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ABSTRACT

The ‘Cooperation Logic of Propositional Control’, CL-PC, of
van der Hoek and Wooldridge is a logic for reasoning about
the ability of agents and groups of agents to obtain a certain
state of affairs in a situation in which each of the agents
controls a number of propositional variables.

We present a number of generalizations of this model, to
represent situations in which agents only partially control
the value of a variable, or cases in which agents share the
control of a variable. We discuss and axiomatize some of
these logics of ‘partial control.” In addition, we show how
this family of logics are closely connected to a body of work
in mathematical logic: Cylindric Modal Logic.

Categories and Subject Descriptors

F.4.1 [Mathematical Logic and Formal Languages]:
Mathematical Logic—modal logic, model theory; 1.2.11 [Ar-
tificial Intelligence]: Distributed Artificial Intelligence—
coherence and coordination, multiagent systems

General Terms
Theory

Keywords

agent and multi-agent architectures, cooperation and coor-
dination among agents, logics for agent systems

1. INTRODUCTION

Cooperation logics are logics for reasoning about what
agents and groups of agents in a multi-agent system can
obtain. Formal models for cooperation logics have recently
gained some attention; examples are Coalition Logic [10, 9],
and ATL [1]. These logics provide ways of talking about
what agents, alone or in groups, can obtain with or without
the cooperation of the other agents.

A cooperation logic for a specific kind of multi-agent sys-
tem is the Coalition Logic of Propositional Control (CL-PC)

from [13]. CL-PC is a logic for reasoning about a situation in
which a number of binary control variables is allocated to a
group of agents. Given a certain state — that is, given that
the values of the variables are set in a certain way — agents
can then change the variables allocated to them to change
the state into a new one.

One of the observations we make in this paper is that
the CL-PC model is naturally seen as a game (in the game-
theoretical sense): the model concerns a set of agents that
each can choose between a number of strategies (a strategy is
for an agent is a valuation for the propositional variables al-
located to it), and a choice of strategy for each of the agents
determines the final result (a valuation over all variables).
Seen as a game, it is quite natural to generalize the kind of
model used in CL-PC, which is exactly what we will do.

The model for CL-PC proposed by [13] is about a particu-
lar case of propositional control: each variable is controlled
by exactly one agent, and all variables can be controlled in-
dependently of each other. It is natural to weaken one or
both of these assumptions, and consider models in which
several agents share the control over the same variables, or
cases in which one cannot change a certain variable without
changing another as well.

The paper consists of two parts. In section 2, we intro-
duce a general model for reasoning about situations in which
propositions get allocated to a number of agents, whose
choices with regard to the values of ‘their’ variables deter-
mine their final value. We will call such situations ‘games of
propositional control.” We show how the logical formalism
used in CL-PC can be extended to apply to this larger class of
games in a straightforward way. The result of this exercise
gives us a modal logic that has been studied in mathematical
logic as ‘cylindric modal logic’ This is a useful observation
as it gives us a number of properties that are shared by all
logics of propositional control.

In section 3, we discuss a number of particular types of
propositional games. One of these is, of course, the model
for cL-PC from [13], but we will also consider other types of
games, in which agents may share the control over certain
variables, or games in which the choices of the agents are
restricted in certain ways. We will give a number of sound
and complete axiomatizations for reasoning for this type of
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There are different ways of defining a model for represent-
ing the control of agents over a given set of propositional
variables. One general schema is to define such a situation



as a game. A specification of a game of propositional control,
then, starts with an allocation of propositional variables to
each of the agents. The agents each choose a valuation for
the variables that are allocated to them; the strategies of an
agent are valuations over the variables that he controls.

Because the valuations chosen by each of the agents may
not determine the final values in an unambiguous way (be-
cause the choices may conflict), there is an outcome function
that gives us, for each combination of choices of strategies,
an outcome, which is a valuation for all propositional vari-
ables. Formally, we define a game of propositional control
as:

DEFINITION 1. A game of propositional control is a tuple
M = (Ag, At, alloc, strategy, outcome)
Where:

e Ag={1,2,...n} is a finite, non-empty set of agents
e At is a set of propositional variables (or ‘atoms’).

e alloc is an allocation function that assigns to each agent
from Ag a subset of variables from At.

e A strategy for a player i is a valuation over the propo-
sitional variables in alloc(i) — that is, a function that
assigns to each propositional variable in alloc(z) a truth
value.

e The function strategy assigns a set of available strate-
gies to each agent i.

e We say that a state of the game is a tuple s = (s1,. .. 5n)
consisting of a strategy s; from strategy(i) for each
agent 1.

e outcome is an outcome function that assigns to each
state s a valuation over all the propositional variables
in At.

As an example, consider a case with two agents, a website
and a telephone operator, that together control a database
with customer data of some company. Say that a variable
credit_ok represents the information that the credit card rat-
ing of mr. X is fine, and another variable, webcustomer, rep-
resents the fact that mr. X has placed an order over the
internet.

The variable credit_ok is controlled by both agents, in the
sense that if either the telephone operator or the website get
the information that there is something wrong with mr X’s
credit rating, they can change the value of credit_ok to 0.
The credit rating can only be set to 1 if both agents agree.
The variable webcustomer is completely under control of the
website.

This situation can be represented as a game of propo-
sitional control. A game with two players is represented
naturally as a matrix, in the following way:

[ website\ operator | credit_ok : 1 | credit_ok : 0 |
credit_ok : 1 credit_ok : 1 credit_ok : 0
webcustomer : 1 || webcustomer : 1 | webcustomer : 1
credit_ok : 1 credit_ok : 1 credit_ok : 0
webcustomer : 0 || webcustomer : 0 | webcustomer : 0
credit_ok : 0 credit_ok : 0 credit_ok : 0
webcustomer : 1 || webcustomer : 1 | webcustomer : 1
credit_ok : 0 credit_ok : 0 credit_ok : 0
webcustomer : 0 || webcustomer : 0 | webcustomer : 0

Here, the top row describes the strategy choices of the tele-
phone operator, while the left column describes the options
for the website. The outcome of their choices is represented
by the values in the cells of the matrix.

Suppose, for example, that the present state of the envi-
ronment is given by the top-right box in the example above
— the telephone operator did not approve the credit card
rating of a web customer, but the website does — then the
operator is able to change the value of credit_ok to 1 by
changing her ‘strategy.” However, she does not have this
possibility if the present state is the one given by the out-
come on the third row on the right: even if the values in the
database are the same here, the telephone operator cannot,
by herself, change the rating of the customer, because the
website disapproves. They can, however, change the credit
card rating together — by both changing the value of credit_ok
to 1.

To reason about these kind of scenarios in a formal way,
we use formulas of a simple modal language. Formulas of
coalition logic are constructed from a given set of agents Ag
and a given set of atomic variables At.

pu=Tlpl-dlony|(C)¢

Where p € At and C' C Ag. The expression (C)¢ is a
cooperation modality. The idea is that (C')¢ is true at some
state just in case the agents in C can, by manipulating the
values of the variables under their control, reach a state in
which ¢ is true. We write [C] for the dual of =(C)— of (C).
The sentence [C]¢ is true in case the agents in C' cannot
manipulate their variables in such a way that —¢ becomes
true: in other words, when the agents in C' have no way of
changing the truth value of ¢ from true to false.

DEFINITION 2 (INTERPRETATION).
M,sEp iff outcome(s)(p)=t
Mst==p iff M,slE—d
M,sEoNY  iff M,sE¢and M,;s ¢

there is a state t such that
s(2) = t(i)for each i ¢ C, and
Mt ¢

So, a sentence of the form (C)¢ is true at a state s when
it holds that the agents in C can unilaterally change their
choice of strategy in such a way that in the resulting state,
¢ is true. So, in a precise sense, a sentence (C)¢ expresses
al local ability of a group of agents in a state s: it is true in
a state s just in case the agents in C are able to change the
situation so that ¢ becomes true.

One of the interesting insights in [13] is that we also ex-
press ‘global’ properties of ability of agents that have been
studied in Pauly’s Coalition Logic (][9], [10]) and in ATL ([1])
using these ‘local’ operators.

We say that a group C' is a-effective for an outcome ¢, and
write ((C'))¢, when the players in the group can orchestrate
their strategies in such a way that no matter what the other
players do, ¢ will be true in the outcome.

G s (C)eiff G, s |= (C)[Ag\ Cl

This definition says that a group C is a-effective for ¢ just
in case there is a combination of strategies for the agents in
C such that, no matter what the agents outside of C' (that
is, those in the set Ag\ C) choose to do, the resulting state
will always be one where ¢ is true.

M, s=(C)¢ iff



The notion of a-ability is a global notion, in the sense that
the truth of a sentence ((C))¢ is independent of the state in
which it is evaluated — it either is true in all states in a
game, or in none of them. So, the fact whether (G))¢ is
true expresses a property of the whole game rather than of
a particular state in it.

To turn back to our example: we saw that the website
had the power to change the value of the variables credit_ok
at will. Indeed, the sentence ((website))webcustomer and the
sentence ((website)) -webcustomer are both true. Neither the
website nor the operator is a-effective to approve the credit
card rating of mr. X: —((website))credit_ok holds, and so does
—((operator))credit_ok, even if, for example, (website)credit_ok
is true in some states. However, together they are effective
for setting credit_ok to 1, which is captured by the truth of
{({website, operator}))credit_ok.

2.1 Thelogic of games of propositional control

It turns out that the logic of games of propositional control
is located at an intersection point between different areas of
mathematical logic: it is the logic of finite variable fragments
of first order logic without identity, which is closely related
to diagonal-free cylindric algebra [15, 14, 8], while its models
are products of S5-models [3]. For this reason, it is relatively
well-studied.

From this work, we know that the logic of propositional
games is not finitely axiomatizable. Moreover, the logic is
not decidable. There is, however, a sound and complete
axiomatization, but it uses a non-standard rule. These are
negative results, but the logic of propositional games is still
of interest, because it can serve as a kind of ‘minimal logic
of propositional control’: we know that the logic of any par-
ticular subclass of models (such as CL-PC) will include this
this logic, so we will discuss its main features.

The following set of axioms and rules is shown to be sound
and complete for the class of all propositional games from [8]
for the language of cylindric algebra, which [15] translates
into modal logic. (In the following, if C is a singleton set
{i}, we will write (i) instead of ({i}).)

DEFINITION 3 (LOGIC OF PROPOSITIONAL GAMES).
propositional logic all validities of propositional logic
yim})@ < (o) ... (im)@
asynchronicity (i) ()¢ — (j) (i)
normality [il(6 — ) — (6 — [i¢)
reflexivity ¢ — (i)¢

reduction ({io, ...

symmetry ¢ — [i](i)¢
transitivity (i)(i)¢ — (i)¢
Plus the following rules:
Fo Fobo—u
Flil¢ Fv
Define 7(x) to be the sentence ~(A)[(A\;c4{i)x) A —x]. The

logic contains the following non-standard rule:

(PAT(DA ) — ¢
¢

provided that p does not occur in ¢
When there are only two agents, this rule can be replaced
with the following axiom

confluence (i)[j]p — [j]{(i)p.

The reduction axiom says that the modality (C') can be de-
fined in terms of (i)-operators for ¢ € C' — the ability of a set
of agents can be decomposed in the abilities of the agents
separately. The asynchronicity axiom says that the order in
which the (i)-operators are applied does not matter.

The reflexivity axiom states that if ¢ is true, then any
agent can ‘change’ the current state (by doing nothing) to
make ¢ true. Note that symmetry, reflexivity and transitiv-
ity are known as the S5 axioms that are familiar from clas-
sical modal logic as the axioms that characterize an equiva-
lence relation.

More complicated is the non-standard rule. A full expla-
nation would lead too far for the purposes of this paper. We
refer the reader to the works quoted — and in any case, we
will not need the rule for axiomatizing the logics we intro-
duce below.

PROPOSITION 4  (COMPLETENESS [8, 14]). The logic of
definition 8 is sound and complete with respect to the class
of games of propositional control defined in definition 1.

proof: This follows from the completeness results for cylin-
dric modal logic. For some details of how to connect those
results to games of propositional control, see the appendix.
O

We repeat the following results

PROPOSITION 5  ((UN)DECIDABILITY RESULTS [7, 5]).

o [f the number of agents is less than or equal to two,
basic game logic is dectdable.

e Howewver, if there are more than 2 agents, basic game
logic is not decidable.

2.2 The Pareto Principle

The class of models defined in definition 1 is quite large.
Many of the models that fall under the definition are hardly
worthy of the name ‘propositional control’, as there need
not be any systematic relation at all between the valuations
that the agents choose and the actual outcome that results.

To do justice to the idea that the allocation function in a
game of propositional control specifies some kind of control,
we need some further constraints. There are many possible
properties that are candidates for minimal conditions for a
game to be called a game of propositional control, but one
in particular stands out: the condition that if all agents that
are allocated a given variable p choose the same value for p,
then the outcome should reflect that choice.

DEFINITION 6  (PARETO PRINCIPLE).

Let M = (Ag, At, alloc, strategy, outcome) be a game of propo-
sitional control.

The Pareto principle holds for M iff for each state s =
(s0,-..,8n) and for any i and j such that p € alloc(i) and
p € alloc(j) it holds that if s;(p) = s;(p), then outcome(s) =
Si (p)

In the rest of this paper, we will only consider games for
which the Pareto principle holds.

The Pareto principle is a property that is well known in
social choice theory (which is where the name comes from).
Social choice theory is concerned with finding a ‘fair’ way of



defining a preference order among a given set of alternatives,
given the preferences of a group of agents (typical examples
are political elections and auctions). It is perhaps useful
to remark here that we are dealing with a situation that in
certain respects is more simple than the topic usually dealt
with in social choice theory. Here, we are dealing with vari-
ables that can each have only one out of two possible truth
values. In particular, Arrow’s Theorem, a central result that
establishes that a ‘fair’ social choice function does not exist,
does not arise as such within our framework. There are,
however, interesting results from social choice theory that
apply to games of propositional control such as they are de-
fined here (see, for example, [6] or [11]) that show that given
certain assumptions about ‘fairness’, fair outcome functions
do not exist. It seems, however, that these kind of concerns
are tangential to the kind of problem that we are concerned
with in this paper.

3. LOGICSOFPROPOSITIONAL CONTROL

We have talked about games of propositional control in
a very general way. It is now time to be more specific. In
the rest of the paper, we will study a number of subclasses
of games of propositional control, and provide them with
sound and complete axiomatizations. Even if the proofs are
fairly involved (they can be found in the appendix), the ax-
iomatizations themselves are relatively straightforward, and
have axioms that correspond directly with certain properties
of the models.

3.1 Logic of Exclusive control

One particular subclass of games of propositional control
is one in which no single variable is allocated to two different
players. We will call such games games of exclusive control.
The kind of game that is studied in CcL-PC, which was the
main inspiration for this paper, is an example of such a
game.

DEFINITION 7 (GAMES OF EXCLUSIVE CONTROL).
Let M = (Ag, At, alloc, strategy, outcome) be a game.

e An allocation function alloc is exclusive when no two
agents have control over the same variable, i.e. when
alloc(é) Nalloc(j) = 0 whenever ¢ # j.

e A game of exclusive control is a game for in which the
Pareto principle holds, and that based on an exclusive
allocation function alloc.

e A game of actual control is a game in which the allo-
cation of a variable p to an agent i implies that © has
a choice available where p is false and one where p is
true: for each i and p € alloc(i), a strategy s; such that
si(p) = 1, and a strategy s; such that s;(p) = 0.

e A game of full control is a game where strategy(i) con-
tains a strategy for each valuation of alloc(i).

A game of actual control is a game in which each agent, for
each propositional variable p allocated to him, has at least
one choice available where p is true and one where p is false.
In a game of full control each player has all combinations of
truth values of propositional variables available to him —
this reflects an assumption that the variables can all be set
independently of each other.

Note that the outcome function outcome of an exclusive
game is determined completely by the choices of the play-
ers and the assumption that the Pareto principle holds —
since no variable is allocated to two agents, obviously, their
choices cannot conflict. Exclusive games of full propositional
control are studied in [4] as ‘distributed evaluation games’,
and are the models of CL-PC that are studied in [13] and
[12].

EXAMPLE 8. Suppose a player i can control two bits of a
register, represented by the values of the bits p and q. She
can set either bit to O or to 1, as she likes, but she cannot
set both bits to 0. A second player j controls r. We can
represent the game in a matrix:

Z\j T -r

P, q p,q,T p,q, T
p,—q | p,q," | p,q, T
—-p,q | 7P,4T | 7P,4q, T

This is an exclusive game of actual control. The players do
not have full control, since i has no strategy for —p, —q.

It turns out that logic of games of exclusive control, and
their extensions to real and full exclusive control, are fairly
straightforward extensions of the minimal game logic of the
previous section.

Before we introduce these axioms an abbreviation will be
useful. We follow [13] and say that an agent locally controls
a sentence ¢ iff it holds (in a state) that (i)é A (i)—¢. This
sentence is true in a state just in case ¢ can unilaterally
change her strategy in such a way that ¢ becomes true, but
also has a strategy available where ¢ becomes false. We
write controls(i, ¢) for the sentence (i) A (i)—¢

The property of exclusive control is characterized by the
following axiom, that states that if an agent ¢ can change
the truth value of a propositional variable p, then no other
player can do so.

Exclusive Control (EC) controls(i,p) — —controls(j, p,)
for i # j and p € P.

In games of actual control, there is, for each propositional
variable p, at least one player that controls it:

Actual Control (AC) \/,_, controls(i, p) for each p € P.

Similarly, in games of full control, if an agent controls all
variables from a given set X, then she has the ability to
change the outcome in such a way that any consistent boolean
combination of the variables in X is satisfied:

Full Control (FC) Ay controls(i,p) — (i)¢v, where ¢,
is the conjunction of literals true in a valuation v for
X.

We will write, for example, that EC, FC - ¢ just in case
¢ is derivable in the logic of games of propositional control
of definition 3 from any instance of the axiom schemas EC
and FC.

PROPOSITION 9
ECF ¢ iff

(COMPLETENESS RESULTS).
G, s = ¢ for all games G of
exclusive control.

G, s = ¢ for all games G of
exclusive, actual control.
G,s | ¢ for all games G of

exclusive, full control.

EC,AC+ ¢ iff

EC,FCF+ ¢ iff



proof: See the appendix. It is perhaps important to note
at this point that neither for this proposition, nor in any
of the following ones, we need the full power of the logic of
definition 3: we may drop the non-standard rule, and use
the confluence axiom instead. m|

3.2 Logic of Positive Control

If certain variables are allocated to more than one agent,
we need a way of deciding what to do if one agent wants to
set a variable to a different value than another. There are
lots of options open. If there is an odd number of agents
to which the variable is allocated, we can let the majority
decide. In other scenarios we may have a constraint that a
variable can only be set to a certain value with the consen-
sus of all other players, such as in example in 2 in which
the validity of the credit of a customer needs to be judged.
In other situations, a constraint may be that if one of the
players chooses a strategy in which p is true, then p is true
in the outcome of the game.

Let us first consider games of the latter type:

DEFINITION 10 (GAMES OF POSITIVE CONTROL).
A game M is a game of positive control iff the Pareto
principle holds, and it holds that if si(p) = 1 for some i,
then outcome(s)(p) = 1.

Note that also in games of positive control, the Pareto prin-
ciple implies that the outcome is completely determined by
the strategies of the players.

Games of positive control have a particularly natural in-
terpretation if we interpret the elements of the control vari-
ables P as actions that may be performed or not. Agents
each have a repertoire of actions available that may overlap
(or even be equal), and may choose to execute certain sub-
sets of these actions (if we consider games of full control,
they can execute any subset). The outcome such a game,
then, consists of exactly the actions that have been exe-
cuted. This behavior corresponds precisely to the definition
of a game of positive control.

For example, if ¢ chooses to execute p but not ¢, and j
executes ¢, then the result will be that both p and q are exe-
cuted. Such complex or concurrent actions can be described
by a propositional formula; for example, p A —q is true of
an outcome in which p is executed, but not ¢. The formula
{i,7)(p A —q) then describes the game in which the group
consisting of 7 and j has the ability to ensure that p is being
executed, and to ensure that ¢ is not done. In a game of
positive control, it holds that (%, j))(p A —=¢) exactly when p
is allocated to either ¢ or j, while g is not allocated to any
agent other than ¢ or j.

Also positive control is characterized by a straightforward
aziom of positive control:

Positive Control (POS) p — V, [Ag\ {i}]p

That this axiom is sound can be seen as follows. If p is
true, then by the Pareto principle, there must be an agent,
say ¢, that has chosen a strategy in which p is true. Then, by
the definition of a game of positive control, there is nothing
that the other players can do about it, so [Ag \ {i}]p must
be true.

PROPOSITION 11 (COMPLETENESS). POS F ¢ iff
M, s = & in all games of positive control.

proof: See the appendix. a

3.3 Logic of Consensus Games

The mirror image of the games of positive control are
games in which the truth-value of a propositional variable
is determined by consensus: a propositional variable is true
only if all players choose that proposition to be true.

DEFINITION 12 (CONSENSUS GAMES). A game is a con-
sensus game iff outcome(s)(p) = 1 iff si(p) = 1 for each i
such that p € alloc(7)

A consensus game might also be called a game of ‘negative’
control, in which a variable is false in the outcome when at
least one of the agents wants it to be false.

Consensus Axiom (CON) —-p — \/, y[Ag\ {i}]-p.

The idea is similar to the axiom of positive control: if the
outcome is —p, then, because of the Pareto principle, at least
one of the players must have chosen a strategy in which p
is false, which implies, by definition of the consensus game,
that no matter what the other players will do, p will be false
in the outcome.

ExAMPLE 13. A simple safety mechanism is that two play-
ers must both give their consent for some action to be carried
out (a customer and a seller confirm some cash transaction;
two people lift a heavy table togethere). One very simple way
is to describe this by the following game, where each player
can either confirm p or not, and the result will be p only if
both players give their consent:

a\b| p |

p| p | TP
PP | P

The minimal game logic together with the axiom of con-
sensus is sound and complete with respect to all consensus
games.

PROPOSITION 14. CON F ¢ iff M, s = ¢ in all consen-
sus games M

proof: Analogous to the proof of proposition 11, which can
be found in the appendix. a

4. CONCLUSIONS

We have defined a general model of ‘propositional control’
inspired by the Coalition Logic of Propositional Control of
[13], and connected this work with work on mathematical
logic (in particular with Cylindric Modal Logic) and with
work on ’judgment aggregation’ in social choice theory.

We then studied in more detail some particular examples
of families of games of propositional control — in particular,
we studied different forms of games of exclusive control —
in which agents either have some or all strategies available,
and provided sound and complete axiomatization for these
logics. We also looked at games of ‘positive control’; in
which a vote of one player suffices to make a proposition
true, and at ‘consensus games’ in which a vote of a single
player suffices to make a propositional variable false, and
provides sound and complete axiomatization for these logics.

A number of open problems and questions are raised by
this paper. We mention a few. First of all, there is a gen-
eral question. Cylindrical Modal Logic, which we proposed
as a kind of ‘minimal logic of propositional control’ is not



decidable, and has a ‘strange’ axiomatization with a non-
standard rule. In contrast, the particular examples of logics
we studied in section 3 are much better behaved — they are
clearly decidable, and do not need special kinds of axioma-
tization. It is not really clear why this is the case, or where
the ‘borderline’ is between decidability and undecidability.
The answer to this question might lie with the class of games
for which the Pareto principle holds true.

A more specific question regards the complexity of the
logics discussed in this paper; we only know that the satis-
fiability and the model checking problems of the logics for
games of full exclusive control are PSPACE-complete ([13]).
(Satisfiabily and model-checking have the same complexity
because of the strong restrictions on the kind of models that
are allowed, which means that there are relatively few mod-
els to consider in the satisfaction problem. We do not expect
the same results for our logics.) At last, there may be other
types of logics of propositional control over and above the
ones discussed in this paper that might be interesting to
study.

To conclude, we list the main completeness results of this
paper in a table:

class of games [ characterizing axioms

exclusive EC
exclusive, actual control EC, AC
exclusive, full control EC, AC, FC
games of positive control POS
consensus games CON
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Appendix

In this appendix, we provide some formal background about
the relation between games of propositional control and stan-
dard models of modal logic, and proofs of the main theorems.

Games of propositional control can be seen as a kind of
Kripke models. The following definition makes the connec-
tion precise.

DEFINITION 15  (KRIPKE MODEL INDUCED BY A GAME).
Given a game M = (Ag, At,alloc, strategy, outcome) The
Kripke model induced by M is a tuple (W, (—:)icag, V),
where:

e W is the set of states of M (that is, the Cartesian
product of the sets strategy(i))

o s —; s iff s; = s} for each j # 1, and

e V(s) = outcome(s).

In the following proofs, we will often confuse a game and
the Kripke model induced by it, and write, for example,
that s —; s’ in a game M when s and s’ are two states
that differ at most in the strategy of i.

This connection between propositional games and Kripke
models preserves the truth of sentences.

OBSERVATION 16. If s is a state of a propositional game
M, and K is the Kripke model induced by M, then M, s = ¢
iff IC, s = ¢ (using the standard definition of modal logic).

With these observations, we have a way of transforming
games into Kripke models that preserves the truth value
of sentences. This gives us a way of applying known results
about Kripke models to games of propositional control. In
particular, we can tie the logic of games to the following
definition and proposition come from [15], [8].

DEFINITION 17 (CUBES).
A cube is a Kripke model (UlAgl7 (—i)icag, V), with s —;

s iff s; = s} for each j # .

PROPOSITION 18  ([15], [8]). The set of cubes is axiom-
atized by the minimal logic of propositional control of defi-
nition 3.

To show that the logic of cubes is the same as the logic of
games of propositional control, we need to show that each
cube corresponds to a game, and each game corresponds to



a cube. The Kripke models induced by a game of propo-
sitional control are not precisely cubes, however: they are
more like ‘rectangles’ (if the players number two) or like
‘(hyper)-bricks’ (if there are more than 2 players). ‘Cubes’
are a subclass of these kind of models; those induced by
games in which all players have the same number of strate-
gies available. We will not provide the formal details here,
but it is fairly straightforward to transform a Kripke model
that is shaped like a ‘brick’ into an equivalent model that is
shaped like proper ‘cube’ (at least, if the number of agents
is finite). Perhaps abusing the geometrical metaphor, one
possible way to make a cube from a brick is to add, where
needed, a new layer to the ‘long’ sides of the brick until the
model has become a cube — to not affect the validities in the
model, this new layer can simply be a copy of the side to
which it is added.

In the completeness proofs that follow, we use the notion
of a bisimulation.

DEFINITION 19  (BISIMULATION). A pointed Kripke model
is a pair (K, s), where K is a Kripke model, and s is a state
in K.

A relation ~ between pointed Kripke models is a bisimu-
lation iff whenever (K,s) ~ (K’ s'), it holds that:

LV(s)=V'(s)

II. If s —; t, then there is at’ with s’ —j t' and (K,t) ~

(K',t)
III. If s —} t', then there is a t with s —; t and
(Kat) ~ (Klft/)

We say that two pointed Kripke models are bisimilar iff
there exists a bisimulation connecting the two models.

A basic result says that two bisimilar Kripke models satisfy
the same sentences. If it does not lead to confusion, we will
write s ~ s’ for (K,s) ~ (K',s'). Also, we will be slightly
sloppy, and talk about bisimilarity of a Kripke model and
a game, meaning that the first Kripke model is bisimilar to
the model induced by the game.

PROPOSITION 9. EC' F ¢ iff M,s = ¢ in all games M
of exclusive control.

proof: Soundness is just a matter of checking that the axioms
are valid in a game of exclusive control.

A sketch of the completeness proof before starting: first
we construct a canonical Kripke model in the standard way
([2]), then we show that each world in the canonical model is
bisimilar to a state in (the Kripke model induced by) a game.
This means that all sentences in the maximal consistent set
in the canonical model are true in the related game, and
thus that any consistent set can be satisfied in some game.

The canonical model K™ = (W, —;, V) has as its do-
main all maximal consistent sets (mes) X. We set V(X)(p) =
1 iff p € X, and the accessibility relations are given by
> —; [ iff for all ¢: if [i]¢p € & then ¢ € I'. It is straight-
forward to prove that the truth lemma holds: K", ¥ = ¢
iff p € X.

The interesting part of the proof is the construction of
a game Gy corresponding to each mcs ¥. First, we de-
fine an allocation function allocs; by setting allocs (i) = {p |
controls(i, p) € £}. Because X includes the axiom of exclu-
sive control, we know that allocs is exclusive.

We introduce some notation: if v is a valuation over a
finite set X, let ¢, be the conjunction of all literals of X

true in v. The strategies strategys. (i) of a player i in Gy, are
exactly those valuation functions v on the set allocs (7) such
that (i)¢, € 2. In the game Gy, let sx be the state such
that ¢s5 ;) € X for each i. Such a state is guaranteed to
exist by the reflexivity axiom.

We claim that there is a bisimulation ~ between maximal
consistent sets in the canonical model K" and states in
the set of all (Kripke models induced by) exclusive games,
given by:

¥~ (G,s) iff (G,s) = (Gs, sx).

To make our proof run a bit more smoothly, we will write
that (G,s) —; (G',s") if G = G and s —; s’ in G. We
check the three bisimulation clauses:

I. From the definition of GGy, and the assumption that
the Pareto principle holds for Gy, it follows that ¥ = p
iff (Gs,sz) = p.

II. Suppose that ¥ —; I'. We claim that (Gs,ss) —
(Gr, sr). It follows from lemma 21 that Gx = Gr, and that
for each p ¢ alloc(i), p € ¥ iff p € I. That means that
s2(7) = sr(j) for each j # i, and that therefore s, —; sr.

ITI. For the other direction, suppose that (Gx,ss) —
(Gs,s’). Let s = sx. By definition of G, we have that
()¢ € 3. That means that there is a I" in the canonical
modal such that ¥ —; T and ¢)S; € I'. By exclusivity and
lemma 20, it follows that [i]¢s, V [i]ﬁqzﬁsj € T for each j # i.
Since by definition, ¢s; € 3, it follows that ¢, € T', and
therefore that s’ = sr.

The proofs of completeness for the logics with the axioms
AC and FC is straightforward given these results. a

LEMMA 20 (DERIVED THEOREMS).
1= (@)lil¢ — [i){De (confluence)
2. EC I controls(i, p) — [j]controls(i, p)

Moreover, if ¢ is propositional and X 1is the set of
propositional variables occurring in ¢, it holds that:

3. N\,ex —controls(i, p) k= [i]¢ V [i]—~¢
4. BC, A, x controls(j,p), (i) - [i1(7)6

proof:

2. In S5, it follows from controls(i, p) that [¢|controls(z, p).
Using the axiom EC, we have then that [¢]([j]p V [7]-p),
which is equivalent (using reflexivity and propositional logic)
to [{)((p — [j]lp) A (-p — [j]-p)). Since we have that
(@)p A (i)—p, it follows in S5 that (i)[j]p A (3)[j]—p. Using
confluence, we conclude that [f](¢)p A [j]{¢)—p, and hence
that [j]controls(s, p).

3. Prove this by induction on the structure of ¢.

4. Suppose that A . controls(j,p). With (3) and EC,
we have that - A _ controls(j,p) — ([i]¢ V [i]-¢), and
with necessitation and some further reasoning, we conclude
that [§]([z]¢ V [i]-¢). Since [i]¢ V [i]-¢ is equivalent in S5
to (¢ — [i]¢) A (m¢ — [i|=¢), we have in particular that
[71(¢ — [i]¢). Together with our assumption that ()¢, it
follows that (j)[i]¢. Using confluence, then, [i](j)¢. O

LEMMA 21. Let —; be the accessibility relation in the
canonical model, and let allocs. be defined as above. It holds
that:

1. If ¥ —; T then allocy = allocr



2. If ¥ —; T and p ¢ allocs (i), thenp € X iff pe T

3. If ¥ —; T and s; is a valuation on allocs(j), then
(§)bs; € X implies that (j)¢s; € T for each j.

proof:

1. Suppose ¥ —; I',; and that controls(j,p) € ¥. Then,
by lemma 20, [¢]controls(j,p) € X, so controls(j,p) € I'. Us-
ing symmetry, we can conclude that also if controls(j, p) € T',
then controls(j,p)) € . So allocs = allocr.

2. From exclusivity EC' it follows that if p & allocx (),
then [i]pV[i]-p € X. From there it is an easy step to conclude
that p € ¥ implies p € T.

3. Clearly, it holds controls(j, p) for all propositional vari-
ables occurring in ¢s;. Suppose (j)¢s; € . It follows from
lemma 20 that [i](j)$s; € X, and therefore that (j)¢s;, € T
d

PROPOSITION 11. POS + ¢ iff M,s = ¢ in all games of
positive control M

proof: The structure of the completeness proof is similar to
that of proposition 9. We construct the canonical model
K and construct games Gy for each maximal consistent
set ¥, and show that the model (Gx,ss) is bisimilar to
(—[(Caﬂ,7 2)‘

First, we need some notation. If v is a valuation over
a finite set X, ¢ is the conjunction of all propositional
variables of X that are true in v, i.e. o7 = A{p | v(p) = 1}.
We will write [—i]¢ for [Ag\ {i}]¢.

To construct our game Gy, we set alloc(i) to be the set
of all variables for any i. So the strategies strategys. (i) for
agent i consist of valuations over all variables, and is given
by strategys, (i) = {v | ()= A{p | v(p) = 1} € E}. So,
strategys; (i) contains a strategy for each set of variables that
i can guarantee to be true.

We now claim that the following relation ~ is a bisimula-
tion:

(K™ %) ~ (G, s) iff G = Gx and for each i:
si(p) =1« [—ilpe X

We need to show that the three bisimulation clauses hold.

I. Suppose Gs, s |= p. Then there must be an agent 7 with
si(p) = 1. By definition of ~, it holds that [—i]p € ¥. By
necessitation, p € X, and by construction of the canonical
model that K", ¥ = p.

For the other direction, if p € 3, then, with the axiom of
positive control, \/,. y[—i]p € X. Because ¥ is maximal, we
have that [—i]p € X for some i. But then, by definition of
~, si(p) =1, and so, Gx,s = p.

II. Suppose that 3 —; I and that ¥ ~ Gx,s. By stan-
dard S5-reasoning, if (i)¢ € X, then so is [i](i)¢, which
means that ()¢ € I'. By symmetry, the other direction
works as well. Since the definition of the game G depends
only on sentences from X that are of the form ()¢, so we
can conclude that Gx = Gr.

Consider now the state s’ for which it holds for each j
that s}(p) = 1 iff [—j]p € I'. We show that s —; s’. To
see that s; = s} for j # i, note that if [—j]p € ¥ then,
by S5 and asynchronicity, [i][—j]p € X, and therefore that
[—jlp € T; with symmetry, it follows that s; = s;. We also
need to show that s} is a strategy in G's. This follows from
the observation that [—i] A{p | sj(p) = 1} € T, and therefore
that (3)[—i] A{p | 5.(p) = 1} € %

II1. Suppose that ¥ ~ (Gy,s), and that s —; s'. We
need to find a ' such that ¥ —; T and T' ~ (Gx,s').
It is enough to show that the set {[—j]p | sj(p) = 1 and
j € N}U{d | [i]¢ € X} is consistent; we can then extend
it to a maximal consistent set to obtain our wanted I". Be-
cause s; = s; for j # i, it must hold that {[—j]p | sj(p) =1
and j # i} C X, and by S5 and asynchronicity, we have
that [i][—j]p | sj(p) = 1 and j # i} C . So, it is enough
to show that {[—i]p | sj(p) = 1} U{¢ | [i{]¢ € X} is consis-
tent. Suppose it is not. By definition of G5, we have that
(@[ A{p | si(p) = 1} € . But then it would follow that
(i) L € X, which is a contradiction in S5.

d

PROPOSITION 14. CON \ ¢ iff M, s = ¢ in all consen-
sus games M

proof: Analogous to the completeness proof of the logic of
positive control. Define the set of strategies for i in the game
Gy as strategys(i) = {v | (i)[~i] M{p | o(p) = 0} € T}, and
then adapt the proof accordingly. a



