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Abstract. Natural intersection type preorders are the type structures which agree with
the plain intuition of intersection type constructor as set-theoretic intersection operation
and arrow type constructor as set-theoretic function spaceconstructor. In this paper we
study the relation between natural intersection type preorders and naturalλ-structures,
i.e. ω-algebraic latticesD with Galois connections given byF : D → [D → D] and
G : [D → D] → D. We prove on one hand that natural intersection type preorders in-
duces naturalλ-structures, on the other hand that naturalλ-structures admits presentations
through intersection type preorders. Moreover we give a concise presentations of classical
D∞ λ-models of untypedλ-calculus through suitable natural intersection type preorders
and prove that filterλ-models induced by them are isomorphic toD∞.

1 Introduction

Intersection type preorders can be viewed asdomain logicsfor ω-algerbraic lattices (see
[CDCHL84], [Abr91]). That means thatω-algebraic lattices can be defined in a syntactic
way through “axioms and rules” which involve intersection type preorders. This possi-
bility brings a nice consequence. The classical way to interpret a statement of the shape
M |= φ (the programM satisfies the propertyφ) in a semantic domainD is to viewM
as a point inD, andφ as a (suitable) subsetΦ of D, obtaining a membership judgment
in D: i.e.M |= φ is translated into[[M ]]D ∈ Φ, where the interpretation function[[·]]
maps programs to elements ofD. The Stone duality perspective uses intersection type
preorders in order to “reverse” this point of view. Types aretaken for setting up a basis
for the topology of the space (in algebraic terms: the meet-semilattice of coprime com-
pact open sets of the lattice under consideration). Points are not the building blocks of
the semantic domains, rather they are recovered asfilters of types. Following this view
M |= φ is translated in an “opposite” membership judgmentA ∈ [[M ]]D, that is: “the
typeA (corresponding to the propertyφ and interpreted asΦ) is a member of the filter
(of properties) which sets up the whole interpretation ofM ”.

This view is fruitful in the following sense: the interpretation of a program is fully
determined when all the properties which the program satisfies are known. Since actu-
ally the syntactic way of defining lattices through intersection type preorders puts at dis-
posal a machinery (thetype assignment system) which allows to assign types/properties
to programs in a finitary way, the gain consists in the possibility of definining program
interpretations by answering the question:“which types can be assigned to programs by
the type assignment system?”, whose answer can in turn exploit useful technical results
on type assignment system (such as, for instance, the Generation Theorem at page 10).

Since, as mentioned, Stone duality is the mathematical framework where to settle
the relationship between intersection type preorders andω-algebraic complete lattices,
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we now recall shortly some basics facts concerning it. A complete treatment can be
found in the milestone paper [Abr91].

LetX be a topological space with topologyΩ(X) (we recall thatΩ(X) is a frame,
that is a complete distributive lattice).

Define acompletely prime filteroverX1 as a subsetξ ⊆ Ω(X) such that (a, b range
overΩ(X)):

– X ∈ ξ;
– a ∈ ξ anda ⊆ b imply b ∈ ξ;
– a ∈ ξ andb ∈ ξ imply a ∩ b ∈ ξ;
–

⋃
i∈I ai ∈ ξ impliesai ∈ ξ for somei ∈ I.

LetPt(Ω(X)) be the set of all completely prime filters overΩ(X). The fundamental
result is that if we work in the categorySobof soberspaces, then we have bijections

(†) X ' Pt(Ω(X))

from which it follows an equivalence between the categoriesSobandLoc (this last one
is the opposite of the category of frames).

The importance of this result can be summarized as follows: given certain topologi-
cal spaces (the sober ones), one can forget points, since topology allows to recover them
completely.

Without entering the details of the rather involved definition of sober space (see
[Joh86]), we just recall that all algebraic domains used in denotational semantics enjoy
the property of being sober.

Intersection type preorders are particular structures which arise when restricting the
equivalence (†) above to the case of the categoryALG of ω-algebraic lattices endowed
with their Scott topology. In such a case, it is possible to exploit the following property
of the topology ofω-algebraic lattices:Ω(X) can be completely recoverd by the subsets
Cpr(Ω(X)) of the coprimecompact open sets (an open seta is coprime ifa ⊆ b ∪ c
implies a ⊆ b or a ⊆ c). The domainCpr(Ω(X)) turns out to be a meet-semilattice
(whence the meet-semilattice structure of intersection types) and it satisfies

Pt(Ω(X)) ' Filt(Cpr(Ω(X))),

whereFilt is the operation of taking filters (defined by dropping the last condition in the
definition above of completely prime filter). As a consequence of (†), anyω-algebraic
latticeX satisfies

X ' Filt(Cpr(Ω(X))).

A further step is to notice thatFilt(Cpr(Ω(X))) is isomorphic toKop(X), the subspace
of compact elements ofX, with the reverse ordering ofX. Thus the final form which
the “Stone duality” theory assumes when applied toω-algebraic lattices is expressed by
the isomorphism:

X ' Filt(Kop(X)).

This result is the foundation which guarantees the possibility of describingω-algebraic
lattices by means of intersection type preorders.

In the present paper we are mainly interested in a fine analysis of type preorders
which agree with the intuition that arrow type constructor corresponds to the set-theoretic

1 Actually one can take completely prime filters over any complete latticeD, not just topologies.
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continuous function space constructor. We callnatural this kind of type preorders. Our
first result is to show that the semantic counterpart of natural type preorders areω-
algebraic latticesD endowed with pairs of continuous functionF : D → [D → D],
G : [D → D] → D which set up Galois connection:

F ◦G w Id[D→D] G ◦ F v IdD.

We callnatural λ-structuresthis kind of lattices. We prove on one hand that the space
of filter on a natural type preorders is a naturalλ-structure. On the other hand natural
λ-structures can be presented via natural type preorders, that is

(iso) each naturalλ-structure is isomorphic, both as lattice and as applicative structure,
to the space of filters of a suitable natural type preorder.

Then we turn our attention toλ-models of untypedλ-calculus computed insideALG ,
built through the classical inverse limit technique (see [Sco72]). As a consequence of
(iso), for anyD∞ it is possible to build a filter structure isomorphic to it, but the con-
struction given in the proof of(iso) is not effective and uses a possibly countable amount
of redundant types (since it introduces a constant type for any compact element of the
domain). So we look for a more concise presentation ofD∞. Our second result is to
prove that the natural type preorder which induces a filterλ-model isomorphic toD∞,
starting fromD0, is exactly the natural type preorderfreely generatedby a type preorder
which inducesD0 together with the equalities which arise from encoding the initial pro-
jections.

This second isomorphism result could be obtained by adapting the technique of
[Abr91], Section 4. Our approach does not use the complex Abramsky’s machinery
(tailored for more general domains, the SFP’s ones) and allows to get a rather quick
isomorphism proof.

Finally, the organization of the paper. In Section 2 we recall some standard facts
onω-algebraic lattices, and introduce naturalλ-structures. Section 3 discusses type pre-
orders, filter structures and type assignment systems. In Section 4 we prove the two
isomorphism results which relate natural intersection type preorders with naturalλ-
structures. Finally, in Section 5, we give the effective and“concise” presentations of
D∞ λ-models via suitable natural intersection type preorders and show that the filter
structures induced by them are isomorphic toD∞’s.

2 Natural λ-structures

We start with a standard definition:

Definition 1. 1. If D is anω-algebraic complete lattice,[D → D] denotes the set of
continuous functions fromD toD, andK(D) the set of compact elements ofD.

2. If a, b ∈ D, thena⇒ b is the step function defined by

a⇒ b (d) = if a v d thenb else⊥.

Recall that the compact elements in the domain of continuousfunctions are exactly the
sups of finite sets of step functions between compact elements. Moreover we restate
some well know properties of continuous functions [GHK+80]. LetI be a finite set.

Proposition 1. 1. c ⇒ d v
⊔
i∈I(ai ⇒ bi) iff d v

⊔
i∈J bi whereJ = {i ∈ I | ai v

c}.
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2. Each continuous functionf is the sup of the step functions between compact ele-
ments which are underf , i.e.

f =
⊔
{a⇒ b | a⇒ b v f, a andb compact}

=
⊔
{a⇒ b | b v f(a), a andb compact}.

Next definition introducesnaturalλ-structures. Naturalλ-structures set up a bridge
between domain theoreticλ-models andfilter structures: more precisely, they are the se-
mantic counterpart of those intersection type preorders (thenatural ones, see Definition
6) whose axioms agree with the intuition that the arrow type constructor corresponds to
the set-theoretic function space constructor.

Definition 2 (Natural λ-structure). Anaturalλ-structureis a triple〈D, FD, GD〉, where
D is anω-algebraic complete lattice, andFD : D → [D → D], GD : [D → D] → D
are Scott continuous functions such that〈FD, GD〉 sets up a Galois connection, i.e.:

1. FD ◦GD w Id[D→D];
2. GD ◦ FD v IdD.

Given a naturalλ-structure〈D, FD, GD〉 anda, b ∈ D, we will often writea · b as
short forFD(a)(b).

Example 1.An example of a naturalλ-structure is〈D♠, F♠, G♠〉, where

– D♠ is IN ∪ {⊥,>}, endowed with the order which is flat on natural numbers, and
moreover⊥ = m u n, > = m t n, for anym,n ∈ IN, m 6= n;

– F♠(a) = (⊥ ⇒ a) for anya ∈ D♠;
– G♠(f) = f(>) for anyf ∈ [D♠ → D♠].

〈D♠, F♠, G♠〉 is a naturalλ-structure. In fact

– G♠(F♠(a)) = G♠(⊥ ⇒ a) = (⊥ ⇒ a)(>) = a;
– F♠(G♠(f)) = (⊥ ⇒ f(>)) w f ,

henceF♠ andG♠ set up a Galois connection.

Naturalλ-structures areλ-structures as defined in [Plo93], Section 3.
The following properties of naturalλ-structures follow easily from their definitions.

Although they are almost immediate consequence of the fact that, from a categorical
point of view,FD is left adjoint ofGD, we will recall the direct proof.

Proposition 2. Let 〈D, FD, GD〉 be a naturalλ-structure.

1. GD maps always compact elements into compact elements.
2. FD determinesGD by

GD(f) = u{d | f v FD(d)}

for all continuous functionsf .
3. GD is additive,GD(f t g) = GD(f) tGD(g).

Proof. Notice that, by condition (2) of Definition 2,

(∗) GD(f) v GD(FD(d)) imply GD(f) v d.
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1. We show that iff is compact thenGD(f) is compact, that is ifGD(f) v
⊔
z∈Z z,

whereZ is directed, thenGD(f) v z for somez ∈ Z.

GD(f) v
⊔
z∈Z z ⇒ FD(GD(f)) v

⊔
z∈Z FD(z)

sinceFD is continuous
⇒ f v

⊔
z∈Z FD(z)

by condition (1) of Definition 2
⇒ ∃z ∈ Z.f v FD(z)

sincef is compact and{FD(z) | z ∈ Z} is directed
⇒ ∃z ∈ Z.GD(f) v GD(FD(z))

sinceGD is monotone
⇒ ∃z ∈ Z.GD(f) v z

by (*).

2. It sufficies to show thatGD(f) v d iff f v FD(d).

GD(f) v d⇒ FD(GD(f)) v FD(d) sinceFD is monotone
⇒ f v FD(d) by condition (1) of Definition 2

f v FD(d) ⇒ GD(f) v GD(FD(d)) sinceGD is monotone
⇒ GD(f) v d by (*).

3. We have

GD(f t g) v GD(FD(GD(f)) t FD(GD(g))) by condition (1) of Definition 2
v GD(FD(GD(f) tGD(g))) sinceFD is continuous
v GD(f) tGD(g) by condition (2) of Definition 2.

Naturalλ-structures provide interpretation to terms ofλ-calculus in a standard way:
interpretation of application is obtained by applyingFD to the interpretation of the term
M (in function position) in(MN); interpretation of abstraction is obtained by applying
GD to the function induced byλx.M . Notice that the possibility of interpretingλ-terms
just relies on the existence ofFD andGD, independently from the fact they set up a
Galois connection.

In the followingΛ denotes the set ofλ-terms,EnvD denotes the set of functions
Var → D from term variables toD (term environments).

Definition 3. Let 〈D, FD, GD〉 be a naturalλ-structure. The interpretation[[ ]]D : Λ×
EnvD → D is defined inductively onλ-terms as follows:

[[x]]Dρ = ρ(x);

[[MN ]]Dρ = FD([[M ]]Dρ )([[N ]]Dρ );

[[λx.M ]]Dρ = GD(λλd ∈ D.[[M ]]D
ρ[x:=d])

whereρ ranges over the set of term environmentsEnvD.

Example 2.Consider the naturalλ-structureD♠ defined in Example 1. Then for any
M ∈ Λ, [[(λx.x)M ]]D

♠

ρ = >. In fact

[[(λx.x)]]D
♠

ρ = G♠(λλd ∈ D♠.d)

= G♠(
⊔
{a⇒ a | a ∈ D♠})

= (
⊔
{a⇒ a | a ∈ D♠})(>)

= >.
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Therefore
[[(λx.x)M ]]D

♠

ρ = F♠(>)([[M ]]D
♠

ρ )

= (⊥ ⇒ >)([[M ]]D
♠

ρ )

= >.

By the way notice that this proves that〈D♠, F♠, G♠〉 is not aλ-model, since, for anyy,
ρ such thatρ(y) = ⊥, it follows

[[(λx.x)y]]D
♠

ρ = >

6= ⊥

= [[y]]D
♠

ρ .

As well known, wheneverFD ◦ GD = Id[D→D], theλ-structure〈D, FD, GD〉 is a
λ-model, being a reflexive object in the cartesian closed category ofω-algebraic lattice
and continuous functions.

The notion of isomorphism betweenλ-structures is as expected: a lattice isomor-
phism which “commutes” withF andG.

Definition 4 (Isomorphism of natural λ-structures).Two naturalλ-structures〈D, FD, GD〉
and 〈E , FE , GE 〉 are isomorphic if there exists a lattice isomorphismm : D → E such
that for anyd ∈ D andf ∈ [D → D]:

1. FE (m(d)) = m ◦ FD(d) ◦ m−1,
2. m(GD(f)) = GE (m ◦ f ◦ m−1).

It is easy to show that previous definition can be simplified.

Proposition 3. Two naturalλ-structures〈D, FD, GD〉 and〈E , FE , GE 〉 are isomorphic
iff there exists a lattice isomorphismm : D → E such that

∀d, d′ ∈ D.m(d · d′) = m(d) · m(d′).

Proof. First notice that condition (1) of Definition 4 is equivalentto the condition of
Proposition 3. So it is enough to prove that condition (1) of Definition 4 implies condi-
tion (2) of the same definition.

Proof ofGE (m ◦ f ◦ m−1) v m(GD(f)).

GE (m ◦ f ◦ m−1) v GE (m ◦ (FD(GD(f)) ◦ m−1) by condition (1) of Definition 2
= GE (FE (m(GD(f)))) by condition (1) of Definition 4
v m(GD(f)) by condition (2) of Definition 2.

Before proving the other inequality, notice that in a symmetric way we can show

(\) GD(m−1 ◦ f ◦ m) v m−1(GE (f)).

Proof ofGE (m ◦ f ◦ m−1) w m(GD(f)).

m(GD(f)) = m(GD(m−1 ◦ m ◦ f ◦ m−1 ◦ m))
v m(GD(m−1 ◦ (FE (GE (m ◦ f ◦ m−1)) ◦ m)) by condition (1) of Definition 2
= m(m−1(GE (FE (GE (m ◦ f ◦ m−1))))) by (\)
= GE(m ◦ f ◦ m−1) by condition (2) of Definition 2.
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3 Natural filter structures

Intersection types, the building blocks for the filterλ-models, are syntactical objects
built by closing a given setCC of type atoms(constants), which contains the universal
typeΩ, under thefunction typeconstructor→ and theintersection typeconstructor∩.

Definition 5 (Intersection type language).Theintersection type languageoverCC, de-
noted byTT = TT(CC), is defined by the following abstract syntax:

TT = CC | TT → TT | TT ∩ TT.

Much of the expressive power of intersection type languagescomes from the fact
that they are endowed with apreorder relation, which induces, on the set of types, the
structure of a meet semi-lattice with respect to intersection. We consider here a class of
preorder relations we call natural, for the general definition see [ADCH03].

Definition 6 (Natural intersection type preorder).

1. Anatural intersection type preorder (nitp)Σ is a pair (CCΣ ,≤Σ) whereCCΣ is a set
of type constants and≤Σ is a binary relation overTTΣ = TT(CCΣ) satisfying the
following set∇0 (“nabla-zero”) of axioms and rules:

(refl) A ≤ΣA (idem) A ≤ΣA ∩A

(inclL) A ∩B ≤ΣA (inclR) A ∩B ≤ΣB

(mon)
A ≤ΣA

′ B ≤ΣB
′

A ∩B ≤ΣA′ ∩B′
(trans)

A ≤ΣB B ≤ΣC

A ≤ΣC

(Ω) A ≤ΣΩ (Ω-η) Ω ≤ΣΩ → Ω

(→-∩) (A→ B) ∩ (A→ C) ≤ΣA→ B ∩ C (η)
A′ ≤ΣA B ≤ΣB

′

A→ B ≤ΣA′ → B′

2. A recursive set∇ of axioms and rules of the shapeA ≤∇B over TT∇ = TT(CC∇)
is said to generate the nitpΣ∇ = (CC∇,≤∇) if A ≤∇B holds iff it can be derived
from the axioms and rules of∇∪∇0.

Axiom (Ω) states that each nitp has a maximal element.
The meaning of the last three axioms and rules can be grasped if we consider types

to denote subsets of a domain of discourse and we look at→ as the function space
constructor in the light of Curry-Scott semantics, see [Sco75]. Thus the typeA → B
denotes the set oftotal functions which map each element ofA into an element ofB.
Axiom (Ω-η) expresses the fact that all the objects in our domain of discourse are total
functions, i.e. thatΩ is equal toΩ → Ω [BCDC83]. This is so sinceΩ → Ω is the set
of functions which applied to an arbitrary element return again an arbitrary element.

The intended interpretation of arrow types motivates axiom(→-∩), which implies
that if a function mapsA into B, and the same function maps alsoA into C, then,
actually, it maps the wholeA into the intersection betweenB andC (i.e. intoB ∩ C),
see [BCDC83].

Rule(η) is also very natural in view of the set-theoretic interpretation. It implies that
the arrow constructor is contravariant in the first argumentand covariant in the second
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one. It is clear that if a function mapsA into B, and we take a subsetA′ of A and a
supersetB′ of B, then this function will map alsoA′ intoB′, see [BCDC83].

Notation.

– A ∼Σ B andA ∼∇ B will be short forA ≤ΣB ≤ΣA andA ≤∇B ≤∇A,
respectively.

– Since∩ is commutative and associative (modulo∼Σ), we shall write
⋂
i≤nAi for

A1 ∩ . . .∩An. Similarly we shall write∩i∈IAi, whereI denotes always a finite set.
Moreover we make the convention that∩i∈∅Ai isΩ.

Before going on, we give a simple lemma, whose proof is obtained combining rules
(→-∩) and (η).

Lemma 1. LetΣ be a nitp. Then, for anyI,Ai, Bi ∈ TTΣ (i ∈ I), we have:
⋂

i∈I

(Ai → Bi) ≤Σ

⋂

i∈I

Ai →
⋂

i∈I

Bi.

We can devise semantic domains out of intersection types by means of an appropri-
ate notion of filter over a type preorder. This is a particularcase of filter over a generic
meet semi-lattice (see [Joh86]).

Definition 7 (Σ-filters). AΣ-filter (or a filter overTTΣ) is a setX ⊆ TTΣ such that

1. Ω ∈ X;
2. ifA ≤ΣB andA ∈ X, thenB ∈ X;
3. ifA,B ∈ X, thenA ∩B ∈ X.

FΣ denotes the set ofΣ-filters.

GivenX ⊆ TTΣ, ↑X denotes theΣ-filter generated byX. ForA ∈ TTΣ , we write
↑A instead of↑{A}.

Proposition 4. The set ofΣ-filtersFΣ , ordered by subset inclusion, is anω-algebraic
complete lattice, where↑ Ω is the bottom, andTTΣ is the top. Moreover ifX,Y ∈ FΣ :

X t Y = ↑ (X ∪ Y );
X u Y = X ∩ Y.

If χ ⊆ FΣ is a directed set, then
⊔
χ =

⋃
χ.

The finite elements are exactly the principal filters.

It is possible to turn the space of filters into a naturalλ-structure.

Definition 8 (Filter structures).

1. Application · : FΣ ×FΣ → FΣ is defined as

X · Y =↑{B | ∃A ∈ Y.A→ B ∈ X}.

2. The mapsFΣ : FΣ → [FΣ → FΣ ] andGΣ : [FΣ → FΣ ] → FΣ are defined by:

FΣ(X) = λλY ∈ FΣ .X · Y ;
GΣ(f) = ↑ {A→ B | B ∈ f(↑ A)}.

The triple〈FΣ , FΣ , GΣ〉 is called thefilter structureinduced byΣ.
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We now give a simple proposition whose results will be usefullater on.

Proposition 5. 1. Eachf ∈ [FΣ → FΣ] satisfies

B ∈ f(↑ A) ⇐⇒ ↑ A⇒↑ B v f

and
f =

⊔
{↑ A⇒↑ B | B ∈ f(↑ A)}.

2. For allA,B ∈ TTΣ,
B ∈ X· ↑ A iff A→ B ∈ X.

Proof. (1) Immediate by Proposition 1(2), taking into account that↑ A ⇒↑ B are all
and only the step functions in[FΣ → FΣ ].
(2) (⇒) If B ∼Σ Ω thenΩ → Ω ≤ΣA → B by rule (η). SoA → B ∈ X by
definition ofΣ-filter (Definition 7). Otherwise by definition of application (Definition
8(1))B ∈ X· ↑ A iff B ∈↑ {D | ∃C ∈↑ A. C → D ∈ X}. Then there isI and types
Ci,Di such thatA ≤Σ

⋂
i∈I Ci,

⋂
i∈I Di ≤ΣB andCi → Di ∈ X for all i ∈ I by

definition ofΣ-filter (Definition 7). So we getA → B ∈ X by axiom (→-∩) and rule
(η).
(⇐) Trivial.

Arrow types allow to describe the functional behaviour of filters, as shown in the
next proposition which relates them with step functions,FΣ andGΣ .

Proposition 6.

1. For allX ∈ FΣ we getFΣ(X) =
⊔
{↑ A⇒↑ B | A→ B ∈ X}.

2. For allA,B ∈ TTΣ we getGΣ(↑ A⇒↑ B) =↑ (A→ B).

Proof. (1) LetΞ =
⊔
{↑ A⇒↑ B | A→ B ∈ X}. It suffices to show

D ∈ Ξ(↑ C) ⇔ D ∈ FΣ(X)(↑ C).

We first prove(⇐). If D ∈ FΣ(X)(↑ C), then, by Proposition 5(2), it followsC →
D ∈ X. From this fact andD ∈ (↑ C ⇒↑ D)(↑ C), a fortiori we get immediately
D ∈ Ξ(↑ C).
(⇒). If D ∈ Ξ(↑ C), then, by definition of step function, we get↑ C ⇒↑ D v Ξ. By
compactness of↑ C ⇒↑ D and Proposition 1(1), there existI finite set andAi, Bi ∈
TTΣ , such that∀i ∈ I, Ai → Bi ∈ X,

⊔
i∈I ↑ Ai ⊆↑ C, and↑ D ⊆

⊔
i∈I ↑ Bi. We

rewrite the previous three statements using the fact thatX is aΣ-filter and Proposition
4 as follows:
(a)

⋂
i∈I(Ai → Bi) ∈ X;

(b) C ≤Σ

⋂
i∈I Ai;

(c)
⋂
i∈I Bi ≤Σ D.

Using rule(η) and (b), (c) above, we get
⋂
i∈I Ai →

⋂
i∈I Bi ≤Σ C → D. This last

judgment, along with rule (trans) and Lemma 1, imply
⋂
i∈I(Ai → Bi) ≤Σ C → D.

By (a) above and the fact thatX is aΣ-filter, we getC → D ∈ X, henceD ∈
FΣ(X)(↑ C) by Proposition 5(2).
(2)

GΣ(↑ A⇒↑ B) = ↑ {C → D | D ∈ (↑ A⇒↑ B)(↑ C)} by definition ofGΣ

⊇ ↑ (A→ B).
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GΣ(↑ A⇒↑ B) = ↑ {C → D | D ∈ (↑ A⇒↑ B)(↑ C)} by definition ofGΣ

= ↑ {C → D | C ≤ΣA andB ≤ΣD}
⊆ ↑ {C → D | A→ B ≤ΣC → D} by rule (η)
= ↑ (A→ B).

3.1 Interpreting λ-terms in filter structures

Any filter structureFΣ , being endowed with the two mappingsFΣ andGΣ , can be
turned into a domain where to interpretλ-calculus by using the interpretation function
[[ ]]F

Σ

as defined in Definition 3. In this subsection we will see how this interpretation
can be built by means of a suitabletype assignemnt system. The advantage of using
type assignment systems consists in the possibility of calculating term interpretation in
a finitary way, as filters of types that can be assigned to terms.

Definition 9 (Type assignment system).Theintersection type assignment systemrel-
ative to the nitpΣ, notationλ∩Σ, is a formal system for deriving judgements of the
form Γ `Σ M : A, where thesubjectM is an untypedλ-term, thepredicateA is in
TTΣ , andΓ is aΣ-basis. Its axioms and rules are the following:

(Ax)
(x :A) ∈ Γ

Γ `Σ x :A
(Ax-Ω) Γ `Σ M : Ω

(→ I)
Γ, x :A `Σ M : B

Γ `Σ λx.M : A→ B
(→ E)

Γ `Σ M : A→ B Γ `Σ N : A

Γ `Σ MN : B

(∩I)
Γ `Σ M : A Γ `Σ M : B

Γ `Σ M : A ∩B
(≤)

Γ `Σ M : A A ≤ΣB

Γ `Σ M : B

It is easy to verify that the following rules are admissible2 :

(≤ L)
Γ, x : A `M : B A′ ≤ΣA

Γ, x : A′ `M : B

(W)
Γ `M : B x 6∈ Γ

Γ, x : A `M : B
(S)

Γ, x : A `M : B x 6∈ FV (M)

Γ `M : B

We continue with a standard Generation Theorem, which is necessary for proving
the main result of this subsection.

Theorem 1 (Generation Theorem).

1. AssumeA6∼ΣΩ. ThenΓ `Σ x : A iff (x :B) ∈ Γ andB ≤ΣA for someB ∈ TTΣ.
2. Γ `Σ MN : A iff Γ `Σ M : B → A, andΓ `Σ N : B for someB ∈ TTΣ .
3. Γ `Σ λx.M : A iff Γ, x :Bi `

Σ M : Ci and
⋂
i∈I(Bi → Ci) ≤ΣA, for someI and

Bi, Ci ∈ TTΣ .

Proof. The proof of each (⇐) is easy. So we only treat (⇒).
(1) Easy by induction on derivations, since only the axioms (Ax), (Ax-Ω), and the

rules(∩I), (≤) can be applied. Notice that the conditionA6∼ΣΩ implies thatΓ `Σ x :
A cannot be obtained just using axiom(Ax-Ω).

2 Recall that a rule isadmissiblein a system if, for each instance of the rule, if its premises are derivable
in the system then so is its conclusion.
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(2) If A ∼Σ Ω we can chooseB ∼Σ Ω. Otherwise, the proof is by induction on
derivations. The only interesting case is whenA ≡ A1 ∩A2 and the last applied rule is
(∩I):

(∩I)
Γ `Σ MN : A1 Γ `Σ MN : A2

Γ `Σ MN : A1 ∩A2
.

The conditionA6∼ΣΩ implies that we cannot haveA1 ∼Σ A2 ∼Σ Ω. We give the proof
for A1 6∼ΣΩ andA2 6∼ΣΩ, the other cases can be treated similarly. By induction there
areB1, B2 such that

Γ `Σ M : B1 → A1, Γ `Σ N : B1,
Γ `Σ M : B2 → A2, Γ `Σ N : B2.

ThenΓ `Σ M : (B1 → A1) ∩ (B2 → A2) and by rules(η), (→-∩):

(B1 → A1) ∩ (B2 → A2) ≤ΣB1 ∩B2 → A1 ∩A2 ≤ΣB1 ∩B2 → A.

We are done, sinceΓ `Σ N : B1 ∩B2 by rule (∩I) .
(3) The proof is very similar to the proof of Point (2). It is again by induction on

derivations and again the only interesting case is when the last applied rule is (∩I):

(∩I)
Γ `Σ λx.M : A1 Γ `Σ λx.M : A2

Γ `Σ λx.M : A1 ∩A2
.

By induction there areI,Bi, Ci, J,Dj , Gj such that

∀i ∈ I. Γ, x :Bi `
Σ M : Ci,∀j ∈ J. Γ, x :Dj `

Σ M : Gj ,⋂
i∈I(Bi → Ci) ≤ΣA1 &

⋂
j∈J(Dj → Gj) ≤ΣA2.

So we are done since(
⋂
i∈I(Bi → Ci)) ∩ (

⋂
j∈J(Dj → Gj)) ≤ΣA.

We are now in position for proving the main result of this subsection: in filter struc-
tures the interpretation of a term coincides with the set of types which are deducible for
it.

Theorem 2. Let 〈FΣ , FΣ , GΣ〉 be a filter structure. Then, for anyλ-termM and envi-
ronmentρ : Var → FΣ ,

[[M ]]Σρ = {A ∈ TTΣ | ∃Γ |= ρ. Γ `Σ M : A},

where[[ ]]Σ is the interpretation function[[ ]]F
Σ

andΓ |= ρ iff ρ(x : B) ∈ Γ implies
B ∈ ρ(x).

Proof. First notice thatΓ |= ρ andΓ ′ |= ρ imply (by definitions of|= and of filter)
Γ ] Γ ′ |= ρ, where we use] to denote the union between bases defined by:

Γ1 ] Γ2 = {(x:τ) | (x:τ) ∈ Γ1 & x/∈Γ2} ∪
{(x:τ) | (x:τ) ∈ Γ2 & x/∈Γ1} ∪
{(x:τ1 ∩ τ2) | (x:τ1) ∈ Γ1 & (x:τ2) ∈ Γ2}.

Moreover notice that by rules (W) and (≤ L) if Γ `Σ M : A thenΓ ] Γ ′ `Σ M : A
for all Γ ′. We can conclude that:

(♥) Γ |= ρ, Γ ′ |= ρ, andΓ `Σ M : A imply Γ ] Γ ′ |= ρ andΓ ] Γ ′ `Σ M : A.
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We prove now the thesis by induction onM .
If M ≡ x, then

[[x]]Σρ = ρ(x)

= {A ∈ TTΣ | ∃B ∈ ρ(x). B ≤ΣA}

= {A ∈ TTΣ | ∃B ∈ ρ(x). x : B `Σ x : A} by Theorem 1(1)
= {A ∈ TTΣ | ∃Γ |= ρ. Γ `Σ x : A}.

If M ≡ NL, then

[[NL]]Σρ = [[N ]]Σρ · [[L]]Σρ
= ↑ {C ∈ TTΣ | ∃B ∈ [[L]]Σρ .B → C ∈ [[N ]]Σρ }

by definition of application
= {A ∈ TTΣ | ∃I,Bi, Ci. Bi → Ci ∈ [[N ]]Σρ , Bi ∈ [[L]]Σρ ,⋂

i∈I Ci ≤ΣA}
by definition of filter

= {A ∈ TTΣ | ∃Γ |= ρ, I,Bi, Ci. Γ `Σ N : Bi → Ci,
Γ `Σ L : Bi,

⋂
i∈I Ci ≤ΣA}

by induction and(♥)

= {A ∈ TTΣ | ∃Γ |= ρ. Γ `Σ NL : A}
by Theorem 1(2) and rule(≤).

If M ≡ λx.N , then

[[λx.N ]]Σρ = GΣ(λλX ∈ FΣ .[[N ]]Σ
ρ[x:=X])

= ↑ {B → C ∈ TTΣ | C ∈ [[N ]]Σ
ρ[x:=↑B]}

by definition ofGΣ

= {A ∈ TTΣ | ∃Γ |= ρ, I,Bi, Ci. Γ, x : Bi `
Σ N : Ci,⋂

i∈I (Bi → Ci) ≤ΣA}
by induction and(♥)

= {A ∈ TTΣ | ∃Γ |= ρ. Γ `Σ λx.N : A}
by Theorem 1(3) and rule(≤).

4 Isomorphism results

In this section we will see that nitps are closely related to naturalλ-structures. On one
hand, any nitp induces a filter structure which is a naturalλ-structure. On the other
hand, for any naturalλ-structure〈D, FD, GD〉, it is possible to find a presentation of it
by means of a nitpΣ, i.e. 〈FΣ , FΣ , GΣ〉 and〈D, FD, GD〉 are isomorphic as natural
λ-structures. This kind of presentation is not always given by means of a recursive set
of axioms and rules, but it will be so in the case ofD∞ λ-models as shown in the final
section of the paper.

The correspondence between nitps and naturalλ-structures can be refined in a cat-
egorical setting, showing that both naturalλ-structures and nitps are objects of suitable
categories, which turn out to be equivalent. In the present paper we give instead a direct
proof.

We begin the present section by showing the first (easy) isomorphism result.

Theorem 3 (Isomorphism I).Each〈FΣ , FΣ , GΣ〉 is a naturalλ-structure.
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Proof. We have just to prove thatFΣ andGΣ set up a Galois connection, that is

FΣ ◦GΣ w Id[FΣ→FΣ ]

GΣ ◦ FΣ v IdFΣ .

The first inequality is given by:

FΣ(GΣ(f)) =
⊔
{↑ A⇒↑ B | A→ B ∈ GΣ(f)} by Proposition 6(1)

w
⊔
{↑ A⇒↑ B | B ∈ f(↑ A)} by definition ofGΣ

= f by Proposition 1(2).

For the second inequality we get

GΣ(FΣ(X)) = ↑ {A→ B | B ∈ FΣ(X)(↑ A)} by definition ofGΣ

= ↑ {A→ B | A→ B ∈ X} by Proposition 5(2)
⊆ X.

In the remaining of the present subsection we will prove the vice versa, i.e. that each
naturalλ-structure can be generated by a suitable nitp.

To eachλ-structure〈D, FD, GD〉 we associate a nitpΣDD. The preorder relation on
types takes into account both the partial order between compact elements ofD and the
mappingGD.

Definition 10. Let 〈D, FD, GD〉 be aλ-structure. We define:

1. CCDD = {ψc | c ∈ K(D)}, whereψ⊥ isΩ andψc is a fresh constant for each other
c ∈ K(D);

2. ≤DD⊆ TTDD × TTDD as the preorder relation generated by adding to∇0:

DD = {ψc ≤DD ψd | d v c} ∪ {ψc ∩ ψd ≤DD ψe | e = c t d}
∪{ψc → ψd ∼DD ψe | e = GD(c⇒ d)}

whereψc, ψd, ψe ∈ CCDD;
3. ΣDD = 〈CCDD,≤DD〉.

The nitpΣDD enjoys some useful properties.

Proposition 7. 1. For all A ∈ TTDD there isc ∈ K(D) such thatA ∼DD ψc.
2. For all ψc, ψd ∈ CCDD: ψc ≤DD ψd iff d v c;
3. For all ψc, ψd, ψe ∈ CCDD: ψe ≤DD ψc → ψd iff GD(c⇒ d) v e.

Proof. (1) By induction onA. LetB ∼DD ψb andC ∼DD ψc.
If A ≡ B ∩ C thenA ∼DD ψbtc.
If A ≡ B → C thenA ∼DD ψd whered = GD(b⇒ c).
For (2) definepp : TTDD → K(D) by:

pp(ψc) = c;
pp(A ∩B) = pp(A) t pp(B);
pp(A→ B) = GD(pp(A) ⇒ pp(B)).

It is easy to verify by induction on≤DD thatA ≤DD B implies pp(B) v pp(A). This
yieldsψc ≤DD ψd ⇒ d v c. The other implication is immediate by definition ofDD.

(3) follows from (2) sinceψc → ψd ∼DD ψGD(c⇒d).
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Notice that the first two points of the above proposition imply that for each typeA
in TTDD there is exactly one compact elementc in D such thatA ∼DD ψc.

We define now a lattice isomorphism between the setFDD ofDD-filters overTTDD and
D.

Definition 11. The mappingm : FDD → D is defined by

m(X) =
⊔

ψc∈X

c.

It is not difficult to verify thatm(↑ ψc) = c and thatm is a lattice isomorphism between
FDD andD.

We show thatm commutes with application.

Lemma 2. m(X · Y ) = m(X) · m(Y ).

Proof. By the continuity ofm and of application we need to consider only finite ele-
ments inFDD, i.e. using also Proposition 7(1) we only need to show:

m(↑ ψc· ↑ ψd) = m(↑ ψc) · m(↑ ψd).

First notice that

ψc ≤DD ψd → ψb ⇔ GD(d⇒ b) v c by Proposition 7(3)
⇔ d⇒ b v FD(c) by condition (1) of Definition 2
⇔ b v FD(c)(d) by definition of step function
⇔ b v c · d by definition of application.

We get (using three times rule (η))

m(↑ ψc· ↑ ψd) = m(↑ {A | ψc ≤DD ψd → A})
by definition of application

= m(↑ {ψb | b ∈ K(D) andψc ≤DD ψd → ψb})
by Proposition 7(1)

=
⊔
{b ∈ K(D) | ψc ≤DD ψd → ψb}

by definition ofm
=

⊔
{b ∈ K(D) | b v c · d}

by above
= c · d
= m(↑ ψc) · m(↑ ψd).

Finally we can give the second isomorphism result, whose proof follows immedi-
ately from the previous lemma and Proposition 3.

Theorem 4 (Isomorphism II). Let〈D, FD, GD〉 be a naturalλ-structure, then the nitp
ΣDD of Definition 10 is such that〈D, FD, GD〉 and〈FDD, FDD, GDD〉 are isomorphic.

5 D∞-λ-models and filterλ-models

Since allω-algebraic complete lattices which are extensionalλ-models are clearly nat-
ural λ-structures, Theorem 4 implies that any suchλ-model is isomorphic to a filter
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λ-model. However the finitary logical description provided by the proof of Theorem 4
is rather opaque. In this section we show that in the special case ofD∞ inverse limit
λ-models, one can obtain far more concise type theoretic descriptions. Remarkably the
nitp which induces a filterλ-model isomorphic toD∞, starting fromD0, is exactly the
nitp freely generatedby a nitp which inducesD0 together with the equalities which arise
from encoding the initial projections.

First of all we fix some notations and recall the standardD∞ construction.

Definition 12. 1. LetD0 be anω-algebraic complete lattice and

〈i0, j0〉 : D0 → [D0 → D0]

be anembedding-projectionpair, i.e. i0 : D0 → [D0 → D0] and j0 : [D0 → D0] →
D0 satisfyi0 ◦ j0 v Id[D0→D0] and j0 ◦ i0 = IdD0 .

2. Define atower〈in, jn〉 : Dn → Dn+1 in the following way:
– Dn+1 = [Dn → Dn];
– in(f) = in−1 ◦ f ◦ jn−1 for anyf ∈ Dn;
– jn(g) = jn−1 ◦ g ◦ in−1 for anyg ∈ Dn+1.

3. The setD∞ is defined by

D∞ = {〈dn〉 | ∀n. dn ∈ Dn and jn(dn+1) = dn},

where〈dn〉 is short for〈dn〉n∈IN.
4. The ordering onD∞ is given by

〈dn〉 v 〈en〉 ⇔ ∀k. dk v ek.

5. Let〈Φm∞, Φ∞m〉 denotes the standard embedding-projection pair fromDm toD∞:
for anyd ∈ Dm, 〈dn〉 ∈ D∞,
Φm∞(d) = 〈. . . jm−2(jm−1(d)), jm−1(d), d, im(d), im+1(im(d)) . . .〉,
Φ∞m(〈dn〉) = dm.

6. LetΦmn : Dm → Dn beΦ∞n ◦ Φm∞.
7. LetF∞ : D∞ → [D∞ → D∞] be defined by

F∞(〈dn〉)(〈en〉) =
⊔
n∈IN Φn∞(dn+1(en)),

andG∞ : [D∞ → D∞] → D∞ by

G∞(f) =
⊔
n∈IN Φ(n+1)∞(Φ∞n ◦ f ◦ Φn∞).

Remark 1.From previous definition it follows easily that, ifn ≤ p ≤ k andd ∈ Dn,
e ∈ Dp, thenΦnp(d) v e iff Φnk(d) v Φpk(e) iff Φn∞(d) v Φp∞(e).

Theorem 5. ([Sco72])〈D∞, F∞, G∞〉 is aλ-model.

Next definition exhibits nitps which induce filterλ-models isomorphic toD∞ λ-
models. Notice the similarities with Definition 10. In particular, the equivalences be-
tween arrow types and constants are built in both cases by considering the action of the
compact element preserving map (GD in the case of Definition 10,i0 here). A differ-
ence with respect to Definition 10 is that we are forced to define such equivalences by
means of intersections and sups. The reason for this is that we do not have a constant for
each compact function, which could lead to an apparently smoother definition such as
in the case of Definition 10 (which actually yields a lot of redundant types), but rather
we represent a compact function as a sup of suitable step functions. Dually, in the nitp,
the compact function will be represented by the intersection of the arrow types which
correspond to the involved step functions.
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Definition 13. Define:

1. CC∞ = {ψc | c ∈ K(D0)}, whereψ⊥ isΩ andψc is a fresh constant for each other
c ∈ K(D0);

2. ≤∞ as the preorder relation generated by adding to∇0:

∞ = {ψc ≤∞ ψd | d v c} ∪ {ψc ∩ ψd ∼∞ ψe | e = c t d}
∪{

⋂
j∈J(ψcj → ψdj ) ∼∞ ψd | i0(d) =

⊔
j∈J(cj ⇒ dj)}

whereψc, ψd, ψe, cj , dj ∈ CC∞;
3. Σ∞ = 〈CC∞,≤∞〉.

The nitpΣ∞ enjoys some useful properties.

Lemma 3. 1.
⋂
i∈I ψci ∼∞ ψF

i∈I ci
.

2.
⋂
i∈I(Ci → Di) ≤∞ A → B implies

⋂
i∈J Di ≤∞ B whereJ = {i ∈ I | A ≤∞

Ci}.

3. ↑
⋂
i∈I(Ci → Di)· ↑ A = ↑

⋂
i∈J Di whereJ = {i ∈ I | A ≤∞ Ci}.

Proof. (1) follows easily from Definition 13.
For (2) notice that by definition for each constantα ∈ CC∞ there is exactly one

judgement of the shapeα ∼∞

⋂
l∈L(ψd)(γ

(α)
l → δ

(α)
l ), whereγ(α)

l , δ
(α)
l ∈ CC∞.

We can prove by simultaneous induction on the definition of≤∞ two statements,
the first of which implies the thesis.

– if (
⋂
i∈I(Ai → Bi)) ∩ (

⋂
h∈H αh) ≤∞ (

⋂
j∈J(Cj → Dj)) ∩ (

⋂
k∈K βk), then for

eachj ∈ J : (
⋂
i∈I′ Bi) ∩ (

⋂
h∈H′(

⋂
l∈L(αh)′ δ

(αh)
l )) ≤∞ Dj whereI ′ = {i ∈ I |

Cj ≤∞ Ai},H ′ = {h ∈ H | ∃l ∈ L(αh)Cj ≤∞ γ
(αh)
l }, andL(αh)′ = {l ∈ L(αh) |

Cj ≤∞ γ
(αh)
l };

– if (
⋂
i∈I(Ai → Bi)) ∩ (

⋂
h∈H αh) ≤∞ (

⋂
j∈J(Cj → Dj)) ∩ (

⋂
k∈K βk), then for

eachk ∈ K,m ∈ L(βk) (
⋂
i∈I′ Bi) ∩ (

⋂
h∈H′(

⋂
l∈L(αh)′ δ

(αh)
l )) ≤∞ δ

(βk)
m where

I ′ = {i ∈ I | γ
(βk)
m ≤∞ Ai}, H ′ = {h ∈ H | ∃l ∈ L(αh)γ

(βk)
m ≤∞ γ

(αh)
l }, and

L(αh)′ = {l ∈ L(αh) | γ
(βk)
m ≤∞ γ

(αh)
l }.

For (3) the inclusion⊆ follows immediately from the definition of filter application.
We show the reverse inclusion.

B ∈↑
⋂
i∈I(Ci → Di)· ↑ A⇒ A→ B ∈↑

⋂
i∈I(Ci → Di)

by Proposition 5(2)
⇒

⋂
i∈I(Ci → Di) ≤∞ A→ B

by definition of filter
⇒

⋂
i∈J Di ≤∞ B whereJ = {i ∈ I | A ≤∞ Ci}

by (2).

The proof of the isomorphism will be postponed because several preliminary results
are needed. These are the subjects of Lemmata 4, 5 and 6.

First we classify the types inTT∞ according to the maximal number of nested arrow
occurrences they may contain.
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Definition 14. 1. We define the maprankrk : TT∞ → IN by:

rk(ψc) = 0;
rk(A→ B) = max{rk(A), rk(B)} + 1;
rk(A ∩B) = max{rk(A), rk(B)}.

2. LetTT∞
n = {A ∈ TT∞ | rk(A) ≤ n}.

We can associate to each type inTT∞
n an element inDn: this will be crucial for

defining the mapping which gives the desidered isomorphism (see Definition 16).

Definition 15. We define, for eachn ∈ IN, a mapwn : TT∞
n → Dn by a double induction

onn and on the construction of types inTT∞:

wn(ψc) = Φ0n(c);
wn(A ∩B) = wn(A) twn(B);
wn(A→ B) = wn−1(A) ⇒ wn−1(B).

The following property ofwn shows that no information is lost if we map a type into
anyDn with n greater than the rank of the type.

Lemma 4. For all A ∈ TT∞
n and for allm, p ≥ nwe haveΦm∞(wm(A)) = Φp∞(wp(A)).

Proof. We show by induction on the definition ofwn thatwn+1(A) = in(wn(A)). Then
the desired equality follows from the definition of the function Φ. The only interesting
case is whenA ≡ B → C. We get

wn+1(B → C) = wn(B) ⇒ wn(C) by definition
= in−1(wn−1(B)) ⇒ in−1(wn−1(C)) by induction
= in(wn−1(B) ⇒ wn−1(C)) by definition ofin

and of step function
= in(wn(B → C)) by Definition 15.

The mapswn reverse the order between types, as shown in the following lemma.

Lemma 5. Letn ≥ rk(A ∩B). ThenA ≤∞ B implieswn(B) v wn(A).

Proof. The proof is by induction on the definition of≤∞. We consider just the case
of rule (η). Let A ≡ C → D, B ≡ E → F , with E ≤∞ C, D ≤∞ F . Then
by inductionwn(C) v wn(E) andwn(F ) v wn(D), hencewn(E) ⇒ wn(F ) v
wn(C) ⇒ wn(D). Thus we get, by definition ofwn, wn+1(B) v wn+1(A), hence,
by Lemma 4,in(wn(B)) v in(wn(A)). By Remark 1 (sincein = Φn(n+1)) the thesis
follows.

Also the reverse implication of Lemma 5 holds.

Lemma 6. Let rk(A ∩B) ≤ n. Thenwn(B) v wn(A) impliesA ≤∞ B.

Proof. The proof is by induction onrk(A ∩B).
If rk(A ∩ B) = 0 we haveA ≡

⋂
i∈I ψci , B =

⋂
j∈J ψdj . Thenwn(B) v wn(A)

implies
⊔
j∈J Φ0n(dj) v

⊔
i∈I Φ0n(ci), that is, by Remark 1,

⊔
j∈J dj v

⊔
i∈I ci. By
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Definition 13 and Lemma 3(1) it follows
⋂
i∈I ψci ≤∞

⋂
j∈J ψdj , henceA ≤∞ B.

Otherwise, let

A ≡ (
⋂

i∈I

ψci) ∩ (
⋂

l∈L

(Cl → Dl)), B ≡ (
⋂

h∈H

ψdh) ∩ (
⋂

m∈M

(Em → Fm))

whereψci ∼∞

⋂
j∈Ji

(ψaj → ψbj ), ψdh ∼∞

⋂
k∈Kh

(ψek → ψfk). The last two equiva-
lences imply by Lemma 5 that for alln ≥ 1

wn(ψci) = wn(
⊔

j∈Ji

(ψaj ⇒ ψbj )), wn(ψdh) = wn(
⊔

k∈Kh

(ψek ⇒ ψfk)).

So we get

⊔
h∈H(

⊔
k∈Kh

wn(ψek) ⇒ wn(ψfk)) t (
⊔
m∈M wn(Em) ⇒ wn(Fm)) v⊔

i∈I(
⊔
j∈Ji

wn(ψaj ) ⇒ wn(ψbj )) t (
⊔
l∈Lwn(Cl) ⇒ wn(Dl)).

Now by definition of step function this implies that for eachh ∈ H, k ∈ Kh,

wn(ψfk) v
⊔

i∈I′

(
⊔

j∈J ′
i

wn(ψbj )) t (
⊔

l∈L′

wn(Dl))

whereI ′ = {i ∈ I | ∃j ∈ Ji & wn(ψaj ) v wn(ψek)}, J ′
i = {j ∈ Ji | wn(ψaj ) v

wn(ψek)}, L′ = {l ∈ L | wn(Cl) v wn(ψek)}.
Since all types involved in the two above judgments have ranks strictly less thanrk(A∩
B), by induction and by Lemma 3 we obtain

ψek ≤∞

⋂
i∈I′(

⋂
j∈J ′

i
ψaj ) ∩

⋂
l∈L′ Cl,⋂

i∈I′(
⋂
j∈J ′

i
ψbj ) ∩

⋂
l∈L′ Dl ≤∞ ψfk .

Therefore we haveA ≤∞ ψek → ψfk for eachh ∈ H, k ∈ Kh. In a similar way we
can prove thatA ≤∞ Em → Fm, for anym ∈M . Putting together these results we get
A ≤∞ B.

We can now prove the isomorphism between〈D∞, F∞, G∞〉 and〈F∞, F∞, G∞〉.
First we give the isomorphism map.

Definition 16. Letm̂ be the unique continuous extension of the mappingm : K(F∞) →
K(D∞) defined by

m(↑ A) = Φr∞(wr(A)),

wherer = rk(A).

Notice that by Lemma 4 we havem(↑ A) = Φn∞(wn(A)) for all n ≥ rk(A). This will
be freely used in the proof of Theorem 6.

We recall that (see [Sco72])

1. F∞ ◦G∞ = Id[D∞→D∞];
2. G∞ ◦ F∞ = IdD∞

.

On the other hand,〈F∞, F∞, G∞〉 is a naturalλ-structure. So both〈D∞, F∞, G∞〉 and
〈F∞, F∞, G∞〉 are naturalλ-structures.
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Theorem 6. The naturalλ-structures〈D∞, F∞, G∞〉 and〈F∞, F∞, G∞〉 are isomor-
phic.

Proof. The mappingm is monotone and injective by Lemmas 5 and 6, hencem̂ is so.
We prove surjection overD∞ by induction onn, by showing that eachwn is surjective
onDn. Surjection ofw0 is obvious by definition ofw0 and of the nitpΣ∞.
Let f ∈ Dn+1. By Proposition 1(2) there existI and ai, bi ∈ Dn such thatf =⊔
i∈I(ai ⇒ bi). By induction there exist typesAi, Bi such that for alli ∈ I, wn(Ai) =

ai andwn(Bi) = bi. Therefore

wn+1(
⋂
i∈I(Ai → Bi)) =

⊔
i∈I(wn(Ai) ⇒ wn(Bi))

=
⊔
i∈I(ai ⇒ bi)

= f

We have so proved that eachwn is surjective. This impliesm is surjective onto compact
elements ofD∞, hencem̂ : F∞ → D∞ is surjective.

From Lemma 6 it follows thatm−1 is monotone, hencêm−1 is continuous (by def-
inition). We have finally to prove that̂m commutes with application. Since it is enough
to prove the thesis on compact elements, that is on principalfilters ofF∞, we are left to
prove that for anyA,B ∈ TT∞

m(↑ A· ↑ B) = m(↑ A) · m(↑ B).

Let A,B ∈ TT∞, A ∼∞

⋂
i∈I(Ci → Di), J = {i ∈ I | B ≤∞ Ci}, andn any

natural number greater thanrk(A ∩B). Then by the definition ofΦn∞ and Lemmas 5,
6 we get

([)J = {i ∈ I | Φn∞(wn(Ci)) v Φn∞(wn(B))}.

m(↑ A· ↑ B) = m(↑
⋂
i∈J Di) by Lemma 3(3)

= Φn∞(wn(
⋂
i∈J Di)) by definition ofm

=
⊔
i∈J Φn∞(wn(Di))

by definition ofwn and addittivity ofΦn∞
=

⊔
i∈I(Φn∞(wn(Ci)) ⇒ Φn∞(wn(Di))) · Φn∞(wn(B))

by definition of step function and([)
=

⊔
i∈I Φ(n+1)∞(wn(Ci) ⇒ wn(Di)) · Φn∞(wn(B))

by definition ofΦn∞
= Φ(n+1)∞(wn+1(

⋂
i∈I(Ci → Di))) · Φn∞(wn(B))

by definition ofwn
= m(↑ A) · m(↑ B) by definition ofm.

This completes the proof that〈D∞, F∞, G∞〉 and 〈F∞, F∞, G∞〉 are isomorphic as
naturalλ-structures, hence asλ-models.

(ω-Scott) Ω → ω ∼ ω (ω-Park) ω → ω ∼ ω

(ωϕ) ω ≤Σϕ (ϕ → ω) ϕ → ω ∼ ω

(ω → ϕ) ω → ϕ ∼ ϕ (I) (ϕ → ϕ) ∩ (ω → ω) ∼ ϕ

Fig. 1. Possible Axioms and Rules concerning≤Σ.
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CC
Sc = {Ω, ω} Sc = {(ω-Scott)}

CC
Pa = {Ω, ω} Pa = {(ω-Park)}

CC
CDZ = {Ω, ϕ, ω} CDZ = {(ωϕ), (ϕ → ω), (ω → ϕ)}

CC
HR = {Ω, ϕ, ω} HR = {(ωϕ), (I), (ω → ϕ)}

Fig. 2.Type Theories: constants, axioms and rules.

Figure 1 lists axioms and rules used in Figure 2 to define nitpswhich induce filterλ-
models isomorphic to well known inverse limitλ-models. We shall denote such theories
asΣ∇, with various different names∇ corresponding to the initials of the authors who
have first considered theλ-model induced by such a theory. For each suchΣ∇ we
specify in Figure 2 the nitpΣ∇ = (CC,≤∇) by giving the set of constantsCC∇ and the
set∇ of extra axioms and rules.

As particular cases of Theorem 6 we get that Scottλ-model as defined in [Sco72] is
isomorphic to the filterλ-model induced by the nitpΣSc and Parkλ-model as defined
in [Par76] is isomorphic to the filterλ-model induced by the nitpΣPa.

The construction of Theorem 6 was first discussed in [CDCHL84]. Other relevant
references are [CDCZ87], which presents the filterλ-model induced by the nitpΣCDZ ,
[HRDR92], where the filterλ-models induced by the nitpsΣPa, ΣHR and otherλ-
models are considered, and [Ale91], [DGH93], [Plo93], where the relation between
λ-structures and nitps is studied.

Results similar to Theorem 6 can be given also for other, non-extensional, inverse
limit λ-models, obtained as solutions of domain equations involving also other functors.
For instance one can consider thelifted space of functions[ → ]⊥, the space ofstrict
functions[→⊥ ], aproduct[→ ]×A, or asum[→ ]+Awith a setA of atoms, and so on.
In all such cases one gets concise type theoretic descriptions of theλ-models obtained
as fixed points of such functors corresponding to suitable choices ofG [CDL83]. At
least the following result is worthwhile mentioning in thisrespect, see [CDCHL84] for
a proof. We define [BCDC83]

CCBCD = {Ω} ∪ CC∞ BCD = {(Ω-η)}

whereCC∞ is an infinite set of fresh (i.e. different fromΩ,φ, ω) constants.

Proposition 8. The filterλ-model induced byΣBCD is isomorphic to〈D, F,G〉, where
D is the initial solution of the domain equation[D → D] × P(CC∞) ≡ D, the pair
〈F,G〉 set up a Galois connection andG is the map which picks always the minimal
element in the extensionality classes of all functions.
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