Normalisation is Insensible to\-term Identity or Difference

Makoto Tatsuta Mariangiola Dezani-Ciancaglini
National Institute of Informatics Dipartimento di Informatica
2-1-2 Hitotsubashi, 101-8430 Tokyo, Japan corso Svizzera 185, 10149 Torino, Italy
e-mail: tatsuta@ii.ac.jp e-mail: dezani @i .unito.it
Abstract 6]. So the question when the application/dfto arbitrary

A-terms has head normal form can be simply answered by

This paper analyses the computational behaviouk-of ~ cases on the head variabje If y is free, then for all inte-
term applications. The properties we are interested in are gersn and all\-termsXy, ..., X, theA-termM X ... X,
weak normalisatiofii.e. there is a terminating reduction) reduces to an head normal form with the same head variable
and strong normalisatiofi.e. all reductions are terminat- . Instead, ify is bound, i.e. there is an indéxsuch that
ing). z;=y, thenM X, ... X,, reduces to an head normal form

One can prove that the application of aterm M to for all A\-termsX;,..., X, only if n» < 4. In fact when
a fixed numbern of copies of the samarbitrary strongly n > i we can choos&; = (Az.zz)(Az.zz) and clearly
normalising A-term is strongly normalising if and only M X ...X,, is an unsolvable term. Since we use only one
if the application of M to n differentarbitrary strongly ~ argument (i.e. theé-th argument) as an immediate conse-
normalising A-terms is strongly normalising. l.e. one duence we getthat:

has thatM X ... X is strongly normalising, for an ar- (1) Y \-termX.M X ... X is solvable iff
bitrary strongly normalisingX, ifandonly ifM X, ... X, v \-termsXy, ... ,Xn,]\n@(l ... X, is solvable.
is strongly normalising for arbitrary strongly normalisin -~ 4, \ve claim that head normalisation is insensible to hav-

X4,...,X,. The analogous property holds when replacing

strongly normalising by weakly normalising. arguments, when the arguments are arbitsatgrms.

As an application of the result on strong normalisation  “jstead, if we require the arguments to be also head nor-
the A-terms whose interpretation is the top element (in the malising \-terms, we loose this property. As a counter-
environment which associates the top element to all vari- example, consider the combinatBr = \zyz.z(yz) and

ables) of the Honsell-Lenisa model turn outto be exactlythe ,, _ 9 The applicatioBA(KA), whereA = \z.zz and
A-terms which, applied to an arbitrary number of strongly ¢ _ Ary.z, reduces to\z.AA, but there is no solvable
normalising)\-terms, always produces strongly normalising  x g;,ch thaB X X is unsolvable. In fact lehz. X’ be the
A-terms. This proof uses a finitary logical description of the haaq normal form ofX. If the head variable of” is z,
model by means of intersection types. This answers an opemenB X X reduces to\~.Y and the head variable af is
question stated by Dezani, Honsell and Motohama. z. Otherwise, if the head variable &f’ is different fromz
— letitbey —, thenBX X reduces to a-term whose head
) variable isy. So in both caseB X X is a solvable term.
1 Introduction We recall that a\-term isweakly normalisingf it has a
finite reduction sequence to normal form, and isieongly
In the present paper we analyse when a weakly or normalisingif all reduction sequences are finite [2, 6]. We
strongly normalising\-term preserves this property under denote byWN andSN the sets of weakly normalising and
application to a fixed or arbitrary number dfterms having  strongly normalising\-terms, respectively.
the same property. The rather surprising result is the inde- The main result of the paper is that weak normalisation
pendence of this property from the arguments being copiesand strong normalisation are insensible to having the same

ing in applications the same repeated argument or different

of the same\-term or being arbitrary-terms. repeated argument or different arguments\ifl and SN,
As the first simple illustration we consider thead nor-  respectively, i.e. we get:

malisatioror solvability property without restrictions on the (2) VX eWN.MX...X e WNiff

arguments. We recall thataterm M is solvable ifM re- T

duces to a\-term of the shapax; ... A\x,.yMy ... My, [2, VXi,...,X, e WN.MX;...X, € WN



(3) VX €eSNMX...X €SNiff means of typing. Such a characterisation was stated as an
open problem in the conclusion of [4].

VXi,..., X, € SNMX; ... X, €SN The present paper is organised as follows: Section 2
We will show the following statements: shows the “Substitution Theorem” for weak normalisation
if M[z; :=X,z; := X] € WN (resp.SN) for all using a detailed analysis on how variables are substitoted i
X € WN (resp.SN) and for alli, j (1 < i, j < n), then S|deﬂ-norr_nal forms. Section 3 introduces thé—(_:alculus
Mz, = X1, 2, = X,] € WN (resp.SN) for all and associates to eaﬁh—te_rm a set oh-terms. This allows
X1,...,Xn € WN (resp.SN). us to prove the “Substitution Theorem” for strong normal-

. o . isation. Section 4 presents the inductive definition of per-
We call these statements “Substitution Theorems”, SINCegijstently strongly normalising terms and proves its sound-
they allow to substitute differentterms inWN (resp.SN), ness and completeness by using the “Substitution Theo-
instead of the sama-term inWN (resp. SN) for different rem” for strong normalisation. Section 5 discusses Honsell
variables, preserving the weak (strong) normalisatioppro | enisa model, and shows the characterisation of persigtent

erty. We will get both claims (2) and (3) as corollaries of strongly normalising\-terms in that model via intersection
the corresponding “Substitution Theorems”. types.

For dealing with weak normalisation, we start from the
analysis of substitutions gi-normal forms insidg/-normal
forms done in [4]. Our key result is that if there are
Xy,...,X, € WN such thatM X, ... X,, € WN, then
the 8-normal form of M has a particular shape. Moreover,
from the same assumption we have that at mosttterms :

X;, X,; need to be chosen appropriately, while all other We user, y, z, w,, u, v, ... o range over variables, and

o y M,N,L, P, X,Y,...torange oven-terms. We denote by

terms are arbitrary. We can observe that we can chooseA the set of\-terms. In Writind\-terms we use vector nota-
X; = X, and this allows us to conclude the proof of (2). ' 9

For strong normalisation the situation is more involved, ionasin(2],i.e.)M denotesthe sequensé,, My, ..., My,
since we cannot forget reductions. We then consider Klop's for n = 0 and/ is empty whem = 0; A@ .MN is short
extended\-calculus [9] (a generalisation of Nederpelts cal- for Azi ...z, .MNy... Ny, wherez'iszy,...,z, and
culus [10]), where all reductions are non erasing. More N iS Ny, ..., Ny If Ais a set of\-terms,M € A means
precisely we use the variant of Klop’scalculus discussed N € Aforall N € M. By M[z; := Ni,...,2, 1= Ny
in [3]: we call it \*-calculus. In\*-calculus a redex andM|[7 := N|we denote simultaneous capture-free sub-
(Az.M)N, with = notin the free variables o/, reduces  stitutions. We uséh( ) to denote the vector length. We
to the pair[A/, N], instead of reducing td/. In thisway  assume the Barendregt convention [2] (page 26), i.e. that
no subterm is discarded, and strong normalisation coiscide all names of bound variables are different from each other
with weak normalisation as proved in [3]. and different from those of the free variables.

Let k-normal forms be the normal forms af -calculus: For reduction— s is one step ofi-reduction, and-7 is
we generalise te-normal forms the analysis of substitu- the reflexive transitive closure of the relatiens. We use
tions for A-calculus done in the weak normalisation case. = to denote syntactical equality.

2 Weak Normalisation

We assume the standard definitions\edalculus ands-
reduction, see [2], [6].

This generalisation is not trivial and requires to assediat We recall that a\-term isweakly normalisingf it has a
eachk-normal form a set off-normal forms in\-calculus.  finite reduction sequence to normal form. WN be the
In this way we are able to show (3). set of weakly normalising-terms.

As an application of (3) we will prove the complete- We want to show the following theorem, which allows us

ness of an inductive definition of strongly normalising and to substitute differenA-terms inWN, instead of the same
persistently strongly normalising-terms, where a-term A-term inWN, for different variables preserving the weak
M is persistently strongly normalising if for all and all normalisation property.

Xi,...,X, € SNwe getM X; ... X,, € SN. This induc- o

tive definition, which generalises the inductive definitafn ~ 1heorem 2.1 (Substitution Theorem forWN)

strongly normalising\-terms given in [11], is interesting in 1 If M[z; := X,z; := X] € WNforal X ¢ WN
itself. By means of this inductive definition, we can show and for alli,5 (1 < ¢,j < n), then M[z; :=

that the persistently strongly normalisingterms are ex- X1,...,z, =X, € WNforall X;,..., X, € WN.
actly theA-terms which Honsell-Lenisa model [7] interprets 2. 1f Mzy == X,...,zn == X] € WN forall X ¢
as the top element, in the environment which associates WN thenM[:z:l, — ’Xl @ = X,] € WN for al
the top element to all variables. Since for this proof we X1,’ X, € WN. o "

use a finitary logical description of Honsell-Lenisa model
through intersection types, we will also obtain a charac- To this aim, following essentially [4], we say thata
terisation of persistently strongly normalisingterms by term M is persistently weakly normalisiriffor all n and



forall Xq,...,X, € WNwegetMX;...X,, € WN. We
denote byPWN the set of persistently weakly normalising
A-terms. A useful relation betweefN and PWN is that
the application of a\-term inWN to aA-term inPWN is a
A-term inWN. The proof is given in [4].
Lemma 2.2 If M € WNandN € PWN thenM N € WN.

In the following, we do not allowx-conversion ons-

normal forms: this allows us to identify bound variables by
their names. Although we use this convention in our proofs,

our results hold also for usuatcalculus witha-conversion.
We recall that a3-normal form has the shapéx’.y M. We
denote by3-NF the set of3-normal forms.

We start by introducing the notions @bntrolsand of
adjacent controls These notions simplify the notions of

replacement paths and adjacent replacement paths of [4]

respectively. Our aim is to understand whigfterms we

Example 2.4 The set of controls in N =
Ay.x(A.ovy)(Att(Auz.xz)) iIST ~ z, Yy ~ Yy, v ~ v,
t~tu~u z~2,r~v,r~tt~u,t~ 2,8~ u,
T~z

Definition 2.5 1. Two controlsc ~ z andy ~ tin N €
(B-NF areadjacenfor {z,y} in N if z, y are free inN

. — ., =
and N contains a subterm of the shap&/ (\ v .t L).

2. There are adjacent controls foF in N € 3-NF if
there are adjacent controls fofx;,z;} in N where
Ti, Tj € T.

Notice that in the point (1) of the previous definition we
do not requirer, y, z, t be different variable names, so the
set{x, y} can contain only one element and the two controls
tan coincide. Moreover notice thaty, z, ¢t occur inV.

can substitute for free variables in normal forms in order Example 2.6 If N is defined as in Example 2.4, then the

to get non weakly normalising-terms. We consider some
examples, where we us® = Az.zz. If Ny = zz, we
can chooseX = A, obtainingNy[z := X]| = AA. In-
stead, if Ny = z(A\x;.21y), a suitable choice isX =
MauA andY = A, sinceNi[z = X,y = Y] =
()\uuA)()\xlxlA) —B ()\CljlwlA)A —B AA. ltisim-
portant to notice thad\ is substituted for the (bound) vari-
ablex;, sincelu.uA is substituted for the (free) variable
z. Really we can substitute an arbitraxyterm X; for

in Ny just by puttingX = Au.uX;. We can then say that
the (free) variable: controlsthe (bound) variable:; (no-
tationx ~» x7) in N;. As another example we consider
Ny = x(Azq.21(A\x2.22y)), for which a suitable choice is
X = wwo(lu.uA) andY = A. In N, the (free) variable
x controls the (bound) variable , and the (bound) variable
21 controls the (bound) variable : by transitivity the (free)
variablex controls the (bound) variable,. Also in this ex-
ample we can substitute an arbitraxyterm X, for z- in
Ny just by puttingX = Mv.w(Au.uXs). In the above ex-
amples the two variable occurrences which “produtet
arexz, r1y andxsy, respectively. We can find appropriate

substitutions also when the variable occurrences are sepa-
rated by applications and/or abstractions, the necessdry a

sufficient requirement being that they occur as function and
as argument, respectively. In this case we say that their con

trols areadjacent For example, letVs; = zz(At.y): the
controlsz ~ x andy ~» y are adjacent inVs. A suitable
choice forN3 is X = Auv.vuA andY = A.

Definition 2.3 (Control) 1. The relationx controls y
(x ~ y)in N € -NF is the smallest reflexive and
transitive relation such that 'tff()\?y.M) is a sub-
term of N thenx ~ y in N.

2. If z controlsy in N € 3-NF, thenxz ~» y is acontrol
in N € 5-NF.

Notice that ifx ~» y is a control inNV thenx occurs in
N andy is bound inV, buty could not occur inV.

pairs of adjacent controls fofz} are: z ~ x andx ~ v,
z~vandz ~ v,z ~ xandz ~ ¢, x ~ tandz ~ z,
T~z andx ~ z.

The first relation between adjacent controls and weak
normalisation is stated in the following lemma, which is
Lemma A.13 of [4] modulo the obvious mapping between
controls and replacement paths.

Lemma 2.7 If there are adjacent controls fofz} in N €
B-NF, thenthereisX € 3-NF suchthatV]z := X] ¢ WN.

Example 2.81f N is defined as
and X = JwwA and A = Arrr, then
Nz = X] = XyX(wovy)(Atit(Auz.xz)) —p
Ay.(Av.vvy) A(AEt(Auz.xz)) —g Ay AAy(At.t(Auz.xzz)).

in Example 2.4,

From the previous lemma we get:

Lemma 2.9 If N isin 8-NF and for all X € WN we have
N[z := X,y := X]| € WN, then there are no adjacent
controls for{z,y} in N.

PROOF Assume that there are adjacent controls for
{z,y} in N, then there are adjacent controls for} in
Nly := z]. By Lemma 2.7, there is{ € WN such that
Nly := z][x := X] € WN, thatis,N[z := X,y := X| &
WN, and this gives a contradictioril

The key result for proving the “Substitution Theorem”
is the reverse of Lemma 2.9. The formulation of the fol-
lowing lemma underlines that, in order to characterise the
B-normal forms which remain ilVN after variable substi-
tutions, we need also to characterise theaormal forms
which remain inPWN after variable substitutions.

Lemma 2.10 (Key Lemma) 1. If there are no adjacent
—
controls forz in N € 3-NF, thenN[Z := X] € WN
forall X € WN.



2. If N = )@’.zf € (-NF, and there are no adjacent
controlsforz, 7in L,andz ¢ 7, 7/, thenN[z :=
X] € PWN forall X € WN.

PrROOFE We show (1) and (2) simultaneously by induc-
tiononN. LetZ = z1,...,x, andN = )@’.zf.

— — —

If - ¢ 7 we haveN[Z := X| = \y.2L[2 = X].
Since there are no adjacent controls erin f by in-
duction hypothesis on (1?[? = )_5] € WN, so we
are done for (1). Moreover, if ¢ 7/, there are no ad-
jacent controls forz’, 7 in I andlh(y) = 1h(Y), we
haveN[7Z = X]Y Z = :L[7 = X|[7 = Y|Z
for all 7,7 € WN. By induction hypothesis on (1)
— — —

L[7 = X][y := Y] € WN, and therefore we conclude
). B

If 2 =2, (1 < h < n) we haveN[Z X] =
AT X, L[Z = X). LetQ = AWwP € L with
Ih(w) = m. We can observe that ¢ 7', , since oth-
erwisex;, ~ zp andv ~ v or xj, ~ x, andxy, ~ v
would be adjacent controls faF in N. Moreover, there are
no adjacent controls; ~» w; andw; ~» wo for {u;,u;}

(1 < 4,5 < m)in ?, since otherwiser;, ~ w; and
xp, ~ we Would be adjacent controls fdz;, } in N. Lastly,
there are no adjacent contrals ~ w; andu; ~ wo for
{zs,u;} (1 < j<mnl<j<m)in 1_5, since other-
wise z; ~ w; andx, ~ ws would be adjacent controls
for {z;,xp} in N. Thus, there are no adjacent controls for
7, in P. Therefore by induction hypothesis on (2) we

getQ[z := )_5] € PWN. From Lemma 2.2 we conclude
— —

X, L7 = X] € WN for all for all Xi,...,X, € WN.

O

We can now show the “Substitution Theorem”.
PROOF OFTHEOREM 2.1. We show (1), being the proof
of (2) almost the same. LéF = z1,...,z, andN be the
#-normal form of M. By Lemma 2.9 there are no adjacent
controls for any{z;, z;} (1 < 4,5 < n)in N. Hence there
are no adjacent controls far . By Lemma 2.10(1) we get

— — — . — —
N[Z := X] € WNforall X € WN. SinceM [z := X]

— — — —

reduces taV[z := X], we haveM [z := X| € WN for

—
all X € WN. O

From Theorem 2.1(2) we get the claim (2) of the intro-
duction
Corollary2.11 If M X ... X € WN forall X € WN, then

——

MX;...X, e WNforall X,,...,X, € WN.

3 Strong Normalisation

We recall that a\-term isstrongly normalisingf all re-
ductions starting from it are finite. L&N be theset of
strongly normalising\-terms.

In the proof of the “Substitution Theorem” for weak nor-
malisation, Theorem 2.1, th&2normal forms have played a
crucial role. The reason is that in studying weak normalisa-
tion we can freely substitute thienormal form of a weakly
normalising\-term for the term itself, and look at its adja-
cent controls. This is not true for strong normalisationgsi
strong normalisation is not invariant undéfconversion.
So to properly deal with strong normalisation we need to
consider “non-erasing” reductions in thecalculus. There
are many ways of formalising “non-erasing” reductions in
the A-calculus, for a survey see [12] and [8]. We consider
the variant of Klop’s calculus [9] proposed by Boudol in [3].
We call it \*-calculus.

The present section is organised as follows: first we in-
troduceA*-calculus in Subsection 3.1, then we associate to
each)\*-term a set of\-terms (called “projections”) which
share computational properties with the origindtterm
(Subsection 3.2) and lastly we show the “Substitution The-
orem” for strong normalisation (Subsection 3.3).

3.1 M*-calculus

Following [9], we extend the syntax of-terms with a
pairing operatof , |, i.e. we have the following syntax for
the setA* of A\*-terms:

Su=z| .S |SS|[S,S).

We useS, T,U,V,P,Q,R, K, X,Y to range ovem\*-

terms.  Let[S,T1,...,7,] and [S, T)] be short for
—
[...[[S,Th], T%], ... T,]: they becomes forn = 0and T
empty.
On A* Boudol [3] defines the following reduction rules:
[Az.S,Ur,...,Up|T — [Slx :=T],Us,...,Uy]
if x € FV(S)
A\e.S, UL, ..., UT — [S,UL,...,Un, T
if z £ FV(S)

whereFV () is the set of the free variables.

The relation—,, is the contextual closure of these rules,
and the relatior-, is the reflexive transitive closure e#,..

For example BOA —, (A\yz.0(yz)A —,
Az2.0(Az) —x Az Mt Az] — Az [At.t, 2z], where
B = M\ayz.z(yz), O = \vt.t, A = du.uu.

A \*-term K is ax-normal form if there does not exist a
A*-term S such thatk' —, S. We usex-NF to denote the
set ofk-normal forms.

The notions of weakly and stronglynormalizing \*-
terms are defined in a similar way to the corresponding
notions for\-terms. WN* andSN™* are the set of weakly
and stronglyx-normalizing \*-terms, respectively. In [3]
Boudol showed:

Theorem 3.1 1. SN* = WN*,
2. SN D SN*NA.



As expected the reverse of Theorem 3.1(2) also holds, as

proved in Theorem 3.3 using the following lemma.

Lemma3.2 SU € SN* andT € SN* imply [S, T]ﬁ €
SN*.

PROOF. Assume ad absurd that there is an infinite re-
duction out of S, T'| U . This implies that there is an infinite

reduction out of eitheSﬁ) orT.O

Theorem 3.3 SN C SN*.

PROOF The proof is by a double induction on the
longests-reduction ofM to normal form (denoted bj/|)
and on the structure a¥/. _

If M = X7 2N, thenN € SN forall N € N. Since
|N| < |M], by induction hypothesis we gé&f € SN*, so
we concludeM € SN*. -

If M = \7.(\y.P)QN, then\Z.P[y := Q]N € SN
andQ € SN. Since|]\7Z.Ply = Q|N| < |M]| and
|Q| < |M]|, by induction hypothesis we getz’.Ply :=
Q]ﬁ € SN* and@ € SN*. If y € FV(P), we have
M —, AZ.Ply = Q]N, which impliesM € SN*
by Theorem 3.1(1). Otherwise, if ¢ FV(P), we have
M —,, A7 .[P,Q]N, which impliesM e SN* by Lemma
3.2.0

In the next definition we use the following notation for
setsA, B of A-terms:

A = {Da.M|Me A},
AB = {MN|Me AN € B},
aAd = {aM|M e A}.

Definition 3.5 Fix a fresh variablea. The set of projec-
tions of S with respect ta (notationP,,(.5)) is defined by
induction on$ as follows:

Pa(x) = {z}

Po(Az.S) = Az.P,(S)
Pa(ST) = Pa(S)Pa(T)
Pu([S,T]) = Pa(S)UaP,(T).

For example, we haveP,(\z.[z,y][zz, wx])
{Az.2(z2), \e.z(a(wx)), Ar.ay(zx), Ax.ay(a(wx)) }.

We want to prove that projections agree with substi-
tutions and that if as-term S has a projection which is
not stronglyg-normalising, then als®' is not stronglyx-
normalising. These are the claims of the following lemma.

Lemma3.6 1. If M € A, thenP,(M) = {M}.

2. If M € P,(S)and N € P,(T), thenM[z := N]| €
Po(S[x :=TY).

Analogously to the weak case, we also consider the set 3. If S € SN*, thenP,(S) C SN.

PSN* of persistently strongly normalising -terms. AX*-
term S is persistently strongly normalising § preserves
the strongk-normalisation property under application to
stronglyx-normalising\*-terms, i.e.S € PSN* if for all n
andallXy,..., X,, € SN*, we getSX; ... X, € SN*.

We need to show that the pairing of\a-term in PSN*
with a A*-term inSN* remains inPSN* and that the appli-
cation of a\*-term inSN* to a\*-term inPSN* remains in
SN*: these are the claims of the following lemma, respec-
tively.

Lemma3.4 1. S e PSN*andT € SN* imply [S,T] €
PSN*.
2. S € SN*andT € PSN* imply ST € SN*.

PrROOF (1) Immediate from Lemma 3.2.

(2) First we show that/ € SN* and7T" € PSN* imply
Ulz := T] € SN*. By Theorem 3.1(1), we can suppose
U, T € x-NF. Using (1) and by structural induction da
we have the claim. Then (2) is immediate by lettitigoe
Sx, wherezx is fresh.O

Clearly Lemma 3.4(2) is analogous to Lemma 2.2.
3.2 Projections

In this subsection we associate to eackterm S a set of
A-terms (called th@rojectionsof S) which are built out of
subterms of5 in order to represent all possibtereductions
of S by B-reductions.

PROOF (1) is immediate by definition.

(2) is easily proved by induction af\.

(3) First we will show the auxiliary claim: it € P, (S)
andM —g M’, then there exist$’ such thatS —,. S’
and M’ € P,(S’). This is proved by induction or¥.
The interesting case IS = 5152, M = (Ax.M3)M-, and
M’ = M3z := Ms]. Then we havez.M; € P,(S1) and
M; € P,(S2). HenceS; = [Az.Ss, 5_*4)] andMs € P,(S3).
Case 1. Ifx € FV(Ss), we can choos&’ = [S3[z =
S], 54]. By (2), M' € Pu(Sslz := Sa]) C Pau(S).

Case 2. lfr ¢ FV(S3), thenz ¢ FV(M3), because we can
easily show by induction o thatz € FV(M) € Py (S)
impliesz € FV(S). Then we havél/’ = M3 and we can

chooseS’ = [53,»5—’4;,52]. This concludes the proof of the
auxiliary claim.

AssumelM € P,(S) andM ¢ SN. We have an infinite
reduction sequenc®l = My —g My —g My —g .... By
the auxiliary claim, we have an infinite reduction sequence
S =5y —. S1 —. S2 —,. ...suchthatM; € ’Pa(Si) for
all 7. HenceS ¢ SN*. O

3.3 Substitution Theorem

Some further notational
in the following treatment. = We use\=7.S as
1 . =1 —

short for [A\2°.5,T]: it becomes [S,T] for
empty. We ambiguously denote by ST either ST

conventions are handy



or [S,T). For example, [\s,.s,7y.25354S5, Sg]
stands for [[[Azy.xS354S5, S1], S2], Se] or
[[[)\my[azSg, 54]55, Sl], SQ], SG]

We can characterise the setrohormal formsK by

K :=J| x.K|[K, K]
Ju=x|JK|[J, K]
One can show by induction on the definitions that these

terms are irreducible and by induction ari that all irre-
ducible A*-terms have this shape. By the vector notation,
—_—

we haveK ::= )\}E’.J. By the bar notation, we have
J == z | JK. Again by the vector notation, we have
—

J == zK. Finally we get the following lemma, which
characterises the shapershormal forms.

Lemma 3.7 The sek-NF is defined by

-
K = )\?E}..’L’K.

For example, Az.A\,y.\yz.2yT represents one of
the following x-normal forms: Az.[\y.[Az.zyz,yl, ],
Az Ay [Nz [z, ]z, y), 2], Az Ay [Nz [zy, 2], 4], ], and
Az Ay [Az. [z, y], 2], y], x].

The next lemma (easily proved by structural induction)
gives a clue to analyse controls#ANF through controls in
B-NF.

Lemma 3.8 If K € k-NF, thenP,(K) C -NF.

We can then define the set of controls iR-aormal form
as the union of the sets of controls in its projections.

Definition 3.9 The adjacent controlfor =" in K are the
adjacent controls foriz” in M for someM € P, (K).

The next lemma extends Lemma 2.9t6calculus.

Lemma3.10 If K € k-NFand K[z := X,y = X] € SN*
for all X € B-NF, then there are no adjacent controls for
{z,y}in K.

PROOF Assume ad absurdum that there exidfs
P.(K) such that there are adjacent controls fet y} in
M. By Lemma 2.9, there existX € [-NF such that
Mz == X,y := X] ¢ WN. Then we haveM [z :=
X,y := X] ¢ SN. By Lemma 3.6(1), we hav& €
P.(X). Then by Lemma 3.6(2) we gét/ [z := X,y :=
X] € Po(K[z := X,y := X]). By Lemma 3.6(3) we
concludeK [z := X,y := X]| ¢ SN*. O

The nextlemma is the key lemma to prove the “Substitu-
tion Theorem ” for strong normalisation. It is the extension
of Lemma 2.10 to:-normal forms.

Lemma 3.11 (Key Lemma) 1. If there are no adjacent
—
controls for 7 in K € x-NF, thenK[7 = X] €
—
SN* for all X € SN*.

—
2. IfK = A?ﬂ’.zs, there are no adjacent controls for

= =
?,? inT,>5,andz ¢ E’,?, thenK [z := )_5] €
—
PSN* forall X € SN*.

PROOFWe use two mappings from the setdfterms of
—

the shaper S to sequences of*-terms. These mappings,
denoted by and*, list up the arguments of variable appli-
cations and the second components of pairs, respectively.
They are defined by induction as follows:

x°=e€ X =€
= = = =
(xST) =(x5)°, T (xST)* =(x8)*
([zS,T])° = (xS)° ([xS,T)* = (x8)*,T
where ¢ denotes the empty sequence. For exam-
ple, we have([[xS1S52,53]54, S5])° = S1,S52,5, and

([[x.S152, S3]S4, S5]) ¢ = 53, Ss.
We show (1) and (2) simultaneously by induction&n
let @ = 1,...,2, and K = A=y .zS. First let us

observe that, by the definitions of projections):y is

)\?171 A Y m, then:

Pa(K)

DT PGH) | H = (=5}

NG - B1aPa(D) | J € T; (1< j < m)}U
(MY aPa(J) | J € (25)*}

Therefore, by the definitions of controls:

o if H = (25)°, then adjacent controls for’ in zH
are adjacent controls far in K,

= =
e adjacent controls for’ in T orin (z.5)* are adjacent
controls forz in K.
In the following we writeU/’ as short fol/ [z := ?].

—= =
If 2 ¢ 7 we haveK’ = AF y .zS’. Since there are

= =

no adjacent controls for” in T and inz .S, by induction

) = = =
hypothesis on (1J” € SN* and(z5")°, (25")* € SN*, so

—
we conclude (1). Moreover, if ¢ 7/, there are no adjacent
N = — _ —
controls forz,y in T',zS5, andlh(y) = 1h(Y), then
- = —

forall Y, Z € SN* there exists some subsequeri¢eof
— —— - — — — —
Y such thatK’'Y Z reduces tdzS", 7", ..., T/, V] Z,

whereU" stands fot'[y := 7] for anyU. By induction
— —

hypothesis on (1}z5")°, (z@)x,ﬁ are inSN*. By us-

ing Theorem 3.1 (1)K’7? is in SN*, and therefore we
conclude (2).

—_— j
If 2 =2, (1 < h < n)we haveK’ = A;;?-th’-
—

Notice that in this case th¥&*-terms belonging mhgf)o



= —
are arguments oX,. LetJ € 7“), (zx S)*: by hypoth-
esis there are no adjacent controls #in J, so by in-
duction hypothesis on (1) we get € SN*. Let H =
)\——3 % = ° — —
guvP € (xp S)°. We can observe that ¢ 7', u/,
since otherwisex;,, ~ x5, andv ~» v or z;, ~ =z, and

x, ~ v would be adjacent controls faf in K. There are
no adjacent controlg; ~ w; andu; ~» wy for {u;,u,}

L= = .
(1 <i,7<m)in@,vP, since otherwise;, ~» w; and
xp ~ wo Would be adjacent controls fdry, } in K. More-
over, there are no adjacent controjs~ w; andu; ~ wo
—

for {z;,u;} (1 <i <n1<j<m)in a,vf, since
otherwiser; ~ w; andx; ~ ws would be adjacent con-
trols for {z;, z,} in K. Thus there are no adjacent controls

for 7, 7 in Q,vP. Therefore by induction hypothesis on
(2) we getH’ € PSN*. By applying Lemma 3.4(1) to all
= —

J'suchthat/ € T, (x5 8 )* and Lemma 3.4(2) to alif’
—
such thatd € (z5, S )°, we concludek” € SN*. O

Theorem 3.12 (Substitution Theorem forSN) If

Mlz; == X,z; := X] € SNforall X € SN and for allz, j
(1 <i,j <n),thenM[z; := X1,...,2, := X,] € SN
forall X4,...,X, € SN.

PROOF. Let @ = z1,...,x,. SinceM € SN, by The-
orem 3.3 we havé/ € SN*. Then there exist& ¢ x-NF
such thatM —; K. SinceM|[z; := X,z; := X] € SN
foralli,j (1 < 4,5 < n)andallX € -NF, by Theo-
rem 3.3, we havel/[z; := X,z; := X] € SN*. Then
we getK[z; := X,z; := X] € SN*. By Lemma 3.10,
there are no adjacent controls for;, z;} in K for all ¢, j
(1 <4,5 < n). Hence, there are no adjacent controls for

7 in K. By Lemma 3.11(1), for arbitrarﬁ € SN*, we
—
have K[7 := X] € SN*. By Theorem 3.1(1), we have
— T4 * N —
K[z := X] € WN*, and hence we havk®/ [z := X] €
—
WN*. By Theorem 3.1(1), we gét/ [z := X| € SN*, and
—
then, by Theorem 3.1(2), we concludé[z := X| € SN.
O

Claim (3) of the introduction immediately follows by let-
ting M be Mz, ...x, in previous theorem, since substitu-
tion preserves non strong normalisation.

Corollary 3.13 If M X ... X € SN for all X € SN, then
——

MX;...X, € SNforall Xy,...,X,, € SN.

4 Inductive Definitions of PSN

We define the sé®SN of persistent strongly normalising
A-terms as the set of-terms which preserve the strong nor-
malisation property under application to strongly norisali
ing A-terms, i.e.M € PSNifforall X;,...,X,, € SN we
getM X, ... X, € SN.

AZ.NESNE (YN eN) IWT)=n y¢7
AT .yN € PSN!

AT .M[y:=N]L € PSN! \T.N eSN! 1n(7)=n
N —
AT .(\y.M)N L € PSN*

AZ.NE€PSNt (YN eN) h(Z)=n z€7
— #
A2 .xN € SN;,

AZNeSNE (YNeN) IW(F)=m y¢7
— 7 #
AZ.yN € SN,

AZ.NeSN I(Z)=n Ih(y)>0
AZY.N e SN¥

AT .M[y:=N|L €SN, AZT.N €SNi, 1h(Z)=m
AT . (M. M)NT € SN,

Figure 1. Definition of PSN* and SN¥,.

The inductive definition oPSN which we will discuss
in this section was inspired by the following inductive defi-
nition of SN given in [11]:

Mz :=N]L €SN N €SN
(\z.M)N'L € SN

MeSN  MeSN
xMESN Ax.M € SN

It is handy to consider the clasdN,, of A-terms which
preserves the strong normalisation property under applica
tion to n strongly normalising\-terms, i.e. M € SN,
if forall Xy,...,X,, € SNwe getMX;...X,, € SN.
Clearly SNy = SN. Figure 1 defines the seRSN* and
SNEI: in the remaining of the present section we will show
thatPSN? = PSN andSN¥, = SN,,.

The first lemma shows easy properties of the Sitand
PSN.

Lemma4.l 1. M € SNandN € PSN imply MN €
SN.

— — — — . —
2. Letlh(7') = 1h(N), thenM [z := N]L € SN and
— ; — ——
N € SNimply (A2 .M)N L € SN.
PROOF (1) We can now show by induction aoh that
L € SN andN € PSN imply L[z := N] € SN. Then we
conclude taking. as M x, wherez is fresh.
(2) Assume gd_z)ibsurd that there is an infinite reduction
out of (\Z.M)N L. This implies that there is an infinite
— — —
reduction either out oM [Z" := N] L oroutof N. O



The following lemma, which is the key result for proving
the completeness of the given inductive definition, uses in a
crucial way the “ Substitution Theorem” f&N, Theorem
3.12.

The most interesting case is that of the rule

AZ.NEPSN(YNeN) h(Z)=n z€7
—
Ax.xN € SN,

Lemma4.2If \Z.xN € SN,,, wherez ¢ = and

= We begin with\Z.zN € SN,, and this implies\7.N €
— —
Ih(Z') = n,then\@.N € PSNforall N € N.

PSNforall N ¢ N by Lemma 4.2. _
PROOE For arbitrary? € SN with 1h()_(>) — n, we The proofs for the other rules immediately follow by us-

-~ . afy ing induction hypothesis. We show the case of the rule
have(zN)[z := X] € SN. Supposdh(N) = m and

— — —
y & xN. By Theorem 3.12(y N)[7 := X,y :=Y] € SN
—
holds for all X, Y € SN. ForN; (1 < ¢ < m), we show
—— — =
(\Z.N;)X Z < SN for arbitrary X, Z € SN. LetY be
— —
AZ.z;Z andlh(Z) = m. Then we haveyN)[z :=
— AN ~ —
=Y = (\Z.z;Z)N[7T = X] —% N;[@ =
BN — = .
1Z. HenceN;[7 := X|Z isinSN. By Lemma 4.1(2),

AT .M[y:=N|]L €SN, AT.N €SN, Ih(7)=m
AZ. (M. M)NL €SN,

We assume: > m, the proof forn < m being sim-
— —
ilar. For all X,Y € SN of lengthsm, n — m, respec-
— =
tively, we get(\ 7' .(A\y.M)N L)X Y € SN. Thenwe have

Z
X
)—5 — — — —

(Ay.M")N'L'Y € SN, whereP’ denotesP[z := X] for

Yy
4
Z.

— w_’_> —
we have(A\z.N;) X Z € SN. ThereforeAz.N; € PSN.
O

every \-term P. Hence we geM'[y := N’]f’}_f) € SN
andN’ € SN. By Lemma 4.1(2), we have\7 .My :=

— —— N —
We can show now the soundness and completeness of thd'] L) XY € SN and (A2".N)X € SN. Therefore we

given inductive characterisations.

Theorem 4.3 PSN? = PSN andSN? = SN,,.

concludex@ . M|y := N]f> € SN,, and\Z.N € SN,,.
The induction hypothesis applies since fagerms in the
premises can either be obtained by reducingXthiierm in

the conclusion or are smaller than theéerm in the conclu-

PrRooOF We will show thatthe rules generate ONLY sion.O

terms which satisfy the given conditiortbat is, PSN# C

PSN andSN? C SN,,. This claim is proved by induction
on the formation rules. It suffices to show that the premises5 The ModelH Lo
implies the conclusion in each rule withglitFor example

for the rule We start by recalling the definition of th®.,-model

H L introduced in [7] to analyse perpetual strategies in
AZ.N €PSNt (YN € N) Ih(Z)=n z€7 A-calculus. o
S " Let Dy be the three point I.attlce; ; sC T andpl =
Az .xN € SNy, [Dy — 1 Do) be the set of strict continuous functions from
N - Dy to Dy, where a continuous functigfiis strictif f(L) =
we will show(\Z".zN)X € SN forall X € SN of length L.
n. By induction hypothesis, we haver .N € PSN. Then
N[Z := X] € PSN. Letz; = z. By Lemma 4.1(1), we
haverﬁ[E> = )_(>] € SN. By Lemma 4.1(2), we have
— =
(AZ.xN)X € SN.

We will show thatthe rules generate ALL terms which
satisfy the given conditionghat is, PSN®* O PSN and
SNEL D SN,,. First notice that the conclusions of the given
rules cover all possible shapes afterms, butA 7 .z N
with Ih(Z) = n andz € 7 for both PSN and SN/,
with n < m. This is sound since iN = Az.zz, A =

Moreover leti be the initial projection defined by:

lo(J_):J_:>J_ io(S):T:>S i()(T):S:>T

whered; = d, denotes the step function defined by
(dl = dg)(e) = ife dd; thendz else.l.

The inverse limit constructior{ L., obtained starting
from Dy andig is a model of the\I-calculus and of the
ANK-calculus (see Definition 11 in [7]) as shown in [7].

The interpretation of-terms inH L, is defined in the
standard way:

— — — _
A1y A, k= h(N), Th(Ay) = n, Ih(A) = m —n, [[7\%[— p(x)F .
then(A?.xﬁ)A_k)Z does not have normal form. %)\x A%] e [M],[NT,
M], =

The proof is by a double induction on the length of the
longest reduction to normal form and on the structure of
terms. We show that if the statement holds for the conclu- where(F, G) is the strict retraction frof{ Lo, —1 HLoo]
sion then it must hold for the premises in each rule without to H L., induced byi,. We recall that a pair of functions
. (f, g) is a strict retraction frorD to £ if they satisfy all the

GAd € HL. if d # L then[M] /5 elseL)



c<oNo cNt<o cNTt<T1
c<o, 7<7=ond <tnNn7

o <o, 7<1T"=>0—-7<0d -1
(c—=1)N(c—={) <o—-71NC
p~w— w<g

o7, 7T<( =0<(

W~ p—w

oc<o

Figure 2. Type preorder

following conditions: f andg are continuousf : £ — D;
g:D—E&;, fog=idp;go f(Ls) = Le¢.

As proved in [7], we can give a finitary logical descrip-
tion of H L., using intersection types. In other words we
can define an intersection type thedkH  which is the
Stone dual oL, in the sense of [1].

Theset of typesf HL is built out of the constants and
w by the arrow and intersection constructors:

Ti=plw|ToT|TNT

(x:0) el
I'kFx:o

x:ob-M: 1
I'EXeM:o—T

(AX) (—> |)

I'EM:0—1 FFN:J(

TFMN :7 —B

I'EM:0 o<t
I'EM:7T

I'-M:0 T'HEM:T
I'EM:onT

(<) (Nl

Figure 3. Typing rules

wherel' = pif x: 0 € T impliesm(o) C p(x). This
statement is proved in [7].

Let pt be the environment which associafeso all vari-
ables. We can characterise strongly normalising and persis
tently strongly normalising\-terms in the modeH L, as
the A-terms whose interpretation in the environmgtis

different from_L and equal tor, respectively. |.e. we have:

Theorem 5.1 (Main Theorem) 1. A A-term M
strongly normalising iff ], # L.

is

2. A M\-term M is persistently strongly normalising iff
[[M]]PT =T.

We define a preorder relation on types whose axioms and

rules are justified by:

e viewing “—" as the function space constructor and “
as set intersection,

e considering the typeg andw in correspondence with
the elements, T, respectively, but reversing the par-
tial order inH L, (this correspondence will be made
explicit by the mapping defined below).

Figure 2 defines the preordsr we writer ~ ¢ as short for
7 < o ando < 7. Itis easy to check by induction of that

The proof of this theorem uses the above discussed iso-
morphism betweef{ L., andF. The theorem in fact can
be reformulated as follows:

Theorem 5.2 LetT', = {z:w | z € Var}.

1. AxtermM € SNiff T, = M : .
2. Ax-termM € PSNiffT', - M :w.

The if partsof Theorem 5.2(1) and (2) are shown in [7]
(see Definition 35 and the following discussion) by means

w andyp are the smallest and the biggest types, respective|y_0f the realizability interpretation of intersection typesle-

We recall thatfilters of types are sets of types upper
closed and closed under intersection. IFebe the set of all
filters: it is easy to check tha is anw-algebraic complete
lattice with respect to set theoretic inclusion, whosedrutt

element is the empty set, and whose top element is the set v

of all types. Moreover, as shown in [ZF, is isomorphic to
‘H L+, through the mapping:

TeX

wheren(p) = s, m(w) = T,m(11 — 72) = n(71) = n(7),
n(m N72) =m(m) Un(re).

We recall the intersection type assignment system of [7]:
the typing rules are shown in Figure 3. We denotetby
derivability in this system.

We can now formulate Stone duality for the mo#él.
as follows:

[M], =] [{m(r) | T |z pT + M:7}

fined by:
V(p) = SN
V(w) = PSN
Vie—71) = {MeA|VYNeV(e) MN e€V(o)}
(ent) = V(o)NnV(r).

Theonly if partsof Theorem 5.2(1) and (2) can be shown
using the inductive definitions &N,, and PSN given in
Section 4, and the following properties of the type assign-
ment system which are proved in [4] and [7], respectively.

Lemma 5.3 (Generation Lemma) 1. I' - x: 7 iff there
iso suchthatr:oc € T'ando < 7.

2. T+ MN:riffthereiso suchthal' - M:0 — 7and
I'N:o.

3 THFXeM:oc »7iff T x:0 - M:7.

Theorem 5.4 (Subject Expansion)if I' - Mz := N]:7
andl' - N:p, thenl' - (Az. M )N : .



More precisely the proof of the only if part easily follows

from the following lemma.
Lemmab5.5 1. If M € PSN¥, thenl', - M :w.

2. If M e SN?, thenT',, - M : " — o where
Pt =p o P .

n

PrRoOOF The proof is by induction on the formation rules of

SN? andPSN!. For example for the rule

AT .M[y:=N]L €SN, AZT.N €SN, h(T)=m
AT .(\y.M)NL € SN,

by induction we know thal, - AZ .My := N]T :
Y" — pandl, F \Z.N: o™ — ». We assume, >
m, the proof forn < m being similar. By Lemma 5.3(3)
we getl’,, 2 : @ F My := N]f D "™ — o and
I',, 2 : 9P F N:p. By Lemma 5.3(2) there exist8 such
thatl',, @ : ¥ - M[y := N|: 7 — ¢"™™ — ¢ and
—  — . -
Iy, @:¢ F Lj:7forl <4 < h, whereh = 1h(L).
ThisimpliesT',, 7 : ¢ F (A\y.M)N: 7T — ¢@"~™ — by
Theorem 5.4 and so we conclullg - )\E’.()\y.M)Nf:

3X1,..., X EWN.MX; ... X, ¢ WN =
3X € WN.M X ... X ¢WN
—_——

n

and similarly for strong normalisation. Therefore we plan
to investigate consequences of this theorem in the study of
infinite reductions.
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6 Concluding Remarks

We have shown that the computational behaviouk-of [5]
term application does not depend on having as arguments
copies of the same-term or different\-terms when we
restrict to weakly or strongly normalising arguments. We
call this result “Substitution Theorem”. As an application
of the “Substitution Theorem” for strong normalisation, we
proved the completeness of the inductive definitions of per-
sistently strongly normalising terms given in Figure 1 and [7]
shown that for a\-term M the following four conditions are
equivalent:

1. MX; ... X, is strongly normalising for alk and all
strong normalisingXy, ..., X,.

2. M € PSN! as defined in Figure 1.

3. ', F M : win the intersection type assignment sys-
tem induced by the type theoty L.

4. [M],, = T inthe modelH L.
[10]

The equivalence between the third condition and the fourth
one was proved in [7] and the equivalence among all of
them is new. In particular, the equivalence between the[11]
first condition and the third one has solved an open problem
in the conclusion of [4]. After this submission, we found
we could extend the discussion in this papeAto and we
proved the above equivalencies fof in [5].

As an application of the “Substitution Theorem” for
weak normalisation we get that:

[12]



