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ABSTRACT. This paper discusses the relation between the minimal positive relevant logic
B and intersection and union type theories. There is a marvellous coincidence between
these very differently motivated research areas. First, we show a perfect fit between the
Intersection Type DisciplinefD and the tweakin® A T of B, which saves implication

— and conjunctiom\ but drops disjunction/. Thefilter modelsof the A-calculus (and

its intimate partner Combinatory LogiCL) of the first author and her co-authors then
becometheory model®f these calculi. (The logicianTheoryis the algebraist'§ilter.)

The coincidence extends to a dual interpretation of key particles — the subtiypaslates

to provable—, type intersectiom to conjunctionA, function space— to implication and

whole domainw to the (trivially added but trivial) trutfi. This satisfying ointment contains

a fly. For it is right, proper and to be expected that type unisghould correspond to the
logical disjunctionv of B.. But the simulation of functional application by a fusion (or
modus ponens product) operatioon theories leaves the k8ubbling lemmaf work on

ITD unprovable for the/-prime theoriesrow appropriate for the modelling. The focus of

the present paper lies in an appeaHarrop theorieswhich are (a) prime and (b) closed
under fusion. A version of the Bubbling lemma is then proved for Harrop theories, which
accordingly furnish a model of andCL.

Keywords Minimal relevant logic, Intersection type theory, Lambda model, Curry-
Howard isomorphism, Harrop Formulas.
MSC:primary 03B47, 03B40 secondary 68N18

INTRODUCTION

This paper receives the ordinalfor a couple of reasons. Its predecessors in Meyer’s
“semantics of entailment” series (mainly with Routley) were called 1, 2, etc. It's time for
a summing up at the limit. A second reason has to do with the role afghstantw in
the filter modelsof A developed by Dezani and her colleagues (mainly at Torino)s
transmuted in various respects here — logically to a “Church consIgrahd functionally
to a spacdl’ — T. But the pun remains.

One had ventured to hope that the rise of computer science would bring with it a bright
new day for logic. Or at least it might bring back some good old days, beginning with those

Partially supported by EU within the FET - Global Computing initiative, project DART ST-2001-33477 and by
MURST Cofin'01 project COMETA, MURST Cofin’02 project McTati. The funding bodies are not responsible
for any use that might be made of the results presented here.
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in which Aristotle founded logic in order to give an account of how people reason, when
they are reasoning correctly. For if our computing machines are to do most of our thinking
in the present millennium (as is not unlikely), then some improvement in our start-of-the-
millennium logical theories is desirable. In particular Anderson, Belnap, @arah. in

[1][2] and Routleyet al. in [20] have proposed systems of relevant logic and entailment
as vehicles for this improvement. In this paper we build on our previous studies of the
semantics of entailment on the one hand and of models fok4tedculus on the other to
delve more deeply into what relevant logics are about.

With Sylvan (ré Routley}, Meyer proposed in [19] and [18] a minimal positive relevant
logic B;. As they conceived B had a role to play for relevant logics analogous to that
played by the systeid among normal modal logics with a Kripke-style “possible worlds”
semantics in the style of [16]. That iR, satisfied just those semantical postulates that
we took to be common tarbitrary positive logics in the relevant family. Thus on our
semantics other positive logics arose fr8m on the addition of specific postulates. But
the main ideas — e.g., th& A C is true at a “world™w iff B is true atw andC'is true atw
— remain through whatever additions are appropriate to get famous logics like rdReyant
or intuitionistJ.

Moreover, the main candidate additions havambinatorycharacter, in the sense that
they are suggested by the (so-called Curry-Howard) isomorphism between candidate impli-
cationaltheoremsaandcombinatorsset out in [8]. Indeed, the semantical postulates which
match these theorems may be almost read off the Curry-Howard correspondence. But, as
it turned out, there arethercandidate theorems - for example, some invohbiogh A and
— in their formulation - which also seemed to match combinators. Back in the early '70’s,
Routley and Meyer did not know what to make of these new “types” for combinators. But
they were sufficiently impressed by them to pronou@tethe “key to the universe” in
[18].

Many years thereupon passed, in some of which Meyer sought to interest members of
the CL- A community in (what he took to be) this satisfying interplay between ideas from
relevant and combinatory logics. But it was only when Bunder brought Hindley to Aus-
tralia (and to ANU in particular) in the late 1980’s that progress was made. For Meyer and
Errol Martin learned from Hindley of the extension of Curry’s type theory that had been
developed in the work of Coppo and Dezani in Torino and set out most fully by them with
Barendregt in [6]. For [6] had addedto the pure— Curry vocabulary; and this enabled
them, near enough, to fiXp — ¢) A p) — ¢ as the principal type okz.xx.

When Meyer saw this example in [6], he wasry pleased For Az.zx is one of the
terms that has no type on Curry’s scheme. Still, on the “correspondence theory” implicit in
[19], with the ternary relatiomR to explicate— on our relational “worlds semantics”, the
validity of theformula((p — ¢) A p) — ¢ enforces and is enforced by the total ternary
reflexivity postulateRwww. Rightly viewed, that semantical postulate is just a way of
saying that\z.zz (a.k.a. WI or SII, for CL fans) is agood guy Thelogical contentof
the postulate is that the formu{ép — ¢) A p) — ¢ (which expressesonjunctive modus
ponen$is a good guy. But it is nonethelesgptional whether or not this formula should

1Sylvan diedin June, 1996, while visiting Bali, Indonesia. After so much joint work with him on the semantics
of relevant logics, we dedicate this further essay to his memory.
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be taken as #ogical truth. At the most fundamental relevant level (i.e., thaif), the
formula is anon-theoren{despite any logical propaganda that you may have imbilfed.)

Now [6] saw thentersection type disciplinghenceforth|TD) of that paper as a way of
providing filter models for\. Along with — andA thelTD introduced a new (universal)
type T, which is a type possessed byery term But from the logical perspectiv€ may
be viewed simply as a greatest truth, which is entailed by every proposition. And once
union typeswith v are introduced as well, as they were for example in [4], we can feed our
intuitions with the following table:

Symbol Logical sense Type-theoretic sense

— Implies Function space

A And Intersection

\Y, Or Union

< Entails Subset

T True Whole domain
1. ITD=BAT

We set out first the postulates on the intersection type thBddy[6], and we relate
them to the— A fragment of B extended with a greatest truth. We call thil this frag-
mentB A T 3. Without loss of generalityTD may be assumed to be formulated with a
binary predicate<, a constanfl’ (a.k.a. w), and binary function symbols> andA. We
assume a countable infinity of (type) variables, for which we p&e'’, ‘', etc. As
syntactical variables for (type) terms we use upper-cd&e B’, etc., decorating our syn-
tactical variables as takes our fancy. We take leave of the right and good and eminently
sensible syntactical conventions set out by Curry in [7] and [8] by laying it down that equal
connectives shall be associated (shock, horror!) taigte, and thatA shall bind more
tightly than—. As axiom schemes and rulesIFD we choose the followirfly

Reflex. A< A

Top. A<T

Top—. T<T->T

Idemn. A< ANA

AE. ANB<AANB<B

—Al (A= B)AN(A—=C)<A—BAC
Trans\. A<B<(C=A<C

MonA. A< A ,B<B = AANB<AAB
Mon—. A'<AB<B =A—-B<A->DB

In a nutshell,ITD hasA-semilattice properties, with monotonic replacement properties
for A and (appropriately) for—, with T as a top element (mathematically identifiable as
T — T).

Now how did Hindley know, when he heard from Meyer ab®ut, that it was just (a
somewhat tweaked version dfjD ?° Here are some axiom schemes and rules sufficient

2StrengtherB+ (e.g., to intuitionist] or evenR ) andconjunctive modus poneissvalid!

3To be pronounced, “BAT".

4save for notational changes these exactlythe postulates of [6], using> to expressules

5Historically the tweaking should bgce versaasB . anticipatedTD by a decade. But nobody knew that.
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for B, formulated inA, v, —.°

Reflex. A— A

AE. AANB— AJ/ANB— B

—AL (A= B)A(A—=C)—>A—BANC
—VE. (A-C)A(B—C)—-AVvB—-C
V. A— AVB,B—AVB

DistAV. AA(BVC)— AANBVAANC

As rules we choose

—E. A—-B=A=01H
Al AandB= AAB
RuB. B—-C=(A—B)—A—-C
RuB. A—-B=(B—-C)—A—-C

Note the subtle difference between the “prefixing” Rwand the “suffixing” RuB’. To-
gether with—E either yields a derived “transitivity” rule, which we might set down as

RuBB. B—C=A—-B=A—-C

Three moves, all trivial, suffice to transforBy. into ITD . The first is to replace- when

it is the principal connective of a formula witi<. (This has the side effect of making
the formula easier to read, while it coincides with the idea ¢imdidilmentis what logic is
principally about anyway.) The second move is to dvoand all its works. (They will be
back.) And the final move is to add (the “Church constafit;Yogether with the axioms

Top. A—-T
Top—». T—-T—->T

WhenB, has been so massaged, we cal itT. l.e., we presuppose a translatiofrom

the vocabulary of TD to that of BAT, such thap* = p andT* = T for all atoms, and
otherwise(A A B)* = A* A B*, (A — B)* = A* - B*,and(A < B)* = A* — B*.
And we now give a simplenetavaluationsargument that for all elementary statements
A < Bof ITD, we haved < B a theorem of TD iff A* — B* is a theorem oBAT.”
Note that it is elementary thaTD C BAT on the* translation, since the axioms and
rules of the former are readily derived BnT. For the converse we define a clag® of
metatruths thus:

vT. T € MTR

vp. p ¢ MTR, wherep is a variable

v—. A* — B* e MTRIiff (i) A < BinITD and (ii) A* ¢ MTR or B* € MTR
vA. A* A B* € MTR iff both A* € MTR and B* € MTR

Coherence lemmad € BAT = A* € MTR.

For proof, show by deductive induction that all theorem®BofT are metatruths. Whence
we have the

Coincidence theoreniTD = BAT on the* translation.

Proof. Inclusion from left to right is trivial as noted. And the converse holds given the
coherence lemma, in virtue of (i) under—. End of proof.

6Binary connectives are also rankedV, — in order ofincreasingscope. We continue as above to use
as ametalogicalconnective in framing rules; also associates here to thight.
\enneri uses another argument in [21]. But she notes the (previously unpublished) argument set out here.
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We shall now give a “worlds semantics” foFD , adapting [19] and Fine’s contribution
to [1][2].8 We take gpositive model structurénenceforth +ms) to be a structurd =<
K,o >, whereK is a set (of worlds) and is a binary operation of. ° Let Var be the
set of variables, and I1& = {0, 1} be the set of truth-values. Yaluationv on the+ms
K is a function fromVar x K to 2. Let Form be the set of all formulas. A valuatianon
K is extended to amterpretationZ from Form x K to 2 as follows'®for w € K:

Tp. Z(p,w) = v(p,w), forallp € Var

TA. Z(AAB,w)=min[I(A,w), I(B,w)]

T—. I(A— Byw) =1iff Vo € K(Z(A,z) =00rZ(B,wz) = 1)
TT. I(T,w) =1

And we now say thatl entails B on a valuatiorw in K (equivalently, on the associated
interpretatior?) iff Vw € K(Z(A,w) =0o0rZ(B,w) = 1). AentailsB in K iff A entails
B on all valuations in K. Finally, A entails B (positively iff A entailsB in all +ms K.

Semantic completeness ffD will amount to the claim thatl < B is a theorem iffA
entails B. Before proving it we enter some important definitions. First, wH&rg C
Form, define the fusion operatianby

Do. UoV =4 {B: 3A€ Form(A— BeUandAcV)}

A theoryU is any non-empty subset @form which is closed undex andA. !t l.e., U
must satisfy

<E. A<BInITD=(AcU=BeU)

Al. AeUandBeU=AANBeU

Theempty theoryto which we have sometimes appealed in the past, is ruled out here. So
every theorymust therefore contain the constantin view of <E and Top above.

Thecalculus of theorie€T =< CT, o > is the structure such that

(i) C'T is the collection of all theories and

(ii) o is the fusion operation defined yo.

It is easy to verify that if/ andV are theories so also ($oV. To eachA € Form there
corresponds itprincipal theoryAl= {B : A < BinITD}. Thecanonical valuatiorc

in CT is the valuation such that, for alle Var andU € CT, ¢(p,U) = 1iff p € U. Itis

elementary to observe that the extensior t a canonical interpretatiat on the rubric
above extends the property@A,U) = 1 iff A € U, for all formulasA and theoried/,

invoking T —, etc.

Canonical lemmaFor allA, B € Form, A < BinITD iff A entailsB oncinCT.
Proof. (=) Assume A < BandC(A,U) = 1. ThenA € U; soB € U by <E, whence
C(B,U) =1.

(<) AssumeA entailsB on the canonical valuation Then in particula€ (A, AT) =1 =
C(B,A7) = 1. ButC(A, A1) = 1. WhenceA < Bin ITD by definition of A7, ending
the proof of the canonical lemma.

8Fine develops (mainly independently) an Urquhart-Routley stgkrationalrelevant semantics.
e usually indicate composition undeby juxtaposition, writing (e.g.)wz’ instead of ‘wozx’.
107 agrees withy on variables bylI'p, and it is extended to all formulas by truth-conditichq’, TA, T —.
UThis isLogicese In Algebraesét is called &filter, as in Dunn’s [11] and in BCD's [6].
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We get immediately an appropriate

Completeness theorem for ITD. ITD|= A < Biiff A (positively) entails B.

Proof. (=-) By deductive induction.

(<) Supposed entails B. Then in particulard entails B on the canonical valuation
whence by the canonical lemma< Bin ITD.

2. The calculus of theories CT is a model for\ and CL

In Algebraese these are already principal results of [6] and [10] respectively. But here
we are speaking Logicese, whence wetseprywhere the cited papers sfijer. By A we
mean the type-fre@K g-calculus, invented by Church in the birth year of one of us, and
exhaustively studied by Barendregt in [5]. B} we mean Curry’s (weak) combinatory
logic, as summarised in [15]. AL is already definable in\ in well-known ways*?, it
will suffice here to recount the [6] proof th&@T =< CT,0 > is a model ofA. First, we
define an equivalence in ITD on Form by

D=. A=B =df A< BandB< A

[6] (which uses ~’ where we here use=’) rightly suggests thalTD may be considered
modulo=, in which case< becomes a partial order. They also prove an important lemma,
which goes into our notation as

Bubbling lemmdi) A — B = T iff B = T. (ii) Assume it is NOT the case th&l = T.
Assume moreover that we haygg_;(A4; — B;) < C — D for the finite non-empty index
set/. Then there is a finite non-empty subdedf I such that

c< A\ Aiand \ B, <D.
i€J e
The Bubbling lemma (i) is exceedingly important in [6]. Indeed, thdtils in the
richer environment of all oB, greatly complicates the story that we are telling here.

But let us dwell first on (more or less) easy success, which is preferable where available.
A \-valuationv in CT shall be a function which assigns theories\tariablesz, y, etc.
If U is a theory, by |[U/z] we mean the\-valuation'® defined by:

U if v =
vlU/x](y) ={ (y) otherwise

Each\-valuationv is extended to the correspondingnterpretation) on the following
rubric:

V. V(z) = v(z)

Vo. V(MN) =V(M)oV(N)

VA VM) ={/\(4 — B;): B € V[A;] /2](M)}

el

12Translating the combinatoks by Azy.z andSby A\zyz.zz(yz), etc.
L3Note thatv[U/z] is what Leblanc [17] calls am-variant. |.e. it agrees with everywhere, except possibly
atz.
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wherel is a finite non empty set of indice¥

For the correctness of our definition, we need all XHaterpretations to be theories. Proof
is by induction on the construction of theinterpretation) defined above.

The crucial case which requires the Bubbling lemma (ii) is cladse

A preliminary observation is that ow-interpretations are monotone, i.ewifx) C v'(z)
for all variablesz which occur free inM, thenV(M) C V'(M). This can be easily
checked by induction on the construction’einterpretations.

For {A\,c;(Ai — By) : B; € V[A;T /z](M)} to be a theory, we need that € V[C'1
/x](M) whenever)\,_,(A; — B;) < C — D andB; € V[A;1 /z](M) foralli € I. By
the Bubbling lemma (i) we get’ < A; foralli € JandA,.; B; < D for someJ C I.
This impliesC 12 A;1 for all i € J, which together withB; € V[A;1 /z](M) for all

i € J,gives usB; € V[CT /x](M) for all i € J by the monotonicity of\-interpretations.
Sowe getD € V[CT /z](M), sinceB; € V[CT /z](M) foralli € JandV[CT /z|(M)
is a theory by induction.

It is easy to verify (and already done in [6]), that for althe \-interpretation) is asyn-
tactic \-modelaccording to [14], i.e. that :

Ix. V(z)=v(z)

To.  V(MN)=V(M)oV(N)

Iho. V(Ax.M)oU = V[U/z](M)

Iv.  if v(z) = o'(x) for all variablest which occur free ilV/, thenV (M) = V(M)

Ia. V(Ax.M)=YV(A\y.M[y/x]) if y does not occur free i/

I¢. V[U/z)(M)=V[U/z](N)forallU = V(Az.M)=V(\z.N)
A crucial observation to prove claugeo is that A-interpretations are compositional, i.e.
VIU/z](M) = Ucy VIAT /2](M). Also this property can be easily shown by induction
on the construction of-interpretations.
By definition of o and clauseVX we getV(Az.M)oU = {B : 3A € Form(A —
BeV(Az.M)andA € U)} ={B: A € Form(B € V[U/z|(M)andA € U)} =
Uuacu VIAT /2](M), so we can conclude using the compositionalithehterpretations.

3. The calculus of theories onCT'V is not a model for A and CL

We can enricHTD by adding the following axiom schemes and rules:

ldemv. AVA<A

VI A<AVB,B<AVB

—VE. (A—-C)AB—-C)<AVB-—-C
DistAV. AAN(BVC)<AANBVAAC
Monv. A<A ,B<B =AVB<AVPHE

We call this extensiodTDV. Now we can transfornB_ into ITDV with only two
moves. It suffices to replace> when it is theprincipal connective of a formula with

<. And to addT with the axioms Top and Tep. The difference with the translaticn
described in section 1 is that we don't drap We call** this new translation. So the old
translation® mapsBAT into ITD ; the new translatiori* generalises the old one, since it
mapsB_ into ITDV. As expected, the coincidence theorem also holds for the translation
**. i.e. we have:

1%ve extend our convention by making[U/z](y) the interpretation) determines by ther-variant
v[U/z](y).
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Extended coincidence theorefTDV = B on the** translation.

The proof can be given using the same metavaluation argument that we introduced for
proving the coincidence theorem. It suffices to add to the definition of the ¥Tasthe
clause:

vV. A* Vv B** c MIRiff either A** € MTR or B** € MTR

In fact it is easy to verify that the coherence lemma still holds, i.e.4hatB, = A** ¢
MTR.

We can continue as in section 1. lete a+ms andFormV be the set of all formulas
in ITDV. We can define an interpretati@rfrom FormV x K to 2 by adding the follow-
ing clause:

TV. Z(AV B,w)=maz[Z(A,w),I(B,w)]

tothe claused’p, TA, T —, TT.

We can borrow from section 1 the definitions of entailment, fusion and theory, obviously
considering formulas i#'ormV instead of formulas iForm. In this way we get a calcu-

lus of theoriesCTV. We do have the following:

Soundness theorem foITDV. If ITDV E A < B then A (positively) entails B.

This ishalfwayto where we arrived happily at the end of section 1. We would like to
supply the other (completeness) half and then to continue as in section 2. Note however
that the canonical lemma above does NOT extend smooti@lyite. Extending the canon-
ical valuation we obtain an interpretation which does not satisfy clduseThe obvious
exampleiSAV B)!: AVB e (AVB)TbutA, B¢ (AV B).

We can generalise to ITDV in the obvious way. But we do not know how to go on.
The first problem is that the Bubbling lemma (ii) no longer holds. The counter-example
is under the eyes of everybody: it is just the axiemiVE. The unpleasant consequence
of this is that{A\,;.;(4; — B;) : B; € V[A;T /z](M)} is no longer a theory for
all A-terms M and all A\-valuationsv. The counter-example is again related to axiom
—VE. Take My = Mz.yzz andvy(y) = (A - A - C)AN(B — B — (C))1.

We get(A — C)A (B — C) € Vo(My), butAvV B — C & Vo(My). To see
why, observe thatd v B — C is an element oy (My) only if C is an element of
VolAV B? /z|(yzz). AndC'is an element o¥y[(AV B)1 /z](yzz) only if we can findD
suchthatD — C € Vy[(AVB)] /z](yxz)andD € Vy[(AVB)1 /z](x). But such ab does
not exist, since it is easy to verify the[(A vV B)T /z](yx) = (A — C) v (B — O))1,
and therefore alsvy[(A V B)1 /z|(yxx) = TT.

An obvious recipe to remedy this drawback is to force the interpretation of an abstrac-
tion to be a theory, by defining

VAV. VAx.M)={A— B: BeV[A] /z](M)}1

where byU7T we mean the minimal theory containing the set of formélage. the closure

of U underA and<. But the problem we pushed out of the door will come back through the
window. For this new definition oh-interpretation loses the key property characterising
models ofA andCL - i.e., the property do. The previously introduced-term M, and

15The closure 1) allows us to avoid intersections of arrow formulas (cf. claui9.
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the A-valuationu, are again good choices to point out our failure. In fact now we oblige
AV B — C'to be an element of,(M,); therefore we have

C e V()(M())O(A V B)T

But the other clauses ofinterpretation are unchanged, so we have as béfgifel v B)T
/x](yxx) = TT. We must conclude thabt\o fails! The underlying point of this counter
example is that the set &f-prime theories is NOT closed under fusion. As usual, a theory
is V-primeiff it contains eitherA or B whenever it containgl v B. So,V-prime theories
are exactly the theories which satisfy cladse. We can easily show that-prime theories
are NOT closed under fusion, as follows: jet;,  be (type) variables,

X = (p—(gVvr))l isVv-prime, atthe level 0B,
Y = p] isalsov-prime
SetZ = XoY. ThengVr € Z. Butq ¢ Z andr ¢ Z.

4. The calculus of Harrop theories HCT is a model forA and CL

The crucial idea to which we appeal in this paper to overcome the failure of the previous
section is in Harrop’s paper [13]. To take advantage of it, we define th& s&irm C
FormV of Harrop formulasas follows:

pe HFormforallp € Var

T € HForm

if A,Be€ HFormthenAA B € HForm

if Ae FormV andB € HFormthenA — B € HForm

Using this definition we can easily verify that:

Claim. If C € HForm then there are two finite seflsand K of indices, variables
pr € Var forall k € K and formulasdA; € FormV, B; € HForm foralli € I
such thatl U K is non-empty and’ = (A, ;(A; — B:)) A (Apek Pr)-

Infact, if CisT,thenC =T — T. If Cis AA Bwith A, B € HForm the claim
follows by induction, and lastly i€’ is a variable or of the formd — B the claim is im-
mediate.

The main feature of Harrop formulas is that they allow us to recover a (restricted) ver-
sion of the Bubbling lemma.

Bubbling lemma fotFormV. () A — B = T iff B = T. (ii) AssumeC € HForm
and it is NOT the case thab = T. Assume moreover that we havg,, ., (A; —
Bi)) A (Apex pe) < C — D for the finite index setd, K. ThenI is non-empty and
there is a finite non-empty subsébf I such that

C< /\Aland/\Bng
ied icJ
The proof if point (i) by induction on the constructionafis standard. The proof of point
(i) involves a stratification of formulas and we give it in the Appendix.
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We want to consider only theories which are essentially based on Harrop formulas. For
this reason we say that a thediy C FormV is anHarrop theoryif and only if for all
A € U there isA’ € U such thatd’ € HForm and A’ < A. In the remaining of this
section we will deal only with the s@ICT of Harrop theories.

We show the soundness of the calculus of thedH&ST =< HCT,o >, i.e., that
Harrop theories are closed under the fusion operation
By definitionUoV = {B : 3A € FormV(A — B € U andA € V)}. We will prove
that for all B € UoV there isB’ € UoV such thatB’ € HForm and B’ < B.
The caseB = T is trivial, so in the following we assum& # T. Now A € V,
where V' is an Harrop theory, implies that there 6 € V such thatd’ € HForm
andA’ < A. FromA — B € U we getA’ — B € U, sinced’ < A implies
A —- B < A’ — B andU being a theory is closed undet. Since alsoU is an
Harrop theory, there i€’ € U such thatC € HForm andC < A’ — B. By the
claim we haveC = (A, ;(A; — Bi)) A (A\zex i) for some setd, K of indices,
variablesp, € Var, and formulasd; € FormV, B; € HForm for all i € I. Now
(Nier(Ai = Bi)) AN (Npegpe) < A" — B, B # T, andA’ € HForm imply that
there is a finite non-empty subsgétof  such thatd” < A,.; A; and\,.; B; < B by
the Bubbling lemma (i) for"ormV. We will show now that)\,_ ; B; is a correct choice
for B’. First notice that eac; € H Form, whence\,.; B; € HForm by definition.
SinceA’ < A, Ai we getA\,_; A; € V. Moreover/\,_; A; — \,.; B: € U, since
C < Nier(Ai = Bi) < Nier(Nies Ai — Bi) < Nijey Ai — Ny Bi. Therefore we
get/\,c; Bi € UoV, and this concludes our proof.

Point (ii) of the Bubbling lemma foF'ormV suggests that the Harrop formulas are
good guys. To make the most of this property in the construction of our model we build the
interpretation of\-abstraction starting only from formulas of this shape. More precisely we
extend a\-H-valuationv (assigning Harrop theories fovariables) to the corresponding
\-H-interpretationV¥ as follows:

V. VH(z) = v(z)
VHo. VHE(MN) = VH(M)oVE(N)
VEN. VEAz.M)={A— B:Ac HFormandB € VH[A] /z|(M)}]

The soundness of this definition requires that\allf -interpretations are Harrop theories.
This can be proved by induction on the constructiomefl -interpretations itself. The
only non-trivial case is clause” \. Now V¥ (\z.M) is a theory by construction. To
show that it is an Harrop theory, we need to build € V (\z.M) such thatC’ €
HForm andC’ < C given an arbitranyC' € V¥ (\z.M). Now C € VH(\z.M) im-
plies \;c;(A; — B;) < C, for some set of indice$ and formulasA; € HForm,
B; € FormvV such thatB; € VH[A; 1 /x](M) for all i € I. By induction each
VH[A;1 /x](M) is an Harrop theory, and therefore we can fldde VH[A;1 /z](M)
such thatB; € HForm andB; < B;. We want to show thaf\,_,(A; — B;) is a cor-
rect choice forC’. First notice that by definition\,.,(4; — B;) € V¥ (\z.M) since
B! € VH[A;1 /x](M). MoreoverB, € HForm implies A; — B! € HForm for all

i € I, whence),_;(A; — Bj) € HForm. Lastly \,_;(4; — B;j) < C, sinceB; < B;
foralli € I (whenced; — B; < A; — B; and )\, (A; — B;) < \,c;(4; — B;)) and
Nier(Ai — B;) < C.

10



As in section 2, to prove that we have really obtainettmodel it is crucial to show
compositionality of interpretations. In the present case this is stronger, since we can limit
our consideration to Harrop formulas.

Compositionality Lemma-or all Harrop theorie#/, A- H-valuationsy and A-terms\/

Vi) = J VAT /2.
AcUNHForm
Proof. By induction on the construction of-H-interpretations. For clause” z notice
that if U is an Harrop theory, theti = {A : 3A’ € HForm(A’ € U andA’ < A)}. The
other clauses follow by induction.

A further useful property ok- H-interpretations concerns abstraction.

Abstraction Lemmalf A — B € VZ(\z.M) andA € HForm, thenB € VI[A1
Jz](M).

Proof. If A — B € V¥(\z.M) then\,_,(A; — B;) < A — B, for some set of
indices! and formulasA; € HForm, B; € FormV such thatB; € VHE[A;1 /z](M)
for all i € I. The Bubbling lemma (ii) fotFormV implies that there i/ C I such that
A< Ny Aiand)\,.; B; < B, whereA € HForm by hypothesis. Nowd < A,_; A;
implies AT (A\,c; Ai)T2 A;1 for alli € J. Since the\-H-interpretations are monotone
we getB; € VI[A1 /z](M) for all i € J. Whence we conclud8 € VZ[AT /z](M)
using\;c; B: < B.

The conditionA € H Form in the previous lemma is necessary, since for example
AV B — C € VE(My) butC ¢ VH[(AV B)1 /z|(yxz), whereM, = \z.yxz and
v(y) =(A—=A—=C)AN(B—B—= ).

To conclude our job we want to prove our main result, i.e. H&T is a \-model,
showing that’! is a syntactic interpretation according to the definition given at page 7.

Main Theorem. HCT is a A-model.
Proof. We already know that the only interesting case is claisein the definition of
syntactic interpretations. We have

VE(\z.M)oU = {B:3A € FormV(A — B € V(\z.M) andA e U)}.

SinceU is an Harrop theory, there i4’ € U such thatd’ € HForm andA’ < A. Now
A’ < AimpliesA — B < A’ — B, whenced’ — B € VZ(\z.M). We get

VE(A\z.M)oU = {B :3A’ € HForm(A' — B € V(\z.M) andA’ € U)}.
By the abstraction lemma from’ € HForm and A’ — B € VH(\z.M) we have
B € VH[A"T /x](M). Therefore we obtain

VE(\z.M)oU = {B : 34’ € HForm(B € VH[A"} Jz](M) andA’ € U)},
so by the compositionality lemma we conclude

VE(\x.M)oU = VE[UT /z](M).
Our last remark is that in the case of Harrop theories completeness fails. In fact we have

thatITDV [ p — qVr < (p — q)V (p — r). Sowe would like to find an Harrop

theoryU suchthap — gV r € Ubut(p — q) V (p — r) € U. By definition of Harrop
11



theoryp — q Vv r € U implies there isA € HForm N U suchthatd < p — ¢ Vv r. Now
clearly we can only choose eithgr— g or p — r asA.

CONCLUSION

The main result of the present paper is that the calculus of Harrop theories over the
minimal relevant logidB is a model ofA andCL. We seek nonethelessbatter model
in a wider class ofv-prime B, -theories, as a direction for future research and for the
further illumination of logics and of types. Recently further progress has been made in this
direction: [9] compareB . with the semantics-based approach to subtyping introduced by
Frisch, Castagna and Benzaken [12] in the definition of a type system with intersection and
union. [9] shows that — for the functional core of the system — such notion of subtyping,
which is defined in purely set-theoretical terms, coincides with the relevant entailment of
the logicB .

APPENDIX
We will use a stratification of'ormV. A similar stratification was considered in [3].

Definition 1 (Stratification ofF'ormV). T, T\, Tr, Trv,Tya € FormV are recursively
defined by:
(T-) TeT.,
p € T_, for all type variablegp
AeT\,BeTy,=A—BeT.,
(Ty) AeT_ . = AeT,
A BeT,=AVvBeTl,
(T\) AcT., = AcTy
A BeTy=AANBecTH\
(Thy) AeTy = ATy
A BeTrny = ANB€eThy
(Typr) A€eTh = ATy,
A BeTyr= AV BeTyn.

Specialisation o< to the setsl; are now introduced, whose definition exploits the
syntactical form of the types ii;.

Definition 2. <, CT; x T; (i =—,V, A\, AV, VA) are the least preorders such that
(<) A<_BeeitherB=TorA=B

orA= Al — A27B =By — By and31 <A Al,AQ <v B
(<v) VAi<y \/ Bj(whered;,B; € T,) & Vie IFj € J,A; <_ B;

iel jeJ
(<a) N\ 4i<n A Bj(whered;, B; € T_,) & Vj € J3i € I, A; <_, B,
iel jeJ
(<av) N\ 4i<av ) Bj (whered;, B; € Ty) < Vj € J3i € I, A; <, B;
iel jeJ
(<va) V4 <un V Bj (Whered;, B; € T)) < Vi€ I35 € J,A; <5 B;.
iel jeJ

Lemma 3. <; (i =—, V, A, AV, VA) are reflexive and transitive.

Proof. By induction the construction of;. O
12



We will now introduce maps from arbitrary formulas belongingitormV into their
conjunctive/disjunctive normal forms ifi,,, and7\, , respectively.

Definition 4. The mapan,y : FormV — Thy andmy, : FormV — T, 5 are defined
by simultaneous induction the structure of formulae:

() may(A) =myn(A) = Aif A=Tor Ais avariable.
(”) If m\//\(A) = \/iEI Az andm/\\/(B) = /\jEJ B] then

m/\\/(A—>B) m\//\A—>B /\/\A—>B
i€l jeJ

(|||) m/\\/(A A\ B) = m/\\/(A)/\m/\\/(B), al’]d, |fm\//\(A) = \/iEI A’L andm\//\(B) =
V,es Bjthen

my(AAB) = \/\/ (A; A By)

el jed

(|V) m\//\(A \Y B) = m\//\(A)\/m\//\(B), and, |fm/\\/(A) = /\iEI Al andm/\\/(B) =
Njes Bj then

mu (AV B) = /\/\AvB

i€l jedJ

The following proposition states that conjunctive/disjunctive normal forms are logically
equivalent to their counterimages undaf, () andmy (), and that the specialised rela-
tions <; are actually restrictions of to the setd’; respectively.

Proposition 5. Forall A, B € FormV :
(|) A = m/\\/(A) = m\//\(A).
(i) A,BeT;,A<;,B= A< Bfori=—,V,A,VA,AV.
(|||) A S B = m/\\/(A) S/\\/ m/\\/(B) = m\//\(A) Sv/\ m\//\(B).

Proof. (i) By induction on the structure of. E.g. if A = B — C then, by induction
hypothesis, we hav8 = my,(B) = \/,; B; andC = m, (C) = /\je,C
so that, by repeated uses et{\l), (—VE) and (Mon-) we conclude that

B—C=\/Bi—- NCi= \ \Bi—Cj)=mu(B—C)=my\(B— C).
el jeJ el jed

(ii) By straightforward induction on the construction f.

(iii) Implications (<) are immediate consequences of (i) and (ii). To prowe we
use induction on the construction gf. All cases are simple calculations. E.g.
case (Mow) A< B,C < D = AV C < BV D: by induction hypothesis

m/\\/(A) S/\\/ m/\\/(B) = V] elJ 37 elvVne I?, Hq S J]vAl,n S_> Bj7q7

wherem (4) = A;c; Ai myn(Ai) = Ve, Ain, andmay (B) = Ajc; By,
myn(Bj) =V e, Biq- Similarly,

m/\\/(C) g/\\/ m/\\/(D) = Vi S L3k S K Vr € Kk- ds S leck‘.ﬂ“ S_, Dl,57
13



wherem . (C) = Acxc Cr mya(Cr) =V, ek, Cr.randmy (D) = Ao, Dy,
my, (D) = \/SeLl D; ;. Then we have
VjeJle L[Hi €lvnel;3ge€ Jj,Ain <, Bjg
and 3k € K Vr € K 3s € L, Ci,p <_, Dy |
= VjeJleLiielLkeK, \/ Ainv \/ Cir<v \/ BjgVv \/ Dis
nel; reK, q€J; sely
= VjeJleLﬂielkzeKA‘\/Ck< ijDl
el kEK JGJZEL
= m/\\/(A V C) SAV m/\\/(B V D)

The converse of Proposition 5(ii) is false, an example is just axiemi).

We eventually come to the proof of the Bubbling lemma farrmV using the notion
of v-prime formulas.

Definition 6. A formula Aisv-primeiff A< BVC = A< BorA<C.

Theorem 7 (Bubbling forB_). (i) Each Harrop formula is/-prime.
(i) (Nier(As = Bi)) A (Apexpe) < C — D, D # T, and C isv-prime imply
C < NjieyjAiand A\, ; B; < D forsomeJ C I.

Proof. By the claim at page 9 each Harrop formula is equivaleriifo. ;(A; — B;)) A
(Arex pr) for suitable formulasi;, B; and variablegy,.
(i) By proposition 5(iii) we have:
(N\Ai—=B)A(N\ k) <SCVD &

iel keK
mVA((A(Az_’B /\ pk /\m\//\(C\/D)
i€l keK

Now mya (A;c;(Ai — Bi) A (Azex Pr)) is @ conjunction of arrows and vari-
ables, namely a formula with no disjunction at the top level; on the other hand
my,(C V D) has the form\/; ; C; V V., D, wheremy»(C) =V, ; C; and

my (D) =\, Di. By definition of <,,, we immediately have that

mya (A (Ai = Bi) A(Apexpr)) <a Cj

my (A (Ai = Bi) AN(Apexpr)) <s Di,

for somej, I; therefore the thesis follows by Propaosition 5(i) and (ii).
(i) Let first compute:

mV/\(/\(A _>B /\ /\ /\ zh_’le )

el i€l LheH; leL;

wheremy , (A;) = Ve, Ain, @andmpy (B;) = ;. Bii- On the other hand
suppose thainy,(C — D) = A,cx /\qu(Ck — Dy), wheremy,(C) =
14
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VkeK Cy, andmy (D) = A .o Dy. By Proposition 5(iii) and the definition
of <,, we have

Vke K,qeQ3iel,he Hyl € L. Cp <p Aip & Biy <y D,.

By Proposition 5()),C = \/,cx Cr: hence, since’ is v-prime, there exists
ko € K such thatC' < Cy,. Choose one suchy and, for anyg € @), define

Jq = {’L el ‘ dh € Hi,l (S Li. Oko S/\ A@h & BiJ S\/ Dq},

which is non-empty by the above statement. Finally, we take= (J ., J
Now, for alli € J, there existsy € H; such thatCy,, < A;; < A;: therefore
C< Cko < /\ZEJ

To conclude, forall] € Qthereisi € J,and! € L; suchthatB; < B; ; < Dy:

then/\,.; B; < D, for all ¢, and, therefore/\,. ; B; < A ,co Dq = D.

O

The conditionC' is V-prime in point (ii) of the above theorem is necessary. A counter-
example is axiom-GVE).
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