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Abstract. We propose a formal description, by means of graphical and
categorical structures, of mechanisms for handling the dynamics of rights
and obligations familiar in jurisprudence. We argue that the formal study
of commitment in this setting can contribute new insights to the anal-
ysis of a large variety of communicative situations relevant to formal
pragmatics.

1 Background and motivations

This paper is a preliminary description of ongoing research motivated by the
desire to express formally the regularities of patterns of interaction that arise
in a wealth of communicative situations, e.g., rules of order [18], dialogues in
argumentation theory [20] and logic [15], or the exchange of promises that takes
place among parties while setting up a contract. We believe that this study is a
suitable item in a research agenda for formal pragmatics, primarily as a chapter
of the analysis of performatives encompassing not only speech acts but also more
general semiotic acts.

The notion of commitment has been singled out as a key one for the analysis
of interactive situations, from argumentation (see, for example, [20]) to the diag-
nosis of pathologies of communicative behavior in psychiatry [21]. For example,
the notion of commitment store in formal dialectics is an accounting device for
the obligations (and rights) that the two parties in a dialogue bring into play
by performing speech acts like statements and questions: “A speaker who is
obliged to maintain consistency needs to keep a store of statements representing
his previous commitments, and require of each new statement he makes that
it may be added without inconsistency to this store [. . . ] We shall call them
commitment-stores: they keep a running tally of a person’s commitments” [11,
Chapter 8].

We identify commitment with the distribution of rights and obligations across
places, and focus on their transformations. Among these, traditional jurispru-
dence, in particular the Roman law, has singled out the mechanisms of confusio,
compensatio and delegatio, which we analyze by reducing them to more gen-
eral transformations that involve a conservative flow of rights and obligations
through a network of generalized systems of accounts expressing a notion of
state by means of double-entry recording.

We describe in Section 2 the dynamics of the rights and obligations that
bind the participants in an instance of commitment by means of directed graphs



representing compositions of basic transformations. Beside a purely arithmetic
interpretation of rights and obligations, these graphs also support a more con-
crete interpretation as describing the flow of documents of a special kind, the
stocks representing rights to their owners, and the stubs, representing obligations.

We introduce in Section 3 an alternative framework where graphs are replaced
by morphisms in a category whose objects are systems of accounts. This approach
has been stimulated by the algebraic treatment of double-entry accounting given
in [7], and connects to recent research on categorical models of computation,
especially by Abramsky and his coworkers [1, 3, 2].

Finally, in the last Section we discuss the relations of the ideas discussed in
this paper with the neighboring literature, and outline applications and future
developments of our approach.

2 The geometry of commitment

We identify the basic form of commitment or obligation with the existence of
a pairing of places, the active and the passive end of the obligation. This idea
is based on the principle of double-entry accounting, whereby commitments are
recorded commitment both in active (right) and in passive (obligation) forms, in
different accounts. We represent the existence of such a relation by the presence
at each end of one of two types of documents. At the active end, we have the
stock, at the passive end the stub. The terminology comes from the tradition of
accounting by means of tally sticks: “the medieval tally was split into two bits
of unequal length. The longer (the stock, with a stump or handle) was kept as a
receipt by the person who handed over goods or money. The shorter [here, the
stub] was kept by the receiver” [4, page 48]. Other examples of stock include
bonds and promissory notes. The use of places is needed as the documents we
consider confer rights to their bearer and may lose this property as they change
place.

The dynamics of a system of rights and obligations will be identified with the
flow of these two types of documents through places, as a result of three kinds of
events: (1) creation of 〈stub, stock〉 pairs, (2) destruction of such pairs, and (3)
exchange of stock and stub located at different places. Our goal is to find out a
way of representing formally the scripts that schedule actions of the above three
types so as to implement the traditional mechanisms for extinguishing rights
and obligations. We do this operationally, by means of graphical structures on
which tokens representing stocks and stubs flow.

2.1 Space-time diagrams: definitions

We assume given a set T of types, with a fixed-point free involution associating
to each type T a type T ∗. Then T = T + + T −, where T + = {A,B,C, . . .} is
the subset of positive types and T − = {A∗, B∗, C∗, . . .} is the subset of negative
types. We also have a set of places P = {U, V,W, . . .}.



A system of accounts is a string over the set T ×P, whose elements are pairs
TU consisting of a type and a place, where ε denotes the empty string. The
notation |X| denotes the length of the string X. A single account (at place U)
is then a string over T × {U}. Given a system of accounts X and a place U , we
can extract from X an account at place U by means of a projection operation
denoted by X � U and defined inductively as follows:

ε � U = ε

(TV )X ′ � U = X ′ � U if V 6= U

= (TU)(X ′ � U) if V = U

An account X = X � U encodes a traditional T-account (see [7]) whose debit
and credit part are respectively the left and right columns

U

X− X+

Given a system of accounts X, the notations X+ and X− for the positive and
negative parts of X are defined inductively on X:

ε− = ε

((TV )Y )− = (AV )Y − if T = A∗

= Y − if T = A

ε+ = ε

((TV )Y )+ = (AV )Y + if T = A

= Y + if T = A∗

Observe that both X+ and X− are strings over T + ×P. The involution defined
on T can be extended to systems of accounts following the same pattern:

ε∗ = ε

((TV )Y )∗ = (T ∗V )Y ∗

A system of accounts X, as a string, has an associated set Pos(X) of positions,
which is the subset of N defined inductively by the clauses:

Pos(ε) = ∅
Pos((TV )Y ) = {1} ∪ {n+ 1 | n ∈ Pos(Y )}.

In the opposite direction, for every n ∈ Pos(X), we define X(n) as the element
occurring at position n in X:

((TV )Y )(1) = TV

((TV )Y )(n+ 1) = Y (n) if n ∈ Pos(Y )
undefined otherwise
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Fig. 1. Nodes, edges and their labels

Pairs from the set T × P are used to label the edges of oriented graphs whose
nodes have one of the forms shown in Figure 1, where U and V are places:
Intuitively, createA represents the creation of a pair 〈stub, stock〉, with the stub
(of type A∗) and the stock (of type A) located at the same place U . Dually,
destroyA represents the annihilation of a stock of type A and a stub of type A∗

meeting at the same place U . An exchange node represents the trading of a stock
of type T at place U for a stock of the same type at a different place V .

Larger graphs, that we shall call space-time diagrams, are built from primi-
tive nodes inductively, by connecting each outgoing edge of one space-time di-
agram to at most one incoming edge (labeled by the same type and place) of
another diagram, and symmetrically for incoming edges. (In the sequel, when
drawing space-time diagrams, we shall freely cross wires located at the same
place whenever this is necessary in order to match types: such a crossing should
not be confused with an exchange node, which instead involves wires at different
places.)

2.2 Executing space-time diagrams

Space-time diagrams are meant to describe the motion of stocks and stubs
through places whose states are (recorded as) systems of accounts. For exam-
ple, the space-time diagrams depicted in Figure 2(b),(c) describe two different
transformations whose input state is a system of accounts

U

A
V

A

(stocks on the right columns). Both transformations do not alter the state; how-
ever, diagram (b) corresponds to the identical transformation, whereas diagram
(c) exchanges the stocks on the incoming edges.

We can execute space-time diagrams in a way that resembles the token game
played on Petri nets. Indeed, by regarding the nodes as transitions and edges as
places, every such diagram becomes a special kind of condition/event net, see
[17], where every condition has at most one incoming and at most one outgoing
event: the resulting net can be represented as an oriented graph whose arcs are
the conditions and whose nodes are the events.

A marking of a space-time diagram ∆ is an injective assignment m of at most
one token to the edges of ∆. In particular, a diagram ∆ with n incoming edges
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Fig. 2. Two space-time diagrams describing different scripts of the same type

i1, . . . , in and m outgoing edges o1, . . . , om has an input marking min assigning
to edge ik token τk. The notion of enabling of a node in a marking, the firing
rule and the notion of reachability of a marking from another marking are the
same as for condition/event nets [17, §2.1].

We want now to make precise the straightforward notion of identity of a
token through a sequence of firings. To this end, let m be a marking of ∆, and
τ = m(e) for some edge e. For every sequence of firings σ starting at m, we
define the residual of τ after σ (written τ/σ), when it exists, by induction on
the length of σ:

– if e is not the input edge of any node, then τ/σ = τ ;
– otherwise, let e be the input edge of a node ν.

• If ν is never fired in σ, then τ/σ = τ ;
• otherwise, there is a step m → m in σ in which node ν is fired. We

consider the possible forms of ν, according to Figure 1:
∗ (exchange) assume that e = e1, the other case is symmetric: m(e1) =
τ and m(e′2) = τ , therefore τ/σ is again the residual of τ after the
final segment of σ that starts at m (if this exists);

∗ (destroyA) there are three cases:
(a) ν occurs in the context shown in Figure 3(i). Observe now that, in

order for ν to be enabled, the node createA must have fired earlier
giving origin to a marking m∗ in σ from which m is reachable
and such that m∗(e′′) = τ ′ for some new token τ ′. Then τ/σ is
the residual of τ ′ after the final segment of σ that starts at m∗

(if this exists).
(b) ν occurs in the context shown in Figure 3(ii). This case is the

symmetric of the former.
(c) Otherwise, τ has no residual after σ.

The preservation of the identity of tokens through the transformations described
in Figure 3 corresponds to the disciplined copying of a document by destroying
the original. The residual of a token τ of the input marking min of ∆ after
firing all nodes in ∆ (in any order) is written simply τ/∆. Observe that for
every space-time diagram ∆, every token has at most one residual after σ, and
residuals after σ of distinct tokens are distinct, for any firing sequence σ.
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Definition 1. Space-time diagrams ∆,∆′ with incoming edges i1 . . . in and out-
going edges o1, . . . , om, labeled by pairs T1U1, . . . , TnUn and T ′

1V1, . . . , T
′
mVm,

respectively, are equal if, for every incoming edge ik, min(ik)/∆ exists and is on
edge o` if and only if min(ik)/∆′ exists and is on edge o`.

Equality of space-time diagrams is almost trivial, due to the very special nature
of the nodes. It holds whenever one input token has residuals on corresponding
outcoming edges of the two diagrams. With this definition, for each place U ,
the diagram in Figure 3(i) is equal to a single edge labeled AU , whereas the
diagram in Figure 3(ii) is equal to a single edge labeled A∗U . However, the two
space-time diagrams shown in Figure 2(b),(c) turn out to be different: any input
token has residuals on different outgoing edges after executing each diagram.

2.3 Delegatio, compensatio and confusio

We shall discuss the intuitive interpretation of space-time diagrams and show
their uses in modeling the interactions prescribed by the traditional mechanisms
for the transfer and extinction of obligations. We shall interpret stocks and
stubs of type A as tokens of type A and A∗, respectively. A type is assumed
to characterize completely the content of an obligation. Let us consider the
following example from [4, page 54], where all obligations involved are of type
A:

If V owes Z, but is owed by U , let him – V – make out a receipt to U
and give it to Z, and let Z not part with it till he receives the money.

We look at these actions as a dialogue involving three places, U, V and Z, in
which the speech acts are replaced by exchanges of 〈stub, stock〉 pairs. Observe
that this mechanism coincides with delegation in Roman law (according to Book
46th of the Digest of Justinian, “Delegare est vice sua alium reum dare creditori
vel cui iusserit”). The initial state of this series of transformations is represented
by the system of accounts

U

A
V

A A
Z

A
,



the final state is
U

A
V Z

A
.

Delegation is implemented by the space-time diagram in Figure 4(a) or, alter-
natively, by that in Figure 4(b). Observe, however, that only the first diagram
describes the flow of stocks and stubs as in the example.

(a)
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Fig. 4. Scripts for delegation

Other mechanisms from the Roman law of a similar nature include confusio and
compensatio. The former refers to the situation where the position of debtor and
creditor with regard to one and the same obligation merge in one person [22].
In our view, this is expressed by the meeting at one place of a stub and a stock
of the same type, which can then be annihilated, as in the relative script which
coincides with one application of destruction.

Similarly, compensation can be applied to a situation where two obligations
of reverse sign are simultaneously present, represented by the system of accounts

U

A A
V

A A

leading to the situation in which U and V are empty. This transformation can
be implemented in the two ways illustrated in Figure 5.

3 The algebra of commitment

We study now the algebraic structure of systems of accounts. In order to define a
category of systems of accounts, we exploit the familiar construction of a compact
closed category from a traced monoidal category [12], in a variant devised by
Abramsky [1] as a model of both Girard’s Geometry of Interaction [10] and of
a simple form of game semantics. However, we first need to describe further
operations on systems of accounts.

Definition 2. 1. The tensor product X ⊗ Y of systems of accounts X and Y
is their concatenation,
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2. the dual of a system of accounts X is the system of accounts X∗,
3. the system of accounts 0 is ε.

Intuitively, the operation X∗ exchanges credit and debit parts of all accounts of
the system X, i.e., (X∗)+ = X− and (X∗)− = X+. The operations on systems
of accounts just introduced satisfy an elegant equational theory: for example,
(X ⊗ Y )∗ = (X∗ ⊗ Y ∗). By the same argument, we also have the equations
(X ⊗ Y )+ = (X+ ⊗ Y +) and (X ⊗ Y )− = (X− ⊗ Y −). In the present context
we are, however, more interested in a congruence relations that captures the
equality of balance on accounts, whose formal description is our next topic.

Definition 3 (Matching).

1. Given strings X,Y over T + × P, a matching f of X with Y is a bijection
f : Pos(X) - Pos(Y ) such that, for all p ∈ Pos(X), X(p) = TV if and
only if Y (f(p)) = TU .

2. Two matchings f, f ′ of X with Y are equal if and only if, for every p ∈
Pos(X), Y (f(p)) = Y (f ′(p)).

A matching of X with Y is then just a way of associating positions of Y to
positions of X, bijectively and in such a way as to preserve the types (but not
necessarily the places).

3.1 Matchings as morphisms

We consider a category M whose objects are strings over T + × P and whose
morphisms with domain X and codomain Y are the matchings of X with Y .
This is a monoidal category with tensor product given by concatenation, it is
symmetric and, more importantly from the present standpoint, it is traced.
Indeed, let f : X ⊗ Z - Y ⊗ Z be a morphism. Then f is a bijection
Pos(X) + Pos(Z) - Pos(Y ) + Pos(Z), and the algorithm below describes
exactly the iterative procedure exploited by (a variant of) the Garsia-Milne in-
volution principle [8] in order to construct a bijection Pos(X) - Pos(Y ):



for any position p ∈ Pos(X):
q := f(p);
while (q is a position of Z)
q := f(|X|+ q − |Y |);

return q

Observe that the loop terminates within |Z| iterations, yielding a matching of X
with Y . This is the same as the trace of f obtained by regarding f as a partial
injective function Pos(X)+Pos(Z) - Pos(Y )+Pos(Z), [3, §5.1]. Summarizing
these observations, we can state:

Proposition 1. M is a traced symmetric monoidal category.

We now recall briefly how a new category G(M) is built out of M, following
[1, 3]. The objects of G(M) are pairs 〈X+, X−〉 of objects of M, a morphism
f : 〈X+, X−〉 - 〈Y +, Y −〉 in G(M) is a morphism f : X+⊗Y − - X−⊗Y +

in M. The identity morphism X+⊗X− - X−⊗X+ is the obvious matching
that exchanges positions. Composition in G(M) is given by symmetric feedback,
exploiting the traced structure of M, which can be expressed graphically by the
diagram:

6

6

6

6

X+

X−

6 6

f g

Y −

Y +

Y +

Y − Z+

Z−

Fig. 6. Composition in G(M) as symmetric feedback

3.2 A category of accounts

A 0-account is an account X for which there is a matching of X+ with X−. A
0-system is a system X of accounts such that X � U is a 0-account, for every
place U . The tensor product of 0-systems is again a 0-system, because 0-accounts
are closed under tensor product.

Definition 4. Given systems of accounts X,Y as above, define X ∼ Y if and
only if X ⊗ Y ∗ is a 0-system.

The proof of the following properties is mostly straightforward. The proof that
∼ is transitive exploits composition of matchings X+ ⊗ Y − - X− ⊗ Y + and
Y + ⊗ Z− - Y − ⊗ Z+ by means of symmetric feedback, which amounts to
their composition in G(M). In this case, X,Y and Z can be taken to be accounts
at the same place.



Proposition 2. 1. X ∼ Y if and only if X ⊗ Y ∗ ∼ 0,
2. ∼ is a congruence (w.r.t. the ⊗-∗ structure on systems of accounts),
3. X ⊗X∗ ∼ 0,
4. systems of accounts modulo ∼ form an abelian group.

We now define a category Acc whose objects are going to be systems of accounts,
inspired the construction of the Pacioli group in [7], which is an instance of
a classical construction of the group of differences of a commutative monoid.
Intuitively, we want the morphisms of our category of systems of accounts to
be conservative, i.e., they preserve the balance of every single account in the
system. In particular, our morphisms must connect congruent objects.

Definition 5. Let Acc be the category whose objects are the systems of accounts
where, if X ⊗ Y ∗ ∼ 0, a morphism f : X - Y is a matching of (X ⊗ Y ∗)+

with (X ⊗ Y ∗)−.

So, a morphism f : X - Y in Acc is a morphism X+ ⊗ Y − - X− ⊗ Y +

in M, and therefore also a morphism 〈X+, X−〉 - 〈Y +, Y −〉 in G(M).
Assume now that f : X - Y and g : Y - Z. Observe first that

X ⊗ Z∗ ∼ 0 in Acc, by Proposition 2. We define g ◦ f : X - Z in Acc to be
the same as the composition of f and g in G(M). More explicitly, by looking at
the diagram of Figure 6 as a flow diagram for computing composition in G(M),
for any position p ∈ Pos((X⊗Z∗)+), (g ◦f)(p) ∈ Pos((X⊗Z∗)−) is the position
q returned by the algorithm described as follows in the case when p ∈ Pos(X+)
(the case when p ∈ Pos(Z−) is symmetrical):

q := f(p);
if (q is is a position of X−) then

return q;
while (q is a position of Y +) do
q := g(q − |X−|);
if (q is a position of Y −) then
q := f(|X+|+ q);

else return q

We can visualize morphisms of Acc by representing negative types with hollow
circles (◦) and positive types with solid circles •), omitting their names and the
places. Matching types are then represented by links of the form s c. With
this notation we can illustrate schematically the composition g ◦ f in Figure 7
in the case when p is a position of X+ (the lower row represents X, the middle
rows Y and Y ∗ respectively, and the upper row Z∗).

Proposition 3. Composition of morphisms in Acc is well-defined and is asso-
ciative.

We shall not dwell upon the structure of the category Acc any further, leaving
this to future work. With hindsight, it is not surprising that symmetric traced
monoidal categories and related compact closed categories like G(M) enter in
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the present account. The elementary formalization of double-entry accounting
given by Ellerman [7] relates it to the construction of the group of differences
from a commutative (additive) monoid generalizing the well-known construction
of the integers from the natural numbers. If the monoid is regarded as a discrete
symmetric monoidal category, the tensor product being the monoid operation,
and if in addition the monoid has the cancellation property, this category is
traced monoidal and the construction of the group of differences turns out to be
a special case of the Int construction studied in [12], which inspired Abramsky’s
categorical reconstruction of Girard’s geometry of interaction for linear logic [1,
10], taking the form of G(C) for a traced symmetric monoidal C. The relevance
of (compact closed bi)categories in modeling double-entry accounting was first
pointed out in [13].

3.3 Examples

The following examples describe the interpretation of the space-time diagrams
of Section 2.1 as morphisms of Acc. A space-time diagram with incoming edges
i1 . . . in and outgoing edges o1, . . . , om labeled by pairs T1U1, . . . , TnUn and
T ′

1V1, . . . , T
′
mVm, respectively, is interpreted as a morphism of Acc of the form

[[∆]] : T1U1 ⊗ · · · ⊗ TnUn
- T ′

1V1 ⊗ · · · ⊗ T ′
mVm.

Creation and destruction Observe that A∗U ⊗ AU = (A∗U)(AU) is an object
for any place U and type A, representing the account

U

A A
.

The only possible matching describes both the morphism createA : 0 - A∗U⊗
AU , and the morphism destroyA : AU ⊗A∗U - 0

Exchange Consider the types AU⊗AV and (AV ⊗AU)∗ = A∗V ⊗A∗U . Observe
that (AU ⊗ AV ) ⊗ (A∗V ⊗ A∗U) ∼ 0, and the matching that associates the
occurrence of A at U with the occurrence of A∗ at V , and the occurrence of A
at V with the occurrence of A∗ at U is a morphism, corresponding to exchange.

This interpretation can be extended inductively to all space-time diagrams. As
a further example of this interpretation, Figure 8 shows the construction of the
morphisms of Acc associated with the diagrams shown in Figure 3 of Section 2.1.
Both are equal to the identities at the respective types (the zig-zag identities).
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Finally, we state without proof the relation between the operational equivalence
of space-time diagrams of Definition 1 and the equality of their interpretations as
morphisms of Acc, observing that matchings are just another way of presenting
the paths followed by tokens through space-time diagrams.

Proposition 4. If space-time diagrams ∆,∆′ with incoming and outgoing edges
labeled by pairs T1U1, . . . , TnUn and T ′

1V1, . . . , T
′
mVm are equal, then [[∆]] = [[∆′]] :

T1U1 ⊗ · · · ⊗ TnUn
- T ′

1V1 ⊗ · · · ⊗ T ′
mVm.

4 Related research and future work

In order to place our proposal in context, we mention some of the ideas that
have been influential on our development. It has been observed in [5, 9] that the
use of stock and stub as an accounting device, dating back to the prehistory of
writing, can be described by means of Feynman graphs, looking at stocks and
stubs as particles and antiparticles that can move forward and, interestingly,
backwards, allowing a nice description of the possible ways of transferring as-
sets (and liabilities). By means of space-time diagrams we side-step the metric
complications entailed by this mechanical model of double-entry accounting.

The idea of having tokens of two kinds on a graph to be executed like a
Petri net is similar to what happens in the financial game of [16]. Again, this
gives rise in a straightforward way to compact closed categories, as stressed
recently in [2]. There, however, the placement of tokens along the graphs does not
follow the double-entry principle, which instead lies at the basis of our explicit
representation of the interactions that bring about the transfers of rights and
obligations.

What we regard as an advantage of our proposal is the simultaneous repre-
sentation of the states of a system of rights and obligations, which is what is
represented traditionally by accounts, and the transformations of these states by
means of the flow of documents of a simple kind. Furthermore, these two dimen-
sions are linked by an equational theory that includes familiar laws. One area
for further work is the complete analysis of this theory and its relations to the
graphical calculi for monoidal categories studied in [19] and in the recent cate-
gorical approaches to quantum physics [6]. Also the striking similarities between
matchings in Acc and Kelly-Mac Lane graphs [14] need more investigation.

One of the original motivations for the work outlined in this paper was the
search for a rationale behind the procedural rules of Lorenzen dialogues [15].
While attack/defense rules for the logical constants have a natural justification,



procedural rules have an ad hoc character that hinders the foundational interpre-
tation of the dialogical setting. We believe that the arithmetic of commitments
that we propose can be extended to the management of the flow of rights and
obbligations in a Lorenzen dialogue. While the types used in this paper represent
very special kinds of contracts, namely unilateral contracts that are either pure
rights or pure obligations, we are currently exploring the possibility to enrich this
repertoire with contracts of other kinds. In particular, every implication ϕ→ ψ
acts, in the dialogical context, as a contract that commits the asserting party to
ψ in exchange for the adversary’s commitment to ϕ (with adversary triggering
the application of the contract).

As a first, almost trivial but suggestive example, consider the dialogue for
the formula A→ A asserted by the Proponent (at place P ). When the Opponent
(at place O) asserts A he triggers the contract associated to A→ A, reaching a
stage represented by the system

A∗O ⊗AO ⊗A∗P ⊗AP.

This is a 0-system corresponding to the initial state of the script for compensa-
tion, whose execution yields 0. The justification of the dialogical validity of this
formula by means of a procedural rule is replaced in this case by the requirement
that the system of accounts arising from this dialogue be a 0-system, where all
proof obligations can be extinguished by scripts representing morphisms in Acc.
We are currently striving to define a formal setting for associating systems of
accounts to dialogues so that validity correspond to the fact that the relevant
accounts balance.
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