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Abstract

A model characterising strong normalisation for Klop’s extension ofλ-calculus is pre-
sented. The main technical tools for this result are an inductive definition of strongly
normalising terms of Klop’s calculus and an intersection type system for terms of Klop’s
calculus.

Key words: Klop’s extension ofλ-calculus, strong normalisation,
intersection types.

1 Introduction

Klop’s extendedλ-calculus [Klo80] is a generalisation of Nederpelt’s calculus
[Ned73]: it was introduced to infer strong normalisation from weak normalisa-
tion. We recall thatstrong normalisation means that all reductions are terminating
while weak normalisation means that at least one reduction is terminating. The
basic idea of Klop’s calculus is very simple and elegant: a redex(λx.M)N with x
not in the free variables ofM reduces to the pair[M, N ], instead of reducing toM .
In this way no subterm is discarded, and strong normalisation coincides with weak
normalisation, as proved in [Klo80]. More precisely we use the variant of Klop’s
λ-calculus discussed by Boudol in [Bou03]: we call it λ∗-calculus.

In [HL99] Honsell and Lenisa give aninverse limit construction HL∞ which
solves the domain equation

D = [D →⊥ D]
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where[D →⊥ D] is the set of strict continuous functions fromD toD (a continuous
function f is strict if f(⊥) = ⊥). In a companion paper [TDC06] we proved
thatHL∞ characterises strong normalisation ofλ-terms. In the present paper we
interpret theλ∗-calculus inHL∞ and we show thatHL∞ characterises also strong
normalisation ofλ∗-terms. More precisely our results are:

• a λ∗-termS is strongly normalising iffHL∞ does not interpretS as bottom in
the environment which associates top to all variables;

• a λ∗-termS is persistently strongly normalising iffHL∞ interpretsS as top in
the environment which associates top to all variables;

where aλ∗-termS is persistently strongly normalising if for all n and all strongly
normalisingλ∗-termsT1, . . . , Tn the applicationST1, . . . , Tn is strongly normalis-
ing too.

This proof is based on:

• an inductive definition of the sets of strongly normalising and persistently strongly
normalisingλ∗-terms;

• an extension of the intersection type assignment system of [HL99] for λ-terms
to λ∗-terms using the rule for typing pairs of [Bou03].

As proved in [HL99], we can give a finitary logical description ofHL∞ us-
ing intersection types. In other words we can define an intersection type theory
HL∗which is the Stone dual ofHL∞ in the sense of [Abr91]. This allows us to
express the interpretation of aλ∗-termS in the modelHL∞ by means of the types
derivable forS in the type systemHL∗.

The present paper is organised as follows. In Section2 we introduce Klop’s
extendedλ-calculus and we discuss the inductive definition of strongly normalising
and persistently strongly normalisingλ∗-terms. In Section3 we define the model
HL∞ and the intersection type assignment systemHL∗ , and finally we prove the
characterisation results.

2 Klop’s extendedλ-calculus

Following [Klo80] we extend the syntax ofλ-terms with a pairing operator[ , ], i.e.
we have the following syntax forλ∗-terms:

S ::= x | λx.S | SS | [S, S]

Λ∗ is the set ofλ∗-terms.
In writing λ∗-terms we use vector notation in the standard way, i.e.λ~x.S ~T

denotesλx1 . . . xn.ST1 . . . Tm where~x is x1, . . . , xn and ~T is T1, . . . , Tm. We use
lh( ) to denote the vector length.

Following [Bou03] we use[S, T1, . . . , Tn] and[S, ~T ] as short for[. . . [[S, T1], T2], . . . Tn]:
it becomesS for n = 0 and~T empty.
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OnΛ∗ Boudol [Bou03] defines the following reduction rules:

[λx.S, U1, . . . , Un]T →κ [S[x := T ], U1, . . . , Un]

if x ∈ FV (S)

[λx.S, U1, . . . , Un]T →κ [S, U1, . . . , Un, T ]

if x 6∈ FV (S)

The relation→κ is the contextual closure of these rules and the relation→∗
κ is the

reflexive and transitive closure of→κ.
For exampleBO∆ →κ (λyz.O(yz))∆ →κ λz.O(∆z) →κ λz.[λt.t, ∆z] →κ

λz.[λt.t, zz], whereB = λxyz.x(yz), O = λvt.t, ∆ = λu.uu.
A λ∗-term S is aκ-normal form if there does not exist aλ∗-termT such that

S →κ T .
A λ∗-term isweakly normalising if it has a finite reduction sequence. Aλ∗-

term isstrongly normalising if all reduction sequences starting from it are finite.
Let WN∗ andSN∗ be respectively the set of weakly normalising and of strongly
normalisingλ∗-terms.

In [Bou03] Boudol shows:

Theorem 2.1 SN∗ = WN∗.

We show that the application of a pair to a sequence ofλ∗-terms is strongly
normalising iff the application of the first element of the pair to that sequence is
strongly normalising and the second element of the pair is strongly normalising.

Lemma 2.2 [S, ~T ]~U ∈ SN∗ iff S~U, ~T ∈ SN∗.

Proof. The only if part of this lemma is Lemma 3.2 of [TDC06]. The if part is easy
observing that if there is an infinite reduction out ofS~U or ~T , then there is also an
infinite reduction out of[S, ~T ]~U . 2

We define the setPSN∗ of persistent strongly normalising λ∗-terms as the set
of λ∗-terms which preserve the strong normalisation property under application to
an arbitrary number of strongly normalisingλ∗-terms, i.e. S ∈ PSN∗ if for all
~X ∈ SN∗ we getS ~X ∈ SN∗.

The pairing ofλ∗-term inPSN∗ with aλ∗-term inSN∗ remains inPSN∗ and the
application of aλ∗-term inSN∗ to aλ∗-term inPSN∗ remains inSN∗. These are the
claims of the following lemma, respectively: the proof is given in [TDC06].

Lemma 2.3 (i) S ∈ PSN∗ andT ∈ SN∗ imply [S, T ] ∈ PSN∗.
(ii) S ∈ SN∗ andT ∈ PSN∗ implyST ∈ SN∗.

Similarly to [TDC06] we also consider the classSN∗
n of λ∗-terms which pre-

serves the strong normalisation property under application ton strongly normalis-
ing λ∗-terms, i.e.M ∈ SN∗

n if for all X1, . . . , Xn ∈ SN∗ we getMX1 . . . Xn ∈
SN∗. ClearlySN∗

0 = SN∗.
Figure1 defines the setsPSN] andSN]

n: all rules but the last two are similar
to the rules of [TDC06] which give the inductive definition of the corresponding
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λ~x.S ∈ PSN] (∀S ∈ ~S) lh(~x) = n x ∈ ~x

λ~x.x~S ∈ SN]
n

λ~x.S ∈ SN]
m (∀S ∈ ~S) y 6∈ ~x lh(~x) = m

λ~x.y~S ∈ SN]
n

λ~x.S ∈ SN]
n lh(~x) = n lh(~y) > 0

λ~x.λ~y.S ∈ SN]
n

λ~x.S[y := T ]~V ∈ SN]
n y ∈ FV (S)

λ~x.(λy.S)T ~V ∈ SN]
n

λ~x.[S, T ]~V ∈ SN]
n y 6∈ FV (S)

λ~x.(λy.S)T ~V ∈ SN]
n

λ~x.S ∈ SN]
n (∀S ∈ ~S) lh(~x) = n y 6∈ ~x

λ~x.y~S ∈ PSN]

λ~x.S[y := T ]~V ∈ PSN] y ∈ FV (S)

λ~x.(λy.S)T ~V ∈ PSN]

λ~x.[S, T ]~V ∈ PSN] y 6∈ FV (S)

λ~x.(λy.S)T ~V ∈ PSN]

λ~x.S ~T ∈ SN]
n λ~x.U ∈ SN]

m lh(~x) = m

λ~x.[S, U ]~T ∈ SN]
n

λ~x.S ~T ∈ PSN] λ~x.U ∈ SN]
n lh(~x) = n

λ~x.[S, U ]~T ∈ PSN]

Fig. 1. Inductive definition ofSN]
n andPSN].

sets restricted toΛ. The last two rules are justified thinking that the functional
behaviour of[S, U ] is the functional behaviour ofS.

In the remaining of the present section we will show the correctness of our
inductive definitions.

Theorem 2.4 PSN] = PSN∗ andSN]
n = SN∗

n.

To prove this, we need another theorem and a few lemmas, which we can obtain
by extending results in [TDC06] to λ∗-terms in a straightforward way.

We call the following theorem “Substitution Theorem” , since it allows to re-
place different variables by differentλ∗-terms inSN∗, instead of the sameλ∗-term
in SN∗, preserving the strong normalisation property.
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Theorem 2.5 (Substitution Theorem forSN∗) If S[xi := X, xj := X] ∈ SN∗

for all X ∈ SN∗ for all i, j (1 ≤ i, j ≤ n), thenS[x1 := X1, . . . , xn := Xn] ∈ SN∗

for all X1, . . . , Xn ∈ SN∗.

Proof. The proof of the same statement forλ-terms given in [TDC06] extends
without changes toλ∗-terms. 2

The first lemma shows a property of the setSN∗, which easily follows from
Theorem2.1and Lemma2.2.

Lemma 2.6 Let lh(~x) = lh(~T ), thenS[~x := ~T ]~U ∈ SN∗ and ~T ∈ SN∗ imply
(λ~x.S)~T ~U ∈ SN∗.

The following lemma, which is the key result for proving the completeness of
the given inductive definition, uses in a crucial way the “Substitution Theorem” for
SN∗, Theorem2.5.

Lemma 2.7 If λ~x.x~S ∈ SN∗
n wherex ∈ ~x and lh(~x) = n, thenλ~x.S ∈ PSN∗ for

all S ∈ ~S.

Proof. For an arbitrary~X ∈ SN∗ with lh( ~X) = n, we have(x~S)[~x := ~X] ∈ SN∗.
Supposelh(~S) = m and y 6∈ FV (~S). By Theorem2.5, (y~S)[~x := ~X, y := Y ] ∈
SN∗ holds for all ~X, Y ∈ SN∗. ForSi (1 ≤ i ≤ m), we will show(λ~x.Si) ~X ~Z ∈
SN∗ for arbitrary ~X, ~Z ∈ SN∗. Let Y beλ~z.zi

~Z. Then we have(y~S)[~x := ~X, y :=

Y ] = (λ~z.zi
~Z)~S[~x := ~X] →∗

κ Si[~x := ~X]~Z. HenceSi[~x := ~X]~Z ∈ SN∗. By
Lemma2.6, we have(λ~x.Si) ~X ~Z ∈ SN∗. Thereforeλ~x.Si ∈ PSN∗. 2

We can show now the soundness and completeness of the given inductive char-
acterisations.

Proof of Theorem 2.4 [TDC06] shows thatPSN] = PSN∗ andSN]
n = SN∗

n holds
when we restrict toλ-terms, i.e. it showsPSN] ∩ Λ = PSN∗ ∩ Λ andSN]

n ∩ Λ =
SN∗

n ∩ Λ. The present proof and that of [TDC06] are similar.
We will show thatthe rules generate ONLY terms which satisfy the given condi-

tions, that is,PSN] ⊆ PSN∗ andSN]
n ⊆ SN∗

n. This claim is proved by induction on
the formation rules. It suffices to show that if the statement holds for the premises
then it holds for the conclusion. For example for the rule

λ~x.S ∈ PSN] (∀S ∈ ~S) lh(~x) = n x ∈ ~x

λ~x.x~S ∈ SN]
n

it is enough to show(λ~x.x~S) ~X ∈ SN∗ for all ~X ∈ SN∗ of lengthn. By induction
hypothesis, we haveλ~x.S ∈ PSN∗. ThenS[~x := ~X] ∈ PSN∗. Let xj = x.
By Lemma2.3(ii ) , we haveXj

~S[~x := ~X] ∈ SN∗. By Lemma2.6, we have
(λ~x.x~S) ~X ∈ SN∗.

We also consider the rule:

λ~x.S ~T ∈ SN]
n λ~x.U ∈ SN]

m lh(~x) = m

λ~x.[S, U ]~T ∈ SN]
n

5
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We assumem ≥ n, the proof form < n being similar. Let~x1~x2 = ~x and
lh(~x1) = n. For given ~X ∈ SN∗ of lengthn , by induction hypothesis, we have
(λ~x.S ~T ) ~X, (λ~x.U) ~X ∈ SN∗. Thenλ~x2.S

′ ~T ′ andλ~x2.U
′ are inSN∗, whereP ′

denotesP [~x := ~X] for any termP . From(λ~x.[S, U ]~T ) ~X →∗
κ λ~x2.[S

′, U ′]~T ′ we
can conclude using Lemma2.2.

We will show thatthe rules generate ALL terms which satisfy the given condi-
tions, that is,PSN] ⊇ PSN∗ andSN]

n ⊇ SN∗
n. First notice that the conclusions of

the given rules cover all possible shapes ofλ∗-terms butλ~x.x~S with lh(~x) = n and
x ∈ ~x for bothPSN] andSN]

m with n < m. This is sound since in this case we can
always findλ-terms ~X such that(λ~x.x~S) ~X does not have normal form. We refer
to the proof of Theorem 4.9 in [TDC06] for this construction. We show that if the
statement holds for the conclusion then it must hold for the premises in each rule
without ].

The most interesting case is that of the rule

λ~x.S ∈ PSN∗ (∀S ∈ ~S) lh(~x) = n x ∈ ~x

λ~x.x~S ∈ SN∗
n

By Lemma2.7λ~x.x~S ∈ SN∗
n impliesλ~x.S ∈ PSN∗ for all S ∈ ~S.

Another interesting case is the rule:

λ~x.S ~T ∈ SN∗
n λ~x.U ∈ SN∗

m lh(~x) = m

λ~x.[S, U ]~T ∈ SN∗
n

whose proof follows from Lemma2.2. The proof for the last rule is similar.
For the remaining rules the proof is by a double induction on the length of

the longest reduction sequence to normal form and on the structure of terms. The
induction hypothesis applies since either the terms in the premises are obtained
by reducing the term in the conclusion or they are smaller than the term in the
conclusion.

2

3 The modelHL∞

We start by recalling the definition of theD∞-modelHL∞ introduced in [HL99]
to analyse perpetual strategies inλ-calculus.

Let D0 be the three point lattice⊥ v s v > andD1 = [D0 →⊥ D0] be the
set of strict continuous functions fromD0 toD0, where a continuous functionf is
strict if f(⊥) = ⊥. Moreover leti0 be the initial projection defined by:

i0(⊥) = ⊥ ⇒ ⊥ i0(s) = > ⇒ s i0(>) = s⇒ >
whered1 ⇒ d2 denotes the step function defined by

( d1 ⇒ d2)(e) = if e w d1 then d2 else⊥.

Theinverse limit constructionHL∞ obtained starting fromD0 andi0 is a model
of theλI-calculus and of theλNK-calculus as shown in [HL99]. The interpretation
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σ ≤ σ ∩ σ σ ∩ τ ≤ σ σ ∩ τ ≤ τ

σ ≤ σ′, τ ≤ τ ′ ⇒ σ ∩ σ′ ≤ τ ∩ τ ′

σ′ ≤ σ, τ ≤ τ ′ ⇒ σ → τ ≤ σ′ → τ ′

(σ → τ) ∩ (σ → ζ) ≤ σ → τ ∩ ζ

ϕ ∼ ω → ϕ ω ∼ ϕ → ω ω ≤ ϕ

σ ≤ σ σ ≤ τ, τ ≤ ζ ⇒ σ ≤ ζ

Fig. 2. Type preorder

of λ-terms inHL∞ is defined in the standard way:

[[x]]ρ = ρ(x)

[[MN ]]ρ = F[[M ]]ρ[[N ]]ρ

[[λx.M ]]ρ = G(λλ d ∈ HL∞. if d 6= ⊥ then[[M ]]ρ[ d/x] else⊥)

where(F, G) is a strict retraction from[HL∞ →⊥ HL∞] toHL∞. We recall that
a pair of functions(f, g) is a strict retraction fromD to E if they satisfy all the
following conditions:f andg are continuous;f : E → D; g : D → E ; f ◦ g = idD;
g ◦ f(⊥E) = ⊥E .

We can easily extend the interpretation toλ∗-terms by the clause:

[[[S, T ]]]ρ = if [[T ]]ρ 6= ⊥ then[[S]]ρ else⊥

This clause is quite natural in view of the fact thatS is the meaningful term in
[S, T ], while T is only recorded since it could have an infinite computation.

As proved in [HL99], we can give a finitary logical description ofHL∞ using
intersection types. In other words we can define an intersection type theoryHL
which is the Stone dual ofHL∞ in the sense of [Abr91].

Theset of types of HL is build out of the constantsϕ andω by the arrow and
intersection constructors:

τ ::= ϕ | ω | τ → τ | τ ∩ τ

We define a preorder relation on types whose axioms and rules are justified by:

• viewing “→” as the function space constructor and “∩” as set intersection,
• by considering the typesϕ and ω in correspondence with the elementss,>,

respectively, but reversing the partial order inHL∞ (this correspondence will be
made explicit by the mappingm defined below).

Figure2 defines the preorder≤: we write τ ∼ σ as short forτ ≤ σ andσ ≤ τ .
Notice thatω andϕ are respectively the smallest and the biggest types.

We recall thatfilters of types are sets of types upper closed and closed under in-
tersection. LetF be the set of all filters: it is easy to check thatF is anω-algebraic
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(Ax)
(x :σ) ∈ Γ

Γ ` x :σ
([ , ])

Γ ` S : τ Γ ` T : σ

Γ ` [S, T ] : τ

(→ I)
Γ, x :σ ` S : τ

Γ ` λx.S : σ → τ
(→ E)

Γ ` S : σ → τ Γ ` T : σ

Γ ` ST : τ

(≤)
Γ ` S : σ σ ≤ τ

Γ ` S : τ
(∩I)

Γ ` S : σ Γ ` S : τ

Γ ` S : σ ∩ τ

Fig. 3. Typing rules

complete lattice with respect to set theoretic inclusion whose bottom element is
the empty set and whose top element is the set of all types. Moreover as shown
in [HL99] F is isomorphic toHL∞ through the mapping:

m̂(X) =
⊔
τ∈X

m(τ)

wherem(ϕ) = s, m(ω) = >, m(τ1 → τ2) = m(τ1) ⇒ m(τ2), m(τ1 ∩ τ2) =
m(τ1) t m(τ2).

We extend the intersection type assignment system of [HL99] to λ∗-terms: we
call HL∗ the resulting system. We useΓ to denote a basis, i.e. a mapping from
variables to types. The typing rules are shown in Figure3: they are standard, but
for the typing rule for pairs ofλ∗-terms which is given in [Bou03]. We denote by
` derivability in this system. It is easy to verify that strengthening and weakening
are admissible rules in this system.

The type assignment system enjoys a Generation Lemma whose restriction toΛ
is proved in [DCHM05]. The proof of the last clause which is the only new clause
follows easily by induction on deductions.

Lemma 3.1 (Generation Lemma) (i) Γ ` x : τ iff there isσ such thatx :σ ∈ Γ
andσ ≤ τ .

(ii) Γ ` ST :τ iff there isσ such thatΓ ` S :σ → τ andΓ ` T :σ.

(iii) Γ ` λx.S :σ → τ iff Γ, x :σ ` S :τ .

(iv) Γ ` [S, T ] :τ iff Γ ` S :τ and there isσ such thatΓ ` T :σ.

We can now formulate Stone duality for the modelHL∞ generalising the result
proved in [HL99] for λ-terms.

Theorem 3.2 (Stone Duality)Let Γ |= ρ if x : σ ∈ Γ impliesm(σ) v ρ(x). We
have

[[S]]ρ =
⊔
{m(τ) | ∃Γ |= ρ.Γ ` S :τ}.

Proof. The proof is by induction onS. The same statement restricted toλ-terms
is proved in [HL99]. Therefore we only need to consider the case of pairs, i.e. let
S = [T, V ]. By induction [[T ]]ρ =

⊔
{m(τ) | ∃Γ |= ρ.Γ ` T : τ} and [[V ]]ρ =

8
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{m(τ) | ∃Γ |= ρ.Γ ` V :τ}.

[[[T, V ]]]ρ = if [[V ]]ρ 6= ⊥ then[[T ]]ρ else⊥

= if ∃Γ |= ρ.Γ ` V :σ then
⊔
{m(τ) | ∃Γ |= ρ.Γ ` T :τ} else⊥

by induction

=
⊔
{m(τ) | ∃Γ |= ρ.Γ ` [T, V ] :τ}

by Lemma3.1(iv).
2

Let ρ> be the environment which associates> to all variables. We can char-
acterise strongly normalising and persistently strongly normalisingλ∗-terms in the
modelHL∗ respectively as theλ∗-terms whose meaning in the environmentρ> is
different from⊥ and equal to>. I.e. we have:

Theorem 3.3 (Main Theorem) (i) Aλ∗-termS is strongly normalising iff[[S]]ρ> 6=
⊥.

(ii) A λ∗-termS is persistently strongly normalising iff[[S]]ρ> = >.

The proof of this theorem uses the above discussed isomorphism betweenHL∞
andF . The theorem in fact can be reformulated as follows:

Theorem 3.4 LetΓω = {x :ω | x ∈ Var}.
(i) A λ-termM ∈ SN iff Γω ` M :ϕ.

(ii) A λ-termM ∈ PSN iff Γω ` M :ω.

The remaining of the present section is devoted to the proof of this theorem.
Subsection3.1shows theif part by means of a realizability interpretation of inter-
section types. Theonly if part can be shown using the inductive definitions ofSN∗

n

andPSN∗ given in Section2: this proof is the content of Subsection3.2.

3.1 Proof of Theorem3.4(⇐)

In order to develop the reducibility method we considerΛ∗ as theapplicative struc-
ture whose domain is the set ofλ∗-terms and whose application is just the appli-
cation of terms.

We first define a mapping between types and sets ofλ∗-terms.

Definition 3.5 Theinterpretation of types is the mappping[[ ]] defined by:

[[ϕ]] = SN∗

[[ω]] = PSN∗

[[σ → τ ]] = {S ∈ Λ∗ | ∀T ∈ [[σ]] ST ∈ [[τ ]]}

[[σ∩τ ]] = [[σ]] ∩ [[τ ]].

We extend toΛ∗ the standard definition ofsaturated set , as given for example
in Krivine [Kri90], [Kri93].

9



Dezani& Tatsuta

Definition 3.6 A setS ⊆ Λ∗ is saturated if for all S, T, ~U ∈ Λ∗:

S[x := T ]~U ∈ S & x ∈ FV (S) ⇒ (λx.S)T ~U ∈ S

[S, T ]~U ∈ S & x 6∈ FV (S) ⇒ (λx.S)T ~U ∈ S

S~U ∈ S & T ∈ SN∗ ⇒ [S, T ]~U ∈ S.

We can show that all sets in the range of our interpretation of types are saturated.

Lemma 3.7 For all typesτ the set[[τ ]] is saturated.

Proof. The proof is by structural induction on types. The third condition for atomic
types follows from Lemmas2.2and2.3(i).

The more interesting case is that of arrow types. SupposeS[x := T ]~U ∈ [[τ →
σ]] andx ∈ FV (S). Let V ∈ [[τ ]] be arbitrary. By Definition3.5S[x := T ]~UV ∈
[[σ]]. Then by the induction hypothesis(λx.S)T ~UV ∈ [[σ]]. SinceV was arbitrary,
according to Definition3.5we get(λx.S)T ~U ∈ [[τ → σ]]. Similarly one can show
the remaining two conditions. 2

The preorders on types agree with the set theoretic inclusion between type in-
terpretations.

Lemma 3.8 If τ ≤ σ, then[[τ ]] ⊆ [[σ]].

Proof. By induction on the length of the derivation ofτ ≤ σ. The definition of
PSN∗ and Lemma2.3(ii ) justify the axioms between atomic types. 2

We define thevaluation of λ∗-terms [[−]]θ : Λ∗ → Λ∗ and thesemantic satisfi-
ability relation |= which connects the type interpretation and the term valuation as
follows.

Definition 3.9 Let θ : var→ Λ be a valuation of term variables inΛ∗. Then

(i) [[−]]θ : Λ∗ → Λ∗ is defined by
[[S]]θ = S[x1 := θ(x1), . . . , xn := θ(xn)], whereFV (S) = {x1, . . . , xn};

(ii) θ |= S : τ if [[S]]θ ∈ [[τ ]];

(iii) θ |= Γ if (∀(x : τ) ∈ Γ) θ |= x : τ ;

(iv) Γ |= S : τ if (∀θ |= Γ) θ |= S : τ .

We can prove that our type assignment system issound for the above semantic
satisfiability.

Theorem 3.10 (Soundness)

Γ ` S : τ ⇒ Γ |= S : τ.

Proof. By induction on the derivation ofΓ ` S : τ .
Case 1. The last step is (Ax), i.e.Γ, x : τ ` x : τ . ThenΓ, x : τ |= x : τ by

Definition3.9(iii ).
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Case 2. The last step is ([ , ]), i.e.Γ ` S : τ , Γ ` T : σ ⇒ Γ ` [S, T ] : τ . By
induction[[S]]θ ∈ [[τ ]] and[[T ]]θ ∈ [[σ]], which implies[[T ]]θ ∈ SN∗ by Lemma3.8.
We conclude by Lemma3.7.

Case 3. The last step is (→ E), i.e.Γ ` S : τ → σ, Γ ` T : τ ⇒ Γ ` ST : σ.
Then by the induction hypothesisΓ |= S : τ → σ andΓ |= T : τ . Let θ |= Γ, then
[[S]]θ ∈ [[τ → σ]] and[[T ]]θ ∈ [[τ ]]. Therefore[[ST ]]θ ≡ [[S]]θ[[T ]]θ ∈ [[σ]].

Case 4. The last step is (→ I), i.e. Γ, x : τ ` S : σ ⇒ Γ ` λx.S : τ → σ. By
the induction hypothesisΓ, x : τ |= S : σ. Let θ |= Γ and letT ∈ [[τ ]].
If x ∈ FV (S) we defineθ[x := T ](x) = T, θ[x := T ](y) = θ(y) for x 6= y. Then
θ[x := T ] |= Γ, sincex /∈ Γ, andθ[x := T ] |= x : τ , sinceT ∈ [[τ ]]. Therefore
θ[x := T ] |= S : σ, i.e. [[S]]θ[x := T ] ∈ [[σ]], which means by Definition3.9(i) that
S[~y := θ(~y)][x := T ] ∈ [[σ]], where~y = FV (S) \ {x}. By Lemma3.7 we have
(λx.S[~y := θ(~y)])T ∈ [[σ]]. Then [[λx.S]]θT ∈ [[σ]] sincex /∈ FV (λx.S). We
conclude[[λx.S]]θ ∈ [[τ → σ]], sinceT ∈ [[τ ]] was arbitrary.
If x 6∈ FV (S) notice that by Lemma3.8 T ∈ [[τ ]] implies T ∈ SN∗. Therefore
from [[S]]θ ∈ [[σ]] by Lemma3.7we get[[[S]]θ, T ] ∈ [[σ]] which implies by the same
lemma(λx.[[S]]θ)T ∈ [[σ]]. We conclude[[λx.S]]θ ∈ [[τ → σ]], sinceT ∈ [[τ ]] was
arbitrary.

Case 5. The last step is (∩I), i.e. Γ ` S : τ, Γ ` S : σ ⇒ Γ ` S : τ ∩ σ. Then
by the induction hypothesisΓ |= S : τ andΓ |= S : σ. Let θ |= Γ, then[[S]]θ ∈ [[τ ]]
and[[S]]θ ∈ [[σ]]. Therefore[[S]]θ ∈ [[τ ∩ σ]], i.e. Γ |= S : τ ∩ σ.

Case 6. The last step is (≤), i.e. Γ ` S : τ, τ ≤ σ ⇒ Γ ` S : σ. By the
induction hypothesisΓ |= S : τ . Let θ |= Γ, then [[S]]θ ∈ [[τ ]]. According to
Lemma3.8 [[τ ]] ⊆ [[σ]] so it follows that[[S]]θ ∈ [[σ]], i.e. Γ |= S : σ. 2

Proof of Theorem 3.4(⇐) . Let Γω ` S : ϕ. By soundness (Theorem3.10) we
have that ifθ |= Γω, then [[S]]θ ∈ [[ϕ]] = SN∗. We can takeθ1(x) = x, being
θ1 |= Γω, because all variables belong toPSN∗. Obviously,θ1(S) = S for every
λ∗-term S. Therefore we get thatS ∈ SN∗. Similarly from Γω ` S : ω we get
S ∈ PSN∗. 2

Notice that this proof is an extension of the proof given in [HL99] for Λ to Λ∗.

3.2 Proof of Theorem3.4(⇒)

It is useful to have the invariance of typing under subject expansion. This property
has been proved in [HL99] for Λ.

Theorem 3.11 (Subject Expansion) (i) If Γ ` S[x := T ] : τ andx ∈ FV (S)
thenΓ ` (λx.S)T :τ .

(ii) If Γ ` [S, T ] :τ andx 6∈ FV (S) thenΓ ` (λx.S)T :τ .

Proof. The proof of (i) done in [HL99] for Λ extends toΛ∗.
For (ii ) let Γ ` [S, T ] : τ . By Lemma3.1(iv) we getΓ ` S : τ andΓ ` T : σ
for some typeσ. Sincex 6∈ FV (S) by strengthening and weakening we derive
Γ, x : σ ` S :τ . We conclude using rules (→ I) and (→ E). 2
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The proof of Theorem3.4 (⇒) can be done using the inductive definitions of
SN∗

n andPSN∗ given in Section2. More precisely it easily follows from the fol-
lowing lemma, whose restriction toΛ is proved in [TDC06].

Lemma 3.12 (i) If S ∈ PSN] thenΓω ` S :ω.

(ii) If S ∈ SN]
n thenΓω ` S :ϕn → ϕ whereϕn → ϕ = ϕ → . . . ϕ →︸ ︷︷ ︸

n

ϕ.

Proof. The proof of the same Lemma done in [TDC06] for Λ consider all rules
of Figure1 but those in the lines four, six, seven, and eight, so we only need to
consider these rules. For the rule

λ~x.S[y := T ]~V ∈ SN]
n y ∈ FV (S)

λ~x.(λy.S)T ~V ∈ SN]
n

by induction we know thatΓω ` λ~x.S[y := T ]~V : ϕn → ϕ. Let m = lh(~x). We
supposem ≤ n since the casem > n is similarly proved. By Lemma3.1(iii ) we
getΓω, ~x : ~ϕ ` S[y := T ]~V :ϕn−m → ϕ. By Lemma3.1(ii ) there exists~τ such that
Γω, ~x : ~ϕ ` S[y := T ] :~τ → ϕn−m → ϕ andΓω, ~x : ~ϕ ` Vi : τi for 1 ≤ i ≤ h, where
h = lh(~V ). This impliesΓω, ~x : ~ϕ ` (λy.S)T :~τ → ϕn−m → ϕ by Theorem3.11(i)
and so we concludeΓω ` λ~x.(λy.S)T ~V :ϕn → ϕ by the rules (→ E) and (→ I).
For the rule

λ~x.[S, T ]~V ∈ SN]
n y 6∈ FV (S)

λ~x.(λy.S)T ~V ∈ SN]
n

by induction we know thatΓω ` λ~x.[S, T ]~V : ϕn → ϕ. Let m = lh(~x). We
supposem ≤ n since the casem > n is similarly proved. By Lemma3.1(iii )
we getΓω, ~x : ~ϕ ` [S, T ]~V : ϕn−m → ϕ. By Lemma3.1(ii ) there exists~τ such
that Γω, ~x : ~ϕ ` [S, T ] : ~τ → ϕn−m → ϕ andΓω, ~x : ~ϕ ` Vi : τi for 1 ≤ i ≤ h,
whereh = lh(~V ). This impliesΓω, ~x : ~ϕ ` (λy.S)T : ~τ → ϕn−m → ϕ by
Theorem3.11(ii ) and so we concludeΓω ` λ~x.(λy.S)T ~V : ϕn → ϕ by the rules
(→ E) and (→ I).
For the rule

λ~x.S ~T ∈ SN]
n λ~x.U ∈ SN]

m lh(~x) = m

λ~x.[S, U ]~T ∈ SN]
n

by induction we know thatΓω ` λ~x.S ~T : ϕn → ϕ andΓω ` λ~x.U : ϕm → ϕ.
We supposem > n since the casem ≤ n is similarly proved. Let~x1~x2 = ~x and
lh(~x1) = n. By the generation lemma we haveΓω, ~x1 : ~ϕ, ~x2 : ~ω ` S : ~τ → ϕ, and
Γω, ~x1 : ~ϕ, ~x2 : ~ω ` Ti : τi (1 ≤ i ≤ lh(~T )), andΓω, ~x1 : ~ϕ, ~x2 : ~ω ` U : ϕ. We
conclude using the rules([ , ]), (→E), and(→I). The proofs for the remaining
rules are similar. 2

4 Concluding remarks

We have shown that for aλ∗-termS the following four conditions are equivalent:

(i) SX1 . . . Xn is strongly normalising for alln and all strong normalisingX1, . . . , Xn.
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(ii) S ∈ PSN] as defined in Figure1.

(iii) Γω ` S : ω in the intersection type assignement systemHL∗ .

(iv) [[S]]ρ> = > in the modelHL∞ .

As an application of the “Substitution Theorem” we get that:

∃X1, . . . , Xn ∈ SN∗.SX1 . . . Xn 6∈ SN∗ ⇒ ∃X ∈ SN∗.S X . . . X︸ ︷︷ ︸
n

6∈SN∗

therefore we plan to investigate consequences of this theorem in the study of infinite
reductions.
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