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1 Introduction

People make errors. They even make errors in deciding whether something
is an error. Pragmatically, this is an obvious universal truth, touching all
human experience. It is a fact that underlies countless organizational ar-
rangements — from transactions at bank windows to scientific experiments,
from taking a train to holding an election. The analysis of organized activ-
ities which is the aim of social mechanics must start from the recognition
that the possibility of violating the criteria associated to each action – de-
termining within a community of people that accept these criteria whether
that action has been performed correctly – is essential to understand the
form taken by such activities.1

We shall not attempt to develop here a general outline of social mechanics.2

Rather, we focus on a notion, namely fairness, which is inextricably re-
lated to the possibility of making errors in performing actions, especially in
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1Error is therefore a basic concept in a morphology of organized activities akin to the
biological morphology envisaged by D’Arcy W. Thompson [2].

2The forthcoming book Holt [5] contains a thorough development of the notions that
underly its development as well as a graphical formalism based on them. The present
paper is the first of a series whose purpose is to illustrate how the basic notions of social
mechanics apply to problems which convey in a clear way the general concerns of this area
of research. Furher topics will include the analysis of primitive forms of contracts and of
the dialogical forms of argument that are found at the origins of the social practices of
arithmetic and logic, respectively.
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contexts in which actions are driven by conflicting interests within the com-
munity of their performers and the errors of one of them can be exploited
by the others to his disadvantage. As an important example, this happens
when a community of claimants sets to divide a resource in such a way that
each claimant gets eventually not less than his share. The problem of de-
vising a procedure for attaining such a fair division was originally stated by
Steinhaus in 1944:

To divide an object like a cake into two equal parts, we can adopt
the old custom of letting one partner cut and the other choose.
The advantage of such a procedure is obvious: neither of the
partners can object to this division. The first can secure the part
due him by dividing the cake into two parts that he considers to
be equally valuable; the second can secure at least his due part,
by choosing the more valuable part or – if he considers them
equally valuable – either part. It is presumed here that the
object has the property of not losing its total value by division,
i.e. that the values of the parts give by addition the value of
the whole, this property being admitted by both partners, even
if they disagree as to the valuation of the whole object and of
its parts. There exist such objects: heaps of nuts, for instance.
There arises the question of how to divide fairly an object into
three or more parts.

(Steinhaus [9, page 65])

A constructive solution of this problem for N ≥ 2 claimants – meaning, in
particular, a procedure attaining a fair division within a reasonable amount
of time, so that it can be used in practical cases, and in which any action to
be performed by the participants is required not to involve infinitely precise
measurements – was provided by Knaster [6] (see also Brams & Taylor [1]
for a history of the problem and an overview of its solutions).

In this paper we solve the following generalization of the fair division prob-
lem:

There are N ≥ 2 claimants, and each claimant i is entitled to a
fraction fi of the cake, where 1 ≤ i ≤ N , fi > 0 and∑

1≤i≤N

fi = 1.

2



Cake is a metaphor of a more general idea: Measurable, Divisible resources.
We will only rely on the key properties of such resources, introduced in
section 2, both in the presentation of the fair division procedure and in the
proof of its correctness. After giving a precise specification of the properties
to be satisfied by a fair division procedure (in particular fairness, which
to the best of our knowledge has not been dealt with satisfactorily in the
literature on this subject), we proceed to the description of a constructive
procedure, cast in a form which can be easily translated into computer
code. A remarkable property of our fair division procedure and the others
that share the same structure of Knaster’s procedure, passed unnoticed,
is that they can be applied not only to resources which can be regarded
as “continuous” but also to discrete resources like money which turn out
nevertheless to be MD resources. In contrast to Knaster’s solution and
others, where the treatment of the base case with N = 2 claimants (“you
cut, I choose”) differs from the other cases, an advantage of our procedure is
that it will apply uniformly to any number of claimants. Indeed, we regard
the breach of symmetry involved in the distinction of rôles in “you cut, I
choose” as a defect of that procedure. Indeed, it is not possible to assume
that the claimants are always willing to exchange their rôles (and it can
reasonably be argued that choosing is always preferable to cutting), so that
procedure fails to be independent of the labeling of the individuals.3 As a
by-product, our procedure will specialize to an amended form of Knaster’s
solution when fi = fj for all i, j ∈ {1, . . . , N}.

In a final section, the correctness proof of our procedure is given in some
detail, as published proofs can seldom be found in the existing literature
on fair division, one notable exception being Parikh [8], whose correctness
proof for Knaster’s procedure is based on a game logic extending dynamic
logic.

2 Measurable, divisible resources

There are both positive and negative resources. While resources of the
former kind are familiar to everyone, negative resources are to be identified
with encumbrances, for example waste. We shall assume that resources in

3Luce and Raiffa, who single out this feature as a candidate for the definition of fairness,
in conjunction with Pareto optimality, suggest in [7, page 364] tossing a fair coin to assign
rôles to the claimants. But clearly, implementing this action involves the same problems
as those involved by fair division.
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general, of course including those we shall consider, come in lumps that are
in someone’s possession. What counts as a lump of a resource depends to a
large extent upon the context determined by the interests of a community
of people: a lump of milk in a laboratory does is not usually considered as
a lump of milk at breakfast. Lumps can be implicitly defined by listing the
actions that involve them:

(2.1) Transferring. This action applies to all lumps, not necessar-
ily divisible or measurable. A lump in the possession of X can
be transferred so that it comes in the possession of Y , where X
and Y are assumed to be distinct persons.

(2.2) Dividing, Joining. A non-void lump Q can be divided into
lumps Q′, Q′′. Q′ and Q′′ so produced can then be joined , getting
back the original lump Q = Q′⊕Q′′. The use of equality instead
of a non-transitive relation of indistinguishability is intended to
formalize the requirement that an arbitrary number of divisions
does not alter the properties of the resource to be divided. If Q′

and Q′′ result from dividing lump Q, then one of them completely
determines the other: for any lump Q and any part P of Q, let
Q− P be the only lump such that

Q = P ⊕ (Q− P ) (1)

For any lump Q, there exists a natural number nQ such that
Q cannot be divided into more than nQ parts. This includes
nQ = 0, in which case we speak of an atomic lump.

(2.3) Measuring. Lumps can be measured , using instruments if nec-
essary. We assume that associated with any measurement proce-
dure there is a finite number of measurement values that it can
yield, to be identified with an initial segment of the natural num-
bers 0, 1, 2, . . .. µ(Q) (possibly with subscripts, to express differ-
ent measurement procedures) will denote the value obtained as
the result of performing a measurement action on lump Q.

If a lump Q can be decomposed as a join
⊕

i∈I Qi, we require
that:

µ(Q) =
∑
i∈I

µ(Qi), (2)
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and also that:

µ(P ) ≤ µ(Q) whenever P is a part of lump Q. (3)

Finally, we assume that transferring a lump does not alter its
value with respect to a fixed measurement procedure.

(2.4) Reducing, Augmenting. Dividing and measuring can be com-
bined in reducing a lump. Given a lump Q of a positive resource
such that µ(Q) = m > 0, and a measurement value m′ with
0 < m′ < m, Q can be reduced by dividing it into a lump Q′ and
a remainder Q−Q′ such that µ(Q′) = m′ and µ(Q−Q′) = m−m′.
Dually, if P is part of a lump Q of a negative resource, augment-
ing P means the same as reducing Q− P .

3 Statement of the fair division problem

Given a lump Q of an MD resource, originally in the possession of an Owner,
a deus ex machina who does not participate in the division, devise a proce-
dure for dividing it among a community of N claimants i ∈ {1, . . . , N}, for
some N ≥ 2, each claimant being entitled to a fraction fi of Q with∑

i∈{1,...,N}
fi = 1,

so that each claimant eventually gets not less than the part of Q he is entitled
to.

A solution to this problem should consist in a series of actions performed
either by the claimants, or by some external agency, or by both. Clearly,
deciding whether the result of the procedure has been achieved must involve
measurements, and the existence of measurement errors raises therefore the
issue of the fairness of the resulting procedure. The solution consisting in
delegating an umpire to perform the division simply shifts the issue to that
of establishing the fairness of the umpire, and thus is no solution as the whole
problem arises precisely in a context in which there might be objections to
the fairness of the method used to achieve the division. Such controversies
may arise whenever one of the claimants has reasons to believe that there
has been an error in measuring the part that he – or even another claimant –
gets, and one or more of the remaining claimants may take advantage of that
error. This leads to consider procedures distributing the responsibility of
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performing actions to the claimants themselves, taking fairness to mean that
whenever such an action is performed incorrectly by a claimant, the result
of the procedure is indeterminate as to the part of Q assigned eventually
to this claimant. Thus, if he ends up with less than his due, he has no one
but himself to blame. It cannot be assumed, however, that a fair procedure
is insensitive to errors of any kind: some constraint must be placed on
the degree of freedom that each claimant has in deciding which actions he
has to perform and how to perform them. Generally speaking, any social
machine involves a protocol of interaction between the participants, as well
as individual actions performed by each of them. We shall therefore fix the
admissible interactions in division procedures:

(a) The only interactions involved in the course of the procedure are:
(i) giving a particular claimant access to Q or parts of it, and
(ii) transferring Q or parts thereof to particular claimants.

The formulation of the fairness property can now be refined to:

(b) The procedure prescribes, for each claimant, a finite series of
actions. If he carries out correctly the prescribed actions, he
is guaranteed to finish with an amount not less than his due,
regardless of the errors the other participants may commit in
performing the prescribed individual actions.

Observe also that the very idea of fairness implies that the rôles played by
the claimants in a procedure have to be identical: otherwise there could be
a disagreement as to which rôle should be played by which claimant. This
is exactly what fails to be the case in “you cut, I choose”.

(c) The same type of actions (both interactive or individual) are
required of every claimant. Individual actions are: (i) divid-
ing/joining, and (ii) measuring.

Each claimant c can therefore be assumed to have his own measurement
procedure µc(·), and the property of the outcome of the division procedure
can be expressed as:

(d) If Pc is the part of Q received by claimant c at the end of the
procedure, then µc(Pc) ≥ fc(µc(Q)).

Finally, obviously enough, the procedure is required to terminate:

(e) A finite (and small) number of actions are required to complete
the division of Q.
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4 The procedure

We proceed now to show constructively that the fair division problem admits
a solution, in the form of a procedure which satisfies properties (a)–(d) of
the previous section. We describe first the overall structure of our solution
as a protocol regulating the interactions of the claimants. This specifies
a procedure scheme, from which the procedure proper will be obtained by
describing how each claimant can perform his individual actions in order
to achieve a fair division of the original lump of the MD resource. This
scheme can be regarded as the game rule for a many-persons game (this is
the approach taken, for example, in Parikh [8]): in this case the procedure
specifies an optimal strategy for playing this game.

4.1 The interaction protocol

The procedure involves the execution of a series of rounds. Each round r > 0
ends with the transfer to some claimant – called the beneficiary rb of that
round – of a part rP of the lump rQ left to be divided among the claimants
at the beginning of r. The lump rP may fulfil only partially the beneficiary’s
entitlement. As the rounds are performed one after the next, the number
of claimants with unfulfilled entitlements reduces. Further, r+1Q is strictly
smaller than rQ in consequence of the transfer of rP to rb, so within a finite
number of rounds the procedure will come to an end and the original lump
will have been divided among the claimants.

We assume that at the outset of the procedure a certain amount of script
S is available: this is distributed to the claimants so that claimant c gets a
quantity

Sc =def fcS

of this before the start of the first round. At each round r the claimants are
arranged in an array rO of length rN. Letting rSi be the amount of script
in possession of claimant c =def

rO[i], the array rO is assumed to be sorted
in weakly increasing order with respect to values of rSc, for c ∈ {1, . . . , rN}.
At step i ∈ {1, . . . , rN} of round r the claimant c =def

rO[i] who is to move
examines a part rin[i] of rQ. Then he is enabled either to perform one of
the following actions:

(a) Leave unchanged the lump currently examined.
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(b) Make a bid consisting in a quantity rbid[i] ≤ rSc, possibly also
reducing rin[i] if rSc < rbid[j] for some j < i. In both of these
cases c becomes the highest bidder.

The lump resulting from either of these action performances, rout[i] =def
rin[i + 1], is then transferred to claimant rO[i + 1]. These actions are per-
formed in turn by each of the claimants on rO up to the last. The beneficiary
rb of the r-th round is determined, much as in an auction, as the highest
bidder in that round.

In somewhat more detail, at the beginning of every round r > 0, the follow-
ing actions are to be performed in sequence:

(a) Prepare rQ.

rQ := r−1Q− r−1P
rin[1] := rQ

where subtraction is defined in section 2(2.2).

(b) Compute rSi. Let c = r−1O[i].

rSc := r−1Sc if c 6= r−1b
rSc := r−1Sc − r−1bid[i] if c = r−1b.

(c) Prepare rO. If r−1b = r−1O[i] and r−1Sc = r−1bid[i], then r−1b
is considered to have fulfilled his entitlement and, as rSc = 0,
he does not appear anymore as a claimant in rO. In all other
cases the claimants remain in rO. Sort the claimants in rO in
non-decreasing order according to the quantities of script in their
possession.

The above description assumes the existence of a 0-th round and a claimant
0 who is the beneficiary 0b of this round. The initial values of the relevant
quantities are the following, where ⊥ is the void lump (a part of every lump
Q):

0P := ⊥ 0b := 0
0S0 := 0 0Sc := fcS for all c ∈ {1, . . . , N},

and the array 0O contains the 0N = N claimants 1, . . . , i, . . . , N in weakly
increasing order according to the amount of script 0Sc.
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4.2 individual actions

At step i of round r > 0 the lump rin[i] is measured by c: the outcome of
this action is assumed to be an amount of script rµc(rin[i]) which determines
c’s next action. We allow the measures to vary from one round to the next
in order to exploit the possible difference in resolution of the measuring
instruments, yielding a series of functions

{rµc}r≥1,c∈{1,...,rN}.

Actually, we assume that the measuring instruments at c’s disposal are ad-
justed at the start of each round so that

rµc(rQ) =def

∑
k∈{1,...,rN}

rSk. (4)

Accordingly, we also assume that the values of measurements of any part P
of r+1Q are scaled proportionally:

r+1µc(P ) =

(
r+1µc(rQ)

rµc(rQ)

)
rµc(P ) (5)

Observe that script, while giving a clear operational meaning to the prefer-
ences of claimants, sets at the same time a uniform indifference threshold
on lumps of the resource to be divided. This problem might be overcome by
asking each claimant to estimate, in preparation for the procedure proper,
a natural number representing its own measuring instrument’s discrimina-
tion ability, the total amount of script being then proportional to the least
common multiple of all these estimates.

If rµc(rin[i]) ≤ rSi, c is enabled to make a bid broadcast to the other
claimants as an amount of script rbid[i], provided rbid[j] < rbid[i] for all
j < i. Then c becomes the highest bidder and the lump is transferred to
the next claimant rO[i + 1] unmodified, that is rin[i + 1] = rout[i]. If c’s
(subjective) value of the lump rin[i] is at least rSc, yet rbid[j] = rSi for
some j < i (it cannot happen that rbid[j] > rSc, because of the ordering
of rO), then c reduces rin[i] to a lump rout[i] =def

rin[i + 1] such that
rµc(rout[i]) = rSi, setting at the same time rbid[i] = rSc. Also in this case
c becomes the highest bidder. This turns out to be the only possible case
when the claimants have equal entitlements, as in the original formulation
of the problem by Steinhaus.4

4Allowing to bid script while further reducing the lump currently being examined
achieves the effect of making the upper bound to the amounts of bids indeterminate.
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Otherwise, if rµc(rin[i]) is less than the current highest bid, c is not
interested in getting eventually rin[i], so he is allowed to transfer to the
next claimant the unmodified lump in the form rin[i + 1] = rout[i], setting
rbid[i] = 0.

More formally, for all rounds r > 0, claimant c =def
rO[i], when it is his

turn to move, measures rin[i], finding a value rµc(rin[i]). Then c performs
one the following actions before transferring the resulting lump rout[i] to
the next claimant rO[i + 1], whenever this exists:

(a) Do nothing: if rµc(rin[i]) < rbid[j] for some j < i, then:

rout[i] := rin[i]
rbid[i] := 0.

(b) Make a bid: if rµc(rin[i]) ≥ rbid[j] for some j < i, then there
are two cases:

• If rµc(rin[i]) ≤ rSc, then:

rbid[i] := rµc(rin[i])
rout[i] := rin[i].

• If rµc(rin[i]) > rSc, then c also reduces rin[i] to a part rout[i]
such that rµc(rout[i]) = rSc and sets rbid[i] := rSc. This
operation is possible by the assumption made in section
2(2.4).

In both of these cases c becomes the highest bidder.

This procedure is carried out, iteratively, until claimant rO[rN] has made
his move. Then set:

rP := rout[rN]
rb := b,

where b is the highest bidder.
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5 Correctness

We have to prove the five assertions (FD)(a)–(e) of section 3: the first three
are obvious as a consequence of the design of the procedure, while (FD)(e)
follows from the observation that the total amount of script∑

1≤i≤rN

rSi

decreases strictly at each round. It is clear from 4.1(c) that every claimant
c will participate in every round until his amount of script is reduced to 0.
In some of these rounds c will be beneficiary and in others not. In order to
prove (FD)(d), observe that this is equivalent, by 4.2(4), to the inequality∑

c=rb

µc(rP) ≥ Sc

for all claimants c = 1, . . . , N .

If c =def
rO[i] 6= rb, then

rµc(rP) ≤ rbid[k], (6)

where rO[k] = rb. This follows from section 3(a) if c did not make a bid at
round r, because this action is guarded by the condition

rµc(rin[i]) < rbid[`] for some ` < i

and rb was the highest bidder at that round. If c made a bid at round r,
then statement (6) follows from section 3(b), as in that case c bid rµc(rout[i])
and rP is a (possibly proper) part of rout[i], using property (3) of section 2.
Now:

r+1µc(r+1Q) =def

∑
1≤j≤r+1N

r+1Sj

=

 ∑
1≤j≤rN

rSj

− rbid[k] by 4.1(b)

≤

 ∑
1≤j≤rN

rSj

− rµc(rP) by (6)

=def
rµc(rQ)− rµc(rP)

= rµc(r+1Q), by 4.1(a), 2(2.2)(1) and (2.4)
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therefore
r+1µc(Q)

rµc(Q)
≤ 1

and by 4.2(5) we have that for any part P of r+1Q:

r+1µc(P ) ≤ rµc(P ) ≤ µc(P ). (7)

Clearly ∑
c=rb

rµc(rP) = rSc

by 4.1(c): as, by (7), we have that µc(rP) ≥ rµc(rP), it follows that∑
c=rb

µc(rP) = rSc.

Thus, we have shown that for an arbitrary claimant c, the measure of the
union of all lumps transfered to him before the procedure terminates will
be as great or greater than fiµc(Q). As the procedure terminates in a fi-
nite number of steps, c’s entitlement will be fulfilled in a finite number of
transfers.
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