
Normalisation is Insensible toλ-term Identity or Difference

Makoto Tatsuta
National Institute of Informatics

2-1-2 Hitotsubashi, 101-8430 Tokyo, Japan
e-mail: tatsuta@nii.ac.jp

Mariangiola Dezani-Ciancaglini
Dipartimento di Informatica

corso Svizzera 185, 10149 Torino, Italy
e-mail: dezani@di.unito.it

Abstract

This paper analyses the computational behaviour ofλ-
term applications. The properties we are interested in are
weak normalisation(i.e. there is a terminating reduction)
andstrong normalisation(i.e. all reductions are terminat-
ing).

One can prove that the application of aλ-term M to
a fixed numbern of copies of the samearbitrary strongly
normalising λ-term is strongly normalising if and only
if the application ofM to n different arbitrary strongly
normalising λ-terms is strongly normalising. I.e. one
has thatM X . . . X

︸ ︷︷ ︸

n

is strongly normalising, for an ar-

bitrary strongly normalisingX , if and only ifMX1 . . .Xn

is strongly normalising for arbitrary strongly normalising
X1, . . . , Xn. The analogous property holds when replacing
strongly normalising by weakly normalising.

As an application of the result on strong normalisation
theλ-terms whose interpretation is the top element (in the
environment which associates the top element to all vari-
ables) of the Honsell-Lenisa model turn out to be exactly the
λ-terms which, applied to an arbitrary number of strongly
normalisingλ-terms, always produces strongly normalising
λ-terms. This proof uses a finitary logical description of the
model by means of intersection types. This answers an open
question stated by Dezani, Honsell and Motohama.

1 Introduction

In the present paper we analyse when a weakly or
strongly normalisingλ-term preserves this property under
application to a fixed or arbitrary number ofλ-terms having
the same property. The rather surprising result is the inde-
pendence of this property from the arguments being copies
of the sameλ-term or being arbitraryλ-terms.

As the first simple illustration we consider thehead nor-
malisationor solvability property without restrictions on the
arguments. We recall that aλ-termM is solvable ifM re-
duces to aλ-term of the shapeλx1 . . . λxp.yM1 . . .Mm [2,

6]. So the question when the application ofM to arbitrary
λ-terms has head normal form can be simply answered by
cases on the head variabley. If y is free, then for all inte-
gersn and allλ-termsX1, . . . , Xn theλ-termMX1 . . . Xn

reduces to an head normal form with the same head variable
y. Instead, ify is bound, i.e. there is an indexi such that
xi=y, thenMX1 . . . Xn reduces to an head normal form
for all λ-termsX1, . . . , Xn only if n < i. In fact when
n ≥ i we can chooseXi = (λx.xx)(λx.xx) and clearly
MX1 . . . Xn is an unsolvable term. Since we use only one
argument (i.e. thei-th argument) as an immediate conse-
quence we get that:

(1) ∀ λ-termX.M X . . .X
︸ ︷︷ ︸

n

is solvable iff

∀ λ-termsX1, . . . , Xn.MX1 . . . Xn is solvable.

So we claim that head normalisation is insensible to hav-
ing in applications the same repeated argument or different
arguments, when the arguments are arbitraryλ-terms.

Instead, if we require the arguments to be also head nor-
malising λ-terms, we loose this property. As a counter-
example, consider the combinatorB = λxyz.x(yz) and
n = 2. The applicationB∆(K∆), where∆ = λx.xx and
K = λxy.x, reduces toλz.∆∆, but there is no solvable
X such thatBXX is unsolvable. In fact letλx.X ′ be the
head normal form ofX . If the head variable ofX ′ is x,
thenBXX reduces toλz.Y and the head variable ofY is
z. Otherwise, if the head variable ofX ′ is different fromx

— let it bey —, thenBXX reduces to aλ-term whose head
variable isy. So in both casesBXX is a solvable term.

We recall that aλ-term isweakly normalisingif it has a
finite reduction sequence to normal form, and it isstrongly
normalisingif all reduction sequences are finite [2, 6]. We
denote byWN andSN the sets of weakly normalising and
strongly normalisingλ-terms, respectively.

The main result of the paper is that weak normalisation
and strong normalisation are insensible to having the same
repeated argument or different arguments inWN andSN,
respectively, i.e. we get:

(2) ∀ X ∈ WN.M X . . . X
︸ ︷︷ ︸

n

∈ WN iff

∀ X1, . . . , Xn ∈ WN.MX1 . . . Xn ∈ WN
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(3) ∀ X ∈ SN.M X . . . X
︸ ︷︷ ︸

n

∈ SN iff

∀ X1, . . . , Xn ∈ SN.MX1 . . . Xn ∈ SN

We will show the following statements:

if M [xi := X, xj := X ] ∈ WN (resp.SN) for all
X ∈ WN (resp.SN) and for alli, j (1 ≤ i, j ≤ n), then
M [x1 := X1, . . . , xn := Xn] ∈ WN (resp.SN) for all

X1, . . . , Xn ∈ WN (resp.SN).

We call these statements “Substitution Theorems”, since
they allow to substitute differentλ-terms inWN (resp.SN),
instead of the sameλ-term inWN (resp.SN) for different
variables, preserving the weak (strong) normalisation prop-
erty. We will get both claims (2) and (3) as corollaries of
the corresponding “Substitution Theorems”.

For dealing with weak normalisation, we start from the
analysis of substitutions ofβ-normal forms insideβ-normal
forms done in [4]. Our key result is that if there are
X1, . . . , Xn ∈ WN such thatMX1 . . .Xn 6∈ WN, then
theβ-normal form ofM has a particular shape. Moreover,
from the same assumption we have that at most twoλ-terms
Xi, Xj need to be chosen appropriately, while all otherλ-
terms are arbitrary. We can observe that we can choose
Xi = Xj and this allows us to conclude the proof of (2).

For strong normalisation the situation is more involved,
since we cannot forget reductions. We then consider Klop’s
extendedλ-calculus [9] (a generalisation of Nederpelt’s cal-
culus [10]), where all reductions are non erasing. More
precisely we use the variant of Klop’sλ-calculus discussed
in [3]: we call it λ∗-calculus. Inλ∗-calculus a redex
(λx.M)N , with x not in the free variables ofM , reduces
to the pair[M, N ], instead of reducing toM . In this way
no subterm is discarded, and strong normalisation coincides
with weak normalisation as proved in [3].

Let κ-normal forms be the normal forms ofλ∗-calculus:
we generalise toκ-normal forms the analysis of substitu-
tions for λ-calculus done in the weak normalisation case.
This generalisation is not trivial and requires to associate to
eachκ-normal form a set ofβ-normal forms inλ-calculus.
In this way we are able to show (3).

As an application of (3) we will prove the complete-
ness of an inductive definition of strongly normalising and
persistently strongly normalisingλ-terms, where aλ-term
M is persistently strongly normalising if for alln and all
X1, . . . , Xn ∈ SN we getMX1 . . . Xn ∈ SN. This induc-
tive definition, which generalises the inductive definitionof
strongly normalisingλ-terms given in [11], is interesting in
itself. By means of this inductive definition, we can show
that the persistently strongly normalisingλ-terms are ex-
actly theλ-terms which Honsell-Lenisa model [7] interprets
as the top element, in the environment which associates
the top element to all variables. Since for this proof we
use a finitary logical description of Honsell-Lenisa model
through intersection types, we will also obtain a charac-
terisation of persistently strongly normalisingλ-terms by

means of typing. Such a characterisation was stated as an
open problem in the conclusion of [4].

The present paper is organised as follows: Section 2
shows the “Substitution Theorem” for weak normalisation
using a detailed analysis on how variables are substituted in-
sideβ-normal forms. Section 3 introduces theλ∗-calculus
and associates to eachλ∗-term a set ofλ-terms. This allows
us to prove the “Substitution Theorem” for strong normal-
isation. Section 4 presents the inductive definition of per-
sistently strongly normalising terms and proves its sound-
ness and completeness by using the “Substitution Theo-
rem” for strong normalisation. Section 5 discusses Honsell-
Lenisa model, and shows the characterisation of persistently
strongly normalisingλ-terms in that model via intersection
types.

2 Weak Normalisation

We assume the standard definitions ofλ-calculus andβ-
reduction, see [2], [6].

We usex, y, z, w, t, u, v, . . . to range over variables, and
M, N, L, P, X, Y, . . . to range overλ-terms. We denote by
Λ the set ofλ-terms. In writingλ-terms we use vector nota-
tion as in [2], i.e. ~M denotes the sequenceM1, M2, . . . , Mn

for n ≥ 0 and ~M is empty whenn = 0; λ−→x .M
−→
N is short

for λx1 . . . xn.MN1 . . . Nm, where−→x is x1, . . . , xn and
−→
N is N1, . . . , Nm. If A is a set ofλ-terms, ~M ∈ A means
N ∈ A for all N ∈ ~M . By M [x1 := N1, . . . , xn := Nn]

andM [−→x :=
−→
N ] we denote simultaneous capture-free sub-

stitutions. We uselh( ) to denote the vector length. We
assume the Barendregt convention [2] (page 26), i.e. that
all names of bound variables are different from each other
and different from those of the free variables.

For reduction:→β is one step ofβ-reduction, and→∗
β is

the reflexive transitive closure of the relation→β . We use
= to denote syntactical equality.

We recall that aλ-term isweakly normalisingif it has a
finite reduction sequence to normal form. LetWN be the
set of weakly normalisingλ-terms.

We want to show the following theorem, which allows us
to substitute differentλ-terms inWN, instead of the same
λ-term inWN, for different variables preserving the weak
normalisation property.

Theorem 2.1 (Substitution Theorem forWN)
1. If M [xi := X, xj := X ] ∈ WN for all X ∈ WN

and for all i, j (1 ≤ i, j ≤ n), then M [x1 :=
X1, . . . , xn := Xn] ∈ WN for all X1, . . . , Xn ∈ WN.

2. If M [x1 := X, . . . , xn := X ] ∈ WN for all X ∈
WN, thenM [x1 := X1, . . . , xn := Xn] ∈ WN for all
X1, . . . , Xn ∈ WN.

To this aim, following essentially [4], we say that aλ-
termM is persistently weakly normalisingif for all n and



for all X1, . . . , Xn ∈ WN we getMX1 . . . Xn ∈ WN. We
denote byPWN the set of persistently weakly normalising
λ-terms. A useful relation betweenWN andPWN is that
the application of aλ-term inWN to aλ-term inPWN is a
λ-term inWN. The proof is given in [4].

Lemma 2.2 If M ∈ WN andN ∈ PWN thenMN ∈ WN.

In the following, we do not allowα-conversion onβ-
normal forms: this allows us to identify bound variables by
their names. Although we use this convention in our proofs,
our results hold also for usualλ-calculus withα-conversion.
We recall that aβ-normal form has the shapeλ−→x .y

−→
M . We

denote byβ-NF the set ofβ-normal forms.
We start by introducing the notions ofcontrolsand of

adjacent controls. These notions simplify the notions of
replacement paths and adjacent replacement paths of [4],
respectively. Our aim is to understand whichλ-terms we
can substitute for free variables in normal forms in order
to get non weakly normalisingλ-terms. We consider some
examples, where we use∆ = λz.zz. If N0 = xx, we
can chooseX = ∆, obtainingN0[x := X ] = ∆∆. In-
stead, ifN1 = x(λx1.x1y), a suitable choice isX =
λu.u∆ and Y = ∆, since N1[x := X, y := Y ] =
(λu.u∆)(λx1.x1∆) →β (λx1.x1∆)∆ →β ∆∆. It is im-
portant to notice that∆ is substituted for the (bound) vari-
ablex1, sinceλu.u∆ is substituted for the (free) variable
x. Really we can substitute an arbitraryλ-termX1 for x1

in N1 just by puttingX = λu.uX1. We can then say that
the (free) variablex controlsthe (bound) variablex1 (no-
tation x ; x1) in N1. As another example we consider
N2 = x(λx1.x1(λx2.x2y)), for which a suitable choice is
X = λv.v(λu.u∆) andY = ∆. In N2 the (free) variable
x controls the (bound) variablex1, and the (bound) variable
x1 controls the (bound) variablex2: by transitivity the (free)
variablex controls the (bound) variablex2. Also in this ex-
ample we can substitute an arbitraryλ-term X2 for x2 in
N2 just by puttingX = λv.v(λu.uX2). In the above ex-
amples the two variable occurrences which “produce”∆∆
arexx, x1y andx2y, respectively. We can find appropriate
substitutions also when the variable occurrences are sepa-
rated by applications and/or abstractions, the necessary and
sufficient requirement being that they occur as function and
as argument, respectively. In this case we say that their con-
trols areadjacent. For example, letN3 = xz(λt.y): the
controlsx ; x andy ; y are adjacent inN3. A suitable
choice forN3 is X = λuv.vu∆ andY = ∆.

Definition 2.3 (Control) 1. The relationx controls y

(x ; y) in N ∈ β-NF is the smallest reflexive and
transitive relation such that ifx

−→
L (λ

−→
t y.M) is a sub-

term ofN thenx ; y in N .

2. If x controlsy in N ∈ β-NF, thenx ; y is a control
in N ∈ β-NF.

Notice that ifx ; y is a control inN thenx occurs in
N andy is bound inN , buty could not occur inN .

Example 2.4 The set of controls in N =
λy.x(λv.vvy)(λt.t(λuz.xz)) is x ; x, y ; y, v ; v,
t ; t, u ; u, z ; z,x ; v, x ; t, t ; u, t ; z, x ; u,
x ; z.

Definition 2.5 1. Two controlsx ; z andy ; t in N ∈
β-NF areadjacentfor {x, y} in N if x, y are free inN

andN contains a subterm of the shapez
−→
M(λ−→u .t

−→
L ).

2. There are adjacent controls for−→x in N ∈ β-NF if
there are adjacent controls for{xi, xj} in N where
xi, xj ∈ −→x .

Notice that in the point (1) of the previous definition we
do not requirex, y, z, t be different variable names, so the
set{x, y} can contain only one element and the two controls
can coincide. Moreover notice thatx, y, z, t occur inN .

Example 2.6 If N is defined as in Example 2.4, then the
pairs of adjacent controls for{x} are: x ; x andx ; v,
x ; v andx ; v, x ; x andx ; t, x ; t andx ; x,
x ; x andx ; z.

The first relation between adjacent controls and weak
normalisation is stated in the following lemma, which is
Lemma A.13 of [4] modulo the obvious mapping between
controls and replacement paths.

Lemma 2.7 If there are adjacent controls for{x} in N ∈
β-NF, then there isX ∈ β-NF such thatN [x := X ] 6∈ WN.

Example 2.8 If N is defined as in Example 2.4,
and X = λw.w∆ and ∆ = λr.rr, then
N [x := X] = λy.X(λv.vvy)(λt.t(λuz.xz)) →β

λy.(λv.vvy)∆(λt.t(λuz.xz)) →β λy.∆∆y(λt.t(λuz.xz)).

From the previous lemma we get:

Lemma 2.9 If N is in β-NF and for allX ∈ WN we have
N [x := X, y := X ] ∈ WN, then there are no adjacent
controls for{x, y} in N .

PROOF. Assume that there are adjacent controls for
{x, y} in N , then there are adjacent controls for{x} in
N [y := x]. By Lemma 2.7, there isX ∈ WN such that
N [y := x][x := X ] 6∈ WN, that is,N [x := X, y := X ] 6∈
WN, and this gives a contradiction.2

The key result for proving the “Substitution Theorem”
is the reverse of Lemma 2.9. The formulation of the fol-
lowing lemma underlines that, in order to characterise the
β-normal forms which remain inWN after variable substi-
tutions, we need also to characterise theβ-normal forms
which remain inPWN after variable substitutions.

Lemma 2.10 (Key Lemma) 1. If there are no adjacent
controls for−→x in N ∈ β-NF, thenN [−→x :=

−→
X ] ∈ WN

for all
−→
X ∈ WN.



2. If N = λ−→y .z
−→
L ∈ β-NF, and there are no adjacent

controls for−→x ,−→y in
−→
L , andz 6∈ −→x ,−→y , thenN [−→x :=

−→
X ] ∈ PWN for all

−→
X ∈ WN.

PROOF. We show (1) and (2) simultaneously by induc-
tion onN . Let−→x = x1, . . . , xn andN = λ−→y .z

−→
L .

If z 6∈ −→x we haveN [−→x :=
−→
X ] = λ−→y .z

−→
L [−→x :=

−→
X ].

Since there are no adjacent controls for−→x in
−→
L , by in-

duction hypothesis on (1)
−→
L [−→x :=

−→
X ] ∈ WN, so we

are done for (1). Moreover, ifz 6∈ −→y , there are no ad-
jacent controls for−→x ,−→y in

−→
L and lh(−→y ) = lh(

−→
Y ), we

haveN [−→x :=
−→
X ]

−→
Y
−→
Z = z

−→
L [−→x :=

−→
X ][−→y :=

−→
Y ]

−→
Z

for all
−→
Y ,

−→
Z ∈ WN. By induction hypothesis on (1)

−→
L [−→x :=

−→
X ][−→y :=

−→
Y ] ∈ WN, and therefore we conclude

(2).
If z = xh (1 ≤ h ≤ n) we haveN [−→x :=

−→
X ] =

λ−→y .Xh
−→
L [−→x :=

−→
X ]. Let Q = λ−→u .v

−→
P ∈

−→
L with

lh(−→u ) = m. We can observe thatv 6∈ −→x ,−→u , since oth-
erwisexh ; xh andv ; v or xh ; xh andxh ; v

would be adjacent controls for−→x in N . Moreover, there are
no adjacent controlsui ; w1 anduj ; w2 for {ui, uj}

(1 ≤ i, j ≤ m) in
−→
P , since otherwisexh ; w1 and

xh ; w2 would be adjacent controls for{xh} in N . Lastly,
there are no adjacent controlsxi ; w1 anduj ; w2 for

{xi, uj} (1 ≤ j ≤ n, 1 ≤ j ≤ m) in
−→
P , since other-

wise xi ; w1 andxh ; w2 would be adjacent controls
for {xi, xh} in N . Thus, there are no adjacent controls for
−→x ,−→u in

−→
P . Therefore by induction hypothesis on (2) we

getQ[−→x :=
−→
X ] ∈ PWN. From Lemma 2.2 we conclude

Xh
−→
L [−→x :=

−→
X ] ∈ WN for all for all X1, . . . , Xn ∈ WN.

2

We can now show the “Substitution Theorem”.
PROOF OFTHEOREM 2.1. We show (1), being the proof
of (2) almost the same. Let−→x = x1, . . . , xn andN be the
β-normal form ofM . By Lemma 2.9 there are no adjacent
controls for any{xi, xj} (1 ≤ i, j ≤ n) in N . Hence there
are no adjacent controls for−→x . By Lemma 2.10(1) we get
N [−→x :=

−→
X ] ∈ WN for all

−→
X ∈ WN. SinceM [−→x :=

−→
X ]

reduces toN [−→x :=
−→
X ], we haveM [−→x :=

−→
X ] ∈ WN for

all
−→
X ∈ WN. 2

From Theorem 2.1(2) we get the claim (2) of the intro-
duction

Corollary 2.11 If M X . . . X
︸ ︷︷ ︸

n

∈ WN for all X ∈ WN, then

MX1 . . . Xn ∈ WN for all X1, . . . , Xn ∈ WN.

3 Strong Normalisation

We recall that aλ-term isstrongly normalisingif all re-
ductions starting from it are finite. LetSN be theset of
strongly normalisingλ-terms.

In the proof of the “Substitution Theorem” for weak nor-
malisation, Theorem 2.1, theβ-normal forms have played a
crucial role. The reason is that in studying weak normalisa-
tion we can freely substitute theβ-normal form of a weakly
normalisingλ-term for the term itself, and look at its adja-
cent controls. This is not true for strong normalisation, since
strong normalisation is not invariant underβ-conversion.
So to properly deal with strong normalisation we need to
consider “non-erasing” reductions in theλ-calculus. There
are many ways of formalising “non-erasing” reductions in
theλ-calculus, for a survey see [12] and [8]. We consider
the variant of Klop’s calculus [9] proposed by Boudol in [3].
We call itλ∗-calculus.

The present section is organised as follows: first we in-
troduceλ∗-calculus in Subsection 3.1, then we associate to
eachλ∗-term a set ofλ-terms (called “projections”) which
share computational properties with the originalλ∗-term
(Subsection 3.2) and lastly we show the “Substitution The-
orem” for strong normalisation (Subsection 3.3).

3.1 λ∗-calculus

Following [9], we extend the syntax ofλ-terms with a
pairing operator[ , ], i.e. we have the following syntax for
the setΛ∗ of λ∗-terms:

S ::= x | λx.S | SS | [S, S].

We useS, T, U, V, P, Q, R, K, X, Y to range overλ∗-
terms. Let [S, T1, . . . , Tn] and [S,

−→
T ] be short for

[. . . [[S, T1], T2], . . . Tn]: they becomeS for n = 0 and
−→
T

empty.
OnΛ∗ Boudol [3] defines the following reduction rules:

[λx.S, U1, . . . , Un]T →κ [S[x := T ], U1, . . . , Un]
if x ∈ FV(S)

[λx.S, U1, . . . , Un]T →κ [S, U1, . . . , Un, T ]
if x 6∈ FV(S)

whereFV( ) is the set of the free variables.
The relation→κ is the contextual closure of these rules,

and the relation→∗
κ is the reflexive transitive closure of→κ.

For example BO∆ →κ (λyz.O(yz))∆ →κ

λz.O(∆z) →κ λz.[λt.t, ∆z] →κ λz.[λt.t, zz], where
B = λxyz.x(yz), O = λvt.t, ∆ = λu.uu.

A λ∗-termK is aκ-normal form if there does not exist a
λ∗-termS such thatK →κ S. We useκ-NF to denote the
set ofκ-normal forms.

The notions of weakly and stronglyκ-normalizingλ∗-
terms are defined in a similar way to the corresponding
notions forλ-terms. WN

∗ andSN
∗ are the set of weakly

and stronglyκ-normalizingλ∗-terms, respectively. In [3]
Boudol showed:

Theorem 3.1 1. SN
∗ = WN

∗.

2. SN ⊇ SN
∗ ∩ Λ.



As expected the reverse of Theorem 3.1(2) also holds, as
proved in Theorem 3.3 using the following lemma.

Lemma 3.2 S
−→
U ∈ SN

∗ and T ∈ SN
∗ imply [S, T ]

−→
U ∈

SN
∗.

PROOF. Assume ad absurd that there is an infinite re-
duction out of[S, T ]

−→
U . This implies that there is an infinite

reduction out of eitherS
−→
U or T . 2

Theorem 3.3 SN ⊆ SN
∗.

PROOF. The proof is by a double induction on the
longestβ-reduction ofM to normal form (denoted by|M |)
and on the structure ofM .

If M = λ−→x .x
−→
N , thenN ∈ SN for all N ∈

−→
N . Since

|N | ≤ |M |, by induction hypothesis we getN ∈ SN
∗, so

we concludeM ∈ SN
∗.

If M = λ−→x .(λy.P )Q
−→
N , thenλ−→x .P [y := Q]

−→
N ∈ SN

and Q ∈ SN. Since |λ−→x .P [y := Q]
−→
N | < |M | and

|Q| < |M |, by induction hypothesis we getλ−→x .P [y :=

Q]
−→
N ∈ SN

∗ and Q ∈ SN
∗. If y ∈ FV(P ), we have

M →κ λ−→x .P [y := Q]
−→
N , which impliesM ∈ SN

∗

by Theorem 3.1(1). Otherwise, ify 6∈ FV(P ), we have

M →κ λ−→x .[P, Q]
−→
N , which impliesM ∈ SN

∗ by Lemma
3.2.2

Analogously to the weak case, we also consider the set
PSN

∗ of persistently strongly normalisingλ∗-terms. Aλ∗-
term S is persistently strongly normalising ifS preserves
the strongκ-normalisation property under application to
stronglyκ-normalisingλ∗-terms, i.e.S ∈ PSN

∗ if for all n

and allX1, . . . , Xn ∈ SN
∗, we getSX1 . . . Xn ∈ SN

∗.
We need to show that the pairing of aλ∗-term inPSN

∗

with a λ∗-term inSN
∗ remains inPSN

∗ and that the appli-
cation of aλ∗-term inSN

∗ to aλ∗-term inPSN
∗ remains in

SN
∗: these are the claims of the following lemma, respec-

tively.

Lemma 3.4 1. S ∈ PSN
∗ andT ∈ SN

∗ imply [S, T ] ∈
PSN

∗.

2. S ∈ SN
∗ andT ∈ PSN

∗ implyST ∈ SN
∗.

PROOF. (1) Immediate from Lemma 3.2.
(2) First we show thatU ∈ SN

∗ andT ∈ PSN
∗ imply

U [x := T ] ∈ SN
∗. By Theorem 3.1(1), we can suppose

U, T ∈ κ-NF. Using (1) and by structural induction onU
we have the claim. Then (2) is immediate by lettingU be
Sx, wherex is fresh.2

Clearly Lemma 3.4(2) is analogous to Lemma 2.2.

3.2 Projections

In this subsection we associate to eachλ∗-termS a set of
λ-terms (called theprojectionsof S) which are built out of
subterms ofS in order to represent all possibleκ-reductions
of S by β-reductions.

In the next definition we use the following notation for
setsA,B of λ-terms:

λx.A = {λx.M | M ∈ A},
AB = {MN | M ∈ A, N ∈ B},
aA = {aM | M ∈ A}.

Definition 3.5 Fix a fresh variablea. Theset of projec-
tions ofS with respect toa (notationPa(S)) is defined by
induction onS as follows:

Pa(x) = {x}
Pa(λx.S) = λx.Pa(S)
Pa(ST ) = Pa(S)Pa(T )
Pa([S, T ]) = Pa(S) ∪ aPa(T ).

For example, we havePa(λx.[x, y][zx, wx]) =
{λx.x(zx), λx.x(a(wx)), λx.ay(zx), λx.ay(a(wx))}.

We want to prove that projections agree with substi-
tutions and that if aκ-term S has a projection which is
not stronglyβ-normalising, then alsoS is not stronglyκ-
normalising. These are the claims of the following lemma.

Lemma 3.6 1. If M ∈ Λ, thenPa(M) = {M}.

2. If M ∈ Pa(S) andN ∈ Pa(T ), thenM [x := N ] ∈
Pa(S[x := T ]).

3. If S ∈ SN
∗, thenPa(S) ⊆ SN.

PROOF. (1) is immediate by definition.
(2) is easily proved by induction onS.
(3) First we will show the auxiliary claim: ifM ∈ Pa(S)

andM →β M ′, then there existsS′ such thatS →κ S′

and M ′ ∈ Pa(S′). This is proved by induction onS.
The interesting case isS = S1S2, M = (λx.M3)M2, and
M ′ = M3[x := M2]. Then we haveλx.M3 ∈ Pa(S1) and

M2 ∈ Pa(S2). HenceS1 = [λx.S3,
−→
S4] andM3 ∈ Pa(S3).

Case 1. Ifx ∈ FV(S3), we can chooseS′ = [S3[x :=

S2],
−→
S4]. By (2),M ′ ∈ Pa(S3[x := S2]) ⊆ Pa(S′).

Case 2. Ifx 6∈ FV(S3), thenx 6∈ FV(M3), because we can
easily show by induction onS thatx ∈ FV(M) ∈ Pa(S)
impliesx ∈ FV(S). Then we haveM ′ = M3 and we can

chooseS′ = [S3,
−→
S4, S2]. This concludes the proof of the

auxiliary claim.
AssumeM ∈ Pa(S) andM 6∈ SN. We have an infinite

reduction sequenceM = M0 →β M1 →β M2 →β . . .. By
the auxiliary claim, we have an infinite reduction sequence
S = S0 →κ S1 →κ S2 →κ . . . such thatMi ∈ Pa(Si) for
all i. HenceS 6∈ SN

∗. 2

3.3 Substitution Theorem

Some further notational conventions are handy
in the following treatment. We useλ−→

T
−→x .S as

short for [λ−→x .S,
−→
T ]: it becomes [S,

−→
T ] for −→x

empty. We ambiguously denote by ST either ST



or [S, T ]. For example, [λS1,S2
xy.xS3S4S5, S6]

stands for [[[λxy.xS3S4S5, S1], S2], S6] or
[[[λxy.[xS3, S4]S5, S1], S2], S6].

We can characterise the set ofκ-normal formsK by

K ::= J | λx.K | [K, K]
J ::= x | JK | [J, K]

One can show by induction on the definitions that theseλ∗-
terms are irreducible and by induction onΛ∗ that all irre-
ducibleλ∗-terms have this shape. By the vector notation,

we haveK ::=
−−−→
λ−→

K
−→x .J . By the bar notation, we have

J ::= x | JK. Again by the vector notation, we have

J ::= x
−→
K . Finally we get the following lemma, which

characterises the shape ofκ-normal forms.

Lemma 3.7 The setκ-NF is defined by

K ::=
−−−→
λ−→

K
−→x .x

−→
K.

For example, λx.λxy.λyz.zyx represents one of
the following κ-normal forms: λx.[λy.[λz.zyx, y], x],
λx.[λy.[λz.[z, y]x, y], x], λx.[λy.[λz.[zy, x], y], x], and
λx.[λy.[λz.[[z, y], x], y], x].

The next lemma (easily proved by structural induction)
gives a clue to analyse controls inκ-NF through controls in
β-NF.

Lemma 3.8 If K ∈ κ-NF, thenPa(K) ⊆ β-NF.

We can then define the set of controls in aκ-normal form
as the union of the sets of controls in its projections.

Definition 3.9 The adjacent controlsfor −→x in K are the
adjacent controls for−→x in M for someM ∈ Pa(K).

The next lemma extends Lemma 2.9 toλ∗-calculus.

Lemma 3.10 If K ∈ κ-NF andK[x := X, y = X ] ∈ SN
∗

for all X ∈ β-NF, then there are no adjacent controls for
{x, y} in K.

PROOF. Assume ad absurdum that there existsM ∈
Pa(K) such that there are adjacent controls for{x, y} in
M . By Lemma 2.9, there existsX ∈ β-NF such that
M [x := X, y := X ] 6∈ WN. Then we haveM [x :=
X, y := X ] 6∈ SN. By Lemma 3.6(1), we haveX ∈
Pa(X). Then by Lemma 3.6(2) we getM [x := X, y :=
X ] ∈ Pa(K[x := X, y := X ]). By Lemma 3.6(3) we
concludeK[x := X, y := X ] 6∈ SN

∗. 2

The next lemma is the key lemma to prove the “Substitu-
tion Theorem ” for strong normalisation. It is the extension
of Lemma 2.10 toκ-normal forms.

Lemma 3.11 (Key Lemma) 1. If there are no adjacent
controls for−→x in K ∈ κ-NF, thenK[−→x :=

−→
X ] ∈

SN
∗ for all

−→
X ∈ SN

∗.

2. If K =
−−−→
λ−→

T
−→y .z

−→
S , there are no adjacent controls for

−→x ,
−→−→y in

−→−→
T , z

−→
S , andz 6∈ −→x ,

−→−→y , thenK[−→x :=
−→
X ] ∈

PSN
∗ for all

−→
X ∈ SN

∗.

PROOF.We use two mappings from the set ofλ∗-terms of

the shapex
−→
S to sequences ofλ∗-terms. These mappings,

denoted by◦ and×, list up the arguments of variable appli-
cations and the second components of pairs, respectively.
They are defined by induction as follows:

x◦ = ε x× = ε

(x
−→
S T )◦ = (x

−→
S )◦, T (x

−→
S T )× = (x

−→
S )×

([x
−→
S , T ])◦ = (x

−→
S )◦ ([x

−→
S , T ])× = (x

−→
S )×, T

where ε denotes the empty sequence. For exam-
ple, we have([[xS1S2, S3]S4, S5])

◦ = S1, S2, S4 and
([[xS1S2, S3]S4, S5])

× = S3, S5.
We show (1) and (2) simultaneously by induction onK.

Let −→x = x1, . . . , xn and K =
−−−→
λ−→

T
−→y .z

−→
S . First let us

observe that, by the definitions of projections, if
−−−→
λ−→

T
−→y is

λ−→
T 1

−→y 1 . . . λ−→
T m

−→y m, then:

Pa(K) = {λ
−→−→y Pa(z

−→
H ) |

−→
H = (z

−→
S )◦}∪

{λ−→y1 . . .−−→yj−1.aPa(J) | J ∈
−→
Tj (1 ≤ j ≤ m)}∪

{λ
−→−→y aPa(J) | J ∈ (z

−→
S )×}

Therefore, by the definitions of controls:

• if
−→
H = (z

−→
S )◦, then adjacent controls for−→x in z

−→
H

are adjacent controls for−→x in K,

• adjacent controls for−→x in
−→−→
T or in (z

−→
S )× are adjacent

controls for−→x in K.

In the following we writeU ′ as short forU [−→x :=
−→
X ].

If z 6∈ −→x we haveK ′ =
−−−→
λ−→

T ′

−→y .z
−→
S′. Since there are

no adjacent controls for−→x in
−→−→
T and inz

−→
S , by induction

hypothesis on (1)
−→−→
T ′ ∈ SN

∗ and(z
−→
S′)◦, (z

−→
S′)× ∈ SN

∗, so

we conclude (1). Moreover, ifz 6∈
−→−→y , there are no adjacent

controls for−→x ,
−→−→y in

−→−→
T , z

−→
S , and lh(−→y ) = lh(

−→
Y ), then

for all
−→
Y ,

−→
Z ∈ SN

∗ there exists some subsequence
−→
V of

−→
Y such thatK ′

−→
Y
−→
Z reduces to[z

−→
S′′,

−→
T ′′

m, . . . ,
−→
T ′′

1 ,
−→
V ]

−→
Z ,

whereU ′′ stands forU ′[−→y :=
−→
Y ] for anyU . By induction

hypothesis on (1)(z
−→
S′′)◦, (z

−→
S′′)×,

−→−→
T ′′ are inSN

∗. By us-

ing Theorem 3.1 (1),K ′
−→
Y
−→
Z is in SN

∗, and therefore we
conclude (2).

If z = xh (1 ≤ h ≤ n) we haveK ′ =
−−−→
λ−→

T ′

−→y .Xh

−→
S′.

Notice that in this case theλ∗-terms belonging to(xh

−→
S
′
)◦



are arguments ofXh. Let J ∈
−→−→
T , (xh

−→
S )×: by hypoth-

esis there are no adjacent controls for~x in J , so by in-
duction hypothesis on (1) we getJ ′ ∈ SN

∗. Let H =
−−−→
λ−→

Q
−→u .v

−→
P ∈ (xh

−→
S )◦. We can observe thatv 6∈ −→x ,−→u ,

since otherwisexh ; xh andv ; v or xh ; xh and
xh ; v would be adjacent controls for−→x in K. There are
no adjacent controlsui ; w1 anduj ; w2 for {ui, uj}

(1 ≤ i, j ≤ m) in
−→
Q, v

−→
P , since otherwisexh ; w1 and

xh ; w2 would be adjacent controls for{xh} in K. More-
over, there are no adjacent controlsxi ; w1 anduj ; w2

for {xi, uj} (1 ≤ i ≤ n, 1 ≤ j ≤ m) in
−→
Q, v

−→
P , since

otherwisexi ; w1 andxh ; w2 would be adjacent con-
trols for{xi, xh} in K. Thus there are no adjacent controls

for −→x ,
−→−→u in

−→
Q, v

−→
P . Therefore by induction hypothesis on

(2) we getH ′ ∈ PSN
∗. By applying Lemma 3.4(1) to all

J ′ such thatJ ∈
−→−→
T , (xh

−→
S )× and Lemma 3.4(2) to allH ′

such thatH ∈ (xh

−→
S )◦, we concludeK ′ ∈ SN

∗. 2

Theorem 3.12 (Substitution Theorem forSN) If
M [xi := X, xj := X ] ∈ SN for all X ∈ SN and for all i, j
(1 ≤ i, j ≤ n), thenM [x1 := X1, . . . , xn := Xn] ∈ SN

for all X1, . . . , Xn ∈ SN.
PROOF. Let−→x = x1, . . . , xn. SinceM ∈ SN, by The-

orem 3.3 we haveM ∈ SN
∗. Then there existsK ∈ κ-NF

such thatM →∗
κ K. SinceM [xi := X, xj := X ] ∈ SN

for all i, j (1 ≤ i, j ≤ n) and allX ∈ β-NF, by Theo-
rem 3.3, we haveM [xi := X, xj := X ] ∈ SN

∗. Then
we getK[xi := X, xj := X ] ∈ SN

∗. By Lemma 3.10,
there are no adjacent controls for{xi, xj} in K for all i, j

(1 ≤ i, j ≤ n). Hence, there are no adjacent controls for
−→x in K. By Lemma 3.11(1), for arbitrary

−→
X ∈ SN

∗, we
haveK[−→x :=

−→
X ] ∈ SN

∗. By Theorem 3.1(1), we have

K[−→x :=
−→
X ] ∈ WN

∗, and hence we haveM [−→x :=
−→
X ] ∈

WN
∗. By Theorem 3.1(1), we getM [−→x :=

−→
X ] ∈ SN

∗, and

then, by Theorem 3.1(2), we concludeM [−→x :=
−→
X ] ∈ SN.

2

Claim (3) of the introduction immediately follows by let-
ting M beMx1 . . . xn in previous theorem, since substitu-
tion preserves non strong normalisation.

Corollary 3.13 If M X . . . X
︸ ︷︷ ︸

n

∈ SN for all X ∈ SN, then

MX1 . . . Xn ∈ SN for all X1, . . . , Xn ∈ SN.

4 Inductive Definitions of PSN

We define the setPSN of persistent strongly normalising
λ-terms as the set ofλ-terms which preserve the strong nor-
malisation property under application to strongly normalis-
ing λ-terms, i.e.M ∈ PSN if for all X1, . . . , Xn ∈ SN we
getMX1 . . . Xn ∈ SN.

λ−→x .N ∈ SN
]
n (∀N ∈

−→
N ) lh(−→x ) = n y 6∈ −→x

λ−→x .y
−→
N ∈ PSN]

λ−→x .M [y := N ]
−→
L ∈ PSN] λ−→x .N ∈ SN

]
n lh(−→x ) = n

λ−→x .(λy.M)N
−→
L ∈ PSN

]

λ−→x .N ∈ PSN] (∀N ∈
−→
N ) lh(−→x ) = n x ∈ −→x

λ−→x .x
−→
N ∈ SN

]
n

λ−→x .N ∈ SN
]
m (∀N ∈

−→
N ) lh(−→x ) = m y 6∈ −→x

λ−→x .y
−→
N ∈ SN

]
n

λ−→x .N ∈ SN
]
n lh(−→x ) = n lh(−→y ) > 0

λ−→x −→y .N ∈ SN
]
n

λ−→x .M [y := N ]
−→
L ∈ SN

]
n λ−→x .N ∈ SN

]
m lh(−→x ) = m

λ−→x .(λy.M)N
−→
L ∈ SN

]
n

Figure 1. Definition of PSN] and SN
]
n.

The inductive definition ofPSN which we will discuss
in this section was inspired by the following inductive defi-
nition of SN given in [11]:

−→
M ∈ SN

x
−→
M ∈ SN

M ∈ SN

λx.M ∈ SN

M [x := N ]
−→
L ∈ SN N ∈ SN

(λx.M)N
−→
L ∈ SN

It is handy to consider the classSNn of λ-terms which
preserves the strong normalisation property under applica-
tion to n strongly normalisingλ-terms, i.e. M ∈ SNn

if for all X1, . . . , Xn ∈ SN we getMX1 . . . Xn ∈ SN.
Clearly SN0 = SN. Figure 1 defines the setsPSN] and
SN

]
n: in the remaining of the present section we will show

thatPSN] = PSN andSN
]
n = SNn.

The first lemma shows easy properties of the setsSN and
PSN.

Lemma 4.1 1. M ∈ SN and N ∈ PSN imply MN ∈
SN.

2. Let lh(−→x ) = lh(
−→
N ), thenM [−→x :=

−→
N ]

−→
L ∈ SN and

−→
N ∈ SN imply (λ−→x .M)

−→
N
−→
L ∈ SN.

PROOF. (1) We can now show by induction onL that
L ∈ SN andN ∈ PSN imply L[x := N ] ∈ SN. Then we
conclude takingL asMx, wherex is fresh.

(2) Assume ad absurd that there is an infinite reduction
out of (λ−→x .M)

−→
N
−→
L . This implies that there is an infinite

reduction either out ofM [−→x :=
−→
N ]

−→
L or out of

−→
N . 2



The following lemma, which is the key result for proving
the completeness of the given inductive definition, uses in a
crucial way the “ Substitution Theorem” forSN, Theorem
3.12.

Lemma 4.2 If λ−→x .x
−→
N ∈ SNn, where x ∈ −→x and

lh(−→x ) = n, thenλ−→x .N ∈ PSN for all N ∈
−→
N .

PROOF. For arbitrary
−→
X ∈ SN with lh(

−→
X ) = n, we

have(x
−→
N )[−→x :=

−→
X ] ∈ SN. Supposelh(

−→
N ) = m and

y 6∈ x
−→
N . By Theorem 3.12,(y

−→
N )[−→x :=

−→
X, y := Y ] ∈ SN

holds for all
−→
X, Y ∈ SN. For Ni (1 ≤ i ≤ m), we show

(λ−→x .Ni)
−→
X
−→
Z ∈ SN for arbitrary

−→
X,

−→
Z ∈ SN. Let Y be

λ−→z .zi
−→
Z and lh(−→z ) = m. Then we have(y

−→
N )[−→x :=

−→
X, y := Y ] = (λ−→z .zi

−→
Z )

−→
N [−→x :=

−→
X ] →∗

β Ni[
−→x :=

−→
X ]

−→
Z . HenceNi[

−→x :=
−→
X ]

−→
Z is in SN. By Lemma 4.1(2),

we have(λ−→x .Ni)
−→
X
−→
Z ∈ SN. Thereforeλ−→x .Ni ∈ PSN.

2

We can show now the soundness and completeness of the
given inductive characterisations.

Theorem 4.3 PSN
] = PSN andSN

]
n = SNn.

PROOF. We will show thatthe rules generate ONLY
terms which satisfy the given conditions,that is,PSN] ⊆
PSN andSN

]
n ⊆ SNn. This claim is proved by induction

on the formation rules. It suffices to show that the premises
implies the conclusion in each rule without]. For example
for the rule

λ−→x .N ∈ PSN] (∀N ∈
−→
N ) lh(−→x ) = n x ∈ −→x

λ−→x .x
−→
N ∈ SN

]
n

we will show(λ−→x .x
−→
N )

−→
X ∈ SN for all

−→
X ∈ SN of length

n. By induction hypothesis, we haveλ−→x .N ∈ PSN. Then
N [−→x :=

−→
X ] ∈ PSN. Let xj = x. By Lemma 4.1(1), we

haveXj
−→
N [−→x :=

−→
X ] ∈ SN. By Lemma 4.1(2), we have

(λ−→x .x
−→
N )

−→
X ∈ SN.

We will show thatthe rules generate ALL terms which
satisfy the given conditions,that is, PSN] ⊇ PSN and
SN

]
n ⊇ SNn. First notice that the conclusions of the given

rules cover all possible shapes ofλ-terms, butλ−→x .x
−→
N

with lh(−→x ) = n and x ∈ −→x for both PSN] and SN
]
m

with n < m. This is sound since if∆ = λx.xx, ∆k =

λy1 . . . yk.∆, k = lh(
−→
N ), lh(

−→
∆k) = n, lh(

−→
∆) = m − n,

then(λ−→x .x
−→
N )

−→
∆k

−→
∆ does not have normal form.

The proof is by a double induction on the length of the
longest reduction to normal form and on the structure of
terms. We show that if the statement holds for the conclu-
sion then it must hold for the premises in each rule without
].

The most interesting case is that of the rule

λ−→x .N ∈ PSN (∀N ∈
−→
N ) lh(−→x ) = n x ∈ −→x

λ−→x .x
−→
N ∈ SNn

We begin withλ−→x .x
−→
N ∈ SNn and this impliesλ−→x .N ∈

PSN for all N ∈
−→
N by Lemma 4.2.

The proofs for the other rules immediately follow by us-
ing induction hypothesis. We show the case of the rule

λ−→x .M [y := N ]
−→
L ∈ SNn λ−→x .N ∈ SNm lh(−→x ) = m

λ−→x .(λy.M)N
−→
L ∈ SNn

We assumen ≥ m, the proof forn < m being sim-
ilar. For all

−→
X ,

−→
Y ∈ SN of lengthsm, n − m, respec-

tively, we get(λ−→x .(λy.M)N
−→
L )

−→
X
−→
Y ∈ SN. Then we have

(λy.M ′)N ′
−→
L ′

−→
Y ∈ SN, whereP ′ denotesP [−→x :=

−→
X ] for

everyλ-term P . Hence we getM ′[y := N ′]
−→
L ′

−→
Y ∈ SN

andN ′ ∈ SN. By Lemma 4.1(2), we have(λ−→x .M [y :=

N ]
−→
L )

−→
X
−→
Y ∈ SN and (λ−→x .N)

−→
X ∈ SN. Therefore we

concludeλ−→x .M [y := N ]
−→
L ∈ SNn andλ−→x .N ∈ SNm.

The induction hypothesis applies since theλ-terms in the
premises can either be obtained by reducing theλ-term in
the conclusion or are smaller than theλ-term in the conclu-
sion.2

5 The ModelHL
∞

We start by recalling the definition of theD∞-model
HL∞ introduced in [7] to analyse perpetual strategies in
λ-calculus.

Let D0 be the three point lattice⊥ v s v > andD1 =
[D0 →⊥ D0] be the set of strict continuous functions from
D0 toD0, where a continuous functionf is strict if f(⊥) =
⊥.

Moreover leti0 be the initial projection defined by:

i0(⊥) = ⊥ ⇒ ⊥ i0(s) = > ⇒ s i0(>) = s ⇒ >

whered1 ⇒ d2 denotes the step function defined by
(d1 ⇒ d2)(e) = if e w d1 thend2 else⊥.

The inverse limit constructionHL∞ obtained starting
from D0 andi0 is a model of theλI-calculus and of the
λNK-calculus (see Definition 11 in [7]) as shown in [7].

The interpretation ofλ-terms inHL∞ is defined in the
standard way:

[[x]]ρ = ρ(x)
[[MN ]]ρ = F[[M ]]ρ[[N ]]ρ
[[λx.M ]]ρ =

G(λλd ∈ HL∞. if d 6= ⊥ then[[M]]ρ[d/x] else⊥)

where(F,G) is the strict retraction from[HL∞ →⊥ HL∞]
to HL∞ induced byi0. We recall that a pair of functions
(f, g) is a strict retraction fromD to E if they satisfy all the



σ ≤ σ ∩ σ σ ∩ τ ≤ σ σ ∩ τ ≤ τ

σ ≤ σ′, τ ≤ τ ′ ⇒ σ ∩ σ′ ≤ τ ∩ τ ′

σ′ ≤ σ, τ ≤ τ ′ ⇒ σ → τ ≤ σ′ → τ ′

(σ → τ) ∩ (σ → ζ) ≤ σ → τ ∩ ζ

ϕ ∼ ω → ϕ ω ∼ ϕ → ω ω ≤ ϕ

σ ≤ σ σ ≤ τ, τ ≤ ζ ⇒ σ ≤ ζ

Figure 2. Type preorder

following conditions:f andg are continuous;f : E → D;
g : D → E ; f ◦ g = idD; g ◦ f(⊥E) = ⊥E .

As proved in [7], we can give a finitary logical descrip-
tion of HL∞ using intersection types. In other words we
can define an intersection type theoryHL which is the
Stone dual ofHL∞ in the sense of [1].

Theset of typesof HL is built out of the constantsϕ and
ω by the arrow and intersection constructors:

τ ::= ϕ | ω | τ → τ | τ ∩ τ

We define a preorder relation on types whose axioms and
rules are justified by:

• viewing “→” as the function space constructor and “∩”
as set intersection,

• considering the typesϕ andω in correspondence with
the elementss,>, respectively, but reversing the par-
tial order inHL∞ (this correspondence will be made
explicit by the mappingm defined below).

Figure 2 defines the preorder≤: we writeτ ∼ σ as short for
τ ≤ σ andσ ≤ τ . It is easy to check by induction on≤ that
ω andϕ are the smallest and the biggest types, respectively.

We recall thatfilters of types are sets of types upper
closed and closed under intersection. LetF be the set of all
filters: it is easy to check thatF is anω-algebraic complete
lattice with respect to set theoretic inclusion, whose bottom
element is the empty set, and whose top element is the set
of all types. Moreover, as shown in [7],F is isomorphic to
HL∞ through the mapping:

m̂(X) =
⊔

τ∈X

m(τ)

wherem(ϕ) = s, m(ω) = >, m(τ1 → τ2) = m(τ1) ⇒ m(τ2),
m(τ1 ∩ τ2) = m(τ1) t m(τ2).

We recall the intersection type assignment system of [7]:
the typing rules are shown in Figure 3. We denote by`
derivability in this system.

We can now formulate Stone duality for the modelHL∞

as follows:

[[M ]]ρ =
⊔

{m(τ) | ∃Γ |= ρ.Γ ` M :τ}

(x :σ) ∈ Γ

Γ ` x :σ
(Ax)

Γ, x :σ ` M : τ

Γ ` λx.M : σ → τ
(→ I)

Γ ` M : σ → τ Γ ` N : σ
Γ ` MN : τ

(→ E)

Γ ` M : σ σ ≤ τ

Γ ` M : τ
(≤) Γ ` M : σ Γ ` M : τ

Γ ` M : σ ∩ τ
(∩I)

Figure 3. Typing rules

whereΓ |= ρ if x : σ ∈ Γ implies m(σ) v ρ(x). This
statement is proved in [7].

Letρ> be the environment which associates> to all vari-
ables. We can characterise strongly normalising and persis-
tently strongly normalisingλ-terms in the modelHL∞ as
theλ-terms whose interpretation in the environmentρ> is
different from⊥ and equal to>, respectively. I.e. we have:

Theorem 5.1 (Main Theorem) 1. A λ-term M is
strongly normalising iff[[M ]]ρ>

6= ⊥.

2. A λ-term M is persistently strongly normalising iff
[[M ]]ρ>

= >.

The proof of this theorem uses the above discussed iso-
morphism betweenHL∞ andF . The theorem in fact can
be reformulated as follows:

Theorem 5.2 LetΓω = {x :ω | x ∈ Var}.

1. Aλ-termM ∈ SN iff Γω ` M :ϕ.

2. Aλ-termM ∈ PSN iff Γω ` M :ω.

The if partsof Theorem 5.2(1) and (2) are shown in [7]
(see Definition 35 and the following discussion) by means
of the realizability interpretation of intersection typesV de-
fined by:

V(ϕ) = SN

V(ω) = PSN

V(σ → τ) = {M ∈ Λ | ∀N ∈ V(σ) MN ∈ V(σ)}
V(σ ∩ τ) = V(σ) ∩ V(τ).

Theonly if partsof Theorem 5.2(1) and (2) can be shown
using the inductive definitions ofSNn and PSN given in
Section 4, and the following properties of the type assign-
ment system which are proved in [4] and [7], respectively.

Lemma 5.3 (Generation Lemma) 1. Γ ` x : τ iff there
is σ such thatx :σ ∈ Γ andσ ≤ τ .

2. Γ ` MN :τ iff there isσ such thatΓ ` M :σ → τ and
Γ ` N :σ.

3. Γ ` λx.M :σ → τ iff Γ, x :σ ` M :τ .

Theorem 5.4 (Subject Expansion)If Γ ` M [x := N ] : τ
andΓ ` N :ϕ, thenΓ ` (λx.M)N :τ .



More precisely the proof of the only if part easily follows
from the following lemma.

Lemma 5.5 1. If M ∈ PSN], thenΓω ` M :ω.

2. If M ∈ SN
]
n, thenΓω ` M :ϕn → ϕ where

ϕn → ϕ = ϕ → . . . → ϕ →
︸ ︷︷ ︸

n

ϕ.

PROOF. The proof is by induction on the formation rules of
SN

]
n andPSN]. For example for the rule

λ−→x .M [y := N ]
−→
L ∈ SN

]
n λ−→x .N ∈ SN

]
m lh(−→x ) = m

λ−→x .(λy.M)N
−→
L ∈ SN

]
n

by induction we know thatΓω ` λ−→x .M [y := N ]
−→
L :

ϕn → ϕ andΓω ` λ−→x .N : ϕm → ϕ. We assumen ≥
m, the proof forn < m being similar. By Lemma 5.3(3)
we getΓω,−→x : −→ϕ ` M [y := N ]

−→
L : ϕn−m → ϕ and

Γω,−→x :−→ϕ ` N :ϕ. By Lemma 5.3(2) there exists−→τ such
that Γω,−→x : −→ϕ ` M [y := N ] : −→τ → ϕn−m → ϕ and

Γω,−→x : −→ϕ ` Li : τi for 1 ≤ i ≤ h, whereh = lh(
−→
L ).

This impliesΓω,−→x :−→ϕ ` (λy.M)N :−→τ → ϕn−m → ϕ by

Theorem 5.4 and so we concludeΓω ` λ−→x .(λy.M)N
−→
L :

ϕn → ϕ by the rules (→ E) and (→ I). 2

6 Concluding Remarks

We have shown that the computational behaviour ofλ-
term application does not depend on having as arguments
copies of the sameλ-term or differentλ-terms when we
restrict to weakly or strongly normalising arguments. We
call this result “Substitution Theorem”. As an application
of the “Substitution Theorem” for strong normalisation, we
proved the completeness of the inductive definitions of per-
sistently strongly normalising terms given in Figure 1 and
shown that for aλ-termM the following four conditions are
equivalent:

1. MX1 . . . Xn is strongly normalising for alln and all
strong normalisingX1, . . . , Xn.

2. M ∈ PSN] as defined in Figure 1.

3. Γω ` M : ω in the intersection type assignment sys-
tem induced by the type theoryHL.

4. [[M ]]ρ>
= > in the modelHL∞.

The equivalence between the third condition and the fourth
one was proved in [7] and the equivalence among all of
them is new. In particular, the equivalence between the
first condition and the third one has solved an open problem
in the conclusion of [4]. After this submission, we found
we could extend the discussion in this paper toΛ∗, and we
proved the above equivalencies forΛ∗ in [5].

As an application of the “Substitution Theorem” for
weak normalisation we get that:

∃X1, . . . , Xn ∈ WN.MX1 . . . Xn 6∈ WN ⇒
∃X ∈ WN.M X . . . X

︸ ︷︷ ︸

n

6∈WN

and similarly for strong normalisation. Therefore we plan
to investigate consequences of this theorem in the study of
infinite reductions.
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