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Abstract. We present a streamlined theory of session types based
on a simple yet general and expressive formalism whose main fea-
tures are semantically characterized and where each designchoice
is semantically justified. We formally define the semantics of ses-
sion types and use it to devise the subsessioning relation. We give
a coinductive characterization of subsessioning and describe al-
gorithms to decide all the key relations defined in the article. We
demonstrate the generality and expressive power of our framework
by providing a session-based type system for aπ-calculus variant
that does not rely on any specialized construct for session-based
communication. The type system is shown to guarantee absence of
communication errors and global progress.

Categories and Subject Descriptors F.1.2 [Modes of Computa-
tion]: Parallelism and concurrency; F.3.1 [Specifying and Verify-
ing and Reasoning about Programs]: Logics of programs; F.3.2
[Semantics of Programming Languages]: Operational semantics;
F.3.3 [Studies of Program Constructs]: Type structure

General Terms Theory, Verification

Keywords Concurrency, Communication Centered Programming,
Sessions Types, Testing Equivalencies, Semantic Subtyping

1. Introduction
Sessions are a common mechanism of interaction in distributed ar-
chitectures. Two processes willing to interact establish aconnection
on a shared public channel. In this connection they agree on some
private channel on which to have a conversation, dubbed session.
The conversation follows a protocol describing the kind andor-
der of the messages exchanged on the private channel. In general,
a protocol does not specify a unique sequence of interactions. At
any point of the interaction the rest of the conversation fora pro-
cess may depend upon the kind of messages received by the pro-
cess on the private channel and/or the internal state of the process.
When the decision is exclusively based on the received messages
one speaks of anexternal choice. When the decision is taken au-
tonomously by the process one speaks of aninternal choice. The
messages exchanged during a session may be synchronizationsig-
nals, basic values (e.g., integers, strings), names of public channels
(those used to start sessions), or even names of private channels of
already started sessions. In the last case one speaks ofdelegation
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since by sending to some other process the private channel ofa
session, the process delegates the receiver to continue that session.

In summary, session-based interaction is obtained from twoin-
gredients, each ingredient being formed by two different compo-
nents. The first ingredient is communication and takes placeon
two different kinds of channels, public channels used to establish
a connection, and private channels created at the connection of the
former and on which messages of different kinds are exchanged ac-
cording to a given protocol. The second ingredient is control, and it
is implemented by two different kinds of choices, internal choices
and external ones.

Static descriptions of the behavior of sessions (i.e., their pro-
tocols) should permit the detection of communication mismatches
and session deadlocks. Types are a good candidate for such descrip-
tions, except that typical type systems for process algebras are unfit
to type the private channels on which sessions take place, since
these channels can carry messages of different types. To obviate
this limitation Hondaet al. introducedsession types[19, 21] that
describe the sequences of messages exchanged on a private session
channel and their possible branching based on labels. To that end
they enrich the language of typesand of processeswith special-
ized signals for dealing with connections, delegations, and signals
carrying labels that drive choices in combination with label-based
branching primitives. Since then, several variants of session types
have been put forward. They vary according to the programming
language they target, the type containment relations, and the spe-
cific features they aim to capture. As Hondaet al., they rely on
label-based primitives that tie them to the particular problem they
tackle and may hinder their adoption in general purpose languages.

In this work we present a basic and unified theory of session
types that aims at being as much language independent as possible.
To achieve language independence, we design our types around a
process language that has been stripped off of any specific session-
oriented linguistic construct: session connections, interactions, and
delegations will be imagined as instances ofπ-calculus commu-
nications. We suppose branching as being implemented by classic
process algebra internal and external choices [9], with just a single
modification: we allow the branch of an external choice to be se-
lected according to the type of the message being communicated,
as opposed to the channel on which communication occurs. This
modification fits nicely the session-based communication model,
where messages are exchanged over a unique, private channel.

Our approach has many positive upshots. First, having disso-
ciated control from a particular linguistic construct, that is label-
driven branching, we can more easily type the native branching
constructs of a language we want to endow with session types,thus
avoiding “ad hoc” language extensions. As an aside, language inde-
pendence is further increased by the fact that all our definitions are
semantic-based, rather than syntax-oriented. Second, we enhance
compositionality of branching constructs because the result of the



combination of different branches is automatically computed at the
type level, without the need of introducing new labels or of renam-
ing existing ones to avoid clashes on shared labels. Last butnot
least, replacing labels with values and types increases expressive-
ness: values are first class (so they can result from computations
and communicated on channels) and types enable the definition of
finer grained disciplines for branch selection.

The rest of the paper is organized as follows. Section 2 defines
syntax and set-theoretic semantics of our session types. The subtyp-
ing and subsessioning relations that follow arise as natural conse-
quences of our semantic-based framework. We provide a coinduc-
tive characterization of subsessioning that sheds light onthe prop-
erties of subsessioning and we describe algorithms to decide all key
relations defined in the article. In Section 3 we put our framework
at work by defining a type system for a minimalπ-calculus variant
that is free of any session-based linguistic construct. We show that
the type system enforces a suitably defined progress property. Sec-
tion 4 summarizes the contributions of our work, draws connections
with some of the most closely related papers, and sketches future
directions of research. Proofs, further details, and further technical
content can be found in the version at the authors’ web pages.

2. Session types
2.1 Type syntax

As said in the introduction we have two kinds of channels: public
channels and private ones. Public channels are used for connecting
two processes that are willing to interact by means of a fresh,
private channel exchanged during the connection. Private channels
are used for the actual conversation between the two processes.
At type level this distinction corresponds to two differentsyntactic
categories. Public channels are associated with asession typeof the
form begin.η that classifies channels on which conversations can
be requested by processes behaving according to the description η.
Private channels are classified bysession descriptors, ranged over
by η. Session descriptors and types are defined by the grammar:

(types) t ::= · · · | begin.η | ¬t | t ∧ t | t ∨ t | v

(descriptors) η ::= end | α.η | η ⊕ η | η + η

(actions) α ::= !t | ?t | !χ | ?χ

(sieves) χ ::= η | ¬χ | χ ∧ χ | χ ∨ χ
Participants of a session use their (private) session channel

either to exchange values (of some type) or to delegate othersession
channels (of some descriptor). In descriptors we use?t and !t to
denote that (the process using) the channel will respectively wait
for and send some value of typet, and use?η and !η (actually,
?χ and !χ, see later on) to denote that (the process that uses)
the channel will respectively wait for (i.e., catch) and send (i.e.,
delegate) some private channel that will be used abiding by the
session descriptorη. A descriptorα.η states that (the process using)
the channel will perform one of the communication actionsα
described above and then will behave according toη; a descriptor
end states that the session on the channel has successfully ended;
a descriptorη1 ⊕ η2 states that (the process that uses) the channel
will internally choose to behave according to eitherη1 or η2; a
descriptorη1 + η2 states that (the process that uses) the channel
gives the communicating partner the choice to behave according to
eitherη1 or η2. In what follows we adopt the convention that the
prefix operator has precedence over the choice operators andwe
will use parentheses to enforce precedence. For instance,(!t.η) +
end and !t.η + end denote the same session descriptor, which is
different from !t.(η + end). Typest are inherited from the host
language (this is stressed in the grammar above by the ellipsis in
the production for types), to which we add (unless they are already
provided by the host) singleton types (denoted by a valuev, the

only one they contain), Boolean combinators (i.e.,∨, ∧, and¬),
and session typesof the form begin.η which classify yet-to-be-
used public channels. The interest of session types is that they can
be used to type higher-order communications in which the names
of public channels are communicated over other channels; session
types will also extend the type system of the host language which
can thus use names of public channels as first class values.

The importance of Boolean combinators for types is shown by
the following example where we assumeInt be a subtype ofReal:

?Real.!Int.end + ?Int.!Bool.end (1)

The session descriptor above declares that if a process (that uses
a channel with that behavior) receives a real number, then itwill
answer by sending an integer, while if it receives an integerit will
answer by sending a Boolean. A partner process establishinga
conversation on such a channel knows that if it sends a real that
is not an integer, then it should be ready to receive an integer while
if it sends an integer, then it must be ready to receive an integer
or a Boolean value (notice how the type of the message drives the
selection of the external choice). That is, its conversation will be
represented by the following descriptor (t \ s stands fort ∧ ¬s):

!(Real \ Int).?Int.end + !Int.?(Bool ∨ Int).end (2)

We see that Boolean combinators immediately arise when describ-
ing the behavior of an interacting process. They are also use-
ful when considering equivalences. For instance, (1) is intuitively
equivalent to

?(Real \ Int).!Int.end + ?Int.!(Bool ∨ Int).end (3)

The crucial role of Boolean combinators can further be shown
by slightly modifying (1) so that it performs only input actions:

?Real.?Int.end + ?Int.?Bool.end (4)

In this case the descriptor declares that after receiving aninteger
it will either wait for another integer or for a Boolean value. If
an interacting process sends an integer, then in order to be sure
that the conversation will not be stuck it must next send a value
that is both an integer and a Boolean. Since there is no such a
value, the only way to successfully interact with (4) is to make
sure that interacting processes will only send reals that are not
integers:!(Real \ Int).!Int.end. In conclusion, the only way to
describe the sessions that can successfully interact with (4) is to use
negation (for the sake of completeness note that (4) is equivalent to
?(Real\ Int).?Int.end+?Int.?(Bool∧ Int).end which is equivalent
to ?(Real \ Int).?Int.end since the right summand of the previous
choice can never successfully complete a conversation). A similar
discussion can be done for delegation, that is, when actionsare
over session descriptors, rather than types. This is why we added
Boolean combinations of session descriptors too (we dub them sie-
ves) and actions have the form?χ and!χ rather than?η and!η.

We want both types and session descriptors to be recursively
definable. This is important for types since it allows us to represent
recursive data structures (e.g.,DTDs) while for session descriptors
it allows us to represent services that provide an unboundednumber
of interactions such as (the service whose behavior is the solution
of the equation)η = end + ?Int.η which describes a session
that accepts as many integers as wished by the interacting process.
To cope with infinite behaviors we use a technique introduced
in [14, 6] and allow types to be infinite, provided that they satisfy
some conditions detailed below. The reason of this choice isthat
we want to account for infinite behaviors in a syntax-independent
way. In process algebra literature infinite behaviors are obtained by
adding syntax for defining recursive processes: usually these appear
in the form of recursive termsrec x.η, or of starred termsη∗, or of
a separate set of mutually recursive declarations. These are nothing



but finite representations of the infinite (syntax) trees obtained by
unfolding or expanding them. We prefer to work directly withthese
infinite trees:

DEFINITION 2.1 (Types).The types of our system are the possibly
infinite regular trees coinductively generated by the productions
in the grammar at the beginning of this section that satisfy the
following conditions:

1. on every infinite branch of a type there are infinitely many
occurrences of “begin”;

2. on every infinite branch of a session descriptor there are in-
finitely many occurrences of “.” (the prefix constructor);

3. for every subterm of the formα.η, the treeα.η is not a subtree
of α.

Regularity powers down the expressiveness of the language
to include only and all types that can be generated by therec-
expressions or mutually recursive declarations customaryin the
process algebra literature. The first two conditions are contractivity
restrictions that rule out meaningless terms such as (the solutions
of the equations)t = t ∨ t or η = η ⊕ η; technically they say
that the binary relation⊲ defined byt1 ∨ t2 ⊲ ti, t1 ∧ t2 ⊲ ti,
¬t ⊲ t, χ1 ∨ χ2 ⊲ χi, χ1 ∧ χ2 ⊲ χi, ¬χ ⊲ χ, η1 + η2 ⊲ ηi,
η1 ⊕ η2 ⊲ ηi is Noetherian (that is, strongly normalizing), which
gives an induction principle on terms that we use in proofs without
any further explicit reference to the relation⊲. The third condition
states that recursion cannot escape prefixes and thus it rules out
both not meaningful terms such asη = !η.end and meaningful
ones such asη = !(begin.η).end. In standard session calculi with
recursion [31] there is no such a restriction, so both terms are
accepted. However, there is no value that inhabits the first type and
this forbids delegation of a channel over itself [21, 31]. The type
η = !(begin.η).end instead classifies sessions that send a public
channel whose type is the same as the type of the current session.
Currently this third restriction is necessary to stratify the definitions
of the subtyping and subsessioning relations, stratification we use
in the proof of Theorem 2.6. We are investigating how to relaxit
and type the case that still escapes our framework.

We do not specify any particular property for the types of the
host language. If the host language has some type constructors
(e.g., products, arrows, etc.) the first contractivity condition can be
relaxed to requiring that on every infinite branch there are infinitely
many occurrences of type constructors. The only condition that we
impose on the host language is on values, which must satisfy the
following strong disjunction propertyfor unions:

⊢ v : t1 ∨ t2 ⇐⇒ ⊢ v : t1 or ⊢ v : t2 (5)

This conditionmaybe restrictive only in the case that the host lan-
guage already provides a union type combinator since, otherwise,
it can be easily enforced by requiring that every session channel is
associated with exactly one (most specific, because of subtyping)
session type.

Henceforward, we will uset to range overtypes, θ and η to
range oversession descriptors, χ to range oversieves, ψ to range
over all of them, and often omit the word “session” when speaking
of session descriptors. We reservev for values, whose definition
and typing is left unspecified. We assume that values for a ses-
sion typebegin.η are channels explicitly associated with or tagged
by that type (or, because of subtyping, by abegin.η′ subtype of
begin.η: more about that later on).

We do not include in our session descriptors a construct for
parallel composition (as opposed to [23, 3], for example). Since
we assume an interleaving semantics of parallel composition, then
having two different choices is enough for faithfully describing
several scenarios of concurrent actions by means of well-known
expansion laws.

2.2 Semantics of types and descriptors

The semantics of both session descriptors and types—and more
generally most of the constructions of this work—cruciallyrelies
on the notion ofduality. In this section we first informally define
duality to outline a denotational semantics for types and descrip-
tors, then we give the formal definition of duality in terms ofa
labeled transition system for descriptors.

2.2.1 Set-theoretic interpretations

In the previous section we argued that a complete set of Boolean
combinators must be used if we want to describe the set of partners
that safely interact with a given descriptor. Since we want the se-
mantics of Boolean combinators to be intuitive and easy to under-
stand we base their definition on a set-theoretic interpretation. In
particular, we interpret every type constructor as the set of its val-
ues and the Boolean combinators as the corresponding set-theoretic
operations. In other terms, we seek for an interpretation oftypes
J.K such thatJtK = {v | ⊢ v : t} and thatJt ∧ sK = JtK ∩ JsK,
Jt∨ sK = JtK∪ JsK, andJ¬tK = V \ JtK (whereV denotes the set of
all values). The same interpretation can then be used todefinethe
subtyping relation (denoted by “<:”) as follows:

t <: s
def⇐⇒ JtK ⊆ JsK

The technical machinery to define an interpretation with such prop-
erties and solve the problems its definition raises (e.g., the circular-
ity between the subtyping relation and the typing of values)already
exists and can be found in the work on Semantic Subtyping [14]:
we take it for granted and no longer bother about it if not for ses-
sion types that are dealt with in Section 2.3. This interpretation of
types justifies the use we do henceforward of the notationv ∈ t to
denote thatv has typet.

The next problem is to give a set-theoretic interpretation to ses-
sion descriptors, as we have Boolean combinations on them too.
This interpretation is not required to be precise or mathematically
meaningful but only to ensure that conversations do not get stuck.
To this aim, rather than giving the set of values1 (or whatever they
would be, since session descriptors classify just “chunks”of con-
versation) contained in a descriptor, it suffices to characterize all
the possible behaviors common to all channels that implement a
given session. In other terms, the semantics of a session descriptor
can be characterized by the set of partners with whom the interac-
tion will never get stuck (a sort of realizability semantics). This is
captured by the notion ofduality: two session descriptorsη andθ
aredual if any conversation on a private channel shared by two pro-
cesses which follow respectively the prescriptions ofη andθ will
never get stuck. So, for instance, the descriptor (1) in the previous
section is dual to the descriptor (2). But!Int.?(Bool ∨ Int).end is
dual to (1), too.

Note also that some session descriptors have no dual, for exam-
ple ?(Bool ∧ Int).end, since no process can send a value that is
both a Boolean and an integer: the intersection is empty.2 Such de-
scriptors constitute a pathological case, since no conversation can
take place on channels conforming to them. Thus we will focus
our attention on descriptors for which at least one dual exists, and
that we dubviable descriptors. We writeS for the set of all vi-
able descriptors and we writeη ⋊⋉ θ if η andθ are dual (duality is
a symmetric relation). Then, we can define the interpretation of a
descriptor as the set of its duals:JηK = {θ | η ⋊⋉ θ}; extend it set-
theoretically to sieves:Jχ∧χ′K = JχK∩Jχ′K, Jχ∨χ′K = JχK∪Jχ′K,

1 The interpretation of session descriptors as sets of channels is problematic
since the channels typed by session descriptors are private.
2 This shows that our duality is semantically defined:?(Bool ∧ Int).end is
notdual of!(Bool∧Int).end as a syntactic approach would suggest; neither
descriptor does have a dual.



J¬χK = S \ JχK; and use it to semantically define the subsieving
(and subsessioning) relation, denoted by “≤”:

χ ≤ χ′ def⇐⇒ JχK ⊆ Jχ′K (6)

Duality plays a central role also in defining the semantics of
types. We said that the semantics of a type constructor is theset of
its values. Hence we have to define the values of the typesbegin.η.
As suggested in Section 2.1, we can take as a value of a sessiontype
a public channel tagged by that typeor by a subtype. Therefore to
define values we need to determine when a session type is subtype
of another, that is, when we can safely use a channel of some
session type where a channel of a different (larger) type is expected.
The key is to understand how a public channel is “used”. We make
the assumption—matched by everyday practice—that there isa
unique way to consume a public channelc of type begin.η, by
requesting a conversation that conforms to the protocol described
by η, expecting that at the other end of the communication channel
there will be another process that follows some protocolθ that is
dual of η. Thus, it is safe to replacec with a different channeld
of smaller typebegin.η′ only if every dual ofη′ is also a dual of
η, namely whenη′ ≤ η. For instance we have that?Int.end ≤
?Real.end since every descriptor that is dual of?Int.end is also
dual of ?Real.end. Hence,begin.?Int.end <: begin.?Real.end
since if a process that uses a channel of typebegin.?Real.end is
well typed, then the process obtained by replacing this channel for
a different one of typebegin.?Int.end is well typed as well: it will
receive an integer number in a place where it expects a real number.

Since we want our types to satisfy the strong disjunction prop-
erty (5), then a public channelc must be tagged by types of the
form begin.η (and not, say,begin.η ∨ begin.η′), which yields the
following interpretation for session types:

Jbegin.ηK = {cbegin.θ | θ ≤ η} (7)

The next step is to formally define the duality relation.

2.2.2 Semantics of session descriptors

The formal semantics of a descriptor can be given by resorting to
the labeled transition system (LTS) defined by the rules

(TR1)

end
X−→ end

(TR2)

η ⊕ η′ −→ η

(TR3)

η −→ η′

η + η′′ −→ η′ + η′′

(TR4)

η
µ−→ η′

η + η′′
µ−→ η′

(TR5)

η
!v−→ η′′

η + η′ −→ η

(TR6)

η
!η′′−→ η′′′

η + η′ −→ η

(TR7)
v ∈ t

?t.η
?v−→ η

(TR8)
v ∈ t

!t.η
!v−→ η

(TR9)
η ∈ χ

?χ.η′
?η−→ η′

(TR10)
η ∈ χ

!χ.η′
!η−→ η′

plus the symmetric of rules (TR2-TR6). In the rulesµ ranges over
actions of the form!v, or ?v, or !η, or ?η, or X.

Rules (TR1-TR4) are straightforward:end emits a “tick” (TR1);
an internal choice silently decides the behavior it will successively
follow (TR2); an external choice either performs an internal silent
move (TR3) or it emits a signalµ that it offers as a possible choice
to the interacting partner (TR4). Note that internal moves in one
branch of an external choice do not preempt the behavior of the
other branch. This is typical of process languages with two distinct
choice operators, such asCCSwithout τ ’s [9].

The remaining rules are somewhat less common. Rules (TR7-
TR8) state that the synchronization is performed on single values

(strictly speaking, on singleton types) rather than on generic types.
This is closer to what happens in practice, since!t.η indicates that
the descriptor is ready to emit some value of typet (TR8), while
?t.η indicates that the descriptor is ready to accept any value oftype
t (TR7). While this approach is reminiscent of the so-calledearly
semanticsin process algebras [27] (but note that here it is applied
at type level rather than at process level), there is a technical reason
to use values rather than types, which we explain after defining the
subsessioning relation.

Rules (TR9-TR10) follow the same idea as (TR7-TR8), and state
that actions on descriptors emit a more precise informationthan
what they declare. To understand this point we need to give some
details. First note that a session descriptorη, despite the fact that it
is usually called “session type” in the literature, is not a “real” type
since it does not type any value. Session descriptors do not classify
values but, rather, they keep track of the residual conversation
that is allowed on a given session channel (whose “real” type
is of the formbegin.η). Therefore we cannot directly apply the
same technique as for rules (TR7-TR8) since there does not exist
any value for session descriptors. To mimic the behavior of rules
(TR7-TR8) we resort to the informal semantics we described in
Section 2.2.1 where a type is interpreted as the set of its values and
a descriptor—actually, a sieve—as the set of its duals: therefore, as
an action on a type emits the same action on its values, so an action
on a sieve emits the same action on its duals, where we useη ∈ χ
to denote thatη ∈ JχK.3

Rules (TR5-TR6) state that outputs are irrevocable. This is a
characteristic peculiar to our system and is reminiscent ofCastel-
lani and Hennessy’s treatment of external choices in the asyn-
chronousCCS [7]. Roughly speaking, imagine a process offering
two different outputs in an external choice. Then we can think of
two possible implementations for such a choice. In one case the
choice is an abstraction for a simple handshaking protocol that the
communicating processes engage in order to decide which value is
exchanged. This implementation does not fit very well a distributed
scenario where processes are loosely coupled and communication
latency may be important. In the second—and in our opinion closer
to practice—case, the sender process autonomously decideswhich
value to send. Rules (TR5-TR6) state that the decision is irrevocable
in the sense that the sender cannot revoke its output and try with the
other one. This behavior is obtained by rules (TR5-TR6) by assim-
ilating an external choice over output actions to an internal choice
in which the process silently decides to send some particular value.
In this respect the symmetry of input and output actions in rules
(TR7-TR8)—but the same holds for (TR9-TR10) as well—may be
misleading: we implicitly assumed that when a process waitsfor a
value of typet it is ready to acceptanyvalue of typet (the choice
of the particular value is left to the sender) while when a process
sends a value of typet, it internally decidesa particular value of
that type. We will break this symmetry in the formal notion ofdu-
ality (Definition 2.5) to be defined next.

2.2.3 Duality

The discussion on the labeled transition system suggests that two
dual descriptors can either agree on termination (so both emit X)
or one of the two descriptors autonomously chooses to send an
output that the other descriptor must be ready to receive. Inorder
to formalize the notion of duality it is then handy to characterize
outputs (when an output actionmayhappen) and inputs (when an
input actionmusthappen). As usual we write=⇒ for the reflexive
and transitive closure of−→; we write

µ
=⇒ for =⇒ µ−→=⇒; we

3 Rules (TR7-TR10) hide a circularity since both values and duals are de-
fined in terms of the duality relation we are defining. Theorem2.6 in Sec-
tion 2.2.3 shows that this circularity is only apparent.



write η
µ−→ if there existsη′ such thatη

µ−→ η′, and similarly for
µ

=⇒; we writeη X−→ if there exists noη′ such thatη −→ η′.

DEFINITION 2.2 (May and Must Actions).We say thatη may
outputµ, writtenη ↓ µ, if there existsη′ such thatη =⇒ η′ X−→
andη′

µ−→ andµ is either!v, or !η, or X.
We say thatη must inputµ, written η ⇓ µ, if η =⇒ η′ X−→

impliesη′
µ−→ andµ is either?v, or ?η, or X.

As usual we writeη 6↓ µ if not η ↓ µ andη 6⇓ µ if not η ⇓ µ.

Intuitively η ↓ µ states that for a particular internal choiceη
will offer an outputµ as an option, whileη ⇓ µ states that the input
µ will be offered whatever internal choiceη will do. For example
!Int.end ⊕ end ↓ !3 and !Int.end ⊕ end ↓ X; on the other hand
we have!Int.end + end 6↓ X, since !Int.end + end X−→ end.
Similarly we have?Int.end⊕?Real.end ⇓ ?3 because the action?3
is always guaranteed independently of the internal choice,whereas
?Int.end ⊕ ?Real.end 6⇓ ?

√
2 because?Int.end ⊕ ?Real.end −→

?Int.end and?Int.end 6⇓ ?
√

2.
The previous definition induces two notions of convergence.

Clearly convergence is a necessary condition for a session descrip-
tor to have a dual.

DEFINITION 2.3 (May and Must Converge).We say thatη may
converge, written η ↓, if for all η′ such thatη =⇒ η′ X−→ we
haveη′ ↓ µ for someµ. We say thatη must converge, writtenη ⇓,
if η ⇓ µ for someµ. As usual, we useη 6↓ andη 6⇓ to denote their
respective negations.

Note that the two contractivity conditions of Definition 2.1rule
out behaviors involving infinite sequences of consecutive internal
decisions. Therefore we will only consider strongly convergent
processes, namely processes for which there does not exist an
infinite sequence of−→ reductions.

The labeled transition system describes thesubjective evolu-
tion of a session descriptor from the point of view of the process
that uses a communication channel having that (residual) type. The
last notion we need allows us to specify the evolution of a ses-
sion descriptor from the dual point of view of the process at the
other end of the communication channel. For example, we have

?Real.!Int.end + ?Int.!Bool.end
?3−→ !Bool.end (the process re-

ceiving the integer value 3 knows that it has taken the right branch
and now will send a Boolean value). However, the process sending
the integer value 3 on the other end of the communication channel
does not know whether the receiver has taken the left or the right
branch, and both branches are actually possible. From the point of
view of the sender, it is as if the receiver will behave according to
the session descriptor!Int.end⊕ !Bool.end, which accounts for all
of the possible states in which the receiver can be after the recep-
tion of 3. Theobjective evolutionof a session descriptor after an
actionµ is defined next.

DEFINITION 2.4 (Successor).Letη
µ

=⇒. Thesuccessorof η after
µ, writtenη〈µ〉, is defined as:η〈µ〉 = ⊕{η′ | η µ

=⇒ η′}.
For example,(?Real.!Int.end+?Int.!Bool.end)〈?3〉 = !Int.end⊕
!Bool.end but(?Real.!Int.end+?Int.!Bool.end)〈?

√
2〉 = !Int.end.

Note thatη〈µ〉 is well defined because there is always a finite num-
ber of residualsη′ such thatη

µ
=⇒ η′. This is a direct consequence

of the contractivity conditions on session descriptors.
We now have all the ingredients for formally defining duality.

DEFINITION 2.5 (Duality). Let thedualof a labelµ, writtenµ, be
defined by:(i) X = X; (ii) †v = †v; (iii) †η = †η; where! = ?
and? = !. Thenη1 ⋊⋉ η2 is the largest symmetric relation between
session descriptors such that one of the following condition holds:

1. η1 ⇓ X andη2 ⇓ X;
2. η1 ↓ andη1 ↓ µ impliesη2 ⇓ µ andη1〈µ〉 ⋊⋉ η2〈µ〉 for every
µ.

The intuition behind the above definition is that a dualmustac-
cept every input that its partnermay output, or they must both
agree on termination. For example, we have?Real.!Int.end +
?Int.!Bool.end ⋊⋉ !Int.?(Int ∨ Bool).end, but ?Real.!Int.end +
?Int.!Bool.end 6⋊⋉ !Int.?Int.end because the descriptor on the right
is not sure that its partner will answer with an integer. However
?Real.!Int.end + ?Int.!Bool.end ⋊⋉ !(Real \ Int).?Int.end. As an-
other example, we have?Int.end ⊕ ?Real.end ⋊⋉ !Int.end be-
cause?Int.end ⊕ ?Real.end ⇓ ?v for every v ∈ Int, however
?Int.end⊕?Real.end 6⋊⋉ !

√
2.end because?Int.end⊕?Real.end 6⇓

?
√

2.
The reader may have observed that there is a circularity in the

definitions of duality and of the labeled transition system.This
is evident in rules (TR9-TR10) since the rules emit a dual of the
sieve; that is, the relationη ∈ χ is defined in terms ofJχK whose
definition is given in terms of the duality relation. Less evident is
the circularity of rules (TR7-TR8), which resides in the fact that
these rules emit values of a given type; if this type has the form
begin.η, then its values are all the channels of the formcbegin.η′

such thatθ ⋊⋉ η′ implies θ ⋊⋉ η for all θ (cf. equations (6) and
(7) ): so also the definition of the relationv ∈ t depends on that
of duality. The following theorem proves that this circularity is not
one.

THEOREM2.6 (Well-foundness).The definitions ofη ∈ χ, v ∈ t
andη ⋊⋉ η′ are well founded.

A corollary of this theorem is that the definitions of subsessioning
η ≤ η′ and subsievingχ ≤ χ′ (the former being a special case
of the latter) given by the equation (6) in Section 2.2.1 are well
founded as well.

Using the definition of duality it is easy to see thatJη ⊕ η′K =
Jη ∧ η′K since the duals of an internal choice must comply with
both possible choices and thus be duals of both of them. Usingthis
property it is easy to prove that sieves satisfy a disjunction property
even stronger than the one for types, as the disjunction holds not
only for single elements but for all the subsets of a union:

PROPOSITION2.7. θ ≤ χ1 ∨ χ2 ⇐⇒ θ ≤ χ1 or θ ≤ χ2.

This property is essential to prove decidability of≤.

REMARK 2.8 (On the usefulness of seives).SinceJη⊕η′K = Jη∧
η′K one may wonder whether we could not have spared one (or
two) syntactic category(ies) by using descriptors (and/or, merging
them with types) instead of sieves. The answer follows from the
observation that the two operators above play rather different,
but equally essential, roles: the internal choice is abehavioral
operator, whereas sieve conjunction, as all sieves, is apattern
operator (whence the name “sieve”). We claim that any attempt
to unify these two operators, by merging session descriptors and
sieves together, disrupts the whole theory. The reason is that the
notion of duality, which is intrinsically a behavioral one,does
not match well with disjunction (which doesnot coincide with
the external choice) and negation (defining the transition system
of a negated session descriptor is puzzling at least). Overall the
separation of behaviors and patterns is what allows us to provide
semantic characterizations of all the notions in the formalism. The
alternatives to sieves that we considered along the way all resulted
in either uneasy syntactical restrictions or incompleteness results.

2.3 Subtyping

Now that we have defined the duality relation, and therefore sub-
sessioning, we can also formally define the subtyping relation. The



types defined in Section 2.1 include three type combinators (union,
intersection, and negation), one type constructorbegin.η, plus other
basic types and type constructors (inherited from the host language)
that we left unspecified (typically,Real, Bool, ×, . . . ). We define
the subtyping relation semantically using the technique introduced
in [14] and outlined in Section 2.2.1, according to which types
are interpreted as the set of their values, type combinatorsare in-
terpreted as the corresponding set-theoretic operations,and sub-
typing is interpreted as set containment. As a consequence,test-
ing a subtyping relation is equivalent to testing whether a type is
empty, since by simple set-theoretic transformations we have that
t1 <: t2 if and only if t1 ∧¬t2 <: ∅ (where we use∅ to denote the
empty type, that is the type that has no value). Again by simple set-
theoretic manipulations, every type can be rewritten in disjunctive
normal form, that is a union of intersections of types. Furthermore,
since type constructors are pairwise disjoint (there is no value that
has both a session type and, say, a product type—or whatever type
constructor is inherited from the host language), then these inter-
sections are uniform since they intersect either a given type con-
structor, or its negation (see [5, 14] for details). In conclusion, in
order to define our subtyping relation all we need is to decidewhen
W

k∈K
(
V

i∈Ik
begin.ηi ∧

V

j∈Jk
¬begin.ηj) <: ∅. Since a union

of sets is empty if and only if every set in the union is empty, by
applying the usual De Morgan laws we can reduce this problem to
deciding the inclusion

V

i∈I begin.ηi <:
W

j∈J begin.ηj .
As regards session channels, we notice that a value has type

(begin.η) ∧ (begin.η′) if and only if it has typebegin.(η ⊕ η′).
Also note thatbegin.η <: begin.η1 ∨ begin.η2 if and only if
begin.η <: begin.η1 or begin.η <: begin.η2. Therefore the se-
mantic subtyping relation for the types of Section 2.1 is completely
defined by (the semantic subtyping framework of [14] and) thefol-
lowing equation

^

i∈I

begin.ηi <:
_

j∈J

begin.ηj ⇐⇒ ∃j∈J :
M

i∈I

ηi ≤ ηj (8)

Note that when in the equation aboveI and J are singletons it
reduces to

begin.η1 <: begin.η2 ⇐⇒ η1 ≤ η2

that is the form discussed at the end of Section 2.2.1. A conse-
quence of this last observation is thatJbegin.ηK = {cbegin.η′ | η′ ≤
η} = {cbegin.η′ | begin.η′ <: begin.η} = {v | v ∈ begin.η}.
Thus our initial interpretation of session types coincideswith the
interpretation of types as sets of their values: we have “closed the
circle” in the sense of [14].

2.4 Coinductive characterizations

The subsessioning relation defined in terms of duality embeds the
notion of safe substitutability because of its very definition, but
it gives little insight on the properties enjoyed by≤. This is a
common problem of every semantically defined preorder relation
based ontests, such as the well-known testing preorders [8] (the set
of duals of a descriptor can be assimilated to the set of its successful
tests). In order to gain some intuition over≤ and to obtain a useful
tool that will help us studying its properties we will now provide an
alternative coinductive characterization. Before doing so, we need
to characterize the class of descriptors that admit at leastone dual.
Recall thatη is viable if there existsη′ such thatη ⋊⋉ η′. Any non-
viable descriptor is the least element of≤, which henceforward will
be denoted by⊥.

DEFINITION 2.9 (Coinductive Viability).η⋊⋉ is the largest predi-
cate over descriptors such that either

1. η ↓ andη ↓ µ impliesη〈µ〉⋊⋉ for everyµ, or
2. there existsµ such thatη ⇓ µ andη〈µ〉⋊⋉ .

The definition provides us with a correct and complete characteri-
zation of viable descriptors:

PROPOSITION2.10. η⋊⋉ if and only ifη is viable.

We can now read the statement of Definition 2.9 in the light of
the result of the above proposition: Definition 2.9 explainsthat a
descriptor is viable if either (1) it emits an output action regardless
of its internal state and every successor after every possible output
action is viable too or (2) it guarantees at least one input action such
that the corresponding successor is viable too.

DEFINITION 2.11 (Coinductive Subsession).η ≦ η′ is the largest
relation between session descriptors such thatη⋊⋉ impliesη′⋊⋉ and

1. η′ 6⇓ andη′ ↓ µ implyη ↓ µ with η〈µ〉 ≦ η′〈µ〉, and
2. η ⇓ µ andη〈µ〉⋊⋉ implyη′ ⇓ µ with η〈µ〉 ≦ η′〈µ〉, and
3. η ↓ andη′ ⇓ implyη ↓ X andη′ ⇓ X.

The definition states that any viable descriptorη may be a sub-
session ofη′ only if η′ is also viable. This is obvious since we want
the duals ofη to be duals ofη′ as well. Furthermore, condition (1)
requires that any output action emitted by the larger descriptor must
also be emitted by the smaller descriptor, and the respective contin-
uations must be similarly related. This can be explained by noticing
that a descriptor dual ofη in principle will be able to properly han-
dle only the outputs emitted byη; thus in order to be also dual ofη′

it must also cope withη′ outputs, which must thus be included in
those ofη, hence the condition. The requirementη′ 6⇓ makes sure
thatη′ really emits some output actions. Without this condition we
would have?Int.end 6≦ ?Int.end + end as the descriptor on the
r.h.s. emitsX which is not emitted by the l.h.s. However, it is trivial
to see that?Int.end ≦ ?Int.end + end. Condition (2) requires that
any input action guaranteed by the smaller descriptor must also be
guaranteed by the larger descriptor. Again this can be explained by
noticing that a descriptor dual ofηmay rely on the capability ofη of
receiving a particular value/descriptor in order to continue the inter-
action without error. Hence, any guarantee provided by the smaller
descriptorη must be present in the larger descriptorη′ as well. The
additional conditionη〈µ〉⋊⋉ considers only guaranteed input actions
that have a viable dual, for a guaranteed input action with a non-
viable dual is practically useless. Without such conditionwe would
have, for instance, that?Int.!∅.end + ?Bool.end 6≦ ?Bool.end, be-
cause the descriptor on the l.h.s. guarantees the action?3 which is
not guaranteed by the descriptor of the r.h.s. of6≦. It is clear how-
ever that in this case the subsessioning relation must hold since the
l.h.s. and r.h.s. have the same set of duals. Finally, condition (3)
captures the special case in which a descriptor emitting output ac-
tions (η ↓) is smaller than a descriptor guaranteeing input actions
(η′ ⇓). This occurs only whenη may internally decide to terminate
(η ↓ X) andη′ guarantees termination (η′ ⇓ X). In this case, every
dual ofη must be ready to terminate and to receive any output ac-
tion emitted byη, hence it will also be dual ofη′ which guarantees
termination but does not emit any output action.

We end this subsection by stating that the coinductive and the
semantic definitions of subsessioning coincide, so from nowon we
will use≤ to denote both.

THEOREM2.12. η1 ≦ η2 ⇐⇒ η1 ≤ η2.

2.5 Algorithms

In order to use our type system we must be able to decide the
relations we introduced in the previous sections, namely subsieving
(and subsessioning), subtyping, and duality.

Subsieving. Let us start to show how to decide that a sieve
is smaller than another. Since Boolean combinators have a set-
theoretic interpretation we can apply exactly the same reasoning



we did for types in Section 2.3. Namely, decidingχ ≤ χ′ is equiv-
alent to decidingχ ∧ ¬χ′ ≤ ⊥. The l.h.s. can be rewritten in
disjunctive normal form whose definition for sieves is (we convene
that

W

i∈∅
χi =

P

i∈∅
ηi = ⊥):

DEFINITION 2.13 (Disjunctive normal form).A sieve is indis-
junctive normal formif it is of the form

W

i∈I

V

j∈J
λij , whereλij

denotedescriptor literals, that is eitherη or ¬η.

Next, we can check emptiness of each element of the union sep-
arately, reducing the problem to checking the following relation:
V

i∈I
ηi ≤ W

j∈J
ηj . Since this is equivalent to

L

i∈I
ηi ≤

W

j∈J ηj , we can apply the strong disjunction property (Propo-
sition 2.7) we statedfor descriptorsand obtain

^

i∈I

ηi ≤
_

j∈J

ηj ⇐⇒ ∃j∈J :
M

i∈I

ηi ≤ ηj

which is precisely the same problem that has to be solved in order
to decide the subtyping relation (cf. equation (8)). In conclusion, in
order to decide both subsieving and subtyping it suffices to decide
subsessioning.

Subsessioning. To decide whether two descriptors are in subses-
sioning relation we define a normal form for descriptors and,more
generally, sieves (the latter occurring in the prefixes of the former).

DEFINITION 2.14 (Strong normal form).A sieveχ in disjunctive
normal form is instrong normal formif

1. if χ ≡ W

i∈I

V

j∈J λij , then fori ∈ I, j ∈ J , λij is in strong
normal form and

V

j∈J
λij 6= ⊥ for all i ∈ I ;

2. if χ ≡ ¬η, thenη is in strong normal form;
3. otherwiseχ is either of the form

L

i∈I
!ψi.ηi{ ⊕ end} or

P

i∈I
?ψi.ηi{ + end}, where for alli ∈ I , ψi 6= ∅, ψi andηi

are in strong normal form and for alli, j ∈ I , i 6= j implies
ψi ∧ ψj = ∅, andend is possibly missing.

Transformation in strong normal form is effective:

THEOREM 2.15 (Normalization).For every sieveχ it is possible
to effectively constructχ′ in strong normal form such thatχ = χ′.

Finally, to check that two descriptors are in relation we rewrite both
of them in strong normal form, check that neither is⊥, and then
apply the algorithm whose core rules are given below:

(END)

end ≤ end

(PREFIX)
η ≤ η′

α.η ≤ α.η′

(M IX -CHOICES)

M

i∈I

ηi ⊕ end ≤
X

j∈J

η′j + end

(EXT-CHOICES)

I ⊆ J ηi ≤ η′i
(∀i∈I)

X

i∈I

ηi ≤
X

j∈J

η′j

(INT-CHOICES)

J ⊆ I ηj ≤ η′j
(∀j∈J)

M

i∈I

ηi ≤
M

j∈J

η′j

Rule (M IX -CHOICES) states that an internal choice is smaller
than an external one if and only if they both have anend summand.
Rule (EXT-CHOICES) states that it is safe to widen external choices
whereas rule(INT-CHOICES) states that it is safe to narrow internal
ones. Both rules are used in conjunction with(PREFIX), which states
covariance over descriptor continuations. Note that rule(PREFIX)
relates two descriptors only if they have the same prefix. There-
fore before applying(EXT-CHOICES) and(INT-CHOICES) we have to
transform the descriptors so that prefixes on the two sides that have
a non-empty intersection are rewritten in several summandsso as to
find the same prefix on both sides. This can be done by repeatedly
applying, among others, the following decomposition laws:

?t.η + ?s.η′ = ?(t \ s).η + ?(s \ t).η′ + ?(t ∧ s).(η ⊕ η′)
!t.η ⊕ !s.η′ = !(t \ s).η ⊕ !(s \ t).η′ ⊕ !(t ∧ s).(η ⊕ η′)

the latter rule holding when none of the setst \ s, s \ t, andt∧ s is
empty. Similar rules can be derived for inputs and outputs ofsieves,
as opposed to types.

THEOREM2.16 (Soundness and Completeness).The algorithm is
sound and complete with respect to≤ and it terminates.

Duality. Duality can be reduced to subsessioning sinceη ⋊⋉ η′

if and only if η ≤ η′, where we writeη for the canonical dual
of η, namely the least descriptor in the set-theoretic interpretation
of η. Computingη is trivial onceη is in strong normal form (see
Theorem 2.15): it suffices to change every? into !, every+ into
⊕ and vice versa, and to coinductively apply the transformation
to the continuations leavingend descriptors unchanged. Regularity
ensures that the transformation terminates (by using memoization
techniques) and showing that the obtained session descriptor is the
canonical dual ofη is a trivial exercise.

3. Typing the π-calculus with sessions
The most interesting observation on process typing is that with our
framework sessions can be typed in the standardπ-calculus with
internal/external choices and bound/free outputs (with the single
modification on the type-based selection of external choices we de-
scribed in the introduction),without primitive operators tailored to
session-based communications(in the spirit of Kobayashi’s [25]).
The intuition is that bound outputs, writtenc!(x : η), are session
initiations wherec is the public channel of the session andx the
session private channel of descriptorη; free outputs are reserved
for session communications/delegations, and inputs are either ses-
sion communications or session connections according to whether
they are meant to synchronize with free or bound outputs, respec-
tively. For example, the following process models a node that han-
dles communications described by a protocolη and delegates com-
munications described by unknown protocols to a sibling node, in
a token-ring fashion:

NODE(mypublicname, nextpublicname, η, P ) =
mypublicname?(x : ?⊤.end). /* accept */

x?(y : η).P /* catch&handle */
+x?(y : ¬η). /* catch&delegate */

nextpublicname!(z : !⊤.end). /* request */
z!y /* throw */

The node waits for a connection on its public channelmypublicname
and, once the connection is made, catches on the establishedses-
sion channelx a delegated sessiony of an arbitrary descriptor (⊤
is the top sieve). If the delegated session is of protocolη (this is
checked by using an external choice), then the node handles the
delegated session in the processP , otherwise it connects to a sib-
ling nodenextpublicname (via a bound output) and delegatesy
to it (via a free output). Bothmypublicname andnextpublicname
are public channels of typebegin.!⊤.end. Under these hypotheses
and provided thaty is used inP according toη, the process above
results typeable by the type system given right after the formal def-
inition of the syntax and semantics of ourπ-calculus for session
types (PiST) we present next.

3.1 Syntax and semantics of PiST

The main design criteria for our process calculusPiST are mini-
mality and, to a lesser extent, similarity toπ-calculus: we define the
smallest calculus that allows us to use all the characteristics of our
session types. Notably, we preserve the distinction of [21]between
public channels used to connect processes and private channels on
which the conversation takes place. This distinction is instead elim-
inated in [16, 15, 30] where only one kind of output is needed.The
syntax of PiST is given in Table 1. It is aπ-calculus with internal



and external choices, free outputs on bound channels and bound
outputs on free channels respectively denoted byh!e anda!(x : η).
Processes are the possibly infinite regular trees that are generated
by the productions in Table 1 and that satisfy the contractivity con-
dition requiring that on every infinite branch there are infinitely
many applications of the prefixed process. Contractivity rules out
processes of the form, for instance,P = P⊕P and—as for types—
it provides an induction principle based on the Noetherian relation
P1 + P2 ⊲ Pi andP1 ⊕ P2 ⊲ Pi .

(prefixes) π ::= u?(x : ψ) | h!e | a!(x : η)
(processes) P,Q ::= 0 | π.P | P ⊕ P | P + P

(public channels) a ::= x | cbegin.η

(private channels) h ::= x | k
(channels) u ::= a | h
(expressions) e ::= u | · · ·
(systems) S,T ::= P | S‖S

Table 1. Syntax ofPiST processes and systems.

Parallel composition is present only at the upper level ofsystems
where session conversations take place4. We do not need explicit
restriction, those implicitly defined in bound outputs are enough5

and are implemented by resorting tointernal channels, denoted by
k. These appear grayed in the syntax to stress that such channels
occur only at runtime (they cannot be written by the programmer
but they are generated at session connection). We assume that “˜”
is a bijective mapping from private channels to private channels

with k 6= k̃ and that is an involution (i.e.,̃̃k = k, a technique quite
common in calculi for sessions). We say thatk andk̃ aredual. Dual
channels represent the two end-points of a session. Besidesprivate
channels, expressions include channel variables (ranged over by
x), channel values (i.e., session public names, ranged over by c
and tagged by their smallest type, which is of the formbegin.η to
enforce the strong disjunction property (5)), and the expressions of
the host language (represented in the productions by dots).We use
v to range over both channel values and host language values and
suppose given the relationv ∈ t that associates each host language
value with its types and each channel value with the types greater
than or equal to its tag.

The set of labelsℓ is defined by

ℓ ::= τ | n?(x : ψ) | k!m | c
t!(x : η)

where m ::= v | k and n ::= ct | k .
As customary,τ denotes internal silent moves, while the other

labels are synchronization signals whose form is already quite
informative. They tell us that synchronization can happen only on
closed channels (ranged over byn: this excludes channel variables),
that is, private channels for communication and public channels
for session connection. Also, bound outputs can send only closed
expressions (ranged over bym, that is values and private channels:
the latter are not values though they operationally behave like them,
since they are not associated to a type).

The labeled transition rules for processes are straightforward
and they can be found in Table 2. They handle the irrevocability of
outputs and compute expressions before synchronization. The se-
mantics of systems is the standardπ-calculus semantics apart the

4 This choice is done only to focus on subtyping: we could allowparallel
composition at any level and preserve progress as in [10].
5 We could have introduced at system level restrictions of theform
(νcbegin.η) so as to declare public session channels, limit their scope,and
avoid explicit public channel tagging. We preferred to focus on a slightly
simpler calculus.

R-CONNECT

c
t!(x : η).P

ct!(x:η)−→ P

R-RECEIVE

n?(x : ψ).P
n?(x:ψ)−→ P

R-SEND
e ↓ m

k!e.P
k!m−→ P

R-INTCH

P ⊕ Q
τ−→ P

R-EXTINT

P
τ−→ P

′

P + Q
τ−→ P

′ + Q

R-EXTSEND

P
k!m−→ P

′

P + Q
τ−→ P

R-EXTCH

P
ℓ−→ P

′ ℓ 6= τ

P + Q
ℓ−→ P

′

Table 2. PiST process reduction rules.

LIFT

P
ℓ−→ P

′

Σ ⊢ P
ℓ−→ Σ ⊢ P

′

PAR

Σ ⊢ S
ℓ−→ Σ′ ⊢ S

′

Σ ⊢ S‖T
ℓ−→ Σ′ ⊢ S

′ ‖T

CONNECTION

Σ ⊢ S
ct!(x:η)−→ Σ ⊢ S

′ Σ ⊢ T
ct?(y:η′)−→ Σ ⊢ T

′
k 6∈ dom(Σ)

Σ ⊢ S‖T
τ−→ Σ, k : η, k̃ : η′ ⊢ S

′[k/x]‖T
′[k̃/y]

COMMUNICATION

Σ ⊢ S
k!v−→ Σ ⊢ S

′ Σ ⊢ T
k̃?(x:t)−→ Σ ⊢ T

′
v ∈ t

Σ, k : η, k̃ : η′ ⊢ S‖T
τ−→ Σ, k : η〈!v〉, k̃ : η′〈?v〉 ⊢ S

′ ‖T
′[v/x]

DELEGATION

Σ ⊢ S
k!k′−→ Σ ⊢ S

′ Σ ⊢ T
k̃?(x:χ)−→ Σ ⊢ T

′ Σ(k′) ≤ χ

Σ, k:η, k̃:η′ ⊢ S‖T
τ−→ Σ, k:η〈!Σ(k̃′)〉, k̃:η′〈?Σ(k̃′)〉 ⊢ S

′ ‖T
′[k

′
/x]

Table 3. PiST system reduction rules.

two points we evoked before, namely that outputs are irrevocable
and that selection for external choices is based on the type of the
arguments. This last point is showed by the synchronizationrules
for systems, presented in Table 3. Since the descriptors of private
channels evolve as long as the protocol advances, the label tran-
sition system usessession environments—i.e., maps from private
channels to session descriptors, ranged over byΣ—to keep track
of this evolution. The type-based dynamic branching is thenimple-
mented by the last two rules, according to which synchronization
takes place only if the objects of the output match the type (v ∈ t)
or the sieve (Σ(k′) ≤ χ) of the input. These two rules also record in
the session environment that a synchronization step has been con-
sumed and thus update the descriptors of the current sessionwith
the corresponding successor. Note also that a new session isstarted
(rule CONNECTION) only when a bound output is performed on a
channel value, in that case a new pairk, k̃ of private channels is
spawned, and their descriptors are recorded in the session environ-
ment. Finally note that the dynamic checks in the last two rules are
needed and used to drive the computation, since external choices
are dynamically selected by using the type of the communicated
value, or the descriptor of the delegated session.

We adopt the standard conventions of using
τ

=⇒ to denote
τ−→∗

(i.e., the reflexive and transitive closure of−→) and
ℓ

=⇒ to denote
τ

=⇒ ℓ−→ τ
=⇒.



T-AX

Γ , x : t ⊢ x : t

T-VAL
v ∈ t

Γ ⊢ v : t

T-SUB

Γ ⊢ e : t
′

t
′ <: t

Γ ⊢ e : t

T-SYS
Γ ⊢ P : ∆

Γ  P : set(∆)

T-PAR
Γ  S : Λ1 Γ  T : Λ2

Γ  S‖T : Λ1 ∪ Λ2

T-ZERO

Γ ⊢ 0 : −

T-WEAK
Γ ⊢ P : ∆ h 6∈ dom(∆ ∪ Γ)

Γ ⊢ P : (h : end · ∆)

T-INT
Γ ⊢ P : ∆ Γ ⊢ Q : ∆

Γ ⊢ P ⊕ Q : ∆

T-CONNECT-REQUEST

Γ ⊢ P : (x : η · ∆) Γ ⊢ a : begin.η

Γ ⊢ a!(x : η).P : ∆

T-CONNECT-ACCEPT

Γ ⊢ P : (x : η · ∆) η ⋊⋉ η′

Γ ⊢ c
begin.η′?(x : η).P : ∆

T-COMM
Γ ⊢∗ P : ∆

Γ ⊢ P : ∆

T-RECEIVE
Γ , x : t ⊢ P : (h : η · ∆)

Γ ⊢∗ h?(x : t).P : (h : ?t.η · ∆)

T-SEND
Γ ⊢ e : t Γ ⊢ P : (h : η · ∆)

Γ ⊢∗ h!e.P : (h : !t.η · ∆)

T-RECEIVES
Γ ⊢ P : (h : η · x : η′) χ ≤ η′

Γ ⊢∗ h?(x : χ).P : (h : ?χ.η)

T-SENDS
Γ ⊢ P : (h : η · ∆) η′ ≤ χ

Γ ⊢∗ h!h′.P : (h : !χ.η · (h′ : η′ · ∆))

T-INTCH
Γ ⊢∗ P : (h : η1 · ∆) Γ ⊢∗ Q : (h : η2 · ∆)

Γ ⊢∗ P ⊕ Q : (h : η1 ⊕ η2 · ∆)

T-EXTCH
Γ ⊢∗ P : (h : η1 · ∆) Γ ⊢∗ Q : (h : η2 · ∆)

Γ ⊢∗ P + Q : (h : η1 + η2 · ∆)

Table 4. Type system forPiST.

3.2 Typing of PiST

The original motivation for introducing session types [19,21] was
to ensure that values sent and received in communication protocols
were of appropriate types and that the two partners always agreed
on how to continue the conversation. A type system ensuring also
the progress property, i.e., that a started session cannot get stuck if
the required connections are available, was first proposed in [12].

In the present calculus, as in [11], the operational semantics it-
self ensures that there cannot be a type mismatch in communica-
tions, since all checks are performed at the moment of the synchro-
nization. So, for example, while the systemk!3 ‖ k̃?(x : Bool)
would be stuck, it cannot be generated by our processes sincea
CONNECTIONrule can be executed only when the two session de-
scriptors of the private channels are dual. In this section we present
a type system which prevents also any deadlock due to the inter-
leaving of two or more sessions.

More precisely we want to ensure that whenever a well-typed
system is stuck (i.e., it cannot perform any internal reduction) it is
because either all its processes have successfully terminated or at
least one of them is on hold on a connection request. This means
that whenever a session is started, if it does not perform anyfurther
connection, then either it eventually successfully terminates, or it
continues to interact (recall that both process and sessiondescrip-
tors may be recursive). More formally:

DEFINITION 3.1 (Progress Property).A systemS satisfies thepro-
gress propertyif ⊢ S

τ
=⇒ Σ ⊢ S

′ τ
X−→ implies that eitherS′ does

not contain internal channels orS′ ct?(x:η)−→ or S
′ ct!(x:η)−→ .

Our process calculus, as the calculi in the literature of session types,
is so close to the syntax of the session descriptors that it isnot
difficult to imagine how to map a given channel to its session type.
For instance, consider the processct!(z : η).z!3.z?(x : Real).(z!x⊕
z!true) which opens a connection onc in which it writes an integer,
reads a real, and then decides whether to send back the received
real or a Boolean value. It is clear that such a process is welltyped
whenη =!Int.?Real.(!Real.end ⊕ !Bool.end) andt is (a subtype
of) begin.η. However, in order to ensure the progress property,
the way in which a process usesdifferent sessions must be quite
limited. Once a connection is established, and a private channel,
which we call thecurrent session, is spawned, then the process can
act according to (combinations of) the following options:
1. establish a new connection;
2. perform a communication (possibly paired with a branching) on

the current session;

3. end the current session by stopping using the corresponding
channel (there is no explicitend in processes, so the end of a
session is reached when its channel is no longer used, for every
possible continuation);

4. delegate on the current session the innermost, not ended,en-
closing session;6 the process stops using the delegated session;

5. receive a delegated session and use it in the continuationas the
current session.
Such restrictive behavior corresponds to using sessions ascrit-

ical regions that forbid deadlocks on circular waits. Each critical
region is associated with a particular private channel: it is entered
whenever this channel is received by delegation or started by a con-
nect, it is closed when the channel is delegated or no longer used.
Once a process has entered a critical region all it can do is tocom-
municate on the channel associated with the region or to enter a
new critical region. To see why these restrictions are necessary let
us comment few examples of deadlock.

Let t1 = begin.!Int.end, η1 =!Int.end andη2 =?Int.end. A
first simple example of deadlock is given by

ct1 !(z1 : η1).b
t1?(z2 : η2).z2?(x : Int).z1!6

‖ct1?(z3 : η2).b
t1 !(z4 : η1).z3?(x : Int).z4!5

(9)

After two executions of theCONNECTION rule, both processes
starve waiting for values that are never sent. Note that the problem
here is generated by the process that provides the servicec (i.e.,
the second one) since it makes a communication on (the private
channel of)c before having ended the session it requested onb.

Internal and external sums can produce deadlocks since theycan
make choices unavailable as in

ct1?(z1 : η2).b
t1?(z2 : η2).z1?(x : Int) + z2?(x : Int)

‖ct1 !(z3 : η1).z3!6‖bt1 !(z4 : η1).z4!5
(10)

and in the similar system obtained by replacing⊕ to + . The
problem here is that the choice is performed on different (open)
sessions: it should be either both onz2 (we use the inner session)
or both onz1 (we closed the inner session and passed on the outer
one). Another example is

ct1?(z1 : η3).z1?(x : Int) + bt1?(z2 : η2).z2?(x : Int).z1?(x : Bool)
‖ct1 !(z3 : η1).z3!6‖bt1 !(z4 : η1).z4!5

whereη3 =?Int.end + ?Bool.end: note that the connection onb
forbids the communication on the private channel created bythe
connection onc.

6 A special case is when the sieve is preciselyend: in that case the process
can delegate any non active channel.



Subtler examples of deadlock spring from session delegation,
whereby a (sequential) process can receive the dual of a channel it
already owns, making synchronization impossible. Consider

ct1?(z1 : η2).b
t2 !(z2 : η4).z2!z1 ‖ct1 !(z3 : η1).

bt2?(z4 : η5).z4?(x : η2).x?(y : Int).z3!6
(11)

wheret2 = begin.!(?Int.end).end, η4 =!(?Int.end).end, η5 =
?(?Int.end).end. This phenomenon may also jeopardize subject
reduction, as discussed in [31].

Such problems can be avoided by resorting to the strict usage
discipline we described earlier which is enforced by the typing
discipline defined in Table 4. The judgments for processes have
two possible forms

Γ ⊢ P : ∆ and Γ ⊢∗ P : ∆

whereΓ is a type environment(a mapping from variables to types)
and∆ is asession stack. The latter is a mapping from private chan-
nels to session descriptors to which identifiers of ended sessions
can be freely added (ruleT-WEAK) and is used to record the ses-
sion descriptors of the channels used inP. It is organized as a stack
(the leftmost element being the top) to keep track of the current ses-
sion, that is the most recently created one (i.e., in our analogy, the
one associated with the current critical region). The stackallows us
to avoid the first example (9) of deadlock, by organizing sessions
as nested critical regions in which a channel cannot be used unless
all nested sessions have been consumed (either because theyended
or because they were delegated to some other process). Actions are
allowed only if their subject is the current session channel, the one
on the top of the stack (rulesT-CONNECT-REQUEST, T-CONNECT-
ACCEPT, T-SEND, T-RECEIVE, T-SENDS, andT-RECEIVES) and
they are recorded in the conclusion. In addition, the rules for com-
munication check that type constraints are satisfied while sieve con-
straints are checked by the delegation rules.

The ruleT-CONNECT-ACCEPThides several subtleties. If a pro-
cess contains the actioncbegin.η′?(x : η).P it means that it provides
the servicec and it implements it by the processP. Note that inP
the corresponding private channel implements a behavior dual of
the one that tagsc. Therefore the tag of a public channel declares
the behavior that all clients of the service must follow. In other
terms it describes the most demanding client this service isready to
serve. Also note that the typing rule imposes that the acceptance of
a connect can only be written for an actual public channel andnot
for a variable of the corresponding type. This corresponds to the
everyday practice that a service is associated to a particular URL
instead of being dynamically bound to it (which does not prevent
several processes to implement the same service) and enforces the
assumption—we did in Section 2.2.1—that the only way to use a
public service name is to call it. In other words, while the public
names of services are first class and, as such, they can be passed
around in communications, the only way to use them is to request a
connection on them. Technically, this restriction allows us to avoid
the use of polarities to type communications: because of theuse of
duality in theT-CONNECT-ACCEPTone should require contravari-
ance for channels used for session acceptance, covariance for those
used for session request and invariance for channels used inboth
cases. The solution we chose, besides being natural, corresponds to
enforcing invariance when accepting connections.

To deal with the deadlocks induced by sums, illustrated by ex-
ample (10), we use the⊢∗ judgments which ensure that the pro-
cesses in the conclusion offer communications just on the channel
that is on the top of the stack. Two processes can be composed by
means of an internal choice only if either they are typed by exactly
the same stack (ruleT-INT) or if they differ for the typing of only
one channel on which a communication is immediately available
(rule T-INTCH). They can be composed by an external choice only

in the latter case, that is, if they differ for the typing of only one
channel on which a communication is immediately available (rule
T-EXTCH).

The example of deadlock due to delegation, illustrated by exam-
ple (11), is avoided by requiring that the only other privatechannel
that can occur in a process accepting a delegation is the channel on
which the delegation took place (ruleT-RECEIVE).

The typing discipline is lifted to systems by simply mergingall
channel assumptions, disregarding the order in which they appear
(by means of the operatorset), and obtaining in this waysession
environments, ranged over byΛ (these are the same as those in the
dynamic semantics, but we preferred to use a different metavariable
to avoid confusion).

Since evaluation consumes session descriptors and adds fresh
initial channels with their descriptors, we need to introduce a partial
order2 on session stacks and session environments, whose defini-
tion is as expected: ifΛ 2 Λ

′, thenΛ
′ is obtained fromΛ by con-

suming descriptor actions and/or adding new descriptors offreshly
initiated sessions. So that subject reduction can be formulated as
follows.

THEOREM3.2 (Subject Reduction for Processes).If Γ ⊢ P : ∆

andP
ℓ−→ P′, thenΓ ⊢ P′ : ∆

′, where∆ 2 ∆
′.

THEOREM3.3 (Subject Reduction for Systems).If Γ  S : Λ

andΣ ⊢ S
ℓ−→ Σ′ ⊢ S

′, thenΓ  S
′ : Λ

′, whereΛ 2 Λ
′.

Progress clearly fails for systems that contain free variables
or private channels that are not properly paired. For this reason
our typing can only ensure progress for initial systems, defined as
follows:

DEFINITION 3.4 (Initial system).A well-typed system isinitial if
it is the parallel composition of closed processes in which no
private channel occurs.

The proof of progress depends on the remark that the session
environments in the operational semantics and in the typingof
systems respectively give theobjectiveandsubjectiveviews of the
private channel behaviors. For example consider the system

S = k!3.k?(x : 2 ∨ 4)‖ k̃?(y : 3).k̃!2 + k̃?(y′ : 3).k̃!4.

which is formed by two processes that are carrying on a session
over the private channelsk andk̃. We get

{k : !3.?(2 ∨ 4).end, k̃ : ?3.!2.end + ?3.!4.end} ⊢ S
τ−→ Σ′ ⊢ S

′

whereΣ′ = {k : ?(2 ∨ 4).end, k̃ : !2.end ⊕ !4.end} andS
′ =

k?(x : 2 ∨ 4) ‖ k̃!2, while  S
′ : {k : ?(2 ∨ 4).end, k̃ : !2.end}.

The descriptor of̃k in Σ′ is the internal choice between!2.end and
!4.end, since an observer does not know if the value3 was received
by the process̃k?(y : 3).k̃!2 or by the process̃k?(y′ : 3).k̃!4.
Instead the descriptor of̃k in the typing ofS′ is !2.end, since the
value3 was received by the processk̃?(y : 3).k̃!2.

More precisely the session environments created in the opera-
tional semantics starting from an initial system assigns toprivate
channels descriptors equal to or smaller than the session environ-
ments used in typing. This is the content of the following lemma
which is the cornerstone of the proof of progress.

LEMMA 3.5. If S is initial and ⊢ S
τ

=⇒ Σ ⊢ S
′, and  S

′ : Λ,
thenΣ(k) ≤ Λ(k) for all k which occur inS

′.

An interesting consequence of the lemma above is that our sys-
tem satisfies thefidelity of communications [22], that is to say, that
once a session is started communications happen in the expected
order and they exchange data of the expected types.

We now state the progress theorem.



THEOREM 3.6 (Progress).Every initial system satisfies the progress
property.

It is interesting to note that if we disregard the order in thesession
stack (i.e., we use session environments in all the rules) and we
allow an arbitrary session stack in the premise of ruleT-RECEIVE,
then we get a type system which still enjoys subject reduction but
no longer guarantees progress.

4. Related work and conclusions
We have defined a semantic theory of session types by subverting
the usual session type presentations, where the subtyping (and
subsession) relations are introduced first, and then shown to be
sound. Here we have focused on duality as the main characterizing
feature, and defined subtyping and subsessioning in terms ofit. Our
approach is akin to the testing approach to process semantics [8]:
the notion of “passing a test” is embodied in our notion of duality,
and subsessioning is the preorder induced by comparing the duals
of two session types. In particular, two session types are equivalent
if they have the same set of duals. Unlike the standard testing
theories, our notion of duality is symmetric (in the spirit of the
session types literature).

We see two main contributions of this work. First, we give se-
mantic foundations to several concepts that can be found scattered
in the literature of session types. Second, we provide Boolean com-
binations of session types. The price to pay is, of course, anin-
creased complexity of the system and, to a lesser extent, of the
syntax. For instance, the subtyping algorithm of [16] looksmuch
simpler than the algorithm presented here. Nonetheless, our ses-
sion types arise as a combination of orthogonal operators: those
for communication and those for branching. This gives a straight-
forward solution to the problem of computing the meet of possi-
bly recursive session types, which arises in those contextswhere
session types areinferred from processes as opposed tochecked
against processes [26]. Also, we shift from label-driven totype-
driven branch selection. At first sight, this may seem a regression,
insofar as it demands run-time type checking. This is not so in prac-
tice. First, when sessions are used as in any of the existing ses-
sion types proposals, branching can be easily optimized by reduc-
ing run-time type checking to label/class matching. Second, general
value-based dispatching can be implemented very efficiently any-
way [13], with the exception of session type values which mayre-
quire to check subsessioning. In any case, it is reasonable to assume
that the matching overhead is negligible with respect to latency
time of communications typical of service-oriented computing and
that in a distributed, untrusted environment such as the Web, some
kind of run-time checks will be needed anyhow.

From a technical viewpoint we introduce several novelties.We
devise a new labeled transition systemfor session descriptorsin
which actions represent values rather than types, and we give a se-
mantic characterization of the subsessioning relation in terms of a
set-theoretic interpretation of session descriptors. Thesame inter-
pretation is used to give semantics to a complete set of Boolean
operators for session descriptors. With respect to concurrency the-
ory we introduce an original treatment of output signals, byimple-
menting a form ofpartial asynchrony. This treatment is similar to
the one proposed by Castellani and Hennessy [7] for asynchronous
CCS, where outputs cannot be blocked even if they guard external
choices (we dubbed this property “output irrevocability”). How-
ever, in our setting output signals are allowed to have a continu-
ation. Thus the order of actions specified by a session type must
be strictly followed (equivalence of session types modulo permuta-
tion of prefixes as in [20] is left for future work). Technically, this
corresponds to observing inputs even in the presence of (partial)
asynchrony.

The process language mixes and synthesizes several techniques
that are scattered all over the literature. In particular itborrows the
type-based dynamic selection of external choices and the technique
of tagged channels from [4] and the use of polarized channelsto en-
sure subject reduction from [16]; its typing discipline improves ex-
isting stack-based typing techniques [12], by sparing redundancies
and resulting in compact and readable rules.

We already remarked that, unlike [23, 3], we did not include in
our session descriptors a construct for parallel composition since
in many cases they can be rendered by well-known expansion laws
(see [9] for an example). Indeed while we think that internaland
external choices are necessary to safely approximating thebehav-
ior of a generic session (a general service must be able to offer
some choices to a client and, according to the interaction with
the client, make some internal choices that determine the prose-
cution of the session), we reckon that the introduction of paral-
lel composition would limit the application of our theory tofewer
programming languages. The reason is that the session interaction
we consider here is a two-parties synchronization, therefore it can
mostly be simulated by internal and external choices via some ex-
pansion laws. If session atomic synchronization involved more than
two parties or offered the choice between several outputs, then this
would no longer be true. By not introducing a parallel composi-
tion we let different type systems to use different expansion laws
and thus type different kinds of parallel composition of processes
(interleaving, restricted parallelism, asymmetric parallelism, and so
on): if we added a parallel composition to our types we would limit
the application of our theory only to calculi/languages in which the
parallel composition of processes had the same semantics. In this
respect we completely embrace the conclusions of [18].

There exist several related works both in general concurrency
theory and more specifically in the rich literature on session types
(see [31] and the references in there).

Session types are behavioral types and, as such, they can be put
in the context of generic type systems [23], where types takethe
form of CCS terms describing the input/output flows of processes.
Acciai and Boreale [1] useCCS terms as session types for the ser-
vice calculus CASPIS [2]. In [23, 1] types are processes and, as
such, they reduce according to a labeled transition system.This
type reduction simulates the reduction of the processes they type.
The subject reduction property states that if a process has some type
T and it reduces to another process, then the reduced process has
a type that can be obtained by reducingT . Our types simulate the
process behavior except that they do so after projecting theoverall
behavior of a process on the various (session) channels it uses. So
instead of having aCCSprocess that describes the communications
of a process we have a set of pairs channel/projected communica-
tions that provides a partial, though somewhat more detailed view
of the process’ communications. The view is partial becauseit does
not capture the temporal dependencies between interactions occur-
ring in different sessions, but it is more detailed than a plain CCS
process because it describes interactions that have the same granu-
larity (in terms of exchanged values/sessions) as those occurring in
processes. In addition, we use the labeled transition system of ses-
sion descriptors also to formally define their duality and then their
semantics.

Subtyping relations for session types are studied in [29, 16, 11,
15, 17, 30]. In these works the definition of the subtyping relation
is driven by the requirement that a channel of a smaller session type
can be safely used wherever a channel of a greater session type is
expected. This leads to the standard covariance and contra-variance
of inputs and outputs, respectively [28]. Since in the citedworks
choices are guarded by labels, it turns out that external andinter-
nal choices have the same subtyping relation as record and variant
types, respectively: an external choice is smaller than another ex-



ternal choice that offers more choices, whereas an internalchoice is
smaller than another internal choice that offers less choices. This is
reflected in Section 2.5 by our (EXT-CHOICES) and (INT-CHOICES)
rules, while the subtyping relation between external and internal
choices (rule (M IX -CHOICES)) is a novelty of our approach. In all
the mentioned works it holds the following relation betweensub-
typing and duality, first stated and proved in [29]:η ≤ η′ if and
only if θ′ ≤ θ for all θ ⋊⋉ η andθ′ ⋊⋉ η′. This relation implies the
uniqueness of dual types modulo the equivalence relation induced
by subtyping. Since we associate with each session descriptor aset
of duals that is upward closed, this property cannot hold as stated in
our setting. However it holds if one considersthecanonical dual of
a descriptor, that is, the smallest descriptor in a set of duals. In fact,
it can be shown that every viable descriptor has a unique canonical
dual and, remarkably, this is the one obtained by syntactically com-
plementing normal forms (see Section 2.5). It is thus the working
object of the algorithms and, though we gave a semantic character-
ization of it, it is more of syntactical nature and, as such, nicely fits
the purely syntactical approach of the cited works.

As regards future research, the natural continuation of this work
is to extend the semantic framework we propose to the features that
we cannot account for yet. Specifically, we aim at studying poly-
morphism (to model session descriptors of [15]), exploringcom-
munication models other than output irrevocability, and extending
our types to multi-party sessions. On the technical side, weaim at
relaxing the contractivity conditions to be able to encode all the ex-
isting session types for dyadic interactions. Another restriction of
the presented theory is that received public channels can only be
used for performing request operations, whereas accept operations
can only be performed on statically known, public channels.This
restriction could be relaxed by designing two distinct session types,
say begin?.η and begin!.η, classifying those public channels on
which accept (respectively, request) operations can be performed.
Then, their intersection would classify those public channels ad-
mitting both operations. Unfortunately, extending the framework
with these two types causes a significant complication of thesub-
typing relation, and we were unable to produce a corresponding al-
gorithm. Whether and how these two types can effectively co-exist
is currently being investigated.
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