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ABSTRACT. Aim of this paper is to understand the interplay between intersection and
reference types. Putting together the standard typing rules for intersection types and
reference types leads to loss of subject reduction. The problem comes from the invariance of
the reference type constructor and the rule of intersection elimination, which is essentially
a subsumption rule. We propose a solution which only allows intersection of non-reference
types, and in which the rule of intersection introduction uses an operator on types pushing
intersections under references in an iterative way. The so obtained type assignment system
is shown to be sound and, when restricted to pure A-calculus, as expressive as the standard
type assignment system of intersection types.

INTRODUCTION

This paper deals with the problem of understanding the meaning of types built using
both intersection and reference type constructors. Reference types are an essential tool for
typing memory locations and the operations of reading and writing in memory. Intersec-
tion types allow for discrete polymorphism, so increasing both the typability and the type
expressivity, and in particular giving a formal account to overloading. Putting together
these two features is useful for typing in a significant way a programming language with
imperative features. It is well-know that reference types must be invariant, since they rep-
resent both reading and writing of values, and therefore they should be both covariant and
contra-variant [Pie02] [page 198]. On the other hand, the intersection elimination typing
rule is essentially a subsumption rule, being the intersection of two types contained in both
types.

A naive typing with reference and intersection types may lead to loss of subject reduc-
tion as the following example shows. We can derive type pos for the term

(Az.(Ay.lz)(x :=0))ref 1
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by assuming type Ref pos A Ref nat for the variable x. In fact ref 1 has type Ref pos A
Ref nat since 1 is both pos and nat. By intersection elimination we can use:

e the type Ref nat for z in the typing of x := 0 getting the type unit;
e the type Ref pos for x in the typing of lx getting the type pos.

Reducing this term starting from the empty memory, by means of the call-by-value strategy
we get

Az.(A\ylz)(x :=0)ref 1§ 0 — Az.(Ay.l2)(z:=0)§ (1=1) —

Ay )(T:=0) g (I=1) —v Ay )() § (1=0) — N2 (1 =0) —v 04 (=0)
and 0 does not have the type pos.

This example is a transcription of an example in [DP00], where the authors give a
solution we will discuss in the Conclusion of the present paper comparing it with our
proposal.

As suggested by the above example, a memory location typed by Ref pos A Ref nat
must contain values which are both pos and nat, i.e. values of type pos Anat. This can be
better expressed by typing the memory location with the type Ref (pos Anat). This clearly
generalises to the case of two arbitrary types o,c’ which are non-reference types, i.e. we
claim it is sensible to type memory locations with the type Ref (o A ¢’), but not with the
type Ref o A Ref o’.

Another observation is that it is meaningless the intersection between a reference type
and a non-reference type, since they express incompatible properties. This remark is also
substantiated in the Conclusion by means of an example.

By the above we think it is sensible to allow the intersection only between non-reference
types, and to introduce an operator which applied to two reference types iterates the pushing
of intersections under references. For example this operator applied to Ref pos and Ref nat
returns Ref (pos A nat).

Building on this idea we propose a type system for a A-calculus with assignment state-
ments and reference/dereference constructors. We show soundness, i.e. subject reduction
and progress, of our type system. Lastly we observe that no expressive power is lost in
comparison with the original system [CDCB80] of intersection types when we restrict to the
terms of pure A-calculus.

1. SYNTAX AND REDUCTION RULES

The language Ajp, we are working with is a simplification of the language in [DPO00],
which in its turn belongs to the ML-family, the difference being in the lack of the let
construction and of the binary strings. It is well know that the the let constructor is
syntactic sugar [Pie02] [Section 11.5] and in presence of intersection types it does not increase
the typability of the language, since intersection types allow to type the translation of let in
pure A-calculus [Cop80]. The only data types of Ajp, are the numerals, but this is enough
for discussing the typing problems cited in the introduction.

Terms of Ajy,, are defined by the following grammar:

M == n|z|XM|MM|fixx.M
l|reft M |!M | M:=M]|()
if M then M elseM | MopM | ...
n u= 0]1]2]...
op = +|x]|...
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where = ranges over a countable set of variables, and [ ranges over a countable set of
locations. Free and bound variables are defined as usual. A term is closed if it does
not contain free variables. The set of closed terms is denoted by Azmp The syntactical
constructs with an imperative operational behaviour are the locations, denoting memory
addresses, and the operators ref and !, denoting the operations of writing and reading
respectively, as it will be clear from the operational semantics given below. The set of

values is the subset of A?mp defined as follows:

V o= nlXxM|l]|op]|() (Ae.M € AY )

imp
Values are results of the evaluation, and so they can be stored. In fact, the store can be
modelled as a finite association between locations and values:

pou= 0lp(l=V)
On A;pp), we consider two reduction semantics, which differ by the parameter passing politics,
through the notion of evaluation context. An evaluation context can be defined starting from
the grammar for Aj,,,, where a new constant has been added, the hole ([]). The call-by-
name evaluation contexts are defined as follows:
E, == []|EuM |refE,|'Ey | Ey:= M |
V:=E,|if E,then M else M |
nE,M | nop E,

The call-by-value evaluation contexts are obtained from the call-by-name ones by replacing
F, by E, and by adding:
E, = VE,
The reduction semantics are given by two sets of rules, of the shape E[M] § p —
E[N] ¢ i/, where E is either E, or Ey, M is a closed term, [N/x] is the capture free
substitution, and pu is a store. The call-by-name reduction rules are the following:

Eu[(veM)N] £ 4 o BMIN/llt s (5)
Ey[fixxz. M § p —n En[M[fixx.M]/z] § p
Ejref V] p —n En[l] §pu,(I1=V) [ fresh
En[ll] g p,(1=V) —n En[V]ip (I=V)
Ey[l:=V]§p (I=V) —n B[Ol p, (1 =V)
E,[ifOthenMelseN|fu —y Ey[M|tp
En[lfnthenMelseN] fu —n EuNjfp n#0
En[0 + 0] § —m En[0] £ p

En[0 + 1] § —m En[l] g p

The call—by—value reduction rules are obtained simply by replacing, in the previous rules,
E, by E, and the rule () by:

Ev[()‘l'M)V] ﬁ o v EV[M[V/xH 8 2 (ﬁv)
By =, (=) we will denote the transitive and reflexive closure of —,, (—). We will
use — (=) for either —, or —, (=, or =) , when the difference is clear from the
context or it is unimportant.
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(pos) (Zd) T S 7_// 7_// S 7_/
pos < nat r<r < (trans)
———— (A1) ———— (An) =T TER
oNo <o oNo <o r<TNT
<t n<T7 r<7 <71 TINTy # L1
— (=) (Ref) (—n)
Mo T<T T Ref 7 < Ref 7/ (T=T)A(T—>T)<T—>71NT7

Figure 1: The preorder relation < on types

2. TYPE SYSTEM

Types are defined through the following grammar:

¢ = olp (types)
o u= pos|nat|unit |7 —7|0oAC (non-reference types)
p == Refr (reference types)

We assume the following precedence relation between type constructs: Ref , A, —. As usual
— associates to the right. nat and pos represent the sets of natural and positive numbers
respectively, unit is the type of commands. Note that types are divided in two classes,
reference types and non-reference types. and the constructor A is restricted to non-reference
types. So Ref (pos Anat) is a type, while Ref pos A Ref nat is not a type. Ref (pos A nat)
is the type of a location that can store values which are in the same time both natural and
positive numbers. In order to deal in a uniform manner with the type syntax, we define a
binary operator N working on types, such that, when applied to two non-reference types it
returns their intersection, when applied to two reference types it commutes with the Ref
constructor, and it is undefined otherwise.
The operator N is defined as follows:

oNao’ if =0 and 7 =0/,
N7 =< Ref(rN7]) ifT=Refr and 7' =Ref 7| and 7y N 7| # L,
€ otherwise.

N binds weaker than A and stronger than —.
The following property can be easily be proved by induction on the definition of N.

Property 2.1. 707’ defined implies T = Ref (Ref ... (Ref 0)...), 7/ = Ref (Ref ... (Ref o’)...

% %
and T N 7" = Ref (Ref ... (Ref (6 Ad'))...), for some o,0" and k > 0.

~~

k

A preorder relation < is defined on types through the rules shown in Fig. 2.

Some comments are in order. Rule (pos) allows for overloading. Reference types and
non-reference types are incomparable. Notice that Lemma 2.2(1) assures that 7 N 7o is
always defined in rule (N). Rule (Ref) just allows A be commutative and associative also
under the constructor Ref, i.e., Ref (71 A 72) and Ref (72 A 71) be equivalent. All the other
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rules are the standard rules for intersection types, but rule (— N) which takes into ac-
count the fact that A is partially defined. From now on, we will consider types modulo
commutativity and associativity of A and N.

Lemma 2.2. (1) If T <71 and 7 < 79, then 11 N T2 is defined.
(2) If 1 <7 and 19 < T, then 71 N7y is defined.
(3) If Nicr(ri — G) < Njes(1j — (). then for all j € J there is Hj C I such that
T > ’7']{ for alli € Hj and ﬂieHj G < Cj’-.

Proof. Both points (1) and (2) are consequences of the following facts, that can be easily
proved by induction on < taking into account Property 2.1:

e 7 < 7/ implies 7 N 7’ is defined;

e 7N 7" and 7' N 7" defined imply 7 N 7" is defined.
(3) By induction on (<). The only not immediate case is when the last applied rule is
(trans). Let N\;e;(ri — ¢) < Cand ¢ < A\;¢;(7; — (}). By inspecting the rules of <, it is
immediate to see that —-types are unrelated both with reference types and with constant
types, so the general shape of ¢ is A, cx (73 — (;). On one side, by induction, for all h € H
there is Kj, C I such that 7; > 77/ for all ¢ € K}, and ﬂieKh G < ¢. On the other side,
always by induction, for all j € J there is R; C H such that 7 > 7']/- for all h € R; and
nheRj ¢, < (. Let Hj = UheRj Kp: clearly Hj is a not empty subset of I. Then, by
transitivity, for all j € J, 7, > 7] for all i € H; and ﬂieH]- G <G O

The typing system proves judgments of the shape:
XI'EM: T
where 3 and I' are a store environment and a term environment respectively, M is a term
and 7 is a type. Environments are defined as follows:
Y ou= 0|57 [ & dom(X)
r == 0|T,z:7 x & dom(T")
where dom is the environment domain.

The typing rules are given in Fig. 2. Notice that the condition 71 N7 # L in rule (NI)
is necessary, since for example we can derive both

0;{x : (nat — nat) A (nat — Refnat),y : nat} - 2y : nat

and
0; {z : (nat — nat) A (nat — Refnat),y : nat} b zy : Ref nat,
but nat N Ref nat is undefined.
It is easy to verify that the following rules are admissible in our typing system:

S TEFM:oAo »lyx:obM:T
(NE) /

>I'FM:o »;bx:oNoFM: T
but the rules obtained from these by replacing non-reference types with reference types
and A by N are unsound. Also strengthening and weakening for both environments are

admissible rules:

(AIL)
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(var) ~ ZilowsrE M7 STFM:t—7 S TEN:T
STawirbair - (»F
s L, T T X . T Z;FFAIE.M:T—?T’ 27F|—MN7-/
“ho:rbEM:7m (cell) STFM: 7
Z'Fl—fixx.M:T(flx) S, l:7m -1 Refr (Ref I)

X;I'Fref M :Refr

;' M :Ref 1 . >;I'-M :Ref7 X;T'FN:T
( E) (unlt()) ( )
Ref . unit
SiI'HIM - 7 %I () sunit ;' M := N :unit

;'FM:nat X;'FNyp:7 XT'FNo:T
X:I'-if M then NielseNy: T

(if then else)

;' M :nat ;' N :pos
— (nav) ———(pos) -
3;T'FO0:nat X;I'F1: pos S:TF M+ N : pos
“SWIHEM:7 S T-M:7 7 # L “WIFM:17 7<7
; (nI) — ()
5 I'FM:mnr >, 'FM: 71

Figure 2: The Typing Rules for Terms

S0 TEM:7m 1€ L(M) S T'FEM:7 1 ¢dom(X)
(strengX) - (weakX)
> I'-M:71 Xl PEM 1
SDyo:7FM:7 g FV(M) S:TEM:7 x¢dom(T)
(strengl’) - (weakT)
>\ I'FM: 7 ;a7 HM:1

where L(M), FV (M) are the sets of locations and free variables which occur in M.
As usual our type system enjoys a Generation Lemma, which allows to invert the

typing rules. We omit the points concerning numerals and operators on numerals which are
obvious.

Lemma 2.3 (Generation). (1) ;T Fx: 7 implies x : 7' € T for some 7/ < 7

(2) ;T F o.M = 7 implies T > N;c;(1i — 7)) and ;T2 - 7 = M = 7] for some I, 7;
and 1], where i € I;

(3) ;' F MN : 7 implies T > (\;e; 7i, and X0 = M - 7p — 7] and 3;T' = N = 7, for
some I, 7; and 7/, where i € I;

(4) ;T F fixa.M : 7 implies 7 > (7o, and X302 @ 7 = M 2 7; for some I, 7,
where © € I;

(5) ;T H1:7 implies T =Ref 7' andl: 7 €%, for some 7';

(6) ;T +ref M : 7 implies 7 = Ref 7’ and ;T = M : 7/, for some 7';

(7) ;T HIM = 7 implies ;T = M : Ref 7;

(8) X;T'+ M := N : 7 implies 7 = unit and X;T' F M : Ref 7’ and ;T F N : 7/, for

some T';
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(9) ;T F () : 7 implies T = unit;
(10) ;T + if M then Ny else Ny : 7 implies ;T = M : nat and ;T F Ny : 7 and
;' Ny:T.
Proof. All points can be proved by induction on derivations, the only interesting cases being
when the last applied rule is (NI).
For (2) we get:
SiTTFXeM:7m STHXeM:( tN(#L

SisTHEAXxeM:17N(¢
By induction we have 7 > A,c; (7 — 7)) and ;T z : 7, = M : 7/ for some I,7; and 7,
where i € I, and ¢ > A\ ;c;(¢; — ¢;) and 35T,z 2 ¢ = M : ¢ for some J, (; and (j, where
j € J. We conclude since 7N ¢ > A (7 — 7)) A Njes (G — G-
The proof for the other points is similar. ]

(NI)

Notice that, without reference types, points (2), (3) and (4) of the previous lemma hold
with I a singleton set. The partiality of the A constructor is reflected in the necessity of
allowing set of types of cardinality bigger than 1. For example for the identity term Ax.x we
can derive the type (nat — nat) A (Ref nat — Ref nat), but there are no types 71, 72 such
that (nat — nat) A (Refnat — Refnat) > 7 — 72 and (; {x : 71} F 2 : 79. Similarly from
{z : (nat — nat) A (nat — Refnat),y : nat, z : (nat — nat) A (Ref nat — nat — nat)} we
can derive z(zy) : nat A (nat — nat), but there are no types 71, 75 such that from the same
environment we can derive z : 71 — 75 and zy : 71. Lastly we can derive 0; {y : (Ref nat —
Ref nat) A (Ref (nat — nat) — Ref (nat — nat))} - fixz.yx : Ref (nat A (nat — nat)),
but we cannot derive (; {z : Ref (nat A (nat — nat)),y : (Ref nat — Ref nat) A (Ref (nat —
nat) — Ref (nat — nat))} - yz : Ref (nat A (nat — nat)).

The typing system enjoys the standard Substitution Property, that can be proved by
induction on derivations.

Lemma 2.4 (Substitution). ;T z: 7 M : 7" and 3;T F N 2 7 imply &;T = M[N/z| : 7.

In order to state Subject Reduction for our type system we need to define the agreement
between a store environment and a store [Pie02] [Definition 13.5.1]. We say that a store
environment ¥ agrees with a store p (notation ¥+ p) if:

e (I=V)epimpliesl: 7€ ¥ and ;0 + V : 7 for some 7;
e [:7€Ximplies (I =V) € pand 3;0 -V : 7 for some V.

Theorem 2.5 (Subject Reduction). ;T M : 7 and X+ pand M § p= N 1/ imply
YT'EN:7and X'y for some ¥ D X.

Proof. Since rule ((3,) is a restriction of rule (3), we will give the proof in the case of =,
and the result will hold obviously for = too. It is clearly enough to consider the case
Mgp— Nty

M $ p— N ¢y implies M = E,[P], N = E,[Q)], for some E,, P,Q. The proof is
by induction on E, and by cases on the applied reduction rule. We consider only E, = [],
since the other cases come directly by induction, observing that all labels in the domain of
¥" which are not in the domain of ¥ must be fresh for M.

Let the applied rule be (3). Then P = (Az.P")Q’ and Q = P'[Q’'/z]. By Generation
Lemma 2.3(3), ;T P : 7 implies, for some I and 7;,7] (i € I), &;T' F Ax.P' : 7, — 7] and
;T Q:m, foralliel,and (,c; 7/ < 7. By Generation Lemma 2.3(2), ;T = Az. P’ :
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7 — 7 implies, for some J; and (;, ¢} (j € Ji), X052 2 G = P2 (G for all j € J;, and
Njes, (G — ¢G) < 7 — 7). By Lemma 2.2(3) for all i € I there is K; C J; such that ; > 7
for all j € K; and (g, ¢; < 7/ By rule (<) from ;' F @ : 73 we get X' Q : ¢ for all
j € K;. This together with ¥; ',z : ¢ = P': (G gives 5;I' = P'[Q' /2] : (] for all j € K; by
the Substitution Lemma 2.4. We conclude by applying the rules (NI) and (<).

The case P = fixz.P’ follows easily from the Generation Lemma 2.3(4) and the Sub-
stitution Lemma 2.4.

If P=refV and Q = [ by the Generation Lemma 2.3(6) 7 = Ref 7/ and ;' - V : 7.
We take ¥ = X, : 7/ and we get X' F p/ since ;T V : 7/ implies ;0 = V' : 7/, being

Ve
The case P =1 :=V and Q = () follow by Generation Lemma 2.3(8), (5), and (9).
The other cases are easier. [

In order to prove the progress of our type system we need a Canonical Form Lemma
which can be easily proved by analysing the typing rules.

Lemma 2.6 (Canonical Forms). (1) ;0 V : pos implies V € {1,2,...}.
(2) ;0 F V :nat implies V € {0,1,2,...}.
(3) ;0 F V :unit implies V = ().
4) 50V i1 — 7" implies V= x.M and Sz : 7+ M : 7' for some x, M.
(5) ;0 V :Ref 7 implies V =1 and l : 7 € X for some l.

Theorem 2.7 (Progress). 3;(0 b M : 7 implies that either M is a value or M § p= N § i/
for some N and for all i such that ¥+ p.

Proof. The proof is by induction on the derivation ;" M : 7.

If the last applied rule is (— I), (cell), (unit()), (nat), or (pos), then M is a value.

If the last applied rule is (fix ) or (Ref I), then M is immediately reducible.

If the last applied rule is (Ref E), (unit), (if then else), or (+) the proof using the
Canonical Form Lemma 2.6 is standard, see Theorem 13.5.7 in [Pie02].

If the last applied rule is (— E), and the considered evaluation is the call-by-value, the
proof is standard, using the Canonical Form Lemma 2.6 (see Lemma 9.3.4 in [Pie02]). The
call-by-name case is simpler, since rule (3,) is a restriction of rule (3).

For rule (NI) induction applies remarking that the evaluation strategies are determin-
istic.

The case of rule (<) is immediate by induction. []

As far as the typability power is concerned, the system preserves the typability power of
intersection types for the pure A-calculus. In fact we can easily adapt to the current system
the well-know characterisation of strongly normalising A-terms by means of intersection
types [Pot80].

Theorem 2.8. A pure A-term M 1is typable in the system of Fig. 2 if and only if it is
strongly normalising.

3. CONCLUSION

In this paper we discuss how to combine intersection types and reference types in a
meaningful way. The naive use of intersection types is unsound in presence of references,
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as shown in [DP00] and in the Introduction. Davies and Pfenning solve the problem by
restricting both the the definition of the preorder relation < between types, and the type
assignment system. In the preorder relation < between types they do not allow the standard
rule:

(—N)
(T=T)AN(T—=T) <T—=TAT

The type assignment system is restricted in such a way that the intersection can be intro-
duced just in case the subject is a value. Then the subject reduction property holds, for a
call-by-value reduction semantics of terms. While in this way they solve the problem cited
in the introduction, the system allows for some unsound typings. In fact the term x := x+1
can be typed in their system, extended with the standard typing rule for the sum, through
the following derivation:

(; x : nat A Refnat - x : nat A Ref nat

(); z : nat ARef nat I x : nat A Ref nat ();x : nat ARefnat I x : nat
<

(); x : nat A Ref nat I~ z : Ref nat B (); x : nat ARefnat -z + 1 : nat

(unit)
();x :nat ARefnat -z :=x + 1: unit

We use a totally different approach. In our type language reference and non-reference
types are two incomparable classes. As an immediate result, the intersection between
reference and non-reference types is not allowed, so, for example, nat A Refnat is not
a type. Technically this is obtained through a partially defined function on types, N,
that, when applied to two types, builds their intersection if it is a correct type, and it
is undefined otherwise. All the standard < rules and properties on types are valid, when
replacing A by N. As a results, our system enjoys classical subject reduction (both in
case a call-by-name or a call-by-value evaluation is used), and unsound terms as the one
shown before cannot be typed (but the sound versions z :=!z + 1 and refz := = + 1
are typable). Moreover, when restricted to the pure functional part of the language, our
typing system has a stronger typability power. As an example, consider the strongly nor-
malising pure A-term (Azy.(Az.zz)(zy))(At.t): it is typable in our system (see Theorem
2.8), while it is not typable in the system of [DP00]. In fact for typing it is necessary
to introduce an intersection between two subderivations whose subject is xy, and in the
system of [DP00] this is not possible, since this subterm is not a value. More precisely, if
01 = (nat — nat) A ((nat — nat) — nat — nat) and o2 = nat A (nat — nat), it is easy to
verify that At.t has type o1 and A\z.zz has type g9 — nat. Therefore in order to type the
above term we need to derive 0); {z : o1,y : 02} I 2y : 02, which requires to apply rule (NI)
to xy.

We plan to investigate how the present approach can be extended for dealing with
parametric polymorphism and reference types. We think that a meaningful restriction
would forbid universal quantification of reference types by introducing a suitable operator
which plays the role of N for intersection types.
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