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Abstract

We build a lambdamodelwhich characterizescompletely(persistently)nor-
malizing,(persistently)headnormalizing,and(persistently)weakheadnormaliz-
ing terms. This is proved by using the finitary logical descriptionof the model
obtainedby defininga suitableintersectiontypeassignmentsystem.

1 Intr oduction
The aim of this researchis to presentlambdamodelswhich completelycharacterize
computationalpropertiesof lambdatermsandto provethisby usingthefinitary logical
descriptionof the modelsobtainedby definingsuitableintersectiontype assignment
systems.

In this paperwe focuson six computationalpropertiesof lambdatermsandcor-
respondingsix setsof lambdaterms: thesetof normalizing, headnormalizing, weak
headnormalizinglambdaterms,andthosecorrespondingto thepersistentversionsof
suchnotions.We build an inverselambdamodel ��� , accordingto Scott[20], which
completelycharacterizeseachof the six setsof termsmentioned.More preciselyfor
eachoneof theabove six setsof termsthereis a correspondingelementin themodel
suchthata termbelongsto thesetif andonly if its interpretation(in asuitableenviron-
ment)is biggerthanor equalto thatelement.Thisis provedby usingthefinitary logical
descriptionof themodel � � obtainedby definingan intersectiontypeassignmentsys-
temin thefollowing way. First,weconstructaset � of typeswhicharegeneratedfrom�
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atomictypescorrespondingto theelementsof �	� , by thefunctiontypeconstructorand
theintersectiontypeconstructor. Thenwedefineaset 
 of filtersontheset � . Accord-
ing to Coppoetal. [6] andAlessi[2], theset 
 of filtersandtheinversemodel � � are
isomorphicas � -algebraiclattices.This isomorphismfalls in thegeneralframework of
Stonedualities(Johnstone[12]). This framework laterreceiveda categorically princi-
pledexplanationby Abramsky in thebroaderperspectiveof “domaintheoryin logical
form” [1]. Theinterestof theaboveisomorphismlies in thefactthattheinterpretations
of lambdatermsin ��� areisomorphicto thefiltersof typesonecanderivein this type
assignmentsystem(Alessi [2]). This givesa desiredfinitary logical descriptionof the
model.Thereforeanequivalentof theprimarycompletecharacterizationcanbestated:
a termbelongsto oneof thesix setsmentionedif andonly if it hasa certaintype(in a
suitablebasis)in thetypeassignmentsystemobtained.

Someideasof this researcharepresentedin DezaniandGhilezan[7]. Along the
linesof this ideasit is worth investigatingthebehaviour of someothercomputational
propertiessuchas variousclosabilities,i.e. reductionsto different kinds of closed
terms.

In Section2 themodel � � characterizingall six computationalpropertiesof terms
is built. Thetypeassignmentsystemis definedin Section3 andtheproofsareshortly
discussed.

2 The Model
We usestandardnotationsfor lambdatermsandbetareductions.

Definition 2.1(The set 
 of lambda terms) Theset 
 of (type-free)lambdatermsis
definedby thefollowingabstract syntax.


 ����� ��������
�
������������ 
��� � ����� !"�#������$
We use !&%('�%*)+%,�-�-�.%/!�0�%-�,�-� for arbitrary term variablesand 12%*34%/56%,�-�-�,%*170�%-�,�-� for
arbitraryterms.FV 891;: denotesthesetof freevariablesof a term 1 . By 1=< !����>3@?
we denotethetermobtainedby substitutingtheterm 3 for all thefreeoccurrencesof
thevariable! in 1 , takinginto accountthatfreevariablesof 3 remainfreein theterm
obtained.

The axiom of A -reduction is 8B��!C� 1;:(3 DFEG1=< !��H�>34?B� A term of the form89�+!&��1;:I3 is called A -redex. Thetransitivereflexiveclosureof DJE is denotedby D DJE .
A termis a normalform if it doesnot containA -redexes.

We considerherethefollowing computationalbehavioursof lambdaterms.

Definition 2.2(Normalization properties)

i) 1 hasa normalform, 1LKNM , if 1 reducesto a normalform;

ii) 1 hasa headnormal form, 1 KPOQM , if 1 reducesto a term of the form

��R!	� ' R1 (wherepossibly' appears in R! );
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iii) 1 hasa weakheadnormalform, 1LKTSUM , if 1 reducesto an abstractionor
to a termstartingwith a freevariable.

For eachof theabove properties,we shall consideralsothecorrespondingpersis-
tentversion(seeDefinition 2.3). Persistentlynormalizingtermshave beenintroduced
in BöhmandDezani[5].

Definition 2.3(Persistentnormalization properties)

i) A term 1 is persistentlynormalizing, 1VKXWYM , if 1 R3ZK4M for all terms R3
in M .

ii) A term 1 is persistentlyheadnormalizing, 1[K"W	O\M , if 1 R3]KTOQM for all

terms R3 .

iii) A term 1 is persistentlyweaknormalizing, 1LK�W�SUM , if 1 R3^K_SUM for all

terms R3 .

Example2.4 Let `bac�+!&� !&%edfaG��!C� !g!&%Nhiac�kjk�l89�+!&��jm8n!+!�:(:-89�+!&��jm8n!+!�:(:o%�pqa�+!+'�� ! .

i) �+!&� !kdNdcKeM , but rK�W�SUM , since 8B��!C� !�dQdN:(`&D D7EsdNdtrK@SUM .

ii) �+!&� 'u89dNdN:vK�W	O\M , but rKNM .

iii) �+!&� !C8BdNdQ:YK�O\M , but rKeM and rK�W�SUM , since 89�+!&� !C89dNdN:(:/dwD E d_89dNdN:�rKSUM .

iv) h_pxK_W�SUM , but rK_O\M .

v) �+!&��dNdcK_SUM , but rK�O\M and rKbW�SUM , since 89�+!&��dQdN:/1yD D E dNdxrK@SzM .



SUM
{ |

W�SUM
}�~�����

O\M
�� � � � � �

W	O\M
�� � � � � � � ������

M
�� � � � �

WYM
�� � � � � � �������

Figure1: Inclusionbetweensetsof � -terms

The following proposition,representedpictorially by Figure1, illustratesmutual
implicationsbetweentheabovenotions:
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Proposition2.5 Thefollowing strict inclusionshold:

WYM � M � OQM � SUM � 
WYM � W	O\M � W�SUM � SUMW	O\M � O\M��
Nootherinclusionholdsbetweentheabovesets.

Our goal is to build an inverselimit lambdamodel,Scott[20], which satisfiesthe
following condition:
for eachoneof theabovesixsetsof termsthereis a correspondingelementin themodel
such that a termbelongsto the setiff its interpretation(in a suitableenvironment)is
bigger thanor equalto thatelement.

We needthereforeto discussthe functionalbehaviours of the termsbelongingto
theseclasses,in particularwith respectto the stepfunctions,whereasusuala step
function �	�]� is definedby

�g�+� if �\��� then � else �\�
A weakheadnormalizingtermeitherreducesto anabstractionor to anapplication

of a variableto (possiblyzero) terms: in both cases(in a suitableenvironment) it
behavesbetterthanthe stepfunction ���[� . So we canchoosethe representative
of the stepfunction �c��� asthe elementwhich correspondsto SUM . We needto
consideramodelin which thisstepfunctionis not thebottomof thewholedomain,i.e.
a solutionof the domainequation�f��< ��D��N?n� , whereasusual < �fDi�e? is the
domainof continuousfunctionsfrom � to � and � is thelifting operator.

A persistentlyweak normalizingterm appliedto any numberof arbitrary terms
gives a weak headnormalizing term: i.e. it behaves better than the step function���Z�-�-� �y�¡ ¢.£ ¤¥ �¦� for all valuesof § . Thereforetheelementrepresenting

¨ ¥ © IN 8B�2�ª�-�,�«�y�¡ ¢.£ ¤¥ �i�¬: is a goodcandidatefor thecorrespondencewith theset

W�SUM .
A headnormalizingterm when appliedto a persistentlyheadnormalizingterm

reducesto a headnormalizingterm: in its turn a persistentlyheadnormalizingterm
appliedto anarbitrarytermgivesapersistentlyheadnormalizingterm.Therefore,if ­
and ®­ aretwo elementsof �	� correspondingrespectively to thesetsO\M and W	OQM ,
they representthestepfunctions ®­¬�]­ and �2�¯®­ .

A normalizingtermis alsoa headnormalizingtermandthereforeit behavesbetter
thanthe stepfunction ®­4�°­ . A persistentlynormalizingterm is alsoa persistently
headnormalizingterm and thereforeit behavesbetter than the stepfunction �Z�®­ . A persistentlynormalizingtermappliedto a normalizingtermgivesa persistently
normalizingterm. Moreover, a normalizingtermappliedto a persistentlynormalizing
termis in turn anormalizingterm.

Thereforeif ± and ®± aretwo elementsof � � correspondingrespectively to thesetsM and WYM , they representthefunctions 8²®­	�]­�:u³T8 ®±	�ª±�: and 8B�2�q®­�:u³>8´±¬� ®±�: .
To sumup wedefineourmodelasfollows.
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Definition 2.6 Let ��� betheinverselimit modelobtainedby takingas �	� thelattice
of Figure 2, as �\0 the lattice < �	�QDª�	�-? � , andby definingtheprojection µ ¶Q���	�QD< � � D^� � ?n� asfollows:

µ ¶�8 ®±�:·�¸8B�2� ®­�:¹³"8´±¬� ®±#:.%.µ ¶�8´±�:º�¸8 ®­¬�]­�:&³>8 ®±��]±�:o%
µ ¶ 8²®­�:·�2�»�¯®­ %²µ ¶ 8I­�:º�¼®­¬�]­ %²µ ¶ 8½�¬:·�»�\�

®±
¾¿ À À À À
À À

ÁÂ ÃÃÃ
ÃÃÃ

®­
ÁÂ ÃÃÃÃ

ÃÃ ±
¾¿ À À À
À À À

­
ÄÅ
�

Figure2: Thelattice � �
Sinceeachvariableis clearly a persistentlynormalizingterm, it is meaningfulto

interprettermsin the environmentwhich mapseachvariablein the element ®± . The
mainresultof ourpaperis:

Theorem2.7(Main Theorem,Version I) Let ��� betheinverselimit modeldefined
in Definition2.6and ÆgÇÈ theenvironmentdefinedby ÆgÇÈ 8É!k:º� ®± for all !TK_�Ê��� . Then:

i) 1�K�WYM iff < < 1»? ?�ËÍÌÎ.ÏÐ¦Ñ ®± ;
ii) 1�KNM iff < < 1»? ? ËÍÌÎ ÏÐ Ñ ± ;
iii) 1�K�W	O\M iff < < 1»? ?�Ë ÌÎ.ÏÐ Ñ ®­ ;
iv) 1�K�O\M iff < < 1»? ?lËmÌÎ²ÏÐªÑ ­ ;
v) 1�K�W�SzM iff < < 1»? ?lËmÌÎ²ÏÐ]Ñ ¨ ¥Ê© IN 8½�»�ª�,�-�«�¦�¡ ¢.£ ¤¥ �y�¬: ;
vi) 1�K@SzM iff < < 1»? ?�Ë ÌÎ²ÏÐ Ñ �»�y� .

Theproof of this theoremis doneby meansof a finitary logical descriptionof � �
obtainedby defininganintersectiontypeassignmentsystemin Section3.
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3 The TypeAssignmentSystem
Stonedualitiesallow to describespecialclassesof topologicalspacesbymeansof (pos-
sibly finitary) partialorders.Typically, thesepartialordersaregivenby thetopology, a
basisfor it, or asubbasisfor it. Theseminalresultis thedualitybetweenthecategories
of Stonespacesand that of Booleanalgebras(seeJohnstone[12]). Othervery im-
portantexamplesarethedescriptionsof � -algebraic completelatticesas intersection
typetheoriesin Coppoet al. [6], Scottdomainsas informationsystemsin Scott[22],
andSFPdomainsaspre-localesin Abramsky [1]. It is worthwhile to mentionalso
Martin-Löf’sdomaininterpretationof intuitionistic typetheoryin Martin-Löf [15].

As statedfirst in Coppoet al. [6] and proved in Alessi [2], we can describean
inverselimit model � � by taking:

Ò thetypesfreelygeneratedby closing(asetof atomictypescorrespondingto) the
elementsof � � underthe functiontypeconstructorD andthe intersectiontype
constructorÓ ;

Ò thepreorderbetweentypesinducedby reversingtheorderin �	� andby encoding
theinitial projection,accordingto thecorrespondence:

functiontypeconstructor ÔD stepfunction
intersectiontypeconstructor ÔD join �

For the � � modeldiscussedin previous Sectionwe obtainthe following defini-
tions.

Definition 3.1(The set � of types) Theset � of typesis definedasfollows.

� ���H� Õ@� ®Õ_��ÖJ� ®ÖF��×2���7Dw�=����Ó��
Typeswill be denotedby Ø�%(Ù�%,�-�,�,%*Øk0#%,�-�,� . Whenwriting typeswe shall usethe fol-
lowing convention: theconstructorÓ takesprecedenceover theconstructorD andit
associatesto theright.

We give now thecorrespondencebetweentypesandelementsof ��� (asusualwe
identify elementsof � ¥ with their projectionsin ��� ).

Definition 3.2(The mapping Ú ) ThemappingÚT� �7DÛ� � is definedasfollows.

ÚÜ8BÕ�:º�2± ÚÜ8 ®Õ�:·� ®± ÚC8ÉÖ&:·�2­ ÚÜ8 ®Ö&:·� ®­ ÚÜ89×v:·�2�ÚÜ89Ø	DÝÙ+:º��ÚC89Ø¹:·��ÚÜ8nÙ+: ÚÜ8ÉØeÓÞÙ+:ß�7ÚÜ8ÉØ¹:C³\ÚÜ8ÉÙ+: .
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Definition 3.3(Preorder on � ) Therelation à is definedon � by the following ax-
iomsandrules:

8 ®Õ+Õ�: ®Õ�àáÕ 8 ®Õ ®Ö&: ®Õ_à ®Ö89ÕÊÖ&: Õ�àzÖ 8 ®ÖuÖ&: ®ÖXàzÖ89×v: Ø"àU× 89×4D7: Ø�Dâ×�àá×4Dw×8 ®ÕsD�: ®Õeã¸89×4D ®Ö&:¹Ó"89ÕäD ®Õ�: 89ÕsD�: ÕÞãP8 ®Ö�D=Ö&:&Ó"8 ®ÕsDwÕ�:8 ®Ö�D�: ®ÖTã�×4D ®Ö 8nÖ�D7: ÖTã ®Ö�DÝÖ
(refl) Ø"àzØ (mon) ØXàzØu$9%ÍÙ@à�Ù�$k�fØNÓ�Ù@àzØu$«ÓbÙ�$
(idem) Ø"àzØeÓ_Ø (trans) ØXà�Ù�%ÍÙ@à�Æ¸��Ø"à�Æ
(incl) ØeÓ�Ù�àUØ�%ºØeÓbÙ_àzÙ (amon) ØXàzØu$9%ÍÙ@à�Ù�$k�fØu$kD^Ù@àzØ4D^Ù�$

(arint) 89Ø�D=Ù+:¹ÓX89Ø	Dâå :6àUØ�D=Ù�Ó@å
where ØTãUÙ is shortfor Ø"à�Ù and Ù@à�Ø .

The first four axiomscorrespondto the partial orderin �¬� . Axiom 8B×v: saysthat× is the top type,andthereforegivesfor × both the partial orderin �	� andthe pro-
jectionin �\0 . Theaxioms 8 ®ÕsDz:.%æ89ÕsD�:.%,8 ®Ö�D7:o%,8nÖ�Dz: encodetheinitial projectionof
theconstantsdifferentfrom × in ��0 . Theremainingaxiomsarestandardpropertiesof
joinsandstepfunctions.

We build filters on thesetof types:thesewill correspondto theelementsof ��� .

Definition 3.4(The set 
 of filters) i) A filter is a set çtèU� such that:

(a) ×�K�ç ;

(b) if Ø"àzÙ and Ø"K_ç , then Ù@K_ç ;

(c) if Ø�%/Ù@K_ç , then ØeÓ�Ù@K�ç ;

ii) 
 denotesthesetof filtersover � ;

iii) if ç�è�� , é	ç denotesthefilter generatedby ç ;

iv) a filter is principal if it is of theshapeéTêæØÜë , for sometype Ø . We shall denoteéNê#ØÜë simplyby é¬Ø .

It is easyto verify that the set 
 of filters, orderedby subsetinclusion, is an � -
algebraiccompletelattice,where é>× is the bottom,and � is the top. Moreover the
finite elementsareexactly theprincipalfilters.

Using themappingÚ we canshow that 
 and ��� areisomorphicas � -algebraic
completelattices,asproved(for a generalcase)in Alessi[2].

Theorem3.5(Isomorphism) ThemappingÚuìí��
UD=� � definedby

Ú ì 8nç":·�ïîð © ñ ÚC89Ø¹:
is a lattice isomorphismbetween
 and � � .
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Noticethat Úuì 8né�Ø¹:·��ÚÜ8ÉØ¹: .
Dueto theabove isomorphismthe interpretationsof lambdatermsin � � areiso-

morphicto thefilters of typesonecanderive in thefollowing typeassignmentsystem
(Alessi[2]). Thisgivesusa finitary logical descriptionof themodel.

A typeassignmentis anexpressionof theform 1���Ù , where1LK@
 is thesubject
and Ù@K4� is thepredicate. A context ò is a (possiblyinfinite) setof typeassignments
of theshape!4��Ø with differentsubjects(termvariables).

Definition 3.6(The type assignmentsystem) The typeassignment1 �6Ù is deriv-
able from the context ò , notation òUó71ô�uÙ , if òUó71ô�uÙ canbe generatedby the
followingaxiomsandrules.

8Éõ«!k:ò·%(!4��Ø4ób!4� Ø 8B×v:ò>ó_1ö��×
ò>ó�1L��Ø4D^ÙLò>ó�3^� Ø 8BD�÷\:ò>ób1�3^��Ù

ò·%/!4� ØTó_1ö��Ù 8BDyø«:ò>ób�+!&��1ù� ØTD^Ùò>ó�1L��Øwò>ó_1���Ù 8BÓmø«:ò>ó_1ö� ØeÓ�Ù
ò>ó_1ö� Ø�%FØXàYúFÙ 8(àY:ò>ó�1L� Ù

Theorem3.7(Finitary logical description) For any lambda term 1 and environ-
mentÆb����� �vD¼��� ,

< < 1»? ? Ë ÌÎ ��Ú ì 8Iê,Ù_K4�=� ûÊòü� �áÆk� ò>ó_1L� Ù�ë#:.%
where òü� �áÆ if andonly if 8n!4�«Ø¹:�K@ò implies ÚÜ8ÉØ¹:6��Æk8É!k:o�

Theorem3.7 allows us to rephrasethe main theoremof previous section,Theo-
rem2.7,asfollows:

Theorem3.8(Main Theorem,Version II) Let òsÇý be the context definedby òsÇý �ê,!4� ®Õ_�æþk!4K_�Ê���gë . Then:

i) 1�K�WYM iff òsÇý ó_1ö� ®Õ ;

ii) 1�KNM iff ò Çý ó_1L��Õ ;

iii) 1�K�W	O\M iff ò Çý ó_1ö� ®Ö ;

iv) 1�K�O\M iff òsÇý ó_1L� Ö ;

v) 1�K�W�SzM iff òsÇý ób1���× ¥ Dy× for all §XK IN;

vi) 1�K@SzM iff òYÇý ó�1���×UDf× .
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Theproofsof theif partsof thisTheoremaremainlystraightforwardinductionsand
casesplit,andfollow, but thecaseof persistentlynormalizingterms.For thatreasonwe
developa new characterizationof thesetermswhich is lessgeneralbut muchsimpler
thantheonepresentedin Dezaniet al. [8].

The proofsof the only if partsrequirethe set-theoreticsemanticsof intersection
typesusing saturatedsets. The reducibility methodmethodis a generallyaccepted
way for proving thestrongnormalizationpropertyof varioustypesystems(Tait [23],
Tait [24], Girard[11], Mitchell [16] [17],Leivant[14], Gallier [9], Pottinger[19], Kriv-
ine [13], van Bakel [25], Ghilezan[10], Amadio andCurien [3], Leivant [14], Gal-
lier [9], Dezaniet al. [8]).

In all thesepapersdifferentpropertiesarecharacterizedby meansof differenttype
assignmentsystems:sothenovelty of thepresentapproachis thatwe characterizeall
six computationalpropertiesof termsby meansof a uniquetypeassignmentsystem,
which inducesa � -model. Moreover in all the papersmentioneddifferent compu-
tational propertiesrequiresdifferent type interpretationsin the reducibility method,
whereaswe adaptthereducibility methodusinga singletypeinterpretationfor all six
computationalproperties.

Lastly we remarkthat thereare essentiallytwo semanticsfor intersectiontypes
in the literatureandthat herewe dealwith bothof them. The set-theoretical seman-
tics, originally introducedin by Barendregt et al. [4], generalizesthe one given by
Scott for simple types (Scott [21]). The meaningsof typesare subsetsof the do-
main of discourse,arrow typesare definedas logical predicatesand intersectionis
set-theoreticintersection.This semanticsis at the basisof our applicationof the re-
ducibility method.Thesecondsemanticsviewstypesascompactelementsof Plotkin’s� -structures(Plotkin [18]). Accordingto this interpretation,theuniversaltypedenotes
the leastelement,intersectionsdenotejoins of compactelements,andarrow typesal-
low to internalizethe spaceof continuousendomorphisms.This semanticsallows us
to obtaintheisomorphismbetweenthemodel ��� andthetheset 
 of filters of types.
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applicationà l’elimination descoupuresdansl’analyseet la théoriedestypes.In
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