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Abstract. Natural intersection type preorders are the type strustwieich agree with
the plain intuition of intersection type constructor as-theoretic intersection operation
and arrow type constructor as set-theoretic function sgaostructor. In this paper we
study the relation between natural intersection type piexsr and naturah-structures,
i.e. w-algebraic lattice®D with Galois connections given by’ : D — [D — D] and

G : [D — D] — D. We prove on one hand that natural intersection type presiide
duces naturah-structures, on the other hand that natuatructures admits presentations
through intersection type preorders. Moreover we give @iserpresentations of classical
Do, A\-models of untyped\-calculus through suitable natural intersection type pters
and prove that filteA-models induced by them are isomorphici?g, .

1 Introduction

Intersection type preorders can be viewedaain logicsor w-algerbraic lattices (see
[CDCHLB84], [Abr9a1]). That means that-algebraic lattices can be defined in a syntactic
way through “axioms and rules” which involve intersectigpéa preorders. This possi-
bility brings a nice consequence. The classical way topmétra statement of the shape
M = ¢ (the program)M satisfies the property) in a semantic domait is to view M
as a point inD, and¢ as a (suitable) subsétof D, obtaining a membership judgment
in D:i.e. M |= ¢ is translated intd M )P € &, where the interpretation functigp]
maps programs to elements Bf The Stone duality perspective uses intersection type
preorders in order to “reverse” this point of view. Types tilen for setting up a basis
for the topology of the space (in algebraic terms: the mestisttice of coprime com-
pact open sets of the lattice under consideration). Poieteat the building blocks of
the semantic domains, rather they are recoverditess of types. Following this view
M = ¢ is translated in an “opposite” membership judgmdne [M]P, that is: “the
type A (corresponding to the propertyand interpreted a®) is a member of the filter
(of properties) which sets up the whole interpretatiod 6t

This view is fruitful in the following sense: the interprétm of a program is fully
determined when all the properties which the program sagisfie known. Since actu-
ally the syntactic way of defining lattices through intetsmttype preorders puts at dis-
posal a machinery (thtype assignment systemhich allows to assign types/properties
to programs in a finitary way, the gain consists in the polsitof definining program
interpretations by answering the question:“which typesloaassigned to programs by
the type assignment system?”, whose answer can in turnieyptgul technical results
on type assignment system (such as, for instance, the Giemefheorem at page 10).

Since, as mentioned, Stone duality is the mathematicaldvark where to settle
the relationship between intersection type preordersuanftjiebraic complete lattices,
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we now recall shortly some basics facts concerning it. A deteptreatment can be
found in the milestone paper [Abr91].

Let X be a topological space with topolog¥(X) (we recall that?(X) is a frame,
that is a complete distributive lattice).

Define acompletely prime filteover X! as a subset C 2(X) such that ¢, b range
over 2(X)):

-Xeg

—a€anda Chimply b € &;
—acfandb e implyande;

— Uier @i € { impliesa; € & for somei € 1.

LetPt(£2(X)) be the set of all completely prime filters ov@( X ). The fundamental
result is that if we work in the catego§ob of soberspaces, then we have bijections

() X =~ Pt(2(X))

from which it follows an equivalence between the categdgiesandLoc (this last one
is the opposite of the category of frames).

The importance of this result can be summarized as followsngcertain topologi-
cal spaces (the sober ones), one can forget points, sincletypallows to recover them
completely.

Without entering the details of the rather involved defaritiof sober space (see
[Joh86]), we just recall that all algebraic domains usedeinafational semantics enjoy
the property of being sober.

Intersection type preorders are particular structureshvlirise when restricting the
equivalence{)) above to the case of the categ@yG of w-algebraic lattices endowed
with their Scott topology. In such a case, it is possible tol@ix the following property
of the topology ofuv-algebraic latticest2(X') can be completely recoverd by the subsets
Cpr(£2(X)) of the coprimecompact open sets (an open gas coprime ifa C bU ¢
impliesa C b ora C ¢). The domainCpr(£2(X)) turns out to be a meet-semilattice
(whence the meet-semilattice structure of intersectipegy and it satisfies

Pt(£2(X)) ~ Filt(Cpr(£2(X))),

whereFilt is the operation of taking filters (defined by dropping thé ¢tamdition in the
definition above of completely prime filter). As a consequen€ (1), any w-algebraic
lattice X satisfies

X ~ Filt(Cpr(02(X))).

A further step is to notice thatilt(Cpr(f2(X))) is isomorphic toC?(X), the subspace
of compact elements of, with the reverse ordering of . Thus the final form which
the “Stone duality” theory assumes when appliedtalgebraic lattices is expressed by
the isomorphism:

X ~ Filt(KP(X)).

This result is the foundation which guarantees the podyibil describingu-algebraic
lattices by means of intersection type preorders.

In the present paper we are mainly interested in a fine asabfsiype preorders
which agree with the intuition that arrow type constructmmresponds to the set-theoretic

1 Actually one can take completely prime filters over any catelatticeD, not just topologies.



continuous function space constructor. We aallural this kind of type preorders. Our
first result is to show that the semantic counterpart of @dttype preorders are-
algebraic lattice® endowed with pairs of continuous functidn : D — [D — D],
G : [D — D] — D which set up Galois connection:

FOG ; Id['D—»'D] GOF E |dD

We call natural A-structuresthis kind of lattices. We prove on one hand that the space
of filter on a natural type preorders is a natukadtructure. On the other hand natural
A-structures can be presented via natural type preordesisth

(iso) each naturah-structure is isomorphic, both as lattice and as applieaiwcture,
to the space of filters of a suitable natural type preorder.

Then we turn our attention td&-models of untypec\-calculus computed insidaL G,
built through the classical inverse limit technique (seeo[&]). As a consequence of
(iso), for any D it is possible to build a filter structure isomorphic to ittle con-
struction given in the proof dfso)is not effective and uses a possibly countable amount
of redundant types (since it introduces a constant typerfgrcampact element of the
domain). So we look for a more concise presentatiorDgf. Our second result is to
prove that the natural type preorder which induces a fitemodel isomorphic tdD.,
starting fromD), is exactly the natural type preordezely generatedby a type preorder
which inducesD, together with the equalities which arise from encoding ikl pro-
jections.

This second isomorphism result could be obtained by adaptia technique of
[Abr91], Section 4. Our approach does not use the complexambky’s machinery
(tailored for more general domains, the SFP’s ones) anavalto get a rather quick
isomorphism proof.

Finally, the organization of the paper. In Section 2 we Hesame standard facts
onw-algebraic lattices, and introduce natukastructures. Section 3 discusses type pre-
orders, filter structures and type assignment systems. dtiocBe4 we prove the two
isomorphism results which relate natural intersectioretppeorders with natural-
structures. Finally, in Section 5, we give the effective doohcise” presentations of
D,, A-models via suitable natural intersection type preordecs show that the filter
structures induced by them are isomorphidig,’s.

2 Natural X-structures

We start with a standard definition:

Definition 1. 1. If D is anw-algebraic complete latticdD — D] denotes the set of
continuous functions fro®® to D, and (D) the set of compact elementsof
2. Ifa,b € D, thena = b is the step function defined by

a=b(d) = ifaCdthenbelsel.

Recall that the compact elements in the domain of continfiustions are exactly the
sups of finite sets of step functions between compact elembfdreover we restate
some well know properties of continuous functions [GHBQ]. LetI be a finite set.

Proposition 1. 1. ¢ = d E | J;c;(a; = b;) iff d © | |, ;b; whereJ = {i € I | a; T

c}.



2. Each continuous functioffi is the sup of the step functions between compact ele-
ments which are undef, i.e.

f=|NHa=0b|a=bC f,aandb compact
=||{a=b|bC f(a),a andb compac}.

Next definition introducesatural A-structures Natural A-structures set up a bridge
between domain theoreticmodels andilter structures more precisely, they are the se-
mantic counterpart of those intersection type preordéesn@tural ones, see Definition
6) whose axioms agree with the intuition that the arrow typestructor corresponds to
the set-theoretic function space constructor.

Definition 2 (Natural \-structure). Anatural\-structurds atriple (D, Fp, Gp), where
D is anw-algebraic complete lattice, anflp : D — [D — D|,Gp : [D — D] — D
are Scott continuous functions such thial, Gp) sets up a Galois connection, i.e.:

1. FpoGp d Idip_py;
2. G'DOFD E[dp

Given a natural-structure(D, Fp, Gp) anda,b € D, we will often writea - b as
short for Fp(a)(b).

Example 1.An example of a natural-structure is'D*®, F, G ), Where

— D% is NU { L, T}, endowed with the order which is flat on natural numbers, and
moreoverl. = mMn, T =mUn, foranym,n € N, m # n;

— Fa(a) = (L = a) foranya € D*;

— Ga(f) = f(T)forany f € [D* — D*].

(D*, Fa,Ga) is a natural\-structure. In fact

— Ga(Fa(a)) =Ga(Ll =a)=(L=a)(T)=q
— Fa(Ga(f))=(L=f(T)) 3 f,

henceFy andG4, set up a Galois connection.

Natural A\-structures are-structures as defined in [Pl093], Section 3.

The following properties of natural-structures follow easily from their definitions.
Although they are almost immediate consequence of the fieatf from a categorical
point of view, F’p is left adjoint of Gp, we will recall the direct proof.

Proposition 2. Let (D, Fp, Gp) be a natural\-structure.

1. Gp maps always compact elements into compact elements.
2. Fp determinesGp by

Gp(f)=1{d| f C Fp(d)}

for all continuous functiong'.
3. Gpisadditive,Gp(f U g) = Gp(f) LU Gp(g).

Proof. Notice that, by condition (2) of Definition 2,

(x) Gp(f) CE Gp(Fp(d))imply Gp(f) E d.



1. We show that iff is compact ther&’p(f) is compact, that is itip(f) C | |.c 5 2,
whereZ is directed, thetzp(f) C = for somez € Z.

Gp(f) E ez 2= Fp(Gp(f)) C L.ez Fp(2)
sinceFp is continuous
= f E ey Fol2)
by condition (1) of Definition 2
=3dze€ Z.fC Fp(2)
sincef is compact and Fp(z) | z € Z} is directed
=dz e ZGD(f) C GD(FD( ))
sinceGp is monotone
=3Jz€ Z.Gp(f)C =

by (*).
2. It sufficies to show thatip(f) C diff f C Fp(d).

Gp(f) Ed= Fp(Gp(f)) C Fp(d) sinceFp is monotone
= f C Fp(d) by condition (1) of Definition 2
[ C Fp(d) = Gp(f) C Gp(Fp(d)) sinceGp is monotone
= Gp(f)Cd by (*).

3. We have

Gp(fUg) CGp(Fp(Gp(f)) U Fp(Gp(g))) by condition (1) of Definition 2
C Gp(Fp(Gp(f)UGp(g))) sinceFp is continuous
CGp(f)UGp(g) by condition (2) of Definition 2

Natural A-structures provide interpretation to termsetalculus in a standard way:
interpretation of application is obtained by applyifg to the interpretation of the term
M (in function position) in(M N); interpretation of abstraction is obtained by applying
Gp to the function induced byx. M . Notice that the possibility of interpretingterms
just relies on the existence éfp and Gp, independently from the fact they set up a
Galois connection.

In the following A denotes the set of-terms,Envp denotes the set of functions
Var — D from term variables t@ (term environments).

Definition 3. Let (D, Fip, Gp) be a natural\-structure. The interpretatiofi [ : A x
Envp — D is defined inductively on-terms as follows:

[z]7 = plx);
[MN]? = Fp(IM]5)(IN]5);

);
[\ M]D = Gp(Md € D.[M]T, _ )

wherep ranges over the set of term environmebts ;.

Example 2.Consider the natural-structureD*® defined in Example 1. Then for any
M e A, [(ha.2)M]P* = T. In fact
[(Az.2)]P* = Ga(Ad € D*.d)
=Ga(lJ{a = a|ac D*))

= ({a=alac D*})(T)
=T.



Therefore

[(Az.2)M]D* = Fa(T)(IM]D*)

= u = T)([M]P*)

By the way notice that this proves thigd*, Fa,Ga) is not aX\-model, since, for any,
p such thap(y) = L, it follows

[Azz)y]B* =T

= [y]>*.

As well known, wheneverp o Gp = Idjp_p), the A-structure(D, Fp,Gp) is a
A-model, being a reflexive object in the cartesian closedycayeof w-algebraic lattice
and continuous functions.

The notion of isomorphism betweenstructures is as expected: a lattice isomor-
phism which “commutes” withF" andG.

Definition 4 (Isomorphism of natural A-structures). Two natural\-structures(D, Fp, Gp)
and (&, Fe, G¢) are isomorphic if there exists a lattice isomorphism D — £ such
that for anyd € Dand f € [D — DJ:

L. Fe(m(d) = mo Fp(d) om~",
2. m(Gp(f)) = Ge(mo fom™1).

It is easy to show that previous definition can be simplified.

Proposition 3. Two natural\-structures(D, Fp, Gp) and (€, Fe, G¢) are isomorphic
iff there exists a lattice isomorphism : D — £ such that

Vd,d € D.m(d-d") = m(d) - m(d").

Proof. First notice that condition (1) of Definition 4 is equivaleotthe condition of
Proposition 3. So it is enough to prove that condition (1) efiBition 4 implies condi-
tion (2) of the same definition.

Proof of Ge(mo fom™1) C m(Gp(f)).

Ge(mo fom™) C Ge(mo (Fp(Gp(f)) o m~1) by condition (1) of Definition 2
= Ge(Fe(m(Gp(f)))) by condition (1) of Definition 4
C m(Gp(f)) by condition (2) of Definition 2

Before proving the other inequality, notice that in a symmioetiay we can show
(1) Gp(m~'o fom)Em (Ge(f)).
Proof of Gg(mo f om~1) 3 m(Gp(f)).

m(Gp(f)) =m(Gp(m~tomo fom lom))

m(Gp(m~! o (Fe(Gg(mo fom™1)) om)) by condition (1) of Definition 2
m(m~(Ge(Fg(Gg(mo fom™))))) by (5)

=Ge(mo fom™) by condition (2) of Definition 2

I



3 Natural filter structures

Intersection typesthe building blocks for the filteh-models, are syntactical objects
built by closing a given sefC of type atomgconstants), which contains the universal
type {2, under thdunction typeconstructor— and theintersection typeonstructom.

Definition 5 (Intersection type language)Theintersection type languagwer C, de-
noted byT = T (), is defined by the following abstract syntax:

T=C|T—-T|TNT.

Much of the expressive power of intersection type languageses from the fact
that they are endowed withmeorder relation which induces, on the set of types, the
structure of a meet semi-lattice with respect to intersactiVe consider here a class of
preorder relations we call natural, for the general definisee [ADCHO03].

Definition 6 (Natural intersection type preorder).

1. Anatural intersection type preorder (nitp)is a pair (C*, <y;) where@~ is a set
of type constants and x; is a binary relation overT> = T (C*) satisfying the
following setV? (“nabla-zero”) of axioms and rules:

(refl) A<yA (idem) A<sANA

(inclL) ANB <A (inclR) ANB<xB
A<sA" B<yB A<ysB B <xC

(mon) ANB<sA'NB (trans) A <C

(2) A <s{? (2-n) N<50-—02

A'<xA B<yB

(—nN) (A—=B)N(A—-C)<sA—BnC (n) A= Bk -

2. A recursive seV of axioms and rules of the shape <y B over TY = T(CV)
is said to generate the nith"Y = (CV, <y) if A <y B holds iff it can be derived
from the axioms and rules &f U V°.

Axiom ({2) states that each nitp has a maximal element.

The meaning of the last three axioms and rules can be grabpedconsider types
to denote subsets of a domain of discourse and we lock as the function space
constructor in the light of Curry-Scott semantics, see S¢oThus the typed — B
denotes the set dbtal functions which map each element 4finto an element of3.
Axiom (£2-n) expresses the fact that all the objects in our domain obdise are total
functions, i.e. that? is equal tof2 — 2 [BCDC83]. This is so sincé? — (2 is the set
of functions which applied to an arbitrary element returaia@n arbitrary element.

The intended interpretation of arrow types motivates ax{emn), which implies
that if a function maps4 into B, and the same function maps aldointo C, then,
actually, it maps the whold into the intersection betweeld andC (i.e. into B N C),
see [BCDC83].

Rule(n) is also very natural in view of the set-theoretic interptieta It implies that
the arrow constructor is contravariant in the first argunset covariant in the second
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one. It is clear that if a function map$ into B, and we take a subset’ of A and a
superseB’ of B, then this function will map alsd’ into B’, see [BCDCB83].

Notation.

— A~y BandA ~y B will be short forA <sxB <yA andA <yB <vA,
respectively.

— Sincen is commutative and associative (modug:), we shall write(), ., A; for
AiN...NA,. Similarly we shall writen;c;A;, wherel denotes always a finite set.
Moreover we make the convention thiagyA; is (2.

Before going on, we give a simple lemma, whose proof is obthzombining rules
(—-n) and @).

Lemma 1. Let X be a nitp. Then, for any, 4;, B; € T* (i € I), we have:
el el el

We can devise semantic domains out of intersection typesdanmof an appropri-
ate notion of filter over a type preorder. This is a particaiase of filter over a generic
meet semi-lattice (see [Joh86]).

Definition 7 (X-filters). A X-filter (or a filter overT?) is a setX C T* such that

1. LeX;
2. ifA<sBandA c X, thenB € X;
3. ifA,Be X,thenANB e X.

F¥ denotes the set df-filters.

GivenX C T*, 1 X denotes the-filter generated byX. For A € T, we write
1 A instead off {A}.

Proposition 4. The set of-filters 7>, ordered by subset inclusion, is analgebraic
complete lattice, wheré (2 is the bottom, andl'* is the top. Moreover if{, Y € F*:

XUY=7(XUY);
XNyYy=XnY.

If x C F* is a directed set, thep|x = | x.
The finite elements are exactly the principal filters.

It is possible to turn the space of filters into a natuvatructure.
Definition 8 (Filter structures).
1. Application _- _: F¥ x F¥ — F¥ is defined as
X -Y=1{B|3Ae€Y.A— BeX}.
2. The maps™® : F* — [F*¥ — F*]andG* : [F¥ — F*] — F* are defined by:

F¥(X)=AY € F*.X -Y;
G¥(f) =1{A—B|Be f(1 A}

The triple (F¥, F*,G*) is called théfilter structureinduced byy.

8



We now give a simple proposition whose results will be uskfidr on.
Proposition 5. 1. Eachf € [F* — F?*] satisfies
Bef(1A) <—1A=1BLCf

and

f=| {1A=1B|Bef(1 A}

2. Forall A,B e T,
BeX 1AiffA—- BeX.

Proof. (1) Immediate by Proposition 1(2), taking into account that =1 B are all
and only the step functions {F> — F~].

2 =) f B~y 2then? - 2 <5sA — Bbyrule (7). SOA — B € X by
definition of X -filter (Definition 7). Otherwise by definition of applicatigqDefinition
8(1)Be X-1Aiff Bel{D|3C €1 A.C — D € X}. Then there id and types
Ci, D; such thatd <x(,c; Ci, Nie; Di <sB andC; — D; € X foralli € I by
definition of X-filter (Definition 7). So we ged — B € X by axiom (~-N) and rule

(1)

(<) Trivial.

Arrow types allow to describe the functional behaviour aefi, as shown in the
next proposition which relates them with step functioRs, andG~.

Proposition 6.

1. Forall X ¢ F¥ we getF*¥(X) = | |{l A=1B|A— Bec X}.
2. Forall A, B € T* we getG*(1 A=1 B) =1 (A — B).

Proof. (1) Let= =| |{T A=1 B | A — B € X}. It suffices to show
DeZ(1C) & DeF¥(X)(10).

We first prove(<). If D € F*(X)(T C), then, by Proposition 5(2), it follow§' —
D € X. From this fact and> € (1 C =1 D)(1 C), a fortiori we get immediately
De=(10).

(=).1f D € Z(1 C), then, by definition of step function, we geilC =1 D C =. By
compactness of C =71 D and Proposition 1(1), there existfinite set and4;, B; €
T, suchthati € I, 4; — B; € X, | |,c; T 4; €1 C,and? D C | |,c; T Bi. We
rewrite the previous three statements using the factXhit a X-filter and Proposition
4 as follows:

@) Ner(Ai — By) € X,

(b) C <z Nies As;

(©) Nies Bi <= D.

Using rule(n) and (b), (c) above, we g€l),.; A; — (;c; Bi <x C — D. This last
judgment, along with rulet@ans) and Lemma 1, imply,.;(4; — B;) <s C — D.
By (a) above and the fact thaf is a X-filter, we getC — D € X, henceD €
F¥(X)(1 C) by Proposition 5(2).

2

=1{C - D|De (1 A=1B)(1 C)} by definition of G*
21(A—B).



G¥(1A=1B)=1{C — D|De (1 A=1 B)(1 C)} by definition of G*
T {C — D ’ C gZA andB SED}

1{C —-D|A— B<sC— D} byrule)

7T (A — B).

I1n

3.1 Interpreting A-terms in filter structures

Any filter structureF*, being endowed with the two mappindgs~ and G*, can be
turned into a domain where to interprefcalculus by using the interpretation function
[[]]fz as defined in Definition 3. In this subsection we will see hois thterpretation
can be built by means of a suitabgpe assignemnt systeffihe advantage of using
type assignment systems consists in the possibility olutating term interpretation in
a finitary way, as filters of types that can be assigned to terms

Definition 9 (Type assignment system)Theintersection type assignment systegtt
ative to the nitpX, notation \n*, is a formal system for deriving judgements of the
form I > M : A, where thesubject)M is an untyped\-term, thepredicateA is in
T, and I is a ¥-basis. Its axioms and rules are the following:

(x:A) el 5oy
- I'z:A+> M: B ( E)FI—EM:A—>B I'F*N:A
— —
' X xe.M:A— B '~ MN:B
I'*M:AT'+-* M:B ' M:A A<yB
(N1 (<)
I'>M:ANB - I'>*M:B

It is easy to verify that the following rules are admissible

I'v:AFM:B A <sA
Ie:AA+-M:B

( )I’}—M:Bng S I'e:AFM:B x¢ FV(M)
I'z:A-M:B I'-M:B

(<L)

We continue with a standard Generation Theorem, which iesszey for proving
the main result of this subsection.

Theorem 1 (Generation Theorem).

1. Assumedts 2. Thenl' ¥ z : Aiff (z:B) € I' and B <5 A for someB € T*.
2.’ MN: Aiff T M : B — A,andI" > N : B for someB € T*.
3. I't¥ Xz M : Aiff I'w:B; = M : C;and(;c;(B; — C;) <5 A, for somel and
B;,C; € -"_2.
Proof. The proof of each<) is easy. So we only trea&f).
(1) Easy by induction on derivations, since only the axioss)( (Ax-(2), and the

rules(Nl), (<) can be applied. Notice that the conditidi y,£2 implies thatl” - z :
A cannot be obtained just using axig@x-{2).

2 Recall that a rule imdmissiblen a system if, for each instance of the rule, if its premisesderivable
in the system then so is its conclusion.

10



(2) If A ~5 {2 we can choosé ~5 2. Otherwise, the proof is by induction on
derivations. The only interesting case is whérs A; N A, and the last applied rule is
ND):
o (HI)FI—EMN:Al ' MN : A,

' MN : A1 N A2 )

The conditionA¢ 5.2 implies that we cannot hawé; ~x A, ~x 2. We give the proof
for A1+ 582 and Ay 52 f2, the other cases can be treated similarly. By inductiorether
are By, By such that

't M:B, — A, ' N: By,
' M :By — Ay, ' N : Bs.

ThenI' =¥ M : (B; — A1) N (By — As) and by rulegn), (—-N):
(Bl — Al) N (B2 — Ag) <s»Bi1NBy — A1 NAy <sxB1N By — A.

We are done, sincE > N : B; N By by rule (1) .
(3) The proof is very similar to the proof of Point (2). It isag by induction on
derivations and again the only interesting case is wheratsteapplied rule is{l):

(N F¥ X e.M: Ay T'F¥ \z.M: Ay
F}_EA.I.M:AlmAQ '
By induction there aré, B;, C;, J, D;, G such that

Viel F7x:Bi }_E M : Ci7vj e J. F,xD] }_2 M Gj7

So we are done sind§);.;(B; — C;)) N (N (D — Gj)) <sA.

We are now in position for proving the main result of this sdion: in filter struc-
tures the interpretation of a term coincides with the seypés$ which are deducible for
it.

Theorem 2. Let (F¥, F* G*) be a filter structure. Then, for anyterm M and envi-
ronmentp : Var — F~,

[M]; ={AeT> |3l =p. '+~ M: A},
where[ |* is the interpretation functioff ]*~ and I" |= p iff p(z : B) € I' implies
B € p(x).

Proof. First notice thatl” = p and I’ = p imply (by definitions off= and of filter)
'y I E p, where we use to denote the union between bases defined by:

Wiy =A{(x:r) | (z:7) € N & x¢lr} U
{(x:7) | (m:7) € Iy & x¢I1} U
{(z:m Nm) | (1) € Ih & (w:m2) € T}

Moreover notice that by rules (W) anet (L) if ' > M : Athen' W I' > M : A
for all I'". We can conclude that:

() I'Ep,I'E=p,andl ¥ M : Aimply T'w I = pandl" W I > M : A.

11



We prove now the thesis by induction ai.
If M =z, then

[2]; = p(=)

={AcT¥|3B < p(x). B <pA}
{Ae'ﬂ'i[ﬂBEp( ). xEBI—Ex A} by Theorem 1(1
={AeT~ |3 =p. '+~ z: A}

If M = NL, then

[NL]; = [N]; - [[L]]Lp

:T{Ce‘ﬂ' | 3B e [L];.B— C € [N];}
by definition of appllcation

={AeT* |3, B;,Ci. B; — C; € [N]Y, B; € [L]7,
Nier Ci <A}
by definition of filter

={AeT*|3r=p,1,B;,C;. T -* N : B; — Cj,
I't¥ L B;i,(Nie; Ci <z A}
by induction and©)

—{AecT* |3ar=p.'-* NL: A}
by Theorem 1(2) and rule<).

If M = \z.N, then

[A\z.N]> = G¥(AX € F~. [[N]]p[m )
—1{B—-CecT¥|Cc [[N]]f[m::TB]}
by definition of G~
={AeT*|3r=p,1,B;,C;. Iz : Bi+* N : C;,
Nier (Bi — Ci) <z A}
by induction and©)
—{AecT* |3ar=p. T+ \e.N: A}
by Theorem 1(3) and rule<).

4 Isomorphism results

In this section we will see that nitps are closely relateddtural A-structures. On one
hand, any nitp induces a filter structure which is a naturatructure. On the other
hand, for any naturak-structure(D, Fp, Gp), it is possible to find a presentation of it
by means of a nitgZ, i.e. (F*, F*,G*) and (D, Fp, Gp) are isomorphic as natural
A-structures. This kind of presentation is not always givemigans of a recursive set
of axioms and rules, but it will be so in the caselaf, \-models as shown in the final
section of the paper.

The correspondence between nitps and natwgttuctures can be refined in a cat-
egorical setting, showing that both natukastructures and nitps are objects of suitable
categories, which turn out to be equivalent. In the presapépwe give instead a direct
proof.

We begin the present section by showing the first (easy) igoinigm result.

Theorem 3 (Isomorphism 1). Each(F*, F*, G*) is a natural \-structure.

12



Proof. We have just to prove tha> andG* set up a Galois connection, that is

FZ [¢] GZ g Id[‘T_Z*}‘T_Z}
GEOFE E Id]:E

The first inequality is given by:

F¥(G¥())=|{1A=1B|A— BecG*(f)} byProposition 6(1)
J{1A=1B|Bef(14)} by definition of G*
=f by Proposition 1(2).

For the second inequality we get

G¥(F¥(X))=1{A— B|Be F¥(X)(T A)} by definition of G*
=1{A—-B|A— BeX} by Proposition 5(2)
C X.

In the remaining of the present subsection we will prove ibe versa, i.e. that each
natural\-structure can be generated by a suitable nitp.

To each\-structure(D, Fp, Gp) we associate a nity ?. The preorder relation on
types takes into account both the partial order between aotrglements oD and the
mappingGop.

Definition 10. Let(D, Fip, Gp) be aX-structure. We define:

1. ©P = {4y, | c € K(D)}, wheres, is 2 and1). is a fresh constant for each other
c e K(D);
2. <pC TP x TP as the preorder relation generated by addingvo:

D= {tp <pa| dC c}U{teNpg <p e | e = cUd}
U{te = Ya ~m e | e = Gp(c = d)}

Wherewmwdawe € G:ID);
3. 2P — (TP <p).

The nitp 22 enjoys some useful properties.

Proposition 7. 1. For all A € T2 there isc € K(D) such thatA ~p 1.
2. Forall ., 1hg € TP: o). <p g iff d T ¢
3. Forall ¢, va, e € c”?: Ve <p Ye — Pq iff Gp(c = d) Cee.

Proof. (1) By induction onA. Let B ~p 1 andC ~pp ..
If A= BN CthenA ~ D wbuc-

If A= B — CthenA ~p ¢; whered = Gp(b = ¢).

For (2) definepp : T2 — (D) by:

pP(¥e) =¢
pPP(AN B) = pp(A)Upp(B);
pp(A — B) = Gp(pp(A) = pp(B)).

It is easy to verify by induction or pp that A <p B impliespp(B) C pp(A). This
yieldsv. <mp ¥4 = d C c. The other implication is immediate by definition Bj.
(3) follows from (2) since). — g ~m Yap(c=d)-

13



Notice that the first two points of the above proposition iynblat for each typed
in T2 there is exactly one compact elemerin D such thatd ~p .

We define now a lattice isomorphism between the/sBtof I»-filters overT? and
D.

Definition 11. The mappingn : 2 — D is defined by

Pec€X

It is not difficult to verify thatm(7 ¢.) = ¢ and thatm is a lattice isomorphism between
FP andD.
We show thain commutes with application.

Lemma2. m(X -Y)=m(X) -m(Y).

Proof. By the continuity ofm and of application we need to consider only finite ele-
ments inF 2, i.e. using also Proposition 7(1) we only need to show:

m(T e T ¥a) = m(T e) - m(T ¥q)-
First notice that

Ve <m g — Yy & Gp(d = b) C c by Proposition 7(3)
< d=bC Fp(c) by condition (1) of Definition 2
< bC Fp(c)(d) by definition of step function
<bCce-d by definition of application

We get (using three times rulg)]

m(T e T q) =m(T {A | Ye <p Yg — A})

by definition of application

=m(T {¢y | b € K(D) andip. <p g — ¥u})
by Proposition 7(1)

=|{b € K(D) | e < ¥a — v}

by definition ofm
=|{be K(D)|bC c-d}
by above
=c-d
=m(1 ) - m(T ¢a).

Finally we can give the second isomorphism result, whosefpgalows immedi-
ately from the previous lemma and Proposition 3.

Theorem 4 (Isomorphism Il). Let (D, Fp, Gp) be a natural\-structure, then the nitp
2P of Definition 10 is such thatD, Fp, Gp) and (F? P GP) are isomorphic.

5 Ds-X-models and filter \-models

Since allw-algebraic complete lattices which are extensioxahodels are clearly nat-
ural A-structures, Theorem 4 implies that any sueimodel is isomorphic to a filter
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A-model. However the finitary logical description providedthe proof of Theorem 4
is rather opaque. In this section we show that in the speeasd ofD, inverse limit
A-models, one can obtain far more concise type theoreticigéisns. Remarkably the
nitp which induces a filteA-model isomorphic tdD ., starting fromDy, is exactly the
nitp freely generatetby a nitp which induce®, together with the equalities which arise
from encoding the initial projections.

First of all we fix some notations and recall the stand@rd construction.

Definition 12. 1. LetDgy be anw-algebraic complete lattice and
(i0;Jo) = Do — [Do — Dy
be anembedding-projectiopair, i.e.iy : Dy — [Dy — Dy andj, : [Dy — Do] —
Dg satisfyio Ojo C Id[DO"DO} andjo oig = |dD0.
2. Define aower (iy,,],,) : Dy, — D,41 in the following way:
- Dn+1 = [Dn - Dn]7
— in(f) =lip_10 foj,_ forany f € Dy;
- Jn(g) = jnfl ©cgo in—l for anyg € Dn+1'
3. The selD, is defined by
Do ={{dy) | Vn. d,, € D, andj,(d,+1) = d,},

where(d,,) is short for(d,,),eN-
4. The ordering oD, is given by

(dy) T (en) < Vk. dj T e

5. Let(P00, Poom) denotes the standard embedding-projection pair fiopto D.:
foranyd € D,,, (d,) € Dy,
Prnoo(d) = (- - Jn—2(im-1(d)):Jm—1(d), d; i (d), ;41 (im(d)) - . ),
Doom((dn)) = di.
Letd,,,, : Dy, — D, be®..,, 0 Proo-
LetF : Do — [Doy — Do) be defined by
Foo((dn))((en)) = LlneN Proo(dny1(en)),

andG o : [Dsy — Do) — Do by

GOO(f) = |—|n€N SZS(nJrl)oo(dsoon o fo®Ppu).

Remark 1.From previous definition it follows easily that,if < p < k andd € D,
e € D,, thend,,(d) C eiff @,1(d) T Ppi(e) iff Ppoo(d) T Ppos(e).

Theorem 5. ([Sc072]) (Dw, Fro, Goo) IS @ A-model.

N o

Next definition exhibits nitps which induce filter-models isomorphic td),, A-
models. Notice the similarities with Definition 10. In patiar, the equivalences be-
tween arrow types and constants are built in both cases Isidming the action of the
compact element preserving mag4# in the case of Definition 10y here). A differ-
ence with respect to Definition 10 is that we are forced to defunch equivalences by
means of intersections and sups. The reason for this is thdbwot have a constant for
each compact function, which could lead to an apparentlyosihen definition such as
in the case of Definition 10 (which actually yields a lot of uedant types), but rather
we represent a compact function as a sup of suitable stefidaacDually, in the nitp,
the compact function will be represented by the intersaatibthe arrow types which
correspond to the involved step functions.
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Definition 13. Define:

1. ©*° ={1 | c € K(Dy)}, wherey, is 2 and, is a fresh constant for each other
cEc ]C(DQ),
2. < as the preorder relation generated by addingvé:

00 = {the <oo Y | d T c} U{the Nthg ~oo e | € = c U d}
U{ﬂjej(wcj — wdj) ~oo Vg | o(d) = |_|j€J(Cj =d;)}

where., 14, Ve, ¢, dj € €
3. I%° = (T, <)

The nitp X*° enjoys some useful properties.

Lemma 3. 1. ﬂie[ wcz' ~oo wuz’el Ci
2. Nier(Ci = Di) <oo A — Bimplies(;c; Di <oo BwhereJ = {i € I | A <w
Ci}.

3. T ﬂie](ci — Dz) T A= T ﬂiEJ Dz whereJ = {Z el ’ A < Cz}

Proof. (1) follows easily from Definition 13.

For (2) notice that by definition for each constantc C* there is exactly one
judgement of the shape ~o, M., wa (1 — 61%), wheres(®, 5% € €.

We can prove by simultaneous induction on the definitior<gf two statements,
the first of which implies the thesis.

— i (Mier(Ai = Bi)) N (Nher an) <oo (M;es(C5 = Dj)) N (Miek ), then for
eachj € J: (N,ep Bi) N (ﬂheH/(ﬂleL(ah)/él(“h))) <« Djwherel’ = {i € I|
Cj oo A} H' = {h € H |3l € L <o )}, and L)’ = {1 € L) |

— i (Micr(Ai = Bi)) N (Nher an) <oo (M;es(C5 = Dj)) N (MNiex Be), then for
eachk € K,m € L) (",.;, B;) N (ﬂheH/(ﬂEL(ah)lél(“h))) <oo 68 where
I={iel|y <o A}, H ={heH|AeLeny¥ < 7)1 and
L(ah)l — {l e Llen) ’ %(fk) <o ,Yl(ah)}_

For (3) the inclusiorC follows immediately from the definition of filter applicatio
We show the reverse inclusion.

B el ﬂieI(Ci — Dl) T A= A— B el ﬂieI(Ci — Dl)
by Proposition 5(2)
= ﬂz‘el(ci —Dj) <ec A— B
by definition of filter
= (Vies Di <oo BwhereJ = {i e I | A <, C;}
by (2).
The proof of the isomorphism will be postponed because akpegliminary results
are needed. These are the subjects of Lemmata 4, 5 and 6.

First we classify the types ifi ° according to the maximal number of nested arrow
occurrences they may contain.
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Definition 14. 1. We define the majankrk : T — N by:

rk(wc) =0;
rk(A — B) = max{rk(A),rk(B)} + 1;
rk(AN B) = maxrk(A),rk(B)}.

2. LetT;° ={A e T |rk(A) <n}.

We can associate to each typeTir}° an element inD,,: this will be crucial for
defining the mapping which gives the desidered isomorphgsa Definition 16).

Definition 15. We define, for each € N, a mapw,, : T,° — D,, by a double induction
onn and on the construction of typesTi™:

wn (1e) = Don(0);
wp(ANB) =wy(A) Uwy,(B);
wp(A — B) = wp—1(A4) = wp_1(B).

The following property ofw,, shows that no information is lost if we map a type into
any D,, with n greater than the rank of the type.

Lemma 4. Forall A € T;° and forallm, p > nwe haveb,,o (W, (A)) = Ppoc(wp(A)).

Proof. We show by induction on the definition of, thatw,,;1(A) = i, (w,(A)). Then
the desired equality follows from the definition of the fupat®. The only interesting
case is wheml = B — C. We get

Wnt1(B — C) = wyp(B) = wy,(C) by definition
=in_1(wn-1(B)) = in—1(w,—1(C)) by induction
= ip(wp—1(B) = wp_1(C)) by definition ofi,,
and of step function
= ip(wp(B — C)) by Definition 15

The mapav,, reverse the order between types, as shown in the followimgnia.
Lemmab. Letn > rk(AN B). ThenA <., B impliesw,(B) C wy(A).

Proof. The proof is by induction on the definition &f.,. We consider just the case
of rue 7). LetA = C —- D,B=FE — F,withFE <, C,D <, F. Then
by inductionw,,(C) C w,(F) andw,(F) C w,(D), hencew,(E) = w,(F) C
wnp(C) = wy(D). Thus we get, by definition ofv,,, w,+1(B) C wy,+1(A), hence,
by Lemma 4, (w,(B)) E in(wn(A)). By Remark 1 (sincé, = @,,,41)) the thesis

follows.
Also the reverse implication of Lemma 5 holds.
Lemma6. Letrk(A N B) < n. Thenw,(B) C w,(A) impliesA <., B.

Proof. The proof is by induction onk(A N B).
If rk(AN B) = 0we haveAd = (N;c;Ye;, B = (e %a,- Thenw,(B) T wy,(A)
implies | |;c; Pon(d;) T Lic; Pon(ci), thatis, by Remark 1, |, ; dj T |,/ ci- By
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Definition 13 and Lemma 3(1) it follow§); . ; V¢, <oo ﬂjejq,z)dj, henced < B.
Otherwise, let

A= () N (NG = D)), B= () ¢a,) N ([ (B — Fn))

iel leL heH meM

wherey,, ~« ﬂjeJi (Va; = Vb, )s Yy, ~oo ﬂkeKh (te,, — y,.). The last two equiva-
lences imply by Lemma 5 that for all > 1

wn(wci) = wn( |_| (waj = ¢bj))’wn(¢dh) = wn( |_| (T;Z)ek = T;Z)fk))
JE€Ji keK,

So we get

LlheH(leeKh Wy (Ye,,) = wn (Vg ) U (Umens wn(Em) = wn(Fn)) E
le‘e[(LljeJi wn(waj) = wn(wbj)) U (LlleL wy (Cy) = wn(Dy)).

Now by definition of step function this implies that for edele H, k € K,

wn(wfk) C I_l(l_l wn(wbj)) U (I_l wn(Dy))

iel’ jeJi lel

wherel’ = {i € I | 3j € J; & wn(tha;) = wn(the)}, Il = {5 € Ji | waltb,) C

Wy (Ye,) L'={leL|w,(C)E Wy (Ye,, )}
Since all types involved in the two above judgments havegaitictly less thamk (AN
B), by induction and by Lemma 3 we obtain

Vej, Soo ﬂiel/(ﬂjeJ; Ya;) N Nier Cis
ﬂielf(ﬂjeJ; Vo) N Nier Di Soo V-

Therefore we havel <., ., — 1y, foreachh € H, k € Kj,. In a similar way we
can prove thatl <., E,, — F,,,, foranym € M. Putting together these results we get
A <. B.

We can now prove the isomorphism betwe@h,, Fi,, Goo) and(F>, F>°, G™).
First we give the isomorphism map.

Definition 16. Letm be the unique continuous extension of the mappindC(F>°) —
K (D) defined by
m(T A) = Droo(wr(4)),

wherer = rk(A).

Notice that by Lemma 4 we have(] A) = @00 (w,(A)) for all n > rk(A). This will
be freely used in the proof of Theorem 6.

We recall that (see [Sco72])

1. Fo 0 Goo = ldip—p.;
2. GooFo = Idp, .

On the other hand,F>°, F>°, G*°) is a natural\-structure. So botkD, Fi,, G ) and
(F°°, F>°,G*) are natural-structures.
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Theorem 6. The natural\-structures(Dy, Fixo, Goo) @nd (F°, F>° G*°) are isomor-
phic.

Proof. The mappingn is monotone and injective by Lemmas 5 and 6, hefads so.
We prove surjection oveb,, by induction onn, by showing that eacty,, is surjective
on D,,. Surjection ofwy is obvious by definition ofvy and of the nitp¥<°.

Let f € D,.1. By Proposition 1(2) there exist anda;,b; € D, such thatf =
|l;c;(ai = b;). By induction there exist typed;, B; such that for all € I, w,(4;) =
a; andw, (B;) = b;. Therefore

wn-l-l(mz'e[(Ai — By))

Uie[(wn(Ai) = wyn(B;))
|]T|i61(ai = b;)

We have so proved that eagl) is surjective. This impliesn is surjective onto compact
elements oD, hencem : 7>° — D, is surjective.

From Lemma 6 it follows thatn—! is monotone, hencé—! is continuous (by def-
inition). We have finally to prove thah commutes with application. Since it is enough
to prove the thesis on compact elements, that is on prinfilfgak of 7°°, we are left to
prove that for anyA, B € T

m(T A- T B) =m(T A)-m(1 B).

Let A, B € T, A~y Nies(Ci — Dy), J ={i € I | B <, C;}, andn any
natural number greater thak(A N B). Then by the definition o®,,., and Lemmas 5,
6 we get

O) ={i € I | Pnoo(wn(C;)) E Proo(wn(B))}
m(T A- 1 B) = m(1 ;s D:) by Lemma 3(3)

= P00 (Wi (N;cs Di)) by definition ofm

= ics Proc(wn(D;))
by definition ofw,, and addittivity of®,,

= Uie[(@nOO(wn(Ci)) = Ppoo(Wn(D;))) - Proo(wn(B))
by definition of step function ang)

= |_|i€I SZS(nJrl)oo(wn(Ci) = wn(Dj)) - Proo(wn(B))
by definition of®,,.,

= P(n11)00 (Wnt1(Nies (Ci = Di))) - Proo(wn(B))
by definition ofw,,

=m(1 A) - m(] B) by definition ofm.

This completes the proof thdD.., Foo, Go) and (F>°, F>°, G*°) are isomorphic as
natural\-structures, hence asmodels.

(w-Scot) 2 - w~w (w-Park) w — w~w
(wp) w<sp (p—w)p—w~w
(W—=plw—p~yp (I) (p—= )N (w—w)~p

Fig. 1. Possible Axioms and Rules concernifg.
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CSC  ={Rw} Sc = {(w-Scot)}

cPd — (0w} Pa = {(w-Park}

P2 = (2,¢,w} CDZ = {(wp), (¢ — w), (w — ¢)}
TR = (2,00} HR = {(we), (1), (w — ¢)}

Fig. 2. Type Theories: constants, axioms and rules.

Figure 1 lists axioms and rules used in Figure 2 to define mitgish induce filter\-
models isomorphic to well known inverse limkitmodels. We shall denote such theories
asXV, with various different name¥ corresponding to the initials of the authors who
have first considered th&-model induced by such a theory. For each suth we
specify in Figure 2 the nitl2V = (C, <y) by giving the set of constan€" and the
setV of extra axioms and rules.

As particular cases of Theorem 6 we get that Sattodel as defined in [Sco72] is
isomorphic to the filte-model induced by the nitfrSC and Park\-model as defined
in [Par76] is isomorphic to the filtex-model induced by the nitp*2.

The construction of Theorem 6 was first discussed in [CDCHL84her relevant
references are [CDCZ87], which presents the fikenodel induced by the nitg¢PZ,
[HRDR92], where the filtet\-models induced by the nitps%2 £7R and other)-
models are considered, and [Ale91], [DGH93], [Pl0o93], veéhdne relation between
A-structures and nitps is studied.

Results similar to Theorem 6 can be given also for other, @xdansional, inverse
limit A-models, obtained as solutions of domain equations inglaiso other functors.
For instance one can consider tlifeed space of function§ — |, the space oétrict
functions] — | ], aproduct] — | x A, or asum| — |+ A with a setA of atoms and so on.
In all such cases one gets concise type theoretic desecrgptibthe-models obtained
as fixed points of such functors corresponding to suitabtécels of G [CDL83]. At
least the following result is worthwhile mentioning in tesspect, see [CDCHL84] for
a proof. We define [BCDC83]

CBP — (M UC. Bep = {(2-n)}

where(, is an infinite set of fresh (i.e. different frof, ¢, w) constants.

Proposition 8. The filter \-model induced byoB¢P is isomorphic to/D, F, G), where
D is the initial solution of the domain equatid® — D] x P(C,,) = D, the pair
(F,G) set up a Galois connection ar@ is the map which picks always the minimal
element in the extensionality classes of all functions.
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