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Abstract

We build a lambdamodelwhich characterizesompletely(persistently)nor
malizing, (persistentlyheadnormalizing,and(persistentlyweakheadnormaliz-
ing terms. This is proved by usingthe finitary logical descriptionof the model
obtainedby defininga suitableintersectiortype assignmensystem.

1 Intr oduction

The aim of this researchis to presenambdamodelswhich completelycharacterize
computationapropertief lambdatermsandto provethis by usingthefinitary logical
descriptionof the modelsobtainedby defining suitableintersectiontype assignment
systems.

In this paperwe focuson six computationapropertiesof lambdatermsand cor-
respondingsix setsof lambdaterms: the setof normalizing headnormalizing weak
headnormalizinglambdaterms,andthosecorrespondindo the persistentversionsof
suchnotions. We build aninverselambdamodelD,, accordingto Scott[20], which
completelycharacterizegachof the six setsof termsmentioned.More preciselyfor
eachoneof the above six setsof termsthereis a correspondinglementin the model
suchthatatermbelonggo thesetif andonly if its interpretation(in asuitableerviron-
ment)is biggerthanor equalto thatelement.Thisis provedby usingthefinitary logical
descriptiorof themodelD, obtainedby defininganintersectiontypeassignmensys-
temin thefollowing way. First,we construciaset7 of typeswhich aregeneratedrom
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atomictypescorrespondingo the elementf Dy, by thefunctiontypeconstructoiand
theintersectiontypeconstructor Thenwe defineasetF of filtersontheset7 . Accord-
ing to Coppoetal. [6] andAlessi[2], thesetF of filters andtheinversemodelD,, are
isomorphicasw-algebraidattices.Thisisomorphisnfallsin thegeneraframenork of
Stonedualities(Johnstong12]). This framework laterrecevveda categorically princi-
pled explanationby Abramsky in the broaderperspectie of “domaintheoryin logical
form” [1]. Theinterestof theaboseisomorphisniiesin thefactthattheinterpretations
of lambdatermsin D, areisomorphicto thefilters of typesonecanderivein thistype
assignmensystem(Alessi[2]). This givesa desiredfinitary logical descriptionof the
model. Thereforeanequivalentof the primarycompletecharacterizatiosanbe stated:
atermbelonggo oneof the six setsmentionedf andonly if it hasa certaintype(in a
suitablebasis)in thetypeassignmensystemobtained.

Someideasof this researchare presentedn Dezaniand Ghilezan[7]. Along the
linesof thisideasit is worth investigatingthe behaviour of someothercomputational
propertiessuchas various closabilities,i.e. reductionsto differentkinds of closed
terms.

In Section2 themodelD, characterizingll six computationapropertieof terms
is built. Thetypeassignmensystemis definedin Section3 andthe proofsareshortly
discussed.

2 The Model

We usestandardhotationsfor lambdatermsandbetareductions.

Definition 2.1 (The setA of lambda terms) ThesetA of (type-fiee)lambdatermsis
definedby the following abstact syntax.

A = var|AA | Avar.A
var u= z|var
We usex,y, z,...,x1,... for arbitraryterm variablesand M, N, P, ..., My,... for

arbitraryterms. FV(M) denoteshe setof freevariablesof aterm M. By M|z := N]
we denotetheterm obtainedby substitutingtheterm IV for all the free occurrencesf
thevariablez in M, takinginto accounthatfreevariablesof N remainfreein theterm
obtained.

The axiom of S-reductionis (Az.M)N —3 M[z:=N]. A term of the form
(Az.M)N is called-redex. Thetransitvereflexive closureof — g is denotedby —» 5.
A termis a normalformif it doesnotcontaing-redees.

We considetherethefollowing computationabehaioursof lambdaterms.

Definition 2.2 (Normalization properties)
i) M hasanormalform, M € N, if M reducego a normalform;

i) M hasaheadnormalform, M € HN, if M reducesto a term of the form
AZ.yM (whee possiblyy appeasin 7);



i) M hasaweakheadnormalform, M € WX, if M reducedo an abstractionor
to a termstartingwith a freevariable

For eachof the above propertieswe shall consideralsothe correspondingersis-
tentversion(seeDefinition 2.3). Persistentlynormalizingtermshave beenintroduced
in BohmandDezani[5].

Definition 2.3 (Persistentnormalization properties)

i) Aterm M is persistentlynormalizing M € PN, if MN € N for all termsN
in V.

i) Aterm M is persistentlyheadnormalizing M € PHN, if MN € HN for all
termsAV.

iii) Aterm M is persistentlyweaknormalizing M € PWAN, if MN € WA for all
termsN.

Example2.4 LetI = dz.z, A = dz.zz, Y = M.z f(zz))(Az.f(zz)), K =
Azy.x.

) Az.zAA € N, but¢ PWN, since(A\z.zAA)I—5AA ¢ WAN.
i) Az.y(AA) € PHN, but¢ N.

i) Az.z(AA) € HN,but¢ N and¢ PWAN, since(A\z.z(AA))A =5 A(AA) ¢
WN.

iv) YK € PWN, but¢ HN.
V) Az.AA € WN, but¢ HN and¢ PWN, since(Az. AA)M —»5 AA ¢ WA,

A
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Figurel: Inclusionbetweersetsof A\-terms

The following proposition,representegbictorially by Figure 1, illustratesmutual
implicationsbetweerthe above notions:



Proposition 2.5 Thefollowing strictinclusionshold:

PN ¢ N G HN G WN ¢ A
PN ¢ PHN ¢ PWN ¢ WN
PHN ¢ HN.

No otherinclusionholdsbetweerthe above sets.

Our goalis to build aninverselimit lambdamodel,Scott[20], which satisfieghe
following condition:
for eadh oneof theabovesix setsoftermsthereis a correspondinglementn themodel
sud that a term belongsto the setiff its interpretation(in a suitableenvironment)is
bigger thanor equalto thatelement.

We needthereforeto discussthe functionalbehaviours of the termsbelongingto
theseclassesjn particularwith respectto the stepfunctions,whereas usuala step
functiona = b is definedby

M. if aC dthenbelsel.

A weakheadnormalizingtermeitherreducedo anabstractioror to anapplication
of a variableto (possibly zero) terms: in both cases(in a suitableervironment)it
behaesbetterthanthe stepfunction L = L. Sowe canchoosethe representatie
of the stepfunction L = | asthe elementwhich correspond$o WAN'. We needto
consideramodelin whichthis stepfunctionis notthebottomof thewholedomain,i.e.
asolutionof thedomainequationD = [D — D], , whereasusual[D — D] is the
domainof continuoudunctionsfrom D to D and is thelifting operator

A persistentlyweak normalizingterm appliedto any numberof arbitrary terms
gives a weak headnormalizingterm: i.e. it behaes betterthan the stepfunction
1 = ...= L = 1 forall valuesof n. Thereforetheelementrepresenting

n

L,eNn(L = ... = L = 1)isagoodcandidatefor the correspondenceith the set
—_——

n

PWN.

A headnormalizingterm when appliedto a persistentlyheadnormalizingterm
reducego a headnormalizingterm: in its turn a persistentlyheadnormalizingterm
appliedto anarbitrarytermgivesa persistentlyheadnormalizingterm. Thereforejf h
andh aretwo elementsof Dy correspondingespectiely to the setsHN andPHN,
they representhe stepfunctionsh = h and L = h.

A normalizingtermis alsoa headnormalizingtermandthereforeit behavesbetter
thanthe stepfunctionﬁ = h. A persistentlynormalizingtermis alsoa persistently
headnormalizingterm and thereforeit behaesbetterthanthe stepfunction L =
h. A persistentlynormalizingterm appliedto a normalizingterm givesa persistently
normalizingterm. Moreover, a normalizingtermappliedto a persistentlynormalizing
termis in turn anormalizingterm.

Thereforeif n andn aretwo elementof Dy correspondingespectiely to the sets
N andPAN, they representhefunctions(h = h) U (i = n) and(L = h) U (n = #).

To sumup we defineour modelasfollows.



Definition 2.6 Let D, betheinverselimit modelobtainedby takingasD, thelattice
of Figure 2, asD; thelattice [Dy — Dy]., and by definingthe projectionip : Dy —
[Do — Do), asfollows:

ﬁ/ﬁ\n
\/
|

Figure2: Thelattice D,

Sinceeachvariableis clearly a persistentlynormalizingterm, it is meaningfulto
interprettermsin the ervironmentwhich mapseachvariablein the elementi. The
mainresultof our papers:

Theorem 2.7 (Main Theorem,Versionl) LetD betheinverselimit modeldefined
in Definition2.6 and p; the ervironmentdefinedby p; () = f for all z € var. Then:

i) M e PN iff [M]D= 1 i;
i) M e Niff [M]P= Jn;
iii)y M € PHN iff [M]D= 3 h;
iv) M € HN iff [M]D= D3 h;

V) M € PWNiff [M]D= T3 | ], cn(L = ... = L= 1);

n

Vi) M e WN iff [M]D> 3 L = L.

The proof of thistheoremis doneby meansof afinitary logical descriptionof D,
obtainedby defininganintersectiortype assignmensystemin Section3.



3 The Type AssignmentSystem

Stonedualitiesallow to describespeciaklasse®f topologicalspacedy meanf (pos-
sibly finitary) partialorders.Typically, thesepartial ordersaregivenby thetopology a
basisfor it, or asubbasigor it. Theseminalresultis theduality betweerthe cateyories
of Stonespacesandthat of Booleanalgebras(seeJohnstond12]). Othervery im-
portantexamplesarethe descriptionsof w-algebraic completdatticesasintersection
typetheoriesin Coppoetal. [6], Scottdomainsasinformationsystemsn Scott[22],
and SFP domainsas pre-localesin Abramsky [1]. It is worthwhile to mentionalso
Martin-Lof’sdomaininterpretatiorof intuitionistic type theoryin Martin-Lof [15].

As statedfirst in Coppoet al. [6] and proved in Alessi[2], we candescribean
inverselimit modelD, by taking:

¢ thetypesfreely generatedby closing(a setof atomictypescorrespondingo) the
elementof Dy underthe functiontypeconstructor— andthe intersectiontype
constructomn;

¢ thepreordebetweertypesinducedby reversingtheorderin Dy andby encoding
theinitial projection,accordingto the correspondence:

functiontype constructor — stepfunction
intersectiortype constructor — join.

For the D, modeldiscussedn previous Sectionwe obtainthe following defini-
tions.

Definition 3.1 (The set7 of types) ThesetT of typesis definedasfollows.
| T u= v|o|plplQT->T|TNT |

Typeswill bedenotedby o,7,...,01,.... Whenwriting typeswe shall usethe fol-
lowing corvention: the constructom takesprecedencever the constructor— andit
associateto theright.

We give now the correspondenciketweertypesandelementof D, (asusualwe
identify elementof D,, with their projectionsn D).

Definition 3.2 (The mappingm) Themappingn : 7 — D, is definedasfollows.

m(r)=n m@®) =/ mp =h m@) =h nQ)=L1
m(oc —7) = m(0) = m(7) m(c N7) =m(o) Um(7).



Definition 3.3 (Preorderon 7) Therelation < is definedon 7 by the following ax-
iomsandrules:

(v) o<v o) o<h
(vp)  v<up (fip) < p

() o< Q=) 20<0-0

=) v~Q-opny—-9v) =) ve~(p-op)N@-v)

(=) p~Q—f (=) p~p—p

(refl) o<o (mon) o<o,7<=>onr<d N7
(idem) oc<ono (trans) o<7,7<p =>0<p

(inc) onN7r<o,onNnTt<7 (@amon) oc<o, 7<= 27<0o>17
(arinty (c—=7)N(c=>¢ <o—=71N¢

whelre o ~ 7 isshortfor o < randr < o.

Thefirst four axiomscorrespondo the partial orderin Dy. Axiom () saysthat
Q is thetop type, andthereforegivesfor Q boththe partial orderin Dy andthe pro-
jectionin D;. Theaxioms(# —), (v —), (i1 —), (v =) encodeheinitial projectionof
theconstantglifferentfrom Q in D, . Theremainingaxiomsarestandarcpropertieof
joins andstepfunctions.

We build filters on the setof types:thesewill correspondo the elementof D.

Definition 3.4 (The setF of filters) i) AfilterisasetX C 7 sudthat:

(@ Q€ X,;
(b) if o < 7ando € X, thent € X
(c) ifo,7 € X,thenc N7 € X;

i) F denoteghesetof filtersoverT;

i) if X C 7,1 X denoteghefilter genematedby X;

iv) afilter is principalif it is of the shapet {o}, for sometypes. We shall denote

1 {o} simplyby1t o.

It is easyto verify thatthe setF of filters, orderedby subsetinclusion, is an w-
algebraiccompletelattice, wheret Q is the bottom,and7 is the top. Moreover the
finite elementsareexactly the principalfilters.

Using the mappingm we canshow that F andD,, areisomorphicasw-algebraic
completdattices,asproved(for agenerakase)n Alessi[2].

Theorem 3.5 (Isomorphism) Themappingn* : F — D, definedoy

cEX

is a latticeisomorphisnbetweenF andD.



Noticethatm*(1 o) = m(o).

Dueto theabove isomorphisnthe interpretationsof lambdatermsin D, areiso-
morphicto thefilters of typesonecanderive in the following type assignmengystem
(Alessi[2]). Thisgivesusafinitary logical descriptionof themodel.

A typeassignmenis anexpressiorof theform M : r, whereM € A isthesubject
andr € T isthepredicate A contet T is a (possiblyinfinite) setof typeassignments
of theshaper : o with differentsubjectgtermvariables).

Definition 3.6 (The type assignmentsystem) The type assignmenf\/ : 7 is deriv-
ablefromthecontet T, notationT' - M : 7, if ' - M : 7 canbe geneatedby the
following axiomsandrules.

— (ax — (2
F,x:al—x:a( ) FI—M:Q()
'tM:0—-7 I'EN:o z:obFM:7
(= E) (=1

T'MN:71 'FXe.M:0—>71

'M:c TFM: 7T T'FM:0, o<y T
(NI) (<)
'-M:onTt 'EM:r

Theorem 3.7 (Finitary logical description) For any lambdaterm M and erviron-
mentp : var — Do,

[M]P~ =m*({r €T | =p.TF M:7}),
wheeT = p if andonlyif (z : o) € T impliesm(o) C p(x).

Theorem3.7 allows us to rephrasethe main theoremof previous section, Theo-
rem2.7,asfollows:

Theorem 3.8(Main Theorem, Versionll) Let T, be the contet definedby I';, =
{z : V| Vx € var}. Then:

) M ePNiffTy+ M :0;

i) MeNiffT, - M :v;

iy M ePHNIffT, - M : j;

iv) M € HNiffTp = M : u;

V) M € PWN iffTy - M : Q™ — Qforall n € IN;
Vi) M € WNiff Ty - M : Q — Q.



Theproofsof theif partsof this Theoremaremainly straightforwardinductionsand
casesplit, andfollow, but thecaseof persistentiynormalizingterms.For thatreasorwe
developa new characterizatiomf thesetermswhich is lessgeneralbut muchsimpler
thanthe onepresentedn Dezanietal. [8].

The proofs of the only if partsrequirethe set-theoreticsemanticf intersection
typesusing saturatedsets. The reducibility methodmethodis a generallyaccepted
way for proving the strongnormalizationpropertyof varioustype systemgqTait [23],
Tait[24], Girard[11], Mitchell [16] [17],Leivant[14], Gallier[9], Pottingef19], Kriv-
ine [13], van Bakel [25], Ghilezan[10], Amadio and Curien[3], Leivant[14], Gal-
lier [9], Dezanietal. [8]).

In all thesepaperdifferentpropertiesarecharacterizedy meansof differenttype
assignmensystems:sothe novelty of the presentapproactis thatwe characterizell
six computationapropertiesof termsby meansof a uniquetype assignmensystem
which inducesa A-model. Moreover in all the papersmentioneddifferentcompu-
tational propertiesrequiresdifferent type interpretationsn the reducibility method,
whereasve adaptthe reducibility methodusinga singletypeinterpretationfor all six
computationaproperties.

Lastly we remarkthat there are essentiallytwo semanticsor intersectiontypes
in the literatureandthat herewe dealwith both of them. The set-theoetical seman-
tics, originally introducedin by Barendregt et al. [4], generalizeghe one given by
Scottfor simple types (Scott[21]). The meaningsof typesare subsetsof the do-
main of discoursearron typesare definedas logical predicatesand intersectionis
set-theoretidntersection. This semanticds at the basisof our applicationof the re-
ducibility method.Thesecondsemanticyviews typesascompacklement®f Plotkin's
A-structureqPlotkin[18]). Accordingto thisinterpretationthe universaltype denotes
the leastelement,ntersectionslenotegoins of compactelementsandarrow typesal-
low to internalizethe spaceof continuousendomorphismsThis semanticsallows us
to obtaintheisomorphismbetweerthe model D, andthethe setF of filters of types.
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