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Abstract. In this paper we study decision problems and invertibility
for two notions of equivalence of recursive types. In particular, for re-
cursive types presented by means of a recursion operator µ, we describe
an algorithm showing that the natural equivalence generated by finitely
many steps of folding and unfolding of µ-types is decidable. For recur-
sive types presented by finite systems of recursive equations, we give a
thoroughly coinductive characterization of the equivalence induced by
their interpretation as infinite (regular) trees, from which the decidabil-
ity of this equivalence follows. A formal proof of the former result, to our
knowledge, has never appeared in the literature. The latter result, on
the contrary, is known but we present here a new proof obtained as an
application of general coalgebraic facts to the theory of recursive types.
From these results invertibility is easily proved for both equivalences.

1 Introduction

Recursive types are a pervasive notion in programming. This is true both in
theoretical investigations, where recursive types appear in the semantics of pro-
gramming languages of any kind (as witnessed by domain theory and its recent
generalizations, or by the use of recursive types in describing fundamental con-
cepts of object-oriented programming [1]), and in programming practice as a
unifying notion that is orthogonal to most programming styles. We address in
particular those type systems that arise in functional programming and that
therefore include a function type constructor→.

There are basically two ways of concretely presenting recursive types within
a type system.

On the one hand, we have µ-types of the form µt.A, for any type A, whose
intended meaning is a canonical solution of a type equation t = A, where the
type variable t may occur free in type A. Any natural equivalence 'µ on µ-types,
as suggested by the above interpretation, should satisfy

µt.A 'µ A[t := µt.A], (1)

where the latter expression denotes the result of substituting µt.A for every (free)
occurrence of t in type A. Yet, there is some freedom as to how to describe such an



equivalence, and in fact at least two of them have been studied in the literature.
One approach (see [2]) consists in taking 'µ as the smallest congruence ∼µ

satisfying (1). We shall call this weak equivalence. A different view was taken
in [3], where µ-types were regarded as finite notations for the infinite (regular)
trees that arise from the infinite unwiding of the recursion, according to (1). This
suggests a stronger notion of equivalence whereby types A,B (possibly involving
µ-types) are equivalent, written A ≈µ B, whenever the infinite trees associated
to A and B are equal. The two relations are different, see e. g. example 1 in
section 2.3. While the former equivalence admits an inductive characterization,
the latter can be described by means of coinductive techniques suggested by the
observation that infinite trees are the final coalgebra of a (polynomial) functor
over the category of sets ([4, 5]).

On the other hand, a recursive type may also be described by a system of
equations over a set {X1, . . . , Xn} of unknowns of the form:

R = {X1 = A1, . . . , Xn = An} (2)

where every Ai is a type possibly containing X1, . . . , Xn. This view is perhaps
closer to what happens in (functional) programming languages, where a typical
recursive definition of a data structure may look like the following (Peyton Jones
[6]):

tree ::= LEAF num | BRANCH tree tree

introducing the type of trees of numbers (elements of the type num). Also in
this case, there are at least two natural equivalence relations on types induced
by a system of recursive type definitions: there is the smallest congruence ∼R
generated by R, studied in [7, 8], and the stronger equivalence relation that
identifies types A and B (over the unknowns X1, . . . , Xn), written A ≈R B,
when S(A) = S(B), where S is the unique substitution {X1, . . . , Xn} → Tr∞

that solves R in the set of infinite trees. Also in this case, ∼R has an induc-
tive characterization whereas ≈R can be described exploiting the coalgebraic
nature of systems of equations of the shape (2). The relations between these two
equivalences have been studied in [9].

In this paper we discuss some basic properties of type equivalences, namely
decidability and invertibility. Invertibility, which roughly means that two types
with the same outermost constructor are equivalent only if the corresponding ar-
guments are pairwise equivalent, has been introduced only recently in [7], where
it is proved that invertibility of type equivalence is a necessary and sufficient
condition to prove the subject reduction theorem for the corresponding typed
λ-calculus.

After introducing the basic notations and notions in section 2, we describe in
section 3 an algorithm yielding a (constructive) proof that weak equivalence on
µ-types is decidable. As far as we know, a direct proof of this fact was part of
the folklore of the subject and has never appeared in print. The corresponding
problem for ≈µ has been solved, among others, by [10]. As a corollary of our
proof we easily obtain that ∼µ is invertible.



We also give a natural characterization of systems of recursive type equations
of a special form (called simultaneous recursions, following [7]) as coalgebras
(section 2.5); the theory of coalgebras as developed, for example, in [5] yields
a simple characterization of the equivalence of two simultaneous recursions, ex-
ploited in showing decidability of ≈R in section 4 following, for example, the
ideas of [11, Remark 3.39].

We should stress that our motivation for studying these problems is their
relevance for type systems for λ-terms, which is also the reason for restricting
our choice of constructors to→and constants. However, the same problems could
be studied more generally in the context of a generic first-order signature Σ, and
our results could be applied to this more general situation without substantial
modifications.

Acknowledgments. The authors would like to thank the referees for their useful
suggestions and Wil Dekkers for pointing out a mistake in an earlier proof of
Theorem 3.

2 Type structures and type constraints

In this section we define the basic notion of type structure, that we shall use
later as one way of describing recursive types. This notion was first motivated
by Scott [12] and formally developed in Breazu Tannen and Meyer [13]; more
recently, it has been taken up in [7] and [8].

2.1 Type structures

The main feature of recursive types is that one makes identifications between
them. So it is natural to define a type structure as a set of types with a congruence
relation.

Definition 1. Let TT be a set of syntactic objects (types) closed under the→
type constructor, and possibly including constants κ ∈ K and type variables
t1, t2, t3, . . . from a denumerable set V . A type structure over TT is a pair T =
〈TT,'〉 where ' is a congruence over TT (i.e. an equivalence relation such that
A ' A′ and B ' B′ implies A→A′ ' B→B′).

The notion of invertibility of a type structure has been investigated thor-
oughly in [7].

Definition 2 (Invertibility). Let 〈TT,'〉 be a type structure. Then ' is said
to be invertible if (A→B) ' (A′→B′) ⇒ A ' A′ and B ' B′.

Invertibility holds, for instance, in the type structure freely generated by V ∪K.



2.2 Typed λ-calculus with recursive types

Explicitly typed versions of λ-calculus with recursive types can be defined as-
suming that types are defined by a type structure. As usual a type context Γ is
a set of typing assumptions of the shape x : A, where x is a variable and A a
type.

Definition 3. Let T = 〈TT,'〉 be a type structure and A,B ∈ T . The well typed
terms of the typed λ-calculus over T are defined by the following term formation
rules:

(ax) Γ, x : A `T x : A

(→E)
Γ `T M : A→ B Γ `T N : A

Γ `T MN : B

(→I)
Γ, x : A `T M : B

Γ `T (λx : A.M) : A→ B

(equiv)
Γ `T M : A A ' B

Γ `T M : B

See [3] for a review of the basic properties of typed λ-calculi with recursive
types. We shortly mention a couple of them. The first one is that type checking
is decidable iff ' is decidable.

Proposition 1. Let Γ be a type context and M a typed λ-terms over a set TT of
types. Then it is decidable whether there is a type A such that Γ `〈TT,'〉 M : A
iff ' is decidable

Moreover we say that a type structure T has the subject reduction property if
Γ `T M : A and M→βN imply Γ `T N : A. Subject reduction has important
consequences like the well known property that “well typed terms cannot go
wrong” [14]. The following result has been proved by R. Statman [7].

Theorem 1. A type structure T has the subject reduction property iff T is in-
vertible.

We introduce below two type structures which are different both in the notion
of types and in the nature of the type equivalence.

2.3 µ-types

Definition 4 (µ-types). Let A = K ∪ V . The set Tµ = Tµ(A) is defined by
the following abstract syntax:

Tµ = A | Tµ→Tµ | µV.Tµ



We assume that→ takes precedence over µ, so that, for example, the type
µt.A → B should be parsed as µt.(A → B). The subset of Tµ containing only
types without occurrences of the µ operator equations will be identified with the
set T of simple types.

In the last clause of this definition, the operator µ binds the variable t, which
can therefore be renamed by α-conversion. We will always assume in the sequel
that the names of bound and free variables in types are distinct: this can be
easily obtained by a renaming of bound variables.

According to the intuitive semantics of recursive types, a type expression
of the form µt.A should be regarded as the solution for t in the equation t =
A, and is then equivalent to the type expression A[t := µt.A]. The notion of
type equivalence ∼µ is defined by a set of formal rules in which this equality is
extended to a congruence on Tµ by adding structural rules and transitivity.

Definition 5. (i) The equational Theory (µ) is defined by the following axioms
and rules.

(µ-eq) ` µt.A = A[t := µt.A]

(ident) ` A = A

(symm)
` A = B

` B = A

(→)
` A = A′ ` B = B′

` A→B = A′→B′

(µ)
` A = A′

` µt.A = µt.A′

(trans)
` A = B ` B = C

` A = C

A is weakly equivalent to B, notation A ∼µ B if ` A = B is provable in (µ).
(ii) Let Tµ denote the type structure 〈Tµ,∼µ〉.

We call unfolding the operation consisting in replacing µt.A by A[t := µt.A]
and folding its inverse. Then two types in Tµ are weakly equivalent if they can
be transformed one into the other by a finite number of applications of folding
and unfolding. Note that the free type structure T can be embedded into Tµ.

Lemma 1. If A ∼µ B then A[t := C] ∼µ B[t := C].

Proof. Routine. ut

We will use ≡ to denote definitional equality of types modulo t conversion.
For example µt.t→ t ≡ µu.u→u.

Example 1. Let T1 ≡ µt.A→ t. Then we have

T1 ∼µ A→T1 ∼µ A→A→T1 ∼µ . . .



Let now T2 ≡ µt.A→A→ t. Notice that

T2 ∼µ A→A→T2 ∼µ . . .

but it is easy to see that T1 6∼µ T2. However, for the stronger notion of equivalence
≈µ mentioned in the introduction we have that T1 ≈µ T2

2.4 Type constraints and recursive definitions

A very natural way of generating type structures is to assume a (finite) set
of equations between types (called type constraints) and to take the congruence
generated by it via the rules of equational reasoning. In the definition of recursive
types we are particularly interested in the type structures generated by a system
of type constraints of the shape X = C where X is a new atomic symbol (an
indeterminate) and C is a type expression containing possibly X itself. More
formally, we consider a set T of types built inductively from constants κ ∈ K,
type variables t ∈ V and indeterminates X = X1, . . . , Xn, for some n ≥ 0,
by means of the type constructor →. When we want to highlight the set of
indeterminates we write T[X1, . . . , Xn], but often we shall simply write T when
the indeterminates are understood from the context. It will be useful to consider
types in T as the term algebra generated by the first-order signature Σ containing
one binary operation symbol→ and nullary operation symbols K ∪ V ∪X. The
set K ∪ V will occasionally be referred to as the set of atoms.

Definition 6 (Simultaneous recursion). A system of equations R over T is
a simultaneous recursion (s.r. for short) if it has the form R = {Xi = Ci | 1 ≤
i ≤ n} where

1. for all 1 ≤ i ≤ n, Xi is an indeterminate and Ci ∈ T[X1, . . . , Xn] is not an
indeterminate, for all i = 1, . . . , n;

2. Xi 6= Xj for all i 6= j.

The indeterminates X1, . . . , Xn are called in this context the unknowns of the
simultaneous recursion, and {X1, . . . , Xn} will also be abbreviated as Unk(R).

Example 2. Let R1 = {X1 = A→ X1} where A is any type be a s.r. defining a
type X such that X1 =R1 A→X1 =R1 A→A→X1 . . . and so on. Define now
R2 = {X2 = A → A → X2}. Observe that, in R1 ∪ R2, X1 cannot be proved
equal to X2 by equational reasoning. We will now define an equivalence relation
on simultaneous recursions for which X1 is indeed equivalent to X2. 1

2.5 Tree equivalence of types

A simultaneous recursion R can be interpreted as a simultaneous recursive defi-
nition of a set of infinite trees {τ1, . . . , τn} that satisfy the equations of R, where
each τi corresponds to the unknown Xi.
1 Note that X1, X2 have the same properties of types T1, T2 of Example 1.



Definition 7 (Infinite trees). (i) Let Σ be the signature {→}∪K∪V . A Σ-tree
τ is a partial function τ : {1, 2}∗ → Σ satisfying the following conditions:

- if uv ∈ dom(τ), then also u ∈ dom(τ);
- if u2 ∈ dom(τ), then also u1 ∈ dom(τ);
- if τ(u) =→ then u1, u2 ∈ dom(τ);
- if τ(u) ∈ K ∪ V then ui 6∈ dom(τ), for i ∈ {1, 2}.

The set of Σ-trees will be denoted by Tr∞.
(ii) Given a tree τ ∈ Tr∞ and a word w ∈ dom(τ), let τ � w (the subtree of τ
rooted at w) be the tree defined by:

- (τ � w)(u) = τ(wu), for all u ∈ dom(τ � w).

A solution of a simultaneous recursion R is just a substitution of infinite trees
for the unknowns of R that satisfies all the equations in R:

Definition 8. Let R be a simultaneous recursion, and let S : Unk(R) → Tr∞.
We say that S solves R (or that S is a solution of R) if S(Xi) = S∗(Ci), where
S∗ is the homomorphic extension of S to T.

The infinite trees that appear as components of solutions of simultaneous recur-
sions are always regular, as the number of equations in R is finite: regular trees
are those (finite or) infinite trees that have a finite set of subtrees (Courcelle
[15]).

It is easy to see that any simultaneous recursion R can be transformed into
a flat simultaneous recursion R[, namely one where every Ci appearing on the
right-hand side has the simplest possible form:

Definition 9 (Flat simultaneous recursion). A s.r. R is flat if every Ci

has one of the following shapes:

1. Xj→Xk, for Xj , Xk ∈ Unk(R),
2. κ, for κ ∈ K,
3. t, where t ∈ V .

In order to build R[ from R it is enough to replace every equation whose right-
hand side has not one of the forms listed in the above definition by new equations,
in this process adding new unknowns. An algorithm for obtainingR[ is described
in [16, §2.3]. The following proposition has a straightforward proof:

Proposition 2. Let R be a simultaneous recursion and S : Unk(R)→ Tr∞ any
substitution. For any flat version R[ of R there is a unique substitution S[ such
that S solves R if and only if S[ solves R[.

There is some advantage in adopting a more abstract approach to infinite
trees, that exploits the coalgebraic nature of flat simultaneous recursions and of
Tr∞. This will allow us to define an interpretation (·)∗R : T→Tr∞ and also when
two types in T are equivalent modulo a simultaneous recursion R. We first recall
the general definition of a coalgebra over the category of sets (see, e. g., [5]).



Definition 10 (Coalgebra). Let T : Set→ Set be a functor. A T -coalgebra
is a pair 〈A,α : A→ TA〉. If 〈A,α : A→ TA〉 and 〈B, β : B → TB〉 are T -
coalgebras, then a T -coalgebra homomorphism is is a mapping h : A→B such
that the following diagram commutes:

A
α−−−−→ TA

h

y yTh

B
β−−−−→ TB

A flat simultaneous recursion R with unknowns U =def Unk(R), may be seen
as a TΣ-coalgebra R : U→TΣU , where TΣ is the polynomial functor defined on
objects by the clause:

TΣA =def

∐
c∈Σ

A× . . .×A︸ ︷︷ ︸
ar(c)

and whose action on maps is defined by the equation:

(TΣf)(〈c, 〈a1, . . . , aar(c)〉〉) =def 〈c, 〈f(a1), . . . , f(aar(c))〉〉, (3)

for any function f : A→B.

Now, given a tree t ∈ Tr∞, the pair

ω(τ) =def 〈τ(ε), 〈τ � 1, . . . , τ � ar(c)〉〉 (4)

is an element of
∐

c∈Σ Tr∞ × . . .× Tr∞︸ ︷︷ ︸
ar(c)

, therefore

ω : Tr∞→TΣ(Tr∞) (5)

is a TΣ-coalgebra. However, more than this is true and well-known (see, e. g.,
[4]):

Proposition 3. ω : Tr∞→TΣ(Tr∞) is the final TΣ-coalgebra.

Note that if R : Unk(R)→ TΣ(Unk(R)) is a flat simultaneous recursion, then
the unique TΣ-homomorphism (·)R : Unk(R) → Tr∞ as in the commutative
diagram:

Unk(R) R−−−−→ TΣ(Unk(R))

(·)R
y yTΣ(·)R

Tr∞
ω−−−−→ TΣ(Tr∞)

exists by finality and is precisely the (unique) solution of R.

Corollary 1. (1) Every (flat) simultaneous recursion R has a unique solution
in Tr∞.
(2) Let (Xi)R = τi, for Xi ∈ Unk(R). Then τi is a regular tree.



Proof. Point (1) follows immediately from the above remark, while for (2) it is
enough to observe that every subtree of τi is among τ1, . . . , τn, hence the number
of subtrees of τi is bounded by n.

Then, we inductively extend the solution (·)R : Unk(R) → Tr∞ of R to the
mapping (·)∗R : T[Unk(R)]→Tr∞ as in definition 8. For types A,B ∈ T[Unk(R)]
we can now define when they are equivalent modulo R, written A ≈R B:

Definition 11. (i) A ≈R B if, and only if, (A)∗R = (B)∗R.
(ii) TR denotes the type structure 〈T[Unk(R)],≈R〉.

Observe that the type structure TR is trivially invertible.

Example 3. Take R1 and R2 as defined in Example 2. Both X1 and X2 have the
same interpretation as infinite trees, and so X1 ≈R1∪R2 X2.

3 Decidability of weak µ-equivalence

Both invertibility and decidability will be proved by defining a combinatory
reduction system (CRS) which generates ∼µ as its convertibility relation. For an
introduction to term rewriting systems and CRS see e.g. [17] and [18].

Definition 12. Let ⇒µ ∈ Tµ × Tµ be the reduction relation defined by:

1. µt.A⇒µ A[t := µt.A].
2. If A⇒µ A′ then

- A→B⇒µ A′→B
- B→A⇒µ B→A′

- µt.A⇒µ µt.A′.

As usual⇒µ
n denotes reduction in n steps and⇒µ

∗ is the transitive and reflexive
closure of ⇒µ.

As usual, a subexpression of a type B of the shape µt.A is called a redex. The
contraction of a redex in B is obtained by replacing the redex by the r.h.s. of
the corresponding rule. The following lemma can be easily proved by induction
on the size of proofs in ∼µ.

Lemma 2. The relation ∼µ is the convertibility relation generated by ⇒µ.

It is easy to see that 〈Tµ,⇒µ〉 is an orthogonal Combinatory Rewriting Sys-
tem (see [11]) and then it is Church-Rosser (CR).

Lemma 3. The reduction relation ⇒µ is CR, i.e. if A ∼µ B then there is a
type C ∈ Tµ such that A⇒µ

∗ C and B⇒µ
∗ C.

Note however that ⇒µ is not normalizing: types can be infinitely unfolded. The
CR property however is enough to prove invertibility.



Theorem 2. ∼µ is invertible, i.e. A1→B1 ∼µ A2→B2 implies A1 ∼µ A2 and
B1 ∼µ B2.

Proof. By Lemma 3 there is a type C such that A1 → B1 ⇒µ
∗ C and A2 →

B2 ⇒µ
∗ C. But then we must have C ≡ C1 → C2 and then Ai ⇒µ

∗ C1 and
Bi⇒µ

∗ C2 for i = 1, 2. By Lemma 2 this implies Ai ∼µ Bi for i = 1, 2.

To prove decidability we need some more properties of reduction systems.
An important notion is that of standard reduction. We define this notion in the
case of ⇒µ.

Definition 13. Let
R : A1⇒µ A2⇒µ . . .⇒µ An

Assume that at each step Ai⇒µ Ai+1 we mark with ∗ all µ occurring in Ai to
the left of the contracted µ and assume that all starred µ remain such through
the remaining steps of R. Then R is standard if only non starred µ are reduced
in it.

In other words, a reduction is standard if reductions are performed from left
to right (and from the outside in).

The following standardization theorem for⇒µ can be obtained as a particular
case of the standardization theorem for CRS. See [18] for a proof.

Lemma 4. If A⇒µ
∗ B then there is standard reduction from A to B.

Definition 14. If A ∈ Tµ its subterm closure SC(A) ⊆ Tµ is defined by cases
in the following way.

1. SC(c) = {c} if c is a variable or a constant.
2. SC(A1→A2) = {A1→A2} ∪ SC(A1) ∪ SC(A2)
3. SC(µt.A) = {µt.A} ∪ SC(A[t := µt.A])

The following Lemma is proved in [10, Theorem 2.3].

Lemma 5. For all types A ∈ Tµ SC(A) is finite.

Recall that ` A = B if A = B can be proved using the rules of system (µ)
Definition 5(i). In the following definition we introduce a slightly different (but
equivalent) system.

Definition 15. The system (µ−) is defined as the system (µ) of Definition 5(i)
by replacing (µ-eq), (symm) and (trans) by the following rules

(µ-tr-left)
` A[t := µt.A] = B

` µt.A = B

(µ-tr-right)
` A = B[t := µt.B]

` A = µt.B

We write `− A = B if A = B is provable in (µ−).



Lemma 6.
` A = B (i.e. A ∼µ B) ⇔ `− A = B.

Proof. The (⇐) direction is trivial since rules (µ-tr-left), (µ-tr-right) can be
derived using (µ-eq) and (trans). As for (⇒), by Lemma 2 we have A and B are
convertible under ⇒µ and then, by the CR property, there exists a type C such
that A⇒µ

n C and B⇒µ
m C for some n, m ≥ 0. Moreover by the standardization

theorem 4 we can assume that both reductions are standard. The proof is now
by induction on n + m.
If m = n = 0 then A ≡ B and we are done.
The induction step is by induction on |A| + |B| where |T | denotes the number
of→ and µ operators occurring in T . The base step (A and B atomic) is trivial.
In the induction step we distinguish the following cases.
Case 1. Let A ≡ µt.A′ and let A ⇒µ A′[t := µt.A′] ⇒µ

n−1 C (i.e. the first
step in the reduction of A is an unfolding). By induction hypothesis we have
`− A′[t := µt.A′] = B and we can get `− µt.A′ = B by rule (µ-tr-left). The
symmetric case on B is handled similarly using (µ-tr-right).
Case 2. Let A ≡ µt.A′, B ≡ µt.B′ and the first step in the reduction of both
A and B is not by unfolding the leftmost µ. In this case, since the reduction is
standard, the leftmost µ is never reduced in both A and B. Then we must have
C ≡ µt.C ′ and both A′⇒µ

n C ′ and B′⇒µ
n C ′. By induction hypothesis on the

structure of types then we have `− A′ = B′ and we can get `− A = B by rule
(µ).
Case 3. Let A ≡ A1 → A2 and B ≡ B1 → B2. In this case we must have
C ≡ C1→C2 and both A1⇒µ

n1 C1, A2⇒µ
n2 C2, B1⇒µ

m1 C1 and B2⇒µ
m2 C2

where n = n1 + n2 and m = m1 + m2 and then n1, n2 ≤ n, m1,m2 ≤ m. By
induction hypothesis on the structure of types then we have `− A1 = B1 and
`− A2 = B2. So we can get `− A = B by rule (→).

Deductions in `− are interesting for the following reason.

Lemma 7. (i) Let D be a deduction of `− A = B then all statements A′ = B′

occurring in it are such that A′ ∈ SC(A) and B′ ∈ SC(B).
(ii) It is decidable whether `− A = B.

Proof. (i) By a straightforward induction on deduction.
(ii) Let N = |SC(A)| and M = |SC(B)|. Let D be any deduction in `− A = B.
By point (i) there are at most M ·N possible distinct statements that can occur
in D. So we can assume that D has no branch of length greater then M ·N , since
otherwise we can reduce the size of D by replacing the innermost occurrence of
a statement A′ = B′ in a branch of length greater then M ·N by the outermost
occurrence of the same statement. So there are only a finite number of possible
deductions for `− A = B.

By Lemma 6 then we have the decidability of ∼µ

Theorem 3. It is decidable whether A ∼µ B.



4 Deciding equivalence of simultaneous recursions

In this section we sketch a proof of the decidability of strong equivalence of
simultaneous recursions. We are mainly interested in highlighting the coalge-
braic characterization of the equivalence of simultaneous recursions R and R′,
in terms of the existence of a bisimulation between Unk(R) and Unk(R′): the
definition of the right notion of bisimulation follows from general coalgebraic
notions and our characterization of (flat) simultaneous recursions as coalgebras.
To our knowledge, this characterization does not seem to have been exploited
in the literature on recursive types (for a different application of coinductive
techniques to recursive types, see e. g. [19]).

Definition 16. Given two simultaneous recursions R1,R2, we define a bisim-
ulation between Unk(R1) and Unk(R2) to be a binary relation R ⊆ Unk(R1) ×
Unk(R2) such that the following conditions hold.
For all X ∈ Unk(R1) and Y ∈ Unk(R2) such that XRY

- either X = X1 → X2 ∈ R1 and Y = Y1 → Y2 ∈ R2 and X1RY1 and
X2RY2;

- or X = ξ ∈ R1 and Y = ξ ∈ R2 for some ξ ∈ V ∪K.

Given two simultaneous recursions R1 and R2, they are bisimilar if there is a
bisimulation R ⊆ Unk(R1)×Unk(R2).

There is a general characterization of bisimulations in categorical terms (see [5],
and [4], for example). For the functor TΣ : Set→ Set that we have been using,
a (categorical) bisimulation between sets A and B is a relation R ⊆ A × B
for which there is a coalgebra structure ρ : R → TΣR such that the following
diagram commutes

A
r1←−−−− R

r2−−−−→ B

R1

y yρ

yR2

TΣA
TΣ(r1)←−−−− TΣR

TΣ(r2)−−−−→ TΣB

(6)

where r1 and r2 are respectively the composites R ↪→ A × B
π1→ A and R ↪→

A×B
π2→ B and are therefore TΣ-coalgebra homomorphisms. It is now a straight-

forward matter to prove the following:

Proposition 4. For simultaneous recursions R and R′, a relation R ⊆ Unk(R)×
Unk(R′) is a bisimulation if and only if the diagram (6) commutes for some
ρ : R→ TΣR.

Observe also that the following diagram, where S solves R and S′ solves R′,

R
r1−−−−→ Unk(R)

r2

y yS

Unk(R′) S′−−−−→ Tr∞



commutes, by finality of Tr∞, because all mappings involved are coalgebra ho-
momorphism (see [20]), hence we have the following result, stating that bisimilar
unknowns have the same unfolding:

Corollary 2. For simultaneous recursions R and R′, if 〈X, Y 〉 ∈ R for a bisim-
ulation R between Unk(R) and Unk(R′), then S(X) = S′(Y ), where S solves R
and S′ solves R′.
Decidability of equivalence for simultaneous recursions has been proved by Cour-
celle, Kahn and Vuillemin [16] by direct means. Here we use coinduction, but
first define precisely what it means for two simultaneous recursions to be equiva-
lent. For a simultaneous recursion R, equation X1 = C1 is the principal equation
of R, and X1 the principal unknown.

Definition 17 (Equivalence of simultaneous recursions). Let R1 ≈ R2 be
the equivalence relation which holds between simultaneous recursions R1 and R2

if and only if S1(X1) = S2(Y1), where Si is the solution of Ri and X1, Y1 are
the principal unknowns of R1,R2, respectively.

Now, given two simultaneous recursions R1 and R2, the following algorithm can
be used to test whether R1 ≈ R2 (this is a slight reformulation of the decision
procedure described in [11]):

Definition 18. Define sets of pairs C(n), O(n) ⊆ Unk(R1) × Unk(R2) by the
following algorithm:

- Let C(0) = ∅ and O(0) = {〈X1, Y1〉};
- while O(n) 6= ∅ build C(n+1), O(n+1) from C(n), O(n) in the following way.

Take any pair 〈X, Y 〉 ∈ O(n)

• if X = X1 → X2 ∈ R1 and Y = Y1 → Y2 ∈ R2 set:
- O(n+1) = O(n) − {〈X, Y 〉} ∪ {〈Xi, Yi〉 | i = 1, 2 and 〈Xi, Yi〉 /∈ C(n)}
- C(n+1) = C(n) ∪ {〈X, Y 〉}

• if X = ξ ∈ R1 and Y = ξ ∈ R2 for some ξ ∈ V ∪K then set:
- O(n+1) = O(n) − {〈X, Y 〉}
- C(n+1) = C(n) ∪ {〈X, Y 〉}

• otherwise stop reporting failure.

It is easy to see that, since the number of equations in each system is finite, either
this process stops with failure or eventually O(n) = ∅ for some n. Furthermore:

Proposition 5. R1 ≈ R2 if and only if the algorithm stops after N steps with-
out reporting failure. In this case the relation C(N) is a bisimulation.

Finally, given types A,B ∈ T[Unk(R)], we can use the above algorithm to decide
whether A ≈R B. Let

RA = {Z = A}
RB = {Z ′ = B}

where Z,Z ′ are new unknowns, and take the (flat) simultaneous recursions RA∪
R and RB ∪ R with principal unknowns Z and Z ′ and solutions SA and SB ,
respectively. It is straightforward to prove that SA(Z) = (A)∗R and SB(Z ′) =
(B)∗R, hence A ≈R B if and only if RA ∪R ≈ RB ∪R.
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