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Abstract

We construct two inverse limix-models which completely characterise sets of terms with
similar computational behaviours: the sets of normalistmgad normalising, weak head
normalising\-terms, those corresponding to the persistent versionsesktnotions, and
the sets of closable, closable normalising, and closabdel nermalising\-terms. More
precisely, for each of these sets of terms there is a comelépyp element in at least one
of the two models such that a term belongs to the set if and ibiitly interpretation (in

a suitable environment) is greater than or equal to thatehenWe use the finitary logi-
cal description of the models, obtained by defining suitatiersection type assignment
systems, to prove this.

Key words: Lambda calculus, intersection types, models of lambdaikadc Stone
dualities, reducibility method.

1 Introduction

The aim of this paper is to present twemodels which completely characterise
well-known computational properties afterms. We consider nine computational
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properties of\-terms and corresponding nine sets\ekrms: the sets aformalis-
ing, head normalisingweak head normalising-terms, those corresponding to the
persistentversions of these notions, and the setslotable closable normalising
andclosable head normalising-terms.

We build twoinverse limitA\-modelsD,, and&,,, according to Scott [28], which
completely characterise each of the mentioned sets of tévlose precisely, for
each of the above nine sets of terms there is a corresponiéimget in at least one
of these models such that a term belongs to the set if andfatdynterpretation (in
a suitable environment) is greater than or equal to thatehenThis is proved by
using the finitary logical descriptions of the mod@&lg and&.,, obtained by defin-
ing two intersection type assignment systamshe following way. Starting from
atomic types corresponding to the element®gfand&,, we construct the set’
andT® of types using théunction typeconstructor and thitersection typeon-
structor. Then, we define the séf& andF¢ of filters on the sef8” andT?, respec-
tively. Following Scott [30], Coppo et al. [10], and Ales8i]we will show that the
setsFP and.F¢ (ordered by subset inclusion) and the corresponding ieviarst
A-modelsD,, and&,, are isomorphic as Scott domains. This isomorphism falls in
the general framework dbtone dualitiegJohnstone [18]). This framework later
received a frame-theoretic explanation by Abramsky in tleafer perspective of
“domain theory in logical form” [1]. The interest of the al®isomorphism lies
in the fact that the interpretations afterms inD,, and€&,, are isomorphic to the
filters of types one can derive in the corresponding typegassent systems. This
gives the desired finitary logical descriptions of the med&herefore, the primary
complete characterisation can be stated equivalentlylisvia a term belongs to
one of the nine sets mentioned if and only if it has a certgme (yn a suitable basis)
in one of the obtained type assignment systems.

In order to prove one part of this property we apply teducibility method It
is a well-known method, based on a set-theoretic semantigges, for proving
the strong normalisation property of various type systerag (32], Tait [33], Gi-
rard [17], Krivine [20], [21], Mitchell [24]). The reducibty method is also used
in Leivant [22] and Gallier [14] for characterising stropglormalising terms, nor-
malising terms, head normalising terms, and weak head nisingaterms by their
typeability in various intersection type systems. In Dezdral. [13] the reducibil-
ity method is applied in order to characterise both the noaetl sets of terms and
their persistent versions.

In all these papers different properties are charactebgedeans of different type
assignment systems. So, the novelty of our approach is theacierisation of all
nine computational properties of terms by meansrd§ two type assignment sys-
tems which induceA-models. Moreover, in all the papers mentioned, different
computational properties require different type intetatiens in the reducibility
method, whereas we adapt the reducibility method usimlg two type interpreta-
tionsfor all nine computational properties.



The most intriguing part of the other direction of the praothie one concerning the
persistently normalising terms. For that reason we devalopw characterisation
of these terms which is less general but much simpler thamrnleepresented in
Dezani et al. [13].

Lastly, we remark that there aggpparently twdkinds of semantics for intersection
types in the literature and that the present paper dealshaith of them. Theset-
theoreticalsemantics, originally introduced in Barendregt et al. ffi@neralises the
one given by Scott for simple types (Scott [29]). The measiaftypes are sub-
sets of the domain of discourse, arrow types are defindoigésal predicatesand
intersection is the set-theoretic intersection. This gerosais the basis of our ap-
plication of the reducibility method. The second semantiew/s types asompact
elementof Plotkin’s A-structures (Plotkin [26]). According to this interpredet,
the universal type denotes the least element, intersesctienote joins of compact
elements, and arrow types allow to internalise the spacemtircuous endomor-
phisms. This semantics allows us to obtain the isomorphishseen the models
D, and&,, and the set? and.F¢ of filters of types. It is also true that these two
kinds of semantics are strongly relatedSlis a Scott domaing € S is compact,
and we define the basic open sub&t= {d € S | ¢ C d}, then the set of all
Q. is a basis for the topology of. Moreover, basic open subsets are closed un-
der intersection and basic open subsets of function spaeedefined by logical
relations.

The paper is organised as follows. Section 2 discusses #igydoetween intersec-
tion types and inverse limit domains. In Section 3 the mo@elsand&, are built.
In Section 4 we define intersection types and build $&tandF¢ of filters in order
to prove the isomorphism between the inverse likarhodels and the filter models.
The corresponding intersection type assignment systeendedined in Section 5.
The main resultis a complete characterisation of comprtatibehaviours of terms
by their typeability in the corresponding type systemssTikistated in Section 5
and one direction of the equivalence is proved there foraaés but for persistently
normalising terms. Section 6 deals with the case of perglgteormalising terms,
which needs the notions of replaceable and non-replaceahbbles. In Section 7
we prove the other direction of the equivalence using stahtéchniques of the
reducibility method adapted for these type systems.

A preliminary version of the present paper (dealing onlyhwtite first six sets
of terms) was presented at the International Workshop onriRegvin Proof and
Computation (RPC’01, Tohoku University 25-27/10/2001n&=, Japan) [11] and
at the Types Workshop (TYPES 2002 24-28/04/2002, Nijmegka Netherlands).
An extended abstract of the present paper is [12].



2 Inverse Limit \-Models and Intersection Types

Stone dualityallows to describe special classes of topological spacesdans
of (possibly finitary) partial orders. The seminal resulthe duality between the
categories of Stone spaces and of Boolean algebras (sestdioéri18]). Other
very important examples are the descriptionsvedlgebraic complete latticeas
intersection type theoriem Coppo et al. [10],Scott domainss Scott informa-
tion systemsn Scott [30], andSFP domainsas pre-localesin Abramsky [1]. It
is worthwhile to mention also Martin-Lof’'s domain integpation of intuitionistic
type theory in [23]. In fact, [23] gives an explicit syntactresentation of do-
main theory and the discussions after Martin-Lof’s préaeon of this paper at the
Chalmers Workshop raised a number of questions and corgsatuainly answered
by Abramsky in [1]. Notice that all the above mentioned diediare discussed in
[18].

Intersection type theories offer a syntactic (i.e. finijjagproach to presenting the
compact elements of certain domain constructions.

In the literature intersection types are usually employediescribingu-algebraic
complete lattices. Instead, in this paper we describe Soatiains (i.e. consistently
completew-algebraic cpos) by means of intersection types, wherentieesection
between types is a partial operator. In fact intersectigpesywith partial intersec-
tion and equipped with preorders (iiatersection type theori¢decome essen-
tially equivalent to Scott information systems, as firstexian Coppo et al. [9] and
proved in Alessi [3].

It is well known (see [28, 2]) that the category of Scott dansddOM with em-
bedding projections has solutions for domain equatione@fdrm

X ZF(X)
Co — X

whereF : DOM — DOM is continuous and, is a given Scott domain such that
Co <— F(Cy). The solution is obtained by computing the inverse limithef thain
of projections

Co < F(Cy) < F(F(Cy)) ...

We are interested in the following two cases:

e [ is the function-space functd¥ — [X — X/,
e [ is the lifted function-space functo¥ — [X — X],.

In each case, the solutigh, computed by the inverse limit produces\anodel,
called aninverse limitA\-model(see [7], Chapters 5 and 18).



More precisely, leff, : C, — F(Cx) andG : F(Cy) — C. denote the two
canonical isomorphisms of either soluti@ny ., be the set of all mappings from the
set of term variables t6., and letp range oveEnv,,. Then, the standasemantic
interpretation] [*° : A x Env,, — C, Of A-terms is given by:

[«]5 = p@)
[tul = Foo([t]5) (ul7)
[A2t]° = Goo(Nd € Coo-[6]554 /1),

where for the third clause we have taken the advantage o&thétfat, in any case,
every continuous endofunction @, belongs tdF(C..).

Clearly, the inverse limit\-models can be described in terms of their compact
elements. As stated in the proof sketch in Coppo et al. [10] fally proved in
Alessi [3], these can be denoted by taking:

(1) the types freely generated by closing (a set of atomiesygorresponding to)
the elements of the initial cpo under thenction typeconstructor— and the
intersection typeconstructom betweencompatibletypes, where two types
are compatible if the corresponding elements have a join;

(2) the preorder between types induced by reversing the andée initial cpo
and by encoding the initial embedding, according to theesprondence:

function type constructor ~ step function

intersection type constructor ~ join.

To conclude, we recall a well-known relation between joihstep functions (see
for example Gierz et al. [16]). Given compact elemerasdb in the Scott domains
A andB respectively, the step functian=- b is defined by

Nd. if aC dthenbelsel.

Given a Scott continuous functigh: A — B, one has that
f is greater than or equal to= b iff f(a) is greater than or equal to

Since we wish to deal only with compact elements, we areasted in the case
whenf : A— Bis compact, i.ef =|l;c;(a; = b;). Then we have:

| |(ai=b;) Ja=biff | |b;Jb, whereJ ={icl|ada} (1)

iel e



In view of the above given correspondence between stepifuns;toins and type
constructors the statement (1) can be rewritten for typésliasvs:

N(A—B) < A—Biff (\Bi<BwhereJ={icI|A<A} (2

el icJ

where we use the standard notation for types and preordeheon(obtained from
Definitions 10 and 14 by replacing pretypes with types). Qo (2) holds for

almost all intersection type theories considered in thexdire, in particular for
those in the present paper and in [4], appearing also inghigel Section 6 of [4]
discusses similarities and differences between these &perp.

3 The Models

We use standard notations foterms andj-reductions.

Definition 1 (The setA of A-terms) The setA of (type-free)\-terms is defined by
the following abstract syntax.

A == wvar | (AA) | (AvarA)

var == x|var

We usezx, vy, z,...,x1,... for arbitrary term variables antl u, p,...,t;,... for
arbitrary terms. When writing the terms we assume the stanctanventions on
vectors, parentheses and dots [7], namelyu t is a short for

21 (.. (aty) . )t .. ),

where t ist;...t; andk is thelengthof t. Theinitial abstractionsin the given
term arel\x; ... Az,

FV(t) denotes the set of free variables of a terrBy t[z := u] we denote the term
obtained by substituting the termfor all free occurrences of the variabten t,
taking into account that free occurrences of variablea cdmain free in the term
obtained.

The axiom of-reductionis (Az.t)u —4 t[z :=u]. A term of the form(Az.t)u is
called ag-redex The congruence induced by the transitive reflexive clostire 5
is denoted by—4: it is closed under substitutions. A termasnormal formif it
does not contai-redexes.

We introduce now the computational behavioursheterms we want to charac-
terise.



Definition 2 (Normalization properties)

(1) Atermt has a normal formt € N, if t reduces to a normal form.

(2) Atermt has a head normal form € HN, if t reduces to a term of the form
M\Z.yt (where possibly appears inz).

(3) Atermt has a weak head normal forme WA, if t reduces to an abstraction
or to a term starting with a free variable.

For each of the above properties, we also consider the pameggpersistent
version (see Definition 3Rersistently normalisinterms were introduced in Bohm
and Dezani [8].

Definition 3 (Persistent normalisation properties)

(1) A termt is persistently normalising € PN, if tu € N for all termsu in
N.

(2) A termt is persistently head normalising € PHN, if tu € HN for all
termsu.

(3) Atermt is persistently weak head normalisinige PWN/, if tu € WN for
all termsu.

We also consider the reducibility of terms to closed terrmg]dsed normal forms,
and to closed head normal forms.

Definition 4 (Closability properties)

(1) Atermtisclosablet € C, if t reduces to a closed term.

(2) A termt is closable normalisingt € CN, if t reduces to a closed normal
form.

(3) Atermt isclosable head normalising € CHN, if t reduces to a closed head
normal form.

Example 5

LetI = Ax.z, Wy = Arax, Wy = WoW,, Y = Af.(A\zx.f(zz))(A\x.f(xx)),
K = \zy.x.

o \z.2W,yW, € N, but \z.2W,oW, ¢ PWN (hencehz.zW,oW, & PHN),
since (Axz.2WyWy)I —5 WoW, ¢ WA Notice that\z.aWyWy ¢ PN
sincel € N. Finally, \z.2Wy;W, € CN.

o \z.yW, € PHN, but\z.yW, ¢ N.

o \z.2W, € HN, but \z.2W, ¢ N and\z.2zW, ¢ PWN, since
(Az.2W, )Wy —5 WoW, ¢ WN. Moreover\z.z W, € CHN, but
Ar.xWy & CN.

e YK € PWN,butYK ¢ HN, henceYK ¢ PHN.

e \t. W, € WN, but\z. W, ¢ HN and \x. W, ¢ PWN, since(Az. W)t
—3 Wy ¢ WN. Moreover\z. W, € C, but\z. W, ¢ CHN, hence\z. W, ¢



CN.

PN
PH/\; NN CN
PHN/ \N C?i/\/

=

PWN HN

S

/§

A

Fig. 1. Inclusions between sets biterms

The following proposition, represented pictorially by &g 1, sums up the mutual
implications between the above notions.

Proposition 6 The followingstrictinclusions hold:

PN ¢N CHN CWNGA
PN ¢ PHN € PWN ¢ WN
PHN ¢ HN

CN GCCHN ¢C  ¢A

CN CN

CHN G HN.

No other inclusion holds between the above sets. Moreover

PHN = PWN NHN PN ¢ PHN NN
CHN =CNHN CN =CnNnN
CNPHN =10 CNPN =0.

PROOF.

A persistently weak head normalising tetns either an unsolvable term of order
oo (as defined in Abramsky and Ong [2]), i.e. for allthere isu such thatt =3
Axi...xp,.u, Oritis a solvable term such that the head variable of itslmeamal



form is free. In fact, ift is an unsolvable term of finite order, ite=3 Az, ... z,.u
whereu is unsolvable and it does not reduce to an abstraction, theg V\i/\/,
whereu aren arbitrary\-terms. Ift =5 Axryz.yu we gettx W,z —3; Wyu' ¢
WA, where x has the same length as, z has the same length as, W, is

—

defined in Example 5, and = G[7 := X,y := Wy, 7 == Z].

The above discussion also shows that a persistently headafising term is a
solvable term such that the head variable of its head nownal s free. So we get:

PHN = PWN NHN.

From the same example we have that a necessary conditiomtwnaalising term
to be a persistently normalising term is that the head viriabits normal form is
free. This condition is not sufficient, since for examphe.y(xz)) Wy —5 yW,
(W, andW, are defined in Example 5). Being..y(zx) € PHN and\z.y(zx) €
N this term shows that:

PN & PHN NN.

For closable terms we clearly have:

CHN =CNHN CN =CnNnN
CNPHN =10 CNPN =0.

The above discussion gives some inclusions between thentwets of terms, and
Example 5 shows differences between them. The remainidgsions easily fol-
low by definition.

Our goal is to build two inverse limik-models (Scott [28]) which satisfy the fol-
lowing condition:

for each one of the above nine sets of terms there is a comelpg element in
one of these models such that a term belongs to the set ifftégpretation (in a
suitable environment) is greater than or equal to that eletne

We therefore need to discuss the functional behaviourseofdhms belonging to
these classes, in particular with respect to the step fomsti

A weak head normalising term either reduces to an abstraotito an application

of a variable to (possibly zero) terms: in both cases (in tableé environment) it
behaves at least as well as (i.e. its interpretation is greatequal to the interpre-
tation of) the step function. = L. Therefore, we can choose the representative
of the step function. = 1 as the element which corresponds to the)$gt’. We
need to consider a model in which this step function is nobtittom of the whole
domain, i.e. a solution of the domain equatibn= [D — D], where as usual
[D — D] is the domain of continuous functions fromto D and is the lifting
operator.



A persistently weak head normalising term applied to anylmemof arbitrary terms

gives a weak head normalising term, i.e. it behaves at leastedl as the step

functions| = ... = | = 1 for any valuen. Therefore, the element representing
N——————

LU,en(L = ... = L = 1)isagood candidate for the correspondence with the set

PWN.

A head normalising term, when applied to a persistently headalising term,
reduces to a head normalising term: in its turn a persigtéethd normalising term
applied to an arbitrary term gives a persistently head nbsimg term. Therefore,
if h andh are two elements corresponding to the §etg andPHN respectively,
they represent the step functionss h and_L = h.

A normalising term is also a head normalising term and tloeeat behaves at least
as well as the step functidn = h. Similarly a persistently normalising term is
also a persistently head normalising term and thereforehtbes at least as well
as the step functiot. = h. Moreover, a persistently normalising term applied to a
normalising term gives a persistently normalising terme®©an show that:

Proposition 7 The application of a normalising term to a persistently natising
term is in turn a normalising term.

PROOF.

We show that ifu € N andt € PN, thenut € N. We can assume that is
in normal form. Ifu is A-free it is trivial. Otherwise letn = \z.u’. The proof is
by induction on the number of occurrencesxoin u’. The basic step, i.e: does
not occur inu’, is immediate. Ifx occurs inu/, letu’ = C[z], where the hole in
C[ ] identifies the left-most occurrence ©fin u'. Lety be fresh: by the induction
hypothesig\z.C[y])t —5 C’[y] andC’[y] is in normal form. By construction there
is exactly one hole i’[ |. Let u be all the terms to which] is applied inC’[ |.
Sincet € PN, tu € A and thereforé\y.C’[y])t € N too. We concludait € N
sinceut =5 (Azy.Cly])tt =5 (\y.C'[y])t.

Therefore, ifn andn are two elements corresponding respectively to the/gesd
PN, they represent the functiofls = h) L (7n = n) and(L = h) U (n = n).

A closable term applied to a closable term reduces to a desatm. Then, ifc
is the element representing the 8eit behaves like the functioa = c. The key
observation here is that there are closable terms kg see Example 5) which
are not weak head normalising, and therefore we need toedquatd | = L, i.e.
we need to consider a solution of the domain equafios [D — D]. Moreover
we do not have a join betweenandh (and hence) since all persistently head
normalising terms are open.

10



To sum up we consider a latti@@, with elements, h U n, h,n, h, L and a cpct,
obtained by adding t®, the element and the relative joins (see Figure 2).

We suggest the reader to compare the inclusions betweeof seterms (Figure 1)
with the cpo&, (Figure 2): this makes apparent the correspondence betpvepn
erties of terms and elements &f.

In Section 2 we recalled that the construction of inversatlikamodels is para-
metric in the initial cpos and the embedding between theminSbe following

definition we take particulaP,, D, and&, &, as well as} andi§ in order to build

two inverse limit\-modelsD,, and&...

Definition 8

(1) LetD,, be the inverse limik-model obtained by taking @B, the lattice in
Figure 2, asD; the lattice[D, — Dy],, and by defining the embeddiify :
Dy — [Dy — Do), as follows:

iP(A)=(L=h)U(n=n), iP(n)=(h=h)U (R =n),
iP(hy=L=h, PMh)=h=h  PL)=L

(2) Let&, be the inverse limih-model obtained by taking & the cpo in Fig-
ure 2, as&; the cpol&y — &), and by defining the embeddirfg: & —
(€ — &) as follows:

i£(A)=(L=h)U(n=n), i(n)=(h=h)U(H=n),
i€(h) = L = h, i€(h) =h = h,
i5(c)=c=c, iS(L)=1= 1.

(3) We will denote the partial orders di,, and&,, by TP and ¢, respectively.

Since each variable is clearly a persistently normalisaigt it is meaningful to
interpret terms in the environment which maps each variabikee elemené. The
main result of our paper is:

Theorem 9 (Main Theorem, Version |) Let D, and &, be the inverse limit\-
models defined in Definition 8 ang the environment defined by(x) = n for all
x € var. Then:

(1) t € PAiff [t]2= 3P Aiff [t
) teNiff[[t]]Dnoo 2P niff [¢]:
(3) t € PHN iff [t]D~ :Dh.ff[[]]foo :Sﬁ
(4)teHNiff[[]]Doo:|Dh|ff[[]]5w € h;

(5) t € PWN |ff[[]]D°° P LlneN(i:> = L= 1)

I 2 o

11



Fig. 2. The latticeDy and the cpd&y

(6) t € WA ff [t]7~ JP L = 1;
(7)1:€C./\/'if'f[[t]]’S D¢ cun;
(8)teCHNn‘f[[ Eo 2% c Uy
(9) t € Ciff [t]E= 2 c.

The proof of this theorem is done by means of finitary logiedaiptions ofD_,
and&,, obtained by defining intersection type assignment systarBgction 5.

4 Types and Filter Models

In the present section we will exploit the duality descrilie8ection 2 for building
finitary logic descriptions of the two inverse limitmodels introduced in Defini-
tion 8.

Let & be the lattice obtained frorfi, by adding the missing joins anﬂ,o the
inverse limit \-model obtained fron€, by taking as&; the cpol§, — &, and

as initial embedding the embeddiifg of Definition 8. We first define pretypes
corresponding to the elements&f and then types corresponding to the elements
of D and&..

Definition 10 (The setPof pretypes) The setPof pretypes is defined as follows.

P o= viv|p|ply|Q|P-P|POP

Pretypes will be denoted by, B, A, ... A’

P

We give now the correspondence between pretypes and the dieinents of.
(as usual we identify an element &f with its embedding irf..).

12



A<B B<C

<
(refl) i _i . (trang A<C

<A’ BLB ,

— — <
(mon) ANB<AND (idem A<ANA
(incly) AnNnB<A (inclg) ANB<B

A<A B<LSPH

— — — < A— — —
Q) A<Q (ov) o <v 0p)  v<p
(vp) v ()  L<p
(0 =) D~ ()N (D) (v—=) v~ (i) (o)
(=) p~Q—=p (=) pw~p—p

whereA ~ B is short forA < B andB < A.

Fig. 3. Preorder axioms and rules

Definition 11 (The mappingm) The mapping: : P— & is defined as follows.

m(v) = m() =

m(p) = m(fi) = h

n(y) = n(©) = 1

m(A —B) =mn(A) = n(B) m(ANB) =mn(A) Un(B).

The mapping allows us to single out the sets of types.
Definition 12 (The setsST” and T of types)

(1) A pretypeA is aD-type,A € T” iff m(A) € Dy,
(2) A pretypeA is an&-type,A € T iff m(A) € &...

Types will be denoted by, B, ..., A, .... When writing types we shall use the
following convention: the constructor takes precedence over the constructer
which associates to the right. For example

(A-B—-C)NA—-B—-C=((A—=(B—C))NA)—(B—C).

MoreoverA™ — B will be shortforA — --- — A — B (n > 0).

n

Remark 13 Definition 12 makes intersection on types a partial operatidc-
tually, given typesA, B, the pretypeA N B is a type iff the compact elements
m(A),m(B) have ajoin.

13



We can now give the preorders on pretypes and on types.

Definition 14 (Preorder on pretypes) The relation< on pretypes is defined by the
axioms and rules given in Figure 3.

In Figure 3 the first eight axioms and rules correspond todstathproperties of
joins and step functions. The successive five axioms minei@#itial order orD,,.
The last four axioms encode the initial embedding of the @onts different from
~ andf).

Being N commutative and associative, we will writg_,, A; for A, N ... N A,.
Similarly we will write N,;c; A;. We convene that, J, K etc., when referred to as
sets of indices for types, always denote finite sets andhgt4; is (2.

Definition 15 (Preorders onT” andT) (1) The relation<y, is defined o” by
the axioms and rules of Figure 3 plus the following axiom:

(Q—) A—-Q< Q-

(2) The relation< is defined of® by the axioms and rules of Figure 3 plus the
following axioms:

Q) Q<Q-Q (v—=) v~7—7

The axioms(Q2 —) and (Q-n) reflect the differences between the embeddifgs
andi§ on L. Notice that(Q-n) and () imply (© —). The axiom(y —) encodes
the initial embedding of the constant

Remark 16 The partial orders induced by the preorders, and < do not col-
lapse the sets of typed” and T to a single point: this is a consequence of
Lemma 44 in Section 7.

The setd” andT* are not downward closed undet, e.gi € TZ, & € T¢ and by
rule (incly) N~y < o, buto Ny €T, N~ ¢TE.

We build filters on the set of pretypes and then single out ttexdion the sets of
types.

Definition 17 (The setsFP and F¢) (1) Afilteris a set= CPsuch that:
(@ Qez;
(b) if A< BandA € =, thenB € =;
(c)ifA,Bez= thenANB e Z;
where< is the preorder defined in Figure 3;
(2) if = CIP, then? = denotes the filter generated By
(3) afilterisprincipalifitis of the shapg { A}, for some typel. We shall denote
T {A} simply by 4;
(4) FP denotes the set of filteE such that
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(@) if A e =, thend e T;

(b) if A<p BandA € =, thenB € =Z;
(5) F¢ denotes the set of filteB such that

(a) if A € Z, thend e T¢;

(b) if A< BandA € =, thenB € =.

It is easy to verify that botl#? and F¢, ordered by subset inclusion, are Scott
domains. As is well known, the compact elements are prgdikelprincipal filters,
and the bottom element {sQ2. Further,F? is anw-algebraic complete lattice, since
it has the top elemefiit”.

Using the mapping we can show thaf” andD,, are isomorphic as-algebraic
complete lattices, and th&® and &, are isomorphic as Scott domains. In this
respect, it is useful to show that the mappinggrees with the preorders on types
and the partial orders on inverse limimodels. LetV € {D, £}.

Lemma 18 For all typesA, B € T¥ we have:

m(A) 2V m(B) iff A <y B.

PROOF.
For the reader’s convenience we rewrite here the staterheaot Section 2:

| |(ai = b;) Ja=biff | |b;Jb, whereJ={icl|ada;} 3)

i€l ieJ
Notice the set/ can be empty and in this cabe= | .
We show thatd <y B impliesm(A) 3V m(B) by induction on<y. The axioms on
constant types just mimic the order on the initial cpos ardititial embeddings.
Axiom (2 —) immediately follows from the definition of the step functiofhe
only interesting cases are axior-(0) and rule ).
For axiom (= N) we have to show that

n(A—BnNC) cVv n((A—=B)N(A—=C))

which is equivalent to

m(A) = (m(B) Un(C)) CY (m(A4) = n(B)) U (m(A4) = n(C)).
Then, the statement follows by (3), taking= a; = a = m(A),b; = m(B),by, =
n(C),b =mn(B) Un(C).
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For rule @), let A’ <y A andB <y B’. By the induction hypothesis(A) CV
m(A’) andm(B’) CV m(B), hence by (3n(4’) = m(B’) CY m(A) = m(B). Thus
we getm(A’ — B’) CV m(A — B) by the definition ofa.

Now we show that(A) 3V m(B) implies A <y B by structural induction on
A and B. First notice that each type is an intersection of type @nmistand ar-
rows. Moreover, each type constant (different frinm case of<p) is equivalent
to an intersection of arrows between constants. So eachinyipéis either an in-
tersection of2 or it is equivalent to an intersection of arrows, each typ&irs
equivalent to an intersection of arrows. More precisely} i not an intersection
of QorV = £ thenA ~V N, (B; — C;) for somel, B;, C; such that eact;, C;
is either a constant or a subtype.f

If both A and B are type constants then bathA) andm(B) are elements of the
initial cpos: just notice that there is a one-one correspand between the preorder
on type constants and the partial order on the initial cpos.

If Bis an intersection of? the proof is immediate. If is an intersection of? then
m(A) = L and this impliem(B) = L. If V = D itis easy to verify that only
intersections of) are mapped intd.. So B must also be an intersection Qf

Otherwise we getl ~V M (AN — AP ) B ~Y Miep(BY — B®), for some
1,AM AP 1 BV, B( ) such that eactt, A is either a constant or a subtype
of A and eachB(1 ) IS either a constant or a subtype®f Letm(A(h)) = agh),
(B(h ) = bl h = 1 2. Then, since by above equivalent types are mapped into
the same eIemenh(A) = Ui,V = a?) andn(B) = [, (b" = b?).
By (3), m(A) 3V n(B) implies that for eacll € L |c;,al” 3V b where
—{iel| b(1 3V alV}. By structural induction on types, we get tivat , A;
g B for eachl € L, where, = {i € I | B" <y A"}. By () rule
NicJ, AW Nics, A AP® <g B — B? ltis easily provable thatA() — AN
(AL — AP) <g (AW N A(1 ) — (AP N AD) for anyp,q € N. Therefore,
Mier(AY — AP ) <y Nies A = Nicy, AP, and we can concludé <y B

Theorem 19 (Isomorphism)
(1) The mapping* : P +— D, defined by

w'(2) = | n(4)

Ae=

is an isomorphism betweeR” andD,..
(2) The mapping* : F¢ — &, defined by

' (Z) = | m(4)

Ae=
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is an isomorphism betweef and&...

PROOF. Notice thatm*(T A) = m(A). Then the result is obvious since the map-
ping is an order-preserving bijection between the compaoctents.

5 The Type Assignment Systems

Due to the above isomorphism the interpretations-¢érms inD,, and &, are
isomorphic to the filters of types one can derive in the follaytype assignment
systems. This gives us the finitary logical descriptiondefrnodels.

First we introduce bases and some related notationsvilet{ D, £}.

Definition 20 (Basis) A V-basisis a (possibly infinite) set of statements of the
shaper : A, whereA € TV, with all term variablest distinct.

We will use the following notations:

o If T'isaV-basisthen € T"is shortforz : A € T for someA.
e If TisaV-basisandd € T" thenT',z : Ais shortforlT' U {z : A} whenz ¢ T.

In the following, we will use bases which assign to all valéshthe same type as
well as bases which assign to all variables but one the sgpee ty

Definition 21
Ph={z:A|xevar}andl%® ={x: B} U{y: A| y € var andy # z}.

Definition 22 (The type assignment systemsTheV-type assignment system is a
formal system for deriving judgements of the fdimaV t : B, where thesubjectt

is an untyped\-term, thepredicateB is inT", andT is a V-basis. The system has
the following axioms and rules.

A el
(Ax)% (AX-Q) T t: 0
x:
(1) z:AFt: B ( E>F|—t:AHB 'Fu:A
— —
'cXxt:A— B 'Ftu:B
't:AT'Ht:B 't:A A<y B

<
() I't:ANB (<v) T't:B

This way we obtain two type assignment systems in which thvaslity is de-
noted by+-? andH¢.
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Example 23 Figure 4 gives some paradigmatic examples of deductionsritype
systems. Notice the use of intersection introduction abdwmption rules in order
to derive atomic types. All derivations but the last one abdvin both systems,
whereas the last one is valid onlylii. We omit the indexe® and&.

Having axiom (Ax£2), one can give a type to a term without assigning types to its
free variables. In this axiom, terif can be any-term. For example, in derivations
(D3) and(D4) (Figure 4) this axiom is used to type the teMW, with the type(.

Remark 24 Notice that we do not need restrictions in ryfel ) also for the system
€, since we havel N B € T® whenevel € t : A andT" ¢ t : B. This can be
proved by induction om using the Generation Theorem (Theorem 25). A shorter
semantic proof is the following: ¢ t : A andT" ¢ t : B imply by Theorem 26
[t]5~ 3% m(A) and[t]5~ 3% m(B) wherep(x) =1¢ C for (x : C') € I. Therefore,
m(A) andm(B) have a join£., being a cpo, i.em(A) Um(B) =mn(AN B), and so

by Definition 124 N B € TF.

As usual we considek-terms modulax-conversion. It is easy to verify that the
intersection elimination rules are derivable

(NE) F''Ft: ANB 'Ft:AnNnB
I'Ft: A I'~t: B

and that the following rules are admissible:

Ne:AFt: B A<y A

<
(Sv L) De:AFt:B
'Ft:B xzgT Fie: ARt B o & FV(t)
(W) I'x:AFt: B () 'Ht:B

As usual we have a Generation Theorem for our type assigrsystems: the proof
by induction on derivations follows the proof of the samepany for the standard
intersection type system (see e.qg. [4]).

Theorem 25 (Generation Theorem)

(1) Assumed £V Q. Thenl' Y z : Aiff (x : B) € I'and B <y A for some
BeT.

2)THY tu: Aiff THFY t: B— A, andT FY u : B forsomeB € T".

@) T'HY Aet: Aiff T,z : B, FY t: C; andN;c;(B; — C;) <o A, for somel
andB;,C; €TV.

3 A rule is derivablein a system if, for each instance of the rule, there is a déatudn
the system of its conclusion from its premises. A ruladsissiblen a system if, for each
instance of the rule, if its premises are derivable in théesgghen so is its conclusion.
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Fig. 4. Type derivations
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4 THY \zt: B—Aiff,z: BFY t: A.

Note that in the first case of the theorem, we have to suppaselti" , since
we can deriveé-Y z : Q) using axiom(Ax-(2).

The main motivation for introducing the type assignmenteys is to get the
meaning of a\-term in the inverse limit\-models by means of the types which
are deducible for it.

Recall that mappingg : var — F? andp : var — F¢ are called environments.
The notatiorl’ > p means that fofz : B) € I" one has thaB € p(z). The proof of
the following theorem by induction ok-terms using the Generation Theorem 25
is easy.

Theorem 26 (Finitary logical descriptions) (1) For any A-termt and environ-
mentp : var ~— FP,

[t]7" ={A €T’ |30.T>p& T FP t: A}
(2) For any\-termt and environmeng : var — F¢,

[t]7° ={AeT |30. T p& D t: A}

As an immediate consequence we get that typings are invanmeer subject con-
version.

Corollary 27 If ' -¢ t : Aandt =5 u, thenl' -y u : A.

Theorems 19 and 26 allow us to rephrase the main theorem t688¢Theorem 9,
as follows:

Theorem 28 (Main Theorem, Version Il)

D) tePNIffT, FPt: Diff Ty FE t 2 0

2t e NiffT, FP t:viff Ty FE t 1 v

(3) t € PHNiff T, FP ¢ iff Ty FE ¢ ]

(4) t € HNiff Ty FP b2 piff Ty FE ¢ 2 g

(5) t e PWNIiff T, FP t: Q» — Qforall n € N;
(6) t e WNiff T, FP t: Q —

() teCNIffT, FEt:yNu;

(8) t e CHN IffT, FE t v Ny,
(g)tEC”fFl;l_gt’y

The proofs of the-) parts of this Theorem are mainly straightforward induasio

and case split, with the exception of the case of persisterdtmalising terms,
which is treated in Section 6. The proofs of the)parts require the set-theoretic
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semantics of intersection types using saturated setshwhideveloped in Sec-
tion 7.

Proof of Theorem 289)-(2)(=)

In this proof we will use the characterisations®WAN and PHN given in the
proof of Proposition 6.

(9) We will showT, ¢ t : ~ for all t by structural induction on. If t is a
variable it is trivial. Ift = up, then by the induction hypothedis ¢ u : v
andl’, ¢ p : 7. By rule (<¢) we getl’, ¢ u : v—~ and therefore using
(— E) we concludd’, ¢ t : 7. If t = Az.u, by the induction hypothesis
[, ¢ u: ~. Then using € 1) we deducd’, ¢ t : v — ~, and we conclude
by (<¢) I', ¢ t : 7. We can conclude€ t : + for all closedt, and by rule
(W) T, ¢ t : . Derivation O5) in Figure 4 is a paradigmatic example.

(6) By Corollary 27 it suffices to considerin weak head normal form. if =
Ar.u, then we gels? P u : Q by (Ax-Q) andT, FP t : Q—Q by rule
(— 1. If t = 24, wherem is the length ofu, beingi <, Q™! —Q, we
derivel'; FP t : Q — Q using (Ax£2), (<p) and ( E).

(5) If t is an unsolvable term of ordep, i.e. for alln > 0, there isu such that
t =5 Azy...x,.u, we can derivd’, P Azy...x,u: Q7 — Q by (AX-Q)
and rule & 1). If t is a solvable term such that the head variable of its head
normal form is free, i.et =5 Az .yu, beingy <p Q™ — Q for all [, we can
derivel’;, FP Az .yu : Q" — Q, wherem is the length ofu andn is the
length of ="

(4) Again by Corollary 27 it suffices to considelin head normal form. Let =
Ay.xu wherey has lengtm andu has lengthn. We havel', Y zu : u by
rules (Ax{?), (<y) and(— E) beingji <y Q™ — pu. By (— 1) this implies
Ly EY ¢ 0" — p. We concludel, FY t : pousing €v) and(<g L). An
example is derivation4) in Figure 4.

(8) follows from (4) and(9) beingCHN = C N HN.

(3) The head variable of the head normal formtafiust be free. We can type a
term of the shapar.yu, wherey ¢ 7 as follows:T'; FV Az .yu : Q" — fi,
sincer <y Q™ — [, wherem is the length ofu andn is the length ofz.
We concludd’; -V t : i using Kv). See the derivatior)3) in Figure 4 as
an example.

(2) By (4), we getl';, -V t : p. Sincep ~ i — p, we only need to prove, FV
t : ¥ — v. The proof is by induction on the normal fortnlf t is a variable
it is trivial, since? <y 7 — v. If t = zu then by inductiorl’, -V u : v for
allu e uandwegel’, FV t : ¥ — v sincer <y v — U — v, wherem
is the length ofu. If t = \z.u then by inductiol;, -V u : v and this gives
I'; FVt:70 — vbyrule (— 1). A paradigmatic example is derivatioD2) in
Figure 4.

(7) follows from (2) and(9) beingCN =CNN.
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6 Persistently Normalising Terms

In the following section we omit the indeX. We need some definitions in order
to state the characterisation of the $8Y given in Bohm and Dezani [8] (Theo-
rem 34).

We split the occurrences of variables in normal forms infgaeeable and non-
replaceable ones. Roughly a variable is replacealteffrit can be replaced by an
arbitrary term whert is applied to a suitable sequence of arguments.

Definition 29 (Replaceable and non-replaceable variablesin a normal formt:

e All occurrences of variables bound in the initial abstracts arereplaceable

e All occurrences of free variables ar®n-replaceable

e Letzu(\zy.p) be a subterm of. Then the occurrences gfin p are (non)-
replaceabldf the showed occurrence ofis (non)-replaceable

LetRV(t) andNV(t) denote, respectively, the sets of replaceable and nomaeepble
variables oft.

Example 30 In the termAz.y(Az.z(yx)(Au.zu)) the variablesz, v are replace-
able and the variableg, = are non-replaceable.

It is easy to verify that each occurrence of a variable in anabrform is either
replaceable or non-replaceable according to the previefisition.

We can classify the subterms of a normal form, which are asgusof a vari-
able, according to whether the occurrence of this variableplaceable or non-
replaceable. Informally, a subterm of a normal fotns safe when it remains an
argument of the same variable wheis applied to arbitrary terms.

Definition 31 (Safe and unsafe subterms) ett be a normal form and:pu be a
subterm ok. Then (the showed occurrence afjs:

e anunsafesubterm if (the showed occurrence ofis replaceable;
e asafesubterm if (the showed occurrence ofls non-replaceable.

Moreovert is anunsafesubterm oft.

Example 32 In the termAz.y(Az.z(yx)(Au.zu)) the term itself and the proper
subtermsgz and \u.zu are unsafe while the subterms.z(yx)(Au.zu), u are safe.

Remark 33 The variables bound in the initial abstractions of a safeteuln are
non-replaceable, while the variables bound in the initibb&ractions of an unsafe
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subterm are replaceable.

Theorem 34 (Characterisation of PA’) (Bohm and Dezani [8]) A term is persis-
tently normalising iff in its normal form all head variable$ unsafe subterms are
non-replaceable.

Example 35 In the termA\z.y(Az.z(yx) (Au.2zu)) the unsafe subterms are the term
itself and the proper subtermge, \u.zu: the variablesy, = are non-replaceable,
thereforedz.y(\z.x(yz)(Au.zu)) € PN.

In particular it follows that ift € PA is a normal form, then its head variable is
free.

We will use this characterisation in order to prove that & PN thenl', -t : 0.
Before that we give the last definition and three lemmas athautypes of safe and
unsafe subterms.

Definition 36 Lett be a normal formu be a subterm of and A, B be types. We
define the basi&(t, u, A, B) as follows:

S(t,u, A, B) = {z: Az €RU(t) NFV(w)} U{z: B |z € NV(t) N FV(u)}.

Lemma 37 Lett € PN be a normal form, and z.u be an unsafe subterm of
Then:
Y(t,u,Q,0) Fuc .

PROOF. Letu = Az.yp andT' = X(t,u,,1). By Theorem 34y is non-
replaceable irt, soy is free inu (Remark 33), since the variables in are re-
placeable by Definitions 29 and 31. Therefgre € I'. Using axiom (Ax£2), and
rules ), (— E) we can derivé' - yp : 2 sinceir ~ €2 — . We can conclude by
rules (= 1) and (<) taking as premises: Q forall z € Z.

Lemma 38 Lett € PN be anormal form, and z.u be a safe subterm of Then:

(tu,p, ) Facp

PROOF. Letu = Az.yp, T = Z(t,u,pu,p) andl! =T U{z: 4| z € z}.
The variables inz are non-replaceable by Definitions 29 and 31. This implies
X(t,p,p, 1) CTVforallp € p.

If y is replaceable, then by Definition 31 gl € p are unsafe subterms, so by
Lemma 37%(t,p,Q,4) F p : aforallp € p. By rules € L) and (W) we get
I"Fp:pforalp e p. Fromy : u € IV we can then derivé’ - yp : p using
rules ), and ( E), sinceu ~ i1 — p. We can conclude by rulds- 1) and(<).

If y is non-replaceable, from: i € IV using axiom (Ax£2), and ruleg <), (— E)
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we can derivd” - yp : 1, sincei ~ Q — [ By rule (<) this givesl' - yp : pu,
so we can conclude using rules: 1) and(<).

Lemma 39 Lett € PN be a normal form. Then:

Y(t,u,v,7) F u: v wheneven z.u is an unsafe subterm of
Y(t,u,v,7) F u: v whenevenz.u is a safe subterm df

PROOF. The proof is by structural induction on safe and unsafe sotst®ft.

The first step, i.e. when is a variable, is trivial.

For the induction step ldt = >(t, u, v, 7). We distinguish the following cases.

If u = yp and\z.u is unsafe, then by Theorem 34is non-replaceable it, so

y : v € I'. By Definition 31 allp € p are safe subterms, and so by the induction
hypothesigi(t,p,v,7) - p : v. By rule (W) we gef" - p : vforall p € p, sowe
concludel - u : 7 using(<) and(— E), sincer < v — p.

If u = yp and\ 7 .u is safe, then, can be either replaceable or non-replaceable,
but in both casef I y : v. By Definition 31 allp € p are unsafe subterms, so by
the induction hypothesis(t, p, v, ) - p : v. We conclude as in the previous case
sincev < v — v.

If u= A\z.u’ and\x.u is unsafe, then by the induction hypothesis, u’, v, v) F

u’ : v. By Definitions 29 and 3% is replaceable in, therefore: : v € X(t, 0/, v, D).
Using rule(— 1), we getl’ - u : v — 0. By Lemma 37%(t,u, Q,4) F u : fi.
Using rules € L) and (O) we getl’ - u : 4N (v — ), so we can conclude by
(<), sincer ~ aN (v — D).

If u = M\z.u’ and A7 .u is safe, the proof is similar to the previous case using
Lemma 38 instead of Lemma 37.

Proof of Theorem 281)(=-) By Corollary 27 it suffices to considerin normal
form, and Lemma 39 yields the conclusiontas an unsafe term itself, using rules
(£ L) and (W). Derivation D1) in Figure 4 is a paradigmatic example.

7 Reducibility Method

In order to prove the<)-part of our main statement (Theorem 28), we will use the
set theoretic semantics of intersection types and satus&ts, which is referred to
as the reducibility method.

Thereducibility methodvas introduced by Tait [32] for proving the strong normal-
isation property of simply typed-calculus. Further it was developed in Tait [33]
and Girard [17] for proving the strong normalisation prdpef polymorphicA-
calculus.
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In Pottinger [27], van Bakel [34], Krivine [20], [21], Ghitan [15], Amadio and
Curien [5], the reducibility method is applied in order tcachcterise all and only
the strongly normalising\-terms in A-calculus with intersection types. The re-
ducibility method is also used for characterising some ispetasses of\-terms
such as strongly normalising terms, normalising termsj imeamalising terms, and
weak head normalising terms. They are characterised by tfpability in vari-
ous intersection type assignment systems in Leivant [2@)Gallier [14], whereas
both the mentioned terms as well as their persistent vessaom characterised in
Dezani et al. [13]. Furthermore, this method was applietiéyroof of the Church-
Rosser property (confluence) of the simply typedalculus in Statman [31], Ko-
letsos [19], and Mitchell [24], [25].

We will adapt the reducibility method, by requiring that teems typeable with the
key types listed in Theorem 28 belong to the corresponditgy se

In order to develop the reducibility method we consideas theapplicative struc-
ture whose domain ara-terms and where the application is just the application of
terms.

We first define thenterpretations of typein T2 and inT?: the only difference
between the two interpretations concerns the arrow cactsiru_et’?(A) denote
the powerset of\.

Definition 40

(1) The maq ]] TP — P(A) is defined by:
[VI? = N, [0]P = PN, [u]” = HN, [A]” = PHN, [Q]® = A;
[AN B]] = [A]®” n [B]%;
[A — B]? = [A]? & [B]? = {t € WN | Vu € [A]® tu e
(2) The[[mapﬂ ]]5 :T® — P(A) is defined by:
% ]]]] Hg = PN, [1]® = HN [i]* = PHN, [4]° =,
[AN B]] = [A]¢ n[B]%;
[A— BJ = [A]F - [BF = {t € A | Vu e [AF tu e [BF}.

Observe the relation betweef- and—-:

ST = (SNWN) -5 T,
Notice that

[ — Q[P = {t e WN | Vu € [Q]” tu € [Q]7}
={tce WN |[VucAtuc A} =WN,
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and by Definition 3

ﬂnEN[[Qn - Q]]D = ﬂneN[[Qn - - Q]]D
={t e WN |Vu € [Q]? tu € [Q — Q]P}
={t e WN |Vu € Atu € WN} =PWN.

The following definition ofsaturated seis standard, see Krivine [20], [21].

Definition 41 A setS C A is saturatednotationSAT(S), if

(Vt,u,p € A) tlz:=ulp €S = (\zt)ut €.

Obviously, each of the se®BN, N, PHN, HN, C, and A satisfies the above
condition, since they are closed undeconversion. We can show that both type
interpretations are saturated.

Lemma 42 (VA € TV)SAT([A]Y).

PROOF. The proof is by structural induction on types. The only ietting case
is that of arrow types. Let,u,p € A. Suppose(z:=u|p € [4A — B]P. Let

q € [A]? be arbitrary. By Definition 40¢) t[z:=u]pq € [B]?. Then by the
induction hypothesi¢\z.t)upq € [B]P. Moreover, by Definition 407 ) we get
tlx:=u]p € WN, and this impliesA\z.t)up € WA. Sinceq was arbitrary,
according to Definition 4(Y ) we get(Az.t)up € [A — B]”. Similarly one can
show thatt[z :=u|p € [A — B]¢ implies(\z.t)up € [A — BJ]°.

We can simplify Lemma 42.
Corollary 43 (VA €TV) (Vu € A) t[z:=u] € [A]Y = (\z.t)u € [A]".

The preorders on types agree with the set theoretic ingiusaiween type inter-
pretations.

Lemma 44 If A <y B, then[A]Y C [B]V.

PROOF. By induction on the length of the derivation df <y, B. Proposition 6
justifies the axioms between atomic types. Axioffis—) and(y — ) follow from
Definitions 2 and 3. Axion{z —) follows from the same definitions taking into
account thaPN C A — PHAN sincePHN = A — PHN. Axiom (v —)
follows from Proposition 7 taking into account th&af € PHN — HAN since
HN = PHN — HN.
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We define thév-valuations of term$—]y : A — A and thesemantic satisfiability
relations =V which connect the type interpretations and the term valnatias
follows.

Definition 45 Let[-]Y : TV — P(A), V € {D, £}, be the defined type interpre-
tation and letd : var — A be a valuation of term variables if. Then

(1) [-]5 : A — Ais defined by
[t]) = t[z1:=0(x1),. .., 2, :=0(x,)], whereFV(t) = {xy,..., 2, };
@ O0EYt:A iff [t]] e [A]Y;
@YD iff (NMz:A)el) Y z: A4
@ TEYt:A iff (VOEYD) 0EYt: A

We can prove that our type assignment systemsavadfor the above semantic
satisfiability.

Theorem 46 (Soundness)

Pt A=TEPt: A FFt: A=TE t: A

PROOF.
By induction on the derivation df -V t : A.

Case 1The last step is (Ax), i.el’,z : AFY 2 : A. Thenl',z : A=Y 2 : Aby
Definition 453).

Case 2The last stepis¢ E),i.eIT'FVt: A —- B I'FYu: A=TF"tu: B.
Then by the induction hypothesis =V t : A — B andl' Y u : A. Let
0 EV T, then[t]y € [A — B]Y = [A]Y — [B]" and[u]y € [A]". Therefore
[tuly = [t]5 [u]y € [B]".

Case 3Thelaststepis{ I),i.e.[Lo: AFVt: B=TFY \vt: A — B.By
the induction hypothesi8, z : A =Y t : B. Letd =V I' and letu € [A]V. We de-
fine 0[z :=ul(x) = u, 0z :=u](y) = O(y) for  # y. Thenf[z:=u] =V T, since
r ¢ T,andf[z:=u] Y x : A, sinceu € [A]V. Therefordd[z:=u] =V t : B, i.e.
[t]5;.— € [B]Y, which means by Definition 48) thatt[y :=0(y)][z:=u] €
[B]Y, wherey = FV(t) \ {z}. By Corollary 43 we havé\z.t[y :=0(y)])u €

[B]Y. Then[Az.t]yu € [B]Y sincex ¢ FV(\z.t). Notice that[\z.t]? € WN.
Therefore [Az.t]? € [A]P? v [B]? = [A — B]?, sinceu € [A]? was arbi-

trary. Similarly[\z.t]§ € [A — BJ¢.

Case 4The last stepis((l), i.e. T FV t: A 'V t: B=TFt: ANB.
Then by the induction hypothedis=Y t : Aandl’ =Y t : B. Letd =V T, then
[t]y € [A]Y and[t]y € [B]Y. Therefore[t]y € [ANnB]Y,i.e.T EVt: AN B.
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Case 5The last step is<{y),i.e.T'FV t: A, A<y B=TF"V t: B.Bythe
induction hypothesi§' =V t : A. Letd =V T, then[t]y € [A]Y. According to
Lemma 44]A]Y C [B]V soit follows that[t]y € [B]V,i.e.T Y t: B.

Proof of Theorem 28¢=) The proofs of all parts are similar, so we only consider
part (5). Letl'; -t : Q" — Q, for all n. By soundness (Theorem 46) we have that
if 0 EP Ty, then[t]? € [Q" — Q]7, for all n. We can take), (z) = z, being

6, =P T, because all variables belong #V. Obviously,f,(t) = t for every
A-termt. Therefore we get thate [Q" — Q]P, for alln. Hencet € PWAN since
Npen[Q™ — Q)P = PWAN by Definition 40.

Remark 47 Observe that the interpretation of terms we use in the prodheo-
rem 28¢=) is just the identity.

The present section is another witness of the power andredegs the reducibility
method, which allows to split the necessary double indaabio types and deduc-
tions in simple statements with easy proofs.

8 Conclusion

The main contribution of the present paper is to show thatrhedels can charac-
terise many different sets of terms. On the one hand it sekatsse cannot find

elements representing weak head normalisability andloilityan the same model,

since the first property requires the lifting of the spaceusictions and this does
not agree with the second one. On the other hand, there grenes which appear
strongly connected, like each normalisation property \wgtpersistent version. It
is not clear if these properties can be characterised depaiiee. if one can build

models in which only one of these properties is charactgrise
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