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Normalization properties

M € N iff M — 3 a normal form
M € HN iff M —g AT .yN
M € WN iff M —g Az.N of M —gxN
Persistent normalization properties
M € PN iff MN € N for all terms N in N/

M € PHN iff MN € HN for all terms N
M € PWN iff MN € WA for all terms N



I=Xz.x, A =Xv.xx, Y =Af.(Qzx.f(xzx))(Ax.f(zx)), K = \zy.x
Az.z AN € N, but & PWN, since (Az.2AA)—3 AN ¢ WN
M. y(AA) € PHN, but ¢ N

Ax.x(AA) € HN, but ¢ N and ¢ PWN/, since

YK € PWN, but ¢ HN

Ax. AN € WN, but ¢ HN and ¢ PWN, since
Az AA)YM —5 AN ¢ WN
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Functional Behaviours

step function a=-b Ad. if aC dthen belse L

WN 1l=1
D=[D— D],
PWN U,eN(d=>. .. =L=1)

n
HN h h=h
PHN h 1=h
N n (h=h) L (f=n)
PN A (L=h) U (n=0)
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(L=F) U (n=7)
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(h=h) U (ien)

[Do — Do) |

ig(7) = (L=h) U (h=0)

ig(n) = (h="h) U (fi=n)

ig(h) = L=h  ig(h) =h=h ig(L) =1



pr(x) =n

Main Theorem, Version |
M e PN iff [M]7> 37
M e N iff [[M]]Z))ﬁOO In
M e PHN iff [M] 7> Jh
M e HN iff [M]D> Jh

M e PWNiff [M]D> 3 |],en(d= .= L=1)

n

M e WN iff [M]}> 3 L=1
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Stone dualities
topological spaces as partial orders

Stone spaces as Boolean algebras
(Stone, 36)

Scott domains as information systems
(Scott, 82)

w-algebraic complete lattices as intersection type theories
(Coppo et al., 84)

SFP domains as pre-locales
(Abramsky, 91)
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o M

o d
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semantics of terms
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o d

type assignment
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semantics of types
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Stone duality
d = [M]
der] & VM : 71
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We can describe an inverse limit model D by taking:

e the types freely generated by closing (a set of atomic types corre-
sponding to) the elements of Dy under the function type constructor
— and the intersection type constructor N;

e the preorder between types induced by reversing the order in Dy and
by encoding the initial projection, according to the correspondence:

function type constructor — step function
Intersection type constructor — join
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The set 7 of types
T = v v ip|p|Q|T->T | TNT
mappingm : 7 — D

m(r) =n n@) =8 m(p)=h n@)=h o(Q)=_1

m(oc—7) = m(o)=m(7) m(ocN7) = m(o)m(7).
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Preorder on 7

v<v v<nu

v< ps

o< Q2 oc—2 < QQ—Q

v~ (Q2—p)N(v—v) v~ (p—p)N(r—v)

po~ Q—p P~ A=

o< o oc<o, <71 =0ono’ <N
o < oNo o<1, 7T<( =>0<(

ot <o, oNnt <1 oc<o, <7 == <o—7

(c—1)N(c—C) < o—71N¢

o~ Tisshortforc < rand r < o.
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The set F of filters

A filteris a set X C 7 such that:

o Qc X
eifo<rtando € X,thent € X

o ifo, 7€ X, thenonr € X

JF Is the set of filters over 7

T X Is the filter generated by X

ToisT{c}
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(F, C) is an w-algebraic complete lattice

T
1 (XUY)
/ \
X\ /Y
Xny

Y

1Q
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JF and D are isomorphic as w-algebraic complete lattices
m* : F—Doo

m*(X) = Usexm(o)

m*( o) = m(o)
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The type assignment system

(ax) T,x:obx:0 (£2) Fr=M:Q

'-M :0—-7 TN .o

(— E)
[-MN .71
(1) [yx.:ocFM:.T
[ A M . o—T
(M .o T M : T M :0, o<
(NI) (<)

=M :oNnTt =M : T
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Finitary logical description

For any lambda term M and environment p : var—D~

[[M]]Yp)OO =mn*({re7 |dr

—p. M :7})

where " = pifandonlyif (x : o) € ' impliesm(o) C p(x).

IfI‘I—M:TanszﬁN,thenl'l—N:T
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Main Theorem, Version Il
MePNIifflT; M : v
MeNiffl;-M:v
M e PHN IffT; M :n
MeHNIfT; M :p
M e PWNIiffT; - M:Q"—Qforalln € N
MeWNIffT; - M : Q—Q

[, ={x:vV|Vx € var}
26
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Proof of <«

Reducibility method

e interpret types by suitable sets

e show soundness of the type assignment

we consider A as the applicative structure whose domain is the set of
lambda terms and where the application is just the application of terms
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valuation of types [-] : 7 — 2/

W]l =N [p]=PN [l =HN [g] =PHN [Q]=A

[oN7]] = [elN[~]
[o—7]l =o]l = 7] = {M € WN |VN € [c] MN € [7]}

[Q—Q] ={M € WN |VN € [Q2] MN € [[2]1}
={M e WN |VYN e NMN € \} = WN

NneN [€2"—€2] iﬂnEN [[anQ—KZ]]
={M e WN | VYN € [Q] MN € [Q2—]}
={M e WN |VYN € AN MN € WN'} = PWN
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valuation of terms  [[—]l, : A — A

[M]p = Mlz1:=p(z1),...,2n:= p(zn)]

where
p . var — /A Is a valuation of term variables in A
FV(M) = {x1,...,xn}
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e p=M:T
e p =1 iff
o[ =M:T

Iff

semantic satisfiability relation |=

[M]lp e lI7]

Mxz:0)el) pEx:o

Iff

VpET) pEM:T

soundness

I—l_M:’T — I_:M:T
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- M :5 )\xN

Proof of =

(€2)
F,;I—NQ

M5 FAz.N : Q-0

(= 1)
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- M:5a:'ﬁ

(az)
r,') Fx v
(<) —— (2)

Mk Qo0-Q M FN:Q
(— E)

Mok aN Q-0
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e PWN

- for all n, there is N such that M =3 Ax1...2n.N

(€2)
I_,;I—NQ
(— 1)

5 FAz1...2n. N Q"—Q
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- M =g )\f.yﬁ

(az)
I’,;I—y:D
— (<) — (©2)
oy Q-0 5 -N:Q

(— E)

_ — — (/I)
[ Az yN 1 Q2 — Q2
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M =g A\Z.yN

*={z:p|Vzex}U{z:0|Vz€var — 7}

M Fy

— (az)
(<) — ()

M hFy: Q—p *FN:Q
(— E)

I_*I—yﬁ:,u

< (= 1)
M“FAXz.yN: o—pup
"
[ FEAx.yN
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e PHN

M =g AZ.yN yis free
*={z:Q|Vzez}U{z:v|Vz€var — x}

(az)
M Fy:v
— () —— (2)
My Q=0 =N :Q
(B
" FyN Qi
——— (= 1)

M= AXz.yN: Q—Q
— ()
[ A .yN @[

38



39



- M :5 )\xN

(HI)

I_,;I—N:z/

(= 1)
5 FXx. N v—v [ Xx.N:pu

- Xx. N : (D—v)Np
(<)

I’;I—Ax.N .V

(case HN)

(NI)
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o PN

replaceable and non-replaceable variables In a normal form M:

e all occurrences of variables bound in the initial abstractions are re-
placeable

e all occurrences of free variables are non-replaceable

o if xﬁ()\ Z1y.P) is a subterm of M and the showed occurrence of x is
replaceable then the occurrences of y in P are replaceable

o if xﬁ(A Z1y.P) is a subterm of M and the showed occurrence of x is
non-replaceable then the occurrences of y in P are non-replaceable
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A\T.Q

AY.T
/ I
AZ.Y
At.c

N









a normal form M € PN iffin M
all fathers of replaceable variables are non-replaceable

)\CIZ.C‘L:I/
AY.T .V
/ \ i
b.v Az.y iU

~
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