ¢1,...,¢’,.. .. N
We give now the correspondence between pretypes and finite elemefys (ak

usual we identify elements @f, with their projections irf).
Definition 7 (The mappingm). The mapping : PT — & is defined as follows.

m(v)=n n(v) = f
n(s) = n(i) = b
m(y) =c m(2)=1

m(¢—¢) =m(¢) = n(y) m(¢NyY)=m(¢)Un(y).
The mappingn allows us to single out the sets of types.
Definition 8 (The sets7p and 7¢ of types).

i) A pretypep is aD-type,¢ € Tp iff m(¢) € Dwo;
ii) A pretypegis ané-type,¢ € T¢ iff m(¢) € E.

Types will be denoted by, 7,...,01,.... When writing types we shall use the fol-
lowing convention: the constructor takes precedence over the construetomwhich

associates to the right. For example
(c—=17—=No—7—=¢=((0—=(1—()No)—=(r—=().

Moreovers™ — 7 will be shortforc — --- — o — 7 (n > 0).
~—_——

() D<v (p) o< p

(vp) v<up () < p

(2) o< (arint) (c—=71)N(c—¢) <o—7N(
(9) D~ (2= ) N (v — D) (v —) v ~ (—r ) N (5 — D)

(A=) i~ 02— p (L—=) p~p—p

(refl) o<o (mon)o <o, 7<= ont <o N7
(idem)oc <onNno (trans)o <7, 7<( =20 <(

(incl) oNT<o,0N7t<71 (@co)o<o,7<7 =0 -7<0—1
whereo ~ 7 is short forc < 7 andr < o.

Fig. 3. Preorder axioms and rules

Figure 3 defines a preorder on pretypes. The first four axioms correspond to the
partial order inDy and&y. The axioms? —), (v —), (i —), (. —) encode the initial
projection of the constants different fromand2. The remaining axioms are standard
properties of joins and step functions. We can now give the preorders on types.



Definition 9 (Preorders on7p and 7¢).

i) The relation<p is defined on7p by the axioms and rules of Figure 3 plus the
following axiom:
(2—) oc— 2 < 02— (2

i) The relation<¢ is defined onZ¢ by the axioms and rules of Figure 3 plus the
following axioms:

(—0) <00 (v—=) y~y—7.

The axioms(2 —) and (— (2) reflect the differences between the projectigfis
andi§ on L. Notice that(— 2) and(£2) imply ({2 —). The axiom(y —) encodes the
initial projection of the constant.

Remark 1.The sets/p and7Z¢ are not closed undet, since for example by rul@ncl)
vNy <p,andy € Tp, v € T¢, whilev N~y & Tp, v Ny &€ T¢. For this reason we take
<p (respectively<¢) as the restriction ok to 7p (respectivelyZz).

We build filters on the set of pretypes and then single out the filters on the sets of
types.

Definition 10 (The setsFp and F¢).

i) Afilteris aset= C P7 such that:
(a R esz;
(b) if o < Tandeo € =, thent € =
(c) ifo,7 € =, thenonNt € =}
where< is the preorder defined in Figure 3;
i) if = C 7,thenT = denotes the filter generated By
i) a filter is principal if it is of the shape] {c}, for some typer. We shall denote
T {o} simply byt o;
iv) Fp denotes the set of filtefs such that
(a) if o € =, theno € Tp;
(b) if o <p Tandeo € =, thenr € =}
v) Fe denotes the set of filtefS such that
(a) if o € =, theno € Tg;
(b) if o <¢ Tando € =, thent € =.

It is easy to verify that the sefp, ordered by subset inclusion, is aralgebraic
complete lattice, wherg (2 is the bottom, and" is the top. Further, the s, ordered
by subset inclusion, is ap-algebraic cpo, where {2 is the bottom. For both domains
the finite elements are exactly the principal filters.

Using the mapping we can show thafp andD,, are isomorphic as-algebraic
complete lattices, and th&iz and&,, are isomorphic as-algebraic cpos. In this re-
spect it is useful to show that the mappimggrees with the preorders on types and the
partial orders on inverse limit models. L®t € {D, £}. For lack of space the proof is
omitted.



Lemma 1. For all typeso, 7 € TV we get:
m(o) v n(7) iff o <y 7.
Theorem 2 (Isomorphism).

i) The mappinay* : Fp — D, defined by

n*(2) = |_| m(o)

oeER

is a lattice isomorphism betweefp and D .
i) The mapping* : F¢ — &, defined by

m'(Z) = |_|Hm(0)

(A SH=)

is a cpo isomorphism betweénr and&..

Proof. Clearly if = C =" then| | .-m(c) CY | |, = m(7).

Vice versa, ifl | . =m(c) CV | ], .= m(7) then for alloc € = there ist € =’ such
thatm(o) CV m(7). By Lemma 1 this implies that for at € = there ist € =’ such
thato >V 7. Then being=" a filter we getr € =/ forall o € =.

Notice thatn*(1 o) = m(0).

Due to the above isomorphism the interpretations of lambda tersjrand &,
are isomorphic to the filters of types one can derive in the following type assignment
systems. This gives us finitary logical descriptions of the models.

LetV € {D,£}. A V-type assignmens an expression of the ford/ : 7, where
M € Aisthesubjectandr € 7Ty is thepredicate A V-contextl” is a (possibly infinite)
set of V-type assignments of the shape o with different subjects (term variables).

In the following we will use both the contexts which assign to all variables the same
type and the contexts which assign to all variables but one the same type.

Definition 11.
Io={x:0|xzevartandl?" ={x: 7} U{y: 0| y € var&y # z}.

Exploiting the intersection type constructor we can build a context out of two arbi-
trary contexts.

Definition 12. Iy |H Iy = {(z:7) | (a:7) € [&x & I} U
{(z:7) | (z:7) € [n&x ¢ I} U
{(z:m1 ) | (ximy) € I&(x:m2) € Ih}

Definition 13 (The type assignment systems].heV-type assignmen¥/ : 7 is deriv-
able from theV-contextl", notationI" v M : 7, if I' by M : 7 can be generated by
the following axioms and rules.



S—- — ()
Iz:obx:0o I'-M:1
I'-M:0—717 I'FN:o x:obF-M:T
(— E) (— 1)
I'EMN :1 I'cXeM:o—T
I'-M:c 'EM:1 I'-M:0, o<y T
(NI) (<v)
I'-M:onT I'-M:1

It is easy to verify that the intersection elimination rule is derivable:
I'EM:onT
I'-M:0 I't-M:71

and that the following rules are admissible:

(NE)

INz:ob-M:7 o' <yo I'-M:7 z¢I” )
(<v L) (weakening)
Iz:o'-M:1 Iz:ob-M:1

Example 2.Figure 4 gives some paradigmatic examples of deductions in our type sys-
tems. Notice the use of the intersection introduction and the subsumption rules in order
to derive atomic types. All derivations but the last one are valid in both systems, whereas
the last one is valid only ifr¢. We omit the indexe® andf.

As usual we have a Generation Theorem for our type assignment system: the proof
by induction on derivations follows the proof of the same property for the standard
intersection type system (see e.g. [5]).

Theorem 3 (Generation Theorem).

1. Assumer £V 2. Thenl' -y z: o iff (z:7) € I"andT <y o for somer € TV.
2.I'+v MN :0iff Ty M :7—0,andI" -y N : 7 for somer € TV.
3 I'ty e M:7—oiff o:7hy M : 0.

The main motivation for introducing the type assignment systems is to get the mean-
ing of a lambda term in the inverse limit models by means of the types which are de-
ducible for it.

Mappingsf : var — D, andé : var — £, are called environments. The notation
I' >0 means thafz : o) € I'impliesn(o) C 6(z).

Theorem 4 (Finitary logical descriptions).
i) For any lambda term\/ and environmenf : var — D,
M7= =w* ({7 €Tp | AT >0 & I'Fp M : 7});
if) For any lambda term\/ and environmenf : var — &,

[M]é> =m*({r € Tz | 3. T >0 & T'kg M : 7}),



(az)

— — ()
Iy b IV by 0
x: 82 ~ (S) x: 82 (ar) TV ~ (S) TV (am)
Iy " Fy:2—4 Iy Fx: 2 Iy Fy:v—o Iy"Fx:v
- (—E (—E)
I Fyx:f Iy vFyx: D
(—=1) (—=1)
Iy Fdzyx: 2—4

I zyxr :v—v

(n1)
IjFXryr: (R—=p)N(v—0)
— (<)
Iy dzyx v
e — ()
Itz Iy Fx:D
- () =3 (az) < (az)
I'’'“vFao:ip—p I'’“va:fp Inkz:0—v Iz
- (—E) (—E)
It brzzp Iokax:v
(=1 (1)
Iy Azxx: p—p Iy evxx:0v—v
(NI)
Ik Xeaxe: (p—p)N(@—v)
<
Iy Fdexx i v -
S — (W)
nggl—y:ﬁ It rx
_ () — (2 —— (<) — (@
I by 2—4 I AA: Q2 I'fbrao:2—-p I'FEAA: 2
o (—E) (—E)
Iy Fy(AA): o ITH e z(AA)
(= 1) —1)
Iy Azy(AA): 2— i
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Proof. Clearly it suffices to prove that
m(7) CV [M]y > iff there isI" > 6 such thatl” -y M : 7.

The proof is by structural induction all. The case ~V (2 is trivial.

If M is a variable then it follows immediately from the definition/ot> 6.

If M = \e.Nlett ~V ,c;(0; — (). By definition of [J=: | |, ;(m(o;) =
m(¢;)) £V [M]y= iff m(G) EY [N]g5_a, for alli € I. By inductionn(¢;) £V
[N]} 5oy ff there is I > 6z == m(0;)] such thatl” -y N : ¢;. By definition of
> and Lemma I > 0z := m(o;)] impliesI” = I', z : o} for someo} >v o;. We get
by the Generation Theorem (Theoremi3)ry N : ¢; iff I' by M : 0; — (;. Lastly
F}_vM:O’i—>Cif0ra”’L.€Iiﬁ:Fl_vMZT.

If M = NP by definition of [J;>~: m(r) CV [M]y ~ iff there iss such that
n(o) = m(r) CV [N]y> andm(s) =V [P]; . By inductionm(s) = m(r) =V
[N]y = iff there isI" > § such thatl” -y N : o — 7. Similarlym(c') =V [P]y > iff
thereis"'t>0 such thal”' v P : 0. Takingl' = "¢ I wehavel' v N : 0 — 1
andl’ -y P : 0. By the Generation Theorem (TheoremB)-y N : ¢ — 7 and
I'ty P:oforsomesiff 'y M : 7.

As an immediate consequence we get that typings are invariant under subject con-
version.

Corollary 1. If 'y M : 7andM =g N, then' Fy N : 7.

4 The Main Result

Theorem 4 allows us to rephrase the main theorem of previous section, Theorem 1, as
follows:

Theorem 5 (Main Theorem, Version Il).

) M € PNiff Ty bp M:oiff [y Fe M : 0

iy MeNiff Iy bp M :viff I, e M :v;

i)y MePHN iff Iy bp M : piff Iy e M : i

V) M € HNiff Iy Fp M : piff Tp Fe M : i

V) M e PWNiff Iy bp M : 2" — 2foralln € N;
VI) MEWNIﬁFf,"DMQHQ,

Vi) M eCNiff Iy be M :yNv;
viii) M € CHN iff I e M v N p;

iX) M eCiff Iy ke M : .

The proofs of théf parts of this Theorem are mainly straightforward induction and
case split, with the exception of the case of persistently normalizing terms. This case
needs the characterization of the BV given in Bbhm and Dezani [10] and it is omit-
ted. The proofs of thenly if parts require the set-theoretic semantics of intersection
types using saturated sets.



Proof of Theorem 5(ix)-(ii)( =)
In this proof we will use the characterizations®¥VN andPHN given in the proof
of Proposition 1.

(ix) We will show I, k¢ M : ~ for all M by structural induction od/. If M is a
variable itis trivial. IfM = N P, then by induction”, F¢ N : yandl, k¢ P : 7.
By rule (<¢) we getl’, ¢ N : v—~ and therefore using+£ E) we conclude
I'ybe M 2 ~. If M = Az.N, then by inductionl’, ¢ N : . Then using £ I)
we deducel’, k¢ M : v— -, and we conclude by<¢) I, ¢ M : +. We can
conclude—¢ M : ~ for all closedM, and by rule (veakening) I'; e M : .

(vi) By Corollary 1 it suffices to considév/ in weak head normal form. B/ = A\z.N,
then we getl'¥*? +p N : Q2 by (2) andI, Fp M : 22— 2 by rule (= I).
If M = xﬁ, wherem is the length of]\7, beings <p 2™ — 2, we derive
Iy Fp M : 2 — 2using (2), (<p)and & E).

(v) If M is an unsolvable term of ordep, i.e. for alln, there isN such thatM =g
Axy...xz,.N, we can derivel; Fp Axq...z,.N : 27 — (2 by (2) and rule
(— I). If M is a solvable term such that the head variable of its head normal
form is free, i.e.M =g Af.yﬁ, beingy <p 2™+ — (2 for all [, we can derive

I, bFp Af.yﬁ : 2"+ — 2, wherem is the length ofV andn is the length ofz’.

(iv) Again by Corollary 1 it suffices to considéd in head normal form. Lefl =
MAy.zN where y has lengthn and N has lengthn. We havel};, Fv zN : u by
rules(£2), (<v) and(— FE) beingi <y 2™ — p. By (—I) this implies; Fv
M : ™ — p. We concludd, Fv M : pusing €v) and(<y L).

(viii) follows from (iv) and {x) beingCHN = C N'HN.

(i) The head variable of the head normal formMdéfmust be free. We can type a term
of the shape\a?.yﬁ, wherey ¢ z as follows: I} v AT .yN : Q" — fi, since
v <y 2™ — [, wherem is the length ofV andn is the length ofz. We conclude
Iy by M : fusing €v).

(i) By (iv) we getl; v M : u. So we only need to provE; v M : o — v. The
proof is by induction on the normal ford/. If M is a variable it is trivial since
v<gv—v.IfM= =N then by induction; v N : vforall N € N and we
getl; by M : v — v sincer <g v™ — v — v, Wwherem is the length of V. If
M = Az.N then by induction; v N : v and this gived, bv M : o — v by
rule (— I).

(vii) follows from (i) and {x) beingCN = C N N.

In order to prove the<)-part of our main statement (Theorem 5) we will use the
set theoretic semantics of intersection types and saturated sets, which is referred to as
the reducibility method.

Thereducibility methodwvas introduced by Tait [28] for proving the strong normal-
ization property of simply typed lambda calculus. Further it was developed in Tait [29]
and Girard [13] for proving the strong normalization property of polymorphic lambda
calculus.

In Pottinger [23], van Bakel [30], Krivine [16], [17], Ghilezan [12], Amadio and
Curien [4], the reducibility method is applied in order to characterize all and only the



strongly normalizing lambda terms in lambda calculus with intersection types. The re-
ducibility method is also used for characterizing some special classes of lambda terms
such as strongly normalizing terms, normalizing terms, head normalizing terms, and
weak head normalizing terms. They are characterized by their typeability in various
intersection type assignment systems in Leivant [18] and Gallier [11], whereas both
the mentioned terms as well as their persistent versions are characterized in Dezani et
al. [10]. Furthermore, this method was applied for the proof of the Church-Rosser prop-
erty (confluence) of the simply typed lambda calculus in Statman [27], Koletsos [15],
and Mitchell [20], [21].

We will adapt the reducibility method, by requiring that the terms typable with the
key types listed in Theorem 5 belong to the corresponding sets.

In order to develop the reducibility method we consideas theapplicative struc-
ture whose domain are lambda terms and where the application is just the application
of terms.

We first define thanterpretations of typesn 7p and in7¢: the only difference
between the two interpretations concerns the arrow constructor.

Definition 14.

i) The map[—]? : Tp — 24 is defined by:
[V]P = N, [2]° = PN, [u]® = HN, [4]° = PHN, [2]° = A;
[on7]? = [o]” N [r]7;
[o — 7] = [0]? 2 [r]P = {M € WN | VYN € [o]P MN e []P}.
i) The mag[—]¢ : 7e¢ — 24 is defined by:
[V]E = N, [2]€ = PN, [u]€ = HN [2]E = PHN, [H]E =C,
[2]¢ = A;
[o N 7]¢ = [o]¢ N [r]%;
[0 — 7)€ = [0]¢ V5 [7]S = {M € A| VYN € [¢]¢ MN € [r]¢}.

Notice that

[2 — Q)P = {M e WN | VN € [2]° MN e [2]P}
={M e WN |VN € AMN € A} =WN,

and by Definition 3

MueN[2" — Qﬂi: MneN [[“Qi - 02— 27
={M € WN | VN € [2]P MN € [2 — Q]P}
={M € WN'|VN € AMN € WN'} = PWN.
The following definition ofsaturated sets standard, see Krivine [16], [17].

Definition 15. A setX C A is saturatednotationSAT(X), if
(YM,N € A) (VM € A) M[z:=N]M € X = (Az.M)NM € X.

Obviously, each one of the s\, N, PHN, HN, C, and A satisfies the above
condition, since they are closed ungeconversion. We can show that both type inter-
pretations are saturated.



Lemma 2. (V7 € 7p)SAT([7]P) and (V7 € T¢)SAT([7]¢).

Proof. The proof is by structural induction on types. The only interesting case is that
of arrow types. LetM, N, P € A. Suppose]\/[[x::N}}3 € o — 7]P. LetQ €

[¢]P be arbitrary. Therefore by Definition 14 M|z := N]PQ € [r]P. Then by the
induction hypothesig\z. M)NPQ € [7]°. Moreover by Definition 14) we get
Mlz:=N]P € WA, and this implies\z.M)N P € WA SinceQ was arbitrary,
according to Definition 14) we get()\x.M)NI3 € [o — 7]P. Similarly one can
show thatM [z := N]P € [o — 7] implies(Az.M)N P € [o — 7]¢.

We can get a simplification of Lemma 2.
Corollary 2. (V1 € TV) (VN € A) M[z:=N] € [7]¥Y = (\z.M)N € [r]V.

The preorders on types agree with the set theoretic inclusion between type interpre-
tations.

Lemma 3. If ¢ <y 7, then[s]V C [7]V.

Proof. By induction on the length of the derivation ef<y; 7. Proposition 1 justifies
the axioms between atomic types. Axiofis—) and(x —) follow from Definitions 2
and 3. Axiom(? —) follows from the same definitions taking into account tRat” C
A — PHN sincePHN = A — PHN. Axiom (v —) follows from Proposition 2
taking into account that/ C PHN — HN sinceHN = PHN — HN.

Let us further define th&'-valuations of term§—] Y : A — A and thesemantic sat-
isfiability relationsi=v which connect the type interpretations and the term valuations
as follows.

Definition 16. Let[-]Y : Tv — 24,V € {D, &}, be the defined type interpretation
and letp : var — A be a valuation of term variables in. Then

i) [-]Y : A — Alis defined by
[M]Y = M2y :=p(21),. .., 20 = p(xn)], whereFV(M) = {x1,...,z,};
i)y plv M:r iff  [M]Y €[]V,
iy pv I’ iff (Mz:0)el) pEve:o;
v) 'eyM:7 iff (VpbevI) pEvM:T.

We can prove that our type assignment systemsauadwith respect to the above
semantic satisfiability.

Theorem 6 (Soundness).

I'tpM:71=TEpM:T I'teM:7=TkEegM:T.



Proof. By induction on the derivation of ¢ M : 7.

Case 1The last step applied i), i.e. Lz : 7ty z:7.ThenLz: T =y z: 7T
by Definition 16(ii).

Case 2.The last step applied i6~ FE),ie.I' bty M : 0 — 7,I' by N :
o = I' by MN : 7. Then by the induction hypothesis vy M : ¢ — 7 and

I'ley N :o. letp vy I, then[M]Y € [0 — ]V = [o]Y — [r]V and
[N]Y € [o]V. Thereforel MN]Y = [M]}[N]Y € [7]".

Case 3The last step applied is— I),i.e. Nz :0by M : 7= 'Fy Xz.M :
o — 7. By the induction hypothesi§,z : ¢ =y M : 7. Letp v I and let
N € [o]V. We definep[z := N](z) = N,plz:=N]|(y) = p(y) for z # y. Then
plr:=N] v T, sincez ¢ I', andp[z:= N] =y = : o, sinceN € [o]V. Therefore
ple:=N] v M : 7, ie. [M]}, . _y € [r]Y, which means by Definition 18(
that M[y :=p(y)][z:=N] € [r]V, wherey = FV(M) \ {z}. By Corollary 2 we
have(Az.M[y :=p(y)))N € [7]V. Then[Az. M]} N € [r]V sincez ¢ FV(Az.M).
Notice that[Az. M]? € WN. Therefore[Az. M]? € [o]” s [P = [0 — 7P
sinceN € [o]” was arbitrary. Similaryffxz.M]5 € [0 — 7]°.

Case 4.The last step applied i®V]),i.e. 'ty M : 0, 'Fy M : 7= 'Fy
M : o N . Then by the induction hypothesls =y M : o andI” =y M : 7. Let
p v I, then[M]Y e [o]Y and[M]} € [r]V. Therefore]M]Y € [o n 7]V, i.e.
I'eyM:onT.

Case 5The last step applied i<v ), i.e.I' v M : 0, o <g 7= 'ty M :
7. By the induction hypothesi§' =y M : o. Letp =y I, then[M]Y € [o]V.
According to Lemma o]V C [7]V so it follows that]M]Y € [7]V,i.e.]" |y M :
T.

We conclude this section with the proof of thely if part of Main Theorem, Ver-
sion II.

Proof of Theorem 5(<).

The proofs of all parts are similar, so we only consider partl{et I, - M : 2™ — (2,
for all n: by soundness (Theorem 6) we have that {p 7, then[M]? € [2" —
2]P, for all n. We can takey, (x) = x, beingp; =p I}, because all variables belong
to PN. Obviously, p; (M) = M for every lambda term\/. Therefore we get that
M e [2" — 2]P, for all n: hence M € PWA since(, N [£2" — 2]P = PWN
by Definition 14.

5 Discussion

Two natural questions, at least, lurk behind this paper: “can we characterize in some sig-
nificant way the class of evaluation properties which we can characterize using lambda
models?” and “is there a method for going from a logical specification of a property to
the appropriate lambda model?”.

Regarding the first question, obviously the sets of terms having a given property
have to be closed, at least, undkconversion. But clearly this is not the whole story.
Probably the answer to this question is linked to some very important open problems



in the theory of the denotational semantics of untypechlculus, like the existence

of a denotational model whose theory is precise As far as the latter question is
concerned, we really have no idea. It seems that we are still missing something in our
understanding of lambda models.

The main contribution of the present paper is to show that two models can char-
acterize many different sets of terms. On the one hand it seems that we cannot find
elements representing weak head normalizability and closability in the same model,
since the first property requires the lifting of the space of functions and this does not
agree with the second one. On the other hand there are properties which appear strongly
connected, like each normalization property with its persistent version. It is not clear if
these properties can be characterized separately, i.e. if one can build models in which
only one of these properties is characterized.
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