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Abstract

A model characterising strong normalisation for Klop’s extensior\-@ilculus is pre-
sented. The main technical tools for this result are an inductive definition of strongly
normalising terms of Klop’s calculus and an intersection type system for terms of Klop’s
calculus.
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1 Introduction

Klop’s extended\-calculus Klo80] is a generalisation of Nederpelt's calculus
[Ned73: it was introduced to infer strong normalisation from weak normalisa-
tion. We recall thaktrong normalisation means that all reductions are terminating
while weak normalisation means that at least one reduction is terminating. The
basic idea of Klop’s calculus is very simple and elegant: a rédex\/) N with x
not in the free variables af/ reduces to the pajii/, N], instead of reducing té/.
In this way no subterm is discarded, and strong normalisation coincides with weak
normalisation, as proved irK[o80]. More precisely we use the variant of Klop’s
A-calculus discussed by Boudol iBgu03: we call it \*-calculus.

In [HL99] Honsell and Lenisa give aimverse limit construction H L., which
solves the domain equation

D =[D —, D]
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where|D — | D] is the set of strict continuous functions frdto D (a continuous
function f is strict if f(1) = 1). In a companion papeflfPCO0€g we proved
that’H L, characterises strong normalisation)eferms. In the present paper we
interpret the\*-calculus inH L., and we show thak{ L., characterises also strong
normalisation of\*-terms. More precisely our results are:

e a\*-term S is strongly normalising iffH{ L., does not interpref as bottom in
the environment which associates top to all variables;

e a\*-term S is persistently strongly normalising iff{ L., interpretsS as top in
the environment which associates top to all variables;

where a\*-term S is persistently strongly normalising if for all » and all strongly
normalising\*-termsTy, ..., T,, the applicationST}, . .., T, is strongly normalis-
ing too.

This proof is based on:

 aninductive definition of the sets of strongly normalising and persistently strongly
normalising\*-terms;

» an extension of the intersection type assignment systeAld9J] for \-terms
to \*-terms using the rule for typing pairs d¢u03.

As proved in HL99], we can give a finitary logical description &{L., us-
ing intersection types. In other words we can define an intersection type theory
‘H.L*which is the Stone dual df( L, in the sense ofAbr91]. This allows us to
express the interpretation oPéa-term S in the modelH L., by means of the types
derivable forS in the type systerft{ L".

The present paper is organised as follows. In SeQiove introduce Klop’s
extended\-calculus and we discuss the inductive definition of strongly normalising
and persistently strongly normalising-terms. In Sectior8 we define the model
‘H L., and the intersection type assignment systédi , and finally we prove the
characterisation results.

2 Klop’s extended\-calculus

Following [Klo80] we extend the syntax of-terms with a pairing operator, |, i.e.
we have the following syntax fox*-terms:

Su=a| .S |SS|[S,S]

A* is the set of\*-terms.

In writing A\*-terms we use vector notation in the standard way, AE.ST
denotes\z; ...x,.ST,...T,, wherer is x1, ..., x, andT is Ti,...,T,,. We use
lh( ) to denote the vector length.

Following [Bou03 we us€[S, 71, . .., T,,] and[S, T| as short fof. .. [[S, T1], T3], . . . T]:
it becomesS for n = 0 andT’ empty.
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On A* Boudol Bou03 defines the following reduction rules:
Az.S,Up, ..., Up|T — [S[x :=T],U,...,U,)
if v € FV(S)
Me.S, Uy, ..., UT —, [S,Uy,... Uy, T]
if x & FV(S)

The relation— is the contextual closure of these rules and the relatigns the
reflexive and transitive closure of,..

For exampleBOA —, (Ayz.0(yz))A —, A\2.0(Az) —, Az.[Mt.t, Az] —,

Az [At.t, zz], whereB = Azyz.z(yz), O = Mvt.t, A = \u.uu.

A \*-term S is ax-normal form if there does not exist a*-term 7" such that
S —.T.

A X\*-term isweakly normalising if it has a finite reduction sequence. M-
term is strongly normalising if all reduction sequences starting from it are finite.
Let WN* andSN* be respectively the set of weakly normalising and of strongly
normalising\*-terms.

In [BouO3 Boudol shows:

Theorem 2.1 SN* = WN*.

We show that the application of a pair to a sequencg*eterms is strongly
normalising iff the application of the first element of the pair to that sequence is
strongly normalising and the second element of the pair is strongly normalising.

Lemma 2.2 [S,T]U e SN* iff SU, T e SN*.

Proof. The only if part of this lemmais Lemma 3.2 GfIDCOg. The if part is easy
observing that if there is an infinite reduction outsi¥ or T, then there is also an
infinite reduction out ofS, T'|U. O

We define the sePSN* of persistent strongly normalising \*-terms as the set
of \*-terms which preserve the strong normalisation property under application to
an arbitrary number of strongly normalising-terms, i.e. S € PSN* if for all
X € SN* we getSX € SN™.

The pairing ofA*-term inPSN* with a \*-term inSN* remains inPSN* and the
application of a\*-term inSN* to a\*-term inPSN* remains irSN*. These are the
claims of the following lemma, respectively: the proof is givenTiD0g.

Lemma 2.3 (i) S e PSN*andT € SN*imply[S,T] € PSN*.
(i) S € SN*andT € PSN* imply ST € SN*.

Similarly to [TDCO€] we also consider the class\; of A\*-terms which pre-
serves the strong normalisation property under applicationdiongly normalis-
ing A*-terms, i.e. M € SN if for all X;,..., X, € SN*we getMX;...X, €
SN*. ClearlySN; = SN*.

Figure 1 defines the setBSN* andSN¥: all rules but the last two are similar
to the rules of TDCO€ which give the inductive definition of the corresponding

3
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AZ.S € PSN! (VS € S) h(Z)=n z€7
Az.zS € SN,

AZ.S eSNE (VS eS) ygi () =m
AZ.yS e SNF,

AE.S € SN 1h(Z) =n  Th() > 0
A AiJ.S € SN

AZS[y =TIV €SN, ye FV(S)  AZ[S,TIV e SN. 4 & FV(S)
AZ.(A\y.S)TV e SN¥ AZ.(A\y.S)TV e SN?

AZ.S €SN (VS eS) @) =n y¢i
AZ.yS € PSN!?

AZS[y =TIV e PSN! y e FV(S)  AZ[S,T]V e PSN* y & FV(S)
AZ.(M\y.S)TV € PSN! AZ.(A\y.S)TV e PSN

AZ.ST € SNE - AZ.U € SN 1h(Z) = m
AZ.[S, UIT € SN

AZ.ST € PSN! AZ.U € SNE 1h(Z) =n
AZ.[S, U]T € PSN¢

Fig. 1. Inductive definition oBN? andPSN?.

sets restricted ta\. The last two rules are justified thinking that the functional
behaviour of[S, U] is the functional behaviour &f.

In the remaining of the present section we will show the correctness of our
inductive definitions.

Theorem 2.4 PSN* = PSN* andSN#, = SN’.

To prove this, we need another theorem and a few lemmas, which we can obtain
by extending results in[DCO4 to A*-terms in a straightforward way.

We call the following theorem “Substitution Theorem” , since it allows to re-
place different variables by different-terms inSN*, instead of the samg*-term
in SN*, preserving the strong normalisation property.

4
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Theorem 2.5 (Substitution Theorem forSN*) If S[z; := X,z; := X] € SN*
forall X € SN* forall 4, (1 <i,j <n),thenS[x; := X1,..., 2, := X,,] € SN*
forall X,,..., X, € SN*.

Proof. The proof of the same statement fditerms given in TDCO§ extends
without changes ta*-terms. O

The first lemma shows a property of the §&t*, which easily follows from
Theorem2.1and Lemma&2.2

Lemma 2.6 Letlh(Z) = Ih(T), thenS[# := T]U e SN* andT e SN* imply
(AZ.S)TU € SN*.
The following lemma, which is the key result for proving the completeness of

the given inductive definition, uses in a crucial way the “Substitution Theorem” for
SN*, TheorenR2.5.

Lemma 2.7 If AZ.zS € SN’ wherez € 7 andlh(Z) = n, then\i.S € PSN* for
all S eS.

Proof. For an arbitraryX € SN* with Ih(X) = n, we have(zS)[Z := X] € SN*.
Supposéh(S) = m and y ¢ FV(S). By Theoren2.5, (y5)[7 := X,y := Y] €
SN* holds for all X, Y € SN*. ForS; (1 < i < m), we will show( fS)XZ €
SN* for arbltraryX Z € SN*. LetY be\Z. le Then we havéyS)[:E = X LY =

Y] = (A\2.2,2)S[z := X] —* S[# .= X]Z. HenceS;[7 := X]Z € SN*. By
Lemma2.6, we have()\x.SZ-)XZ € SN*. Therefore\z.S; € PSN*. O

lll

We can show now the soundness and completeness of the given inductive char-
acterisations.

Proof of Theorem 2.4 [TDCO06 shows thaPSN? = PSN* andSN? = SN’ holds
when we restrict to-terms, i.e. it show®SN* N A = PSN* N A andSN? N A =
SN N A. The present proof and that of[PCO6 are similar.

We will show thatthe rules generate ONLY terms which satisty the given condi-
tions, that is,PSN* C PSN* andSNEL C SN This claim is proved by induction on
the formation rules. It suffices to show that if the statement holds for the premises
then it holds for the conclusion. For example for the rule

AZ.S € PSN! (VS € S) (@) =n zeZ
AZ.zS € SN¥
it is enough to showAz.2S5)X € SN* for all X € SN* of lengthn. By induction
hypothesis, we havaz.S € PSN*. ThenS[% := X] € PSN*. Letz; = .
By Lemma2.3(ii) , we haveX;S[Z := X] € SN*. By Lemma2.6, we have
(A\Z.25)X € SN*.
We also consider the rule:
AZ.ST € SNE AZ.U € SNE, 1h(Z) = m
AZ.[S, UIT € SN
5
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We assumen > n, the proof form < n being similar. Let¥;7, = ¥ and
1h(Z;) = n. For given)? € SN* of lengthn , by induction hypothesis, we have
(A\Z.ST)X,(AZ.U)X € SN*. Then\z,.S’T’ and\Z,.U’ are inSN*, where P’
denotesP[i := X] for any termP. From (AZ.[S,U]T)X —* AZ,.[S",U'|T" we
can conclude using Lemna2

We will show thatthe rules generate ALL terms which satisty the given condi-
tions, that is,PSN* D PSN* andSN? D SN*. First notice that the conclusions of
the given rules cover all possible shapesbterms but\z.z5 with 1h(Z) = n and
x € i for bothPSN* andSN? with n < m. This is sound since in this case we can
always find\-termsX such that \7.z5)X does not have normal form. We refer
to the proof of Theorem 4.9 iTPCO{ for this construction. We show that if the
statement holds for the conclusion then it must hold for the premises in each rule
without .

The most interesting case is that of the rule

=,

AZ.S € PSN* (VS €S) 1h(¥)=n zed
AZ.zS € SN,
By Lemma2.7 \Z.zS € SN? impliesAz.S € PSN* for all S € S.
Another interesting case is the rule:
AZ.ST € SN AZ.U € SN,  1h(Z) =m
AZ[S,U|T € SN;,
whose proof follows from Lemma.2 The proof for the last rule is similar.
For the remaining rules the proof is by a double induction on the length of
the longest reduction sequence to normal form and on the structure of terms. The
induction hypothesis applies since either the terms in the premises are obtained

by reducing the term in the conclusion or they are smaller than the term in the
conclusion.

a

3 The modelH L

We start by recalling the definition of thHe_.-modelH L., introduced in HL99]
to analyse perpetual strategies\italculus.

Let D, be the three point lattice. = s C T andD; = [Dy —, Dy be the
set of strict continuous functions frof, to Dy, where a continuous functiofiis
strictif f(L) = L. Moreover leti, be the initial projection defined by:

lo(J_):J_:>J_ lo(S):T:>S lo(T):SjT
whered; = d, denotes the step function defined by
(dy = dg)(e) = if e 3 d; thend, else L.

Theinverse limit construction H L, obtained starting frord, andi, is a model
of the A\I-calculus and of theNK-calculus as shown irHL99]. The interpretation

6
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c<oNo cNt<o cNt<rT

c<o, 7<7'=o0cnd <Nt

o<o, 7<7=0—-7<0 -7

(c—=1)N(e—=() <oc—T1N(

p~w— P W~ P —Ww w<

c<o o<1, 7T<( =0<(
Fig. 2. Type preorder

of A-terms inH L is defined in the standard way:

[], = p(2)
[[MN]]/J = F[[M]]p[[N]]p
[Ae.M], = GANd € HL. if d# L then[M],q/. elsel)

where(F, G) is a strict retraction fromiH L., —, HL] to HL.,. We recall that
a pair of functions(f, g) is a strict retraction fronD to £ if they satisfy all the
following conditions: f andg are continuousf : £ — D;g: D — &; fog = idp;
g o f(Lg) - J_g.

We can easily extend the interpretatiomtoterms by the clause:

1S, 71, = if [T], # L then[S], else_L

This clause is quite natural in view of the fact titais the meaningful term in
[S, T, while T" is only recorded since it could have an infinite computation.

As proved in HL99], we can give a finitary logical description &L, using
intersection types. In other words we can define an intersection type thé&dry
which is the Stone dual df{ L., in the sense of4br91].

The set of types of HL is build out of the constants andw by the arrow and
intersection constructors:

Ti=p|lw|ToT|TNT
We define a preorder relation on types whose axioms and rules are justified by:

 viewing “—" as the function space constructor amu'‘as set intersection,

» by considering the type® andw in correspondence with the elementsT,
respectively, but reversing the partial ordefHL ., (this correspondence will be
made explicit by the mappingdefined below).

Figure 2 defines the preordet: we write7 ~ ¢ as short forr < ¢ ando < 7.
Notice thatv andy are respectively the smallest and the biggest types.

We recall thatflters of types are sets of types upper closed and closed under in-
tersection. LelF be the set of all filters: it is easy to check tifais anw-algebraic

7
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(x:0) el 'ES:7I'FT:0
) T oo ) —FrEm,
(1) x:okES:T (_}E)FI—S:U—>TFI—T:U
'Xe.S:0—r71 '=ST:71
(<)F|—S:JJ§T <m>FI—S:UFI—S:T
. '=sS:r 'ES:ont

Fig. 3. Typing rules

complete lattice with respect to set theoretic inclusion whose bottom element is
the empty set and whose top element is the set of all types. Moreover as shown
in [HL99] F is isomorphic toH L, through the mapping:

a(X) = | |m(r)
TeX

wherem(y) = s, nw) = T, m(n — m) = n(n) = n(r), n(n N ) =
m(7y) Um(7s).

We extend the intersection type assignment systerilb®9] to \*-terms: we
call HL* the resulting system. We ugeto denote a basis, i.e. a mapping from
variables to types. The typing rules are shown in Figliréhey are standard, but
for the typing rule for pairs oA*-terms which is given inBou03. We denote by
+ derivability in this system. It is easy to verify that strengthening and weakening
are admissible rules in this system.

The type assignment system enjoys a Generation Lemma whose restrigtion to
is proved in PCHMO5]. The proof of the last clause which is the only new clause
follows easily by induction on deductions.

Lemma 3.1 (Generation Lemma) (i) [' - x: 7 iff there iso such thatr:o € T’
ando < 7.

(i) T+ ST:7iffthereiso suchthatl' - S:0 — randl' - T:o.
(i) TFXx.S:0 -7iff [ z:0F S:7.
(iv) TE[S,T]:7iff '+ S:7 and there isr such thatl" - T": 0.

We can now formulate Stone duality for the mo@él., generalising the result
proved in HL99] for A-terms.

Theorem 3.2 (Stone Duality) LetT" = pif x: 0 € T impliesm(o) C p(z). We
have

[S], =| [{m(r) |30 E pT+ S:7}.

Proof. The proof is by induction oi$. The same statement restricted\tterms
is proved in HL99]. Therefore we only need to consider the case of pairs, i.e. let
S = [T,V]. By induction[T], = | {m(7) | L' = pI' F T : 7} and[V], =

8
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| Km(7) | AT = p T HViT}
[[T,V]], = if [V], # L then[T], elseL
= ifdl = pl'FV:othen| {n(r) |30 = p.I'FT:7} elseL
by induction
= Ufn(r) | 30 p.T F [T V]:7}

by Lemma3.1(iv).
O

Let pt be the environment which associatédo all variables. We can char-
acterise strongly normalising and persistently strongly normalisthgrms in the
modelHL* respectively as tha*-terms whose meaning in the environmentis
different from_L and equal tor'. l.e. we have:

Theorem 3.3 (Main Theorem) (i) A\*-termS is strongly normalising iffS],, #
1.

(i) A X*-termS is persistently strongly normalising if6],, = T.
The proof of this theorem uses the above discussed isomorphism b&tiegn
and.F. The theorem in fact can be reformulated as follows:
Theorem 3.4 LetT', = {z:w | z € Var}.
() Ax-termM € SNiff I, = M : .
(i) AX-termM € PSNiff T, + M :w.

The remaining of the present section is devoted to the proof of this theorem.
SubsectiorB.1 shows thef part by means of a realizability interpretation of inter-
section types. Thenly if part can be shown using the inductive definitionssof,
andPSN* given in Sectior: this proof is the content of Subsecti8r

3.1 Proof of Theorer.4 (<)

In order to develop the reducibility method we considéms theapplicative struc-
ture whose domain is the set af-terms and whose application is just the appli-
cation of terms.

We first define a mapping between types and sefs-#érms.

Definition 3.5 Theinterpretation of types is the mappping | defined by:
[] = SN*
[w] = PSN*
[o — 7] ={S €A |VT € [o] ST € [r]}
[enr] = [o] N [r].

We extend to\* the standard definition ofaturated set, as given for example
in Krivine [Kri90], [Kri93].
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Definition 3.6 A setS C A* is saturated if for all S,T,U € A*:
Slz:=TUeS&zeFV(S)= \.8)TU € §
(5,710 e S&x & FV(S) = (M\x.8)TU € S
SUeS&T eSN* = [S,T]U € S.
We can show that all sets in the range of our interpretation of types are saturated.
Lemma 3.7 For all typesr the sef]r] is saturated.

Proof. The proofis by structural induction on types. The third condition for atomic
types follows from Lemmag.2and2.3(i).

The more interesting case is that of arrow types. Suppose= T]U € [r —
o] andz € FV(S). LetV e [r] be arbitrary. By Definitior8.5 S[z := T|UV &
[c]. Then by the induction hypothesiaz.S)TTUV € [o]. SinceV was arbitrary,
according to Definitior8.5we get(\z.S)TU € [r — o]. Similarly one can show
the remaining two conditions. O

The preorders on types agree with the set theoretic inclusion between type in-
terpretations.

Lemma 3.8 If 7 < o, then[r] C [o].

Proof. By induction on the length of the derivation of < ¢. The definition of
PSN* and Lemma2.3(ii) justify the axioms between atomic types. O

We define thevaluation of \*-terms [—]s : A* — A* and thesemantic satisfi-
ability relation = which connects the type interpretation and the term valuation as
follows.

Definition 3.9 Letd : var — A be a valuation of term variables i*. Then
() [-]o : A* — A*is defined by
[STo = S[x1:=0(x1),...,2,:=0(x,)], whereFV(S) = {z1,...,z,};
(i) 6 =S:7 if [S]y€]r];
i)y 6 =T if (Maz:7)el) 0Ex:;
(ivy TES:7 if MET) 0ES:T.

We can prove that our type assignment systesoiad for the above semantic
satisfiability.

Theorem 3.10 (Soundness)
'ES:7=TES:T.

Proof. By induction on the derivationdf - S : 7.
Case 1. The last step is (Ax), i.e,z : 7z : 7. Thenl',z : 7 =z : 7 by
Definition 3.9(iii ).
10
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Case 2. The last step is[(, |),i.e. ' S: 7, T'FT:0=TF[S,T]: 7. By
induction[S]y € [7] and[1]s € [o], which implies[T], € SN* by Lemma3.8.
We conclude by Lemma.7.

Case 3. The last stepis¢ E),ieI'FS:7—o, I'FT:7=T1TF ST : 0.
Then by the induction hypothedisl= S : 7 — candl’ =T : 7. Letd =T, then
[S]e € [T — o] and[T]y € [7]. Therefore[ST]y = [S]e[T]e € [o]-

Case 4. The laststepisG I),ie.lz: 7 S:o0=TFXz.S:7 — 0. By
the induction hypothesB,z : 7 = S : 0. Letf |= T and letT € [r].

If € FV(S) we defined[z:=T|(z) = T,0[z:=T|(y) = 6(y) for x # y. Then
Olz:=T]) E T, sincex ¢ T, andf[z:=T| &= = : 7, sinceT € [r]. Therefore
Ola:=T] = S : 0,i.e. [S]oz.=1 € [o], which means by Definitio®.Xi) that
Sly:=0(y)][x:=T)] € [o], wherey = FV(S) \ {z}. By Lemma3.7 we have
M. S[y:=0(1)])T € [o]. Then[ z.S]yT € [o] sincex ¢ FV(Az.S). We
conclude[Az.S]y € [t — o], sinceT € [r] was arbitrary.

If x ¢ FV(S) notice that by Lemm&.8T < [r] impliesT € SN*. Therefore
from [S]s € [o] by Lemma3.7we get[[S]y, T] € [o] which implies by the same
lemma(\z.[S]e)T € [o]. We concludg)z.S]s € [r — o], sinceT € [r] was
arbitrary.

Case 5. The last step is{l),i.e. ' S:7, I'FS:0=TFS:7Nao. Then
by the induction hypothesiS |= S : 7andl" = S : 0. Letf |= T, then[S]y € [7]
and[S]y € [o]. Therefore]S]y € [rNo],i.e.T'ES:TNo.

Case 6. The last stepis<),i.e.I'- S :7, 7 <o =TF S : 0. Bythe
induction hypothesi§® = S : 7. Letd = T, then[S], € [r]. According to
Lemma3.8 7] C [o] so it follows that]S], € [¢],i.e.T E S : 0. O

Proof of Theorem 3.4(«<) . LetI', - S : ¢. By soundness (Theoref10 we
have that if) = T',, then[S]y, € [¢] = SN*. We can take),(z) = =z, being
0, = T',, because all variables belongR8N*. Obviously,0,(S) = S for every
A*-term S. Therefore we get tha € SN*. Similarly fromT', - S : w we get
S € PSN™. O

Notice that this proof is an extension of the proof givenhii§9] for A to A*.

3.2 Proof of Theorer8.4 (=)

It is useful to have the invariance of typing under subject expansion. This property
has been proved irHL99] for A.

Theorem 3.11 (Subject Expansion) (i) If I' - S[z := T]: 7 andz € FV(S)
thenl' = (A\z.9)T:7.

(i) KT F[S,T]:7andx & FV(S) thenT' - (\x.S)T": 7.
Proof. The proof of {) done in HL99] for A extends ta\*.
For (i) letT" + [S,T] : 7. By Lemma3.1(iv) we getl' - S:7andl"' - T : ¢

for some types. Sincex ¢ FV/(S) by strengthening and weakening we derive
I x:oF S:7. We conclude using rules{ 1) and (— E). a

11
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The proof of Theoren8.4 (=) can be done using the inductive definitions of
SN, andPSN* given in Sectior2. More precisely it easily follows from the fol-
lowing lemma, whose restriction tb is proved in TDCO0q.

Lemma3.12 (i) If S € PSNfthenl, F S:w.

i) If S e SN thenl, F S: wherep” = .
(if) " et — @ Pt o o= = =

n

Proof. The proof of the same Lemma done iR0QCO4 for A consider all rules
of Figure 1 but those in the lines four, six, seven, and eight, so we only need to
consider these rules. For the rule
AZ.S[y =TV e SNE ¢y e FV(S)
AZ.(\y.S)TV e SN¥,

by induction we know thaF,, - A\Z.S[y := T|V : " — ¢. Letm = Ih(Z). We
supposen < n since the case: > n is similarly proved. By Lemm&.1(iii) we
getl,, Z: g+ Sy := T]pr”—m — . By Lemma3.1(ii) there existg’ such that
L, Z: 8 Sy =T):7— "™ = pandl,,Z: g+ V;:7, for 1 <i < h, where
h = 1h(V). This impliesl',, Z: 3 - (\y.S)T: 7 — ¢©"~™ — ¢ by TheorenB.11(i)
and so we concludg, + /\f.(/\y.S)TV:gp” — @ by the rules E) and (& 1).
For the rule

AZ.[S, T]V € SNty & FV(S)
AZ.(\y.S)TV e SN¥

by induction we know thaf’, - AZ.[S,T]V : o" — ¢. Letm = Ih(Z). We
supposen < n since the case: > n is similarly proved. By Lemma.1(iii)

we getl',, 7 : 3 F [S, T]V "™ — . By Lemma3.1(ii) there exists’ such
thatT,,7: g+ [S,T]: 7 — "™ — pandl',,Z: g+ V.7, for1 <i < h,

whereh = Ih(V). This impliesT,,Z: @ F (\y.S)T : 7 — @™ — ¢ by

Theorem3.11(ii) and so we concludg, - AZ.(\y.S)TV : " — ¢ by the rules
(— E)and & 1).

For the rule

AZ.ST € SNE - AZ.U € SN! 1h(Z) = m
MZ.[S, UIT e SNF,

by induction we know thaf, - AZ.ST : ¢" — ¢ andT, F A\Z.U : o™ — o.
We supposen > n since the case: < n is similarly proved. Lett;7, = ¥ and
1h(Z;) = n. By the generation lemma we halig, ¥, : g, 7, : Jd - S : 7 — ¢, and
Do @@l :@F T (1<i<Ih(T)),andl,, 7 : 3,7 : &+ U : o We
conclude using the ruleg , |), (—£), and(—1I). The proofs for the remaining
rules are similar. O

4 Concluding remarks

We have shown that for & -term .S the following four conditions are equivalent:
(i) SX;...X,isstrongly normalising for alt and all strong normalising, ..., X,,.
12
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(i) S € PSN* as defined in Figuré.
(i) T', F S :winthe intersection type assignement systgf)” .
(iv) [S],. = T inthe modelH L .
As an application of the “Substitution Theorem” we get that:
3Xy,..., X, eSN.SX; ... X, €SN* = 3X e SN*.S X ... X ¢SN*

therefore we plan to investigate consequences of this theorem in the study of infinite
reductions.
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