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Abstract

We develop a logical framework to model how
agents can cooperate in order to ensure a certain
state of affairs. We extend previous work on this is-
sue by adding an explicit planning language to the
object language. The resulting logical system com-
bines reasoning about agents and groups of agents,
their plans, and the effect of those plans, and be-
comes quite complex. To reduce this complexity,
we show how the model can be defined by two sep-
arate modules: one module describes how plans
affect the environment, another module describes
how a group of agents can cooperate in order exe-
cute a plan. We can combine these models to obtain
a new model to reason about the ability of groups
of agents to use their plans to obtain certain results.
What we gain with respect to earlier systems for
reasoning about group ability, such as ATL, apart
from handling different problems separately, is the
possibility to explicitly describe by means of which
plans agents obtain some outcomes.

1 Introduction
In recent years, several logic-based approaches have focused
on how groups of agents can cooperate in order to ensure
a certain state of affairs[Pauly, 2002; van der Hoek and
Wooldridge, 2003; Wooldridge and Jennings, 1994]. Typi-
cally, these logics have operators that expressgroup ability
to construct sentences〈〈Q〉〉φ, which are to be read as “the
agents inQ have a way to ensure thatφ, and the other agents
cannot obstruct them.”

One of the best known formalisms in this area is
Alternating-Time Temporal Logic[Alur et al., 2002] which
extends Computation Tree Logic (CTL) with cooperation op-
erators. In this context,〈〈Q〉〉φ can be read as: the agents in
Q have a way of ensuring that the set of possible runs of the
system satisfies the CTL path-formulaφ.

ATL does not contain the means to explicitly express the
plans that the agents inQ have to actually perform in other
obtain the desired results. There is some work on formulat-
ing plans in the context of ATL and incorporating these plans
in the object language. In[van der Hoeket al., 2005] the

authors provide a variant of ATL in which strategies are rep-
resented explicitly – but they consider memory-less strategies
only, thereby weakening the semantics of ATL considerably.

In this article, we provide the agents with a more stan-
dard imperative-like programming language – we will use an
action language which involves alsowhile do statements.
This language can be used to define explicit strategies for en-
forcing particular states of affairs.

The resulting model is quite complex: it combines reason-
ing about agents, actions, plans and their effects. To make this
complexity somewhat more manageable, we split the defini-
tions, and indeed the whole model, into two parts. Our ap-
proach builds directly on the work in[Sauroet al., 2006]: we
define twomodules. First of all, there is anenvironment mod-
ule that is used to reason about plans and their effects, but that
does not contain any references to agents. Independently, we
define anagents moduleto describe which plans a group of
agents can execute, but which abstracts from the effects of
these plans. Finally, we combine the two models in a single
model.

The paper is built up as follows. In section 2 we de-
velop the environment module. In particular, we use an
imperative-like language with concurrent actions, concatena-
tion, if then andwhile do statements to describe plans,
we define a Process Logic[Harel and Singerman, 1999;
Henriksen and Thiagarajan, 1999; Chen and De Giacomo,
1999] to explicitly describe which computation traces corre-
spond to a given plan. To reason about theeffectsof executing
these plans, we use CTL as a starting point, i.e. we formal-
ize temporal properties of collections of possible computation
traces.

In the agents module- section 3 - we model agents with
their skills and we formalize a logic for reasoning about the
ability of groups of agents to execute a plan. Essentially, this
logic is based on Coalition Logic[Pauly, 2002], where the
states of affairs that groups of agents can enforce by cooper-
ating are interpreted as set of concurrent actions.

By combining these models into a single one, in section 4
we obtain a system for reasoning about agents, their plans,
and the kind of results that groups of agents can guarantee
when executing these plans.

In section 5 we consider a real scenario which can be for-
malized in our framework, conclusions end the paper.



2 Environment module
One general way to model actions and their effects is by using
a Labeled Transition System (LTS)[Harel et al., 1984]. A
LTS is a directed graph in which each vertex corresponds to
a state of the environment whereas edges represent possible
transitions between states. States are labeled with the set of
propositional variables that are true at that state. The label
of a transition describes which actions have to be executed to
trigger that transition.

Usually a transition label consists of single actiona. How-
ever, in multiagent systems, and in particular in the kind of
models that are the basis of ATL, agents may execute differ-
ent actions at the same time. A natural way to model such
concurrent actionsis by labeling the transitions not with sin-
gle actions, but withsetsof actions. Intuitively, a transition
labeled with a set of actionsA represents the effect of exe-
cuting exactly those actions concurrently, and no others. This
approach to deal with concurrency is similar to that taken in
[Giordanoet al., 1998].

Definition 1 (Environment module) An environment mod-
ule Menv is a tuple 〈S,Ac, (→)A⊆Ac , P, π〉 whereS is a
finite set of states andAc a finite set of actions. For each
A ⊆ Ac,→A is a relation overS. P is a set of propositional
variables andπ is an function that assigns to each state a
subset ofP .

We will refer to a set of actionsA ⊆ Ac as aconcurrent ac-
tion. Given the way the definitions are set up, a concurrent
actionA can benon-deterministic, in the sense that the out-
come of performing a set of actions may not always determine
a unique result. Executing an action may also be impossible,
in the sense that there may not be a transition corresponding
to that action.

As said in the introduction, our goal is to develop a system
to reason about plans. One natural choice is to take Proposi-
tional Dynamic Logic (PDL) as our starting point (as in, e.g.
[Henriksen and Thiagarajan, 1999]) – a language that con-
tains testsφ?, concatenation; and iteration∗. However, that
language does not serve our purposes well for two reasons.
PDL works fine for reasoning about pre- and post-conditions
of programs, but it does not contain the means for reasoning
about infinite traces – about plans that do not halt. For exam-
ple, the standard representation ofwhile φ do Γ statements in
PDL as(?φ; Γ)∗;¬φ captures only those execution traces in
which the program halts. This is fine for PDL, but as we will
want to include a rich temporal language of CTL in which
properties of non-halting traces can be expressed as well, we
need to have a richer action language. A second point is that
PDL does not allow us to expressnegativeactions such as
refrain from executing the actiona ([Broersen, 2003]).

Instead, we choose a simple imperative programming lan-
guage for our planning language

Γ := α | Γ1; Γ2 | if φ then Γ | while φ do Γ

whereα is an action expression (a Boolean formula overAc)
andφ is a state expression (a Boolean formula overP ).

So, in this action language, we can formulate plans such
as:

while p do a ∧ ¬b

which denotes the plan of doinga, but notb, while p is true.
Given an environment moduleMenv, the rules in definition

2 provide a calculus to derive the possible runs of the system
when executing a planΓ starting from a states0. This kind
of definition is similar to the one in[Chen and De Giacomo,
1999; ?] The rules define transitions of the form(σ, s) A→
(σ′, s′), whereσ andσ′ are (possibly empty) sequences of
plan expressions to be executed,s and s′ are states in the

model, andA is a set of actions. Intuitively,(σ, s) A→ (σ′, s′)
means that executing the first plan expression on the sequence
σ in states may bring us, via aA-transition in the model, to
a states′ in which the sequenceσ′ remains to be executed. In
the rule set, we writeΓ · σ for the sequence that starts with
the planΓ and has the (possibly empty) sequenceσ as its tail.

For example, rule (1) says that when the head of the se-
quence is an action expressionα and there is anA-transition
in the model for someA of typeα, the system executes this
transition and in the new state needs to execute the tail of the
sequence. Rule (4), instead, says that in a state whereφ is true
andif φ then Γ is the first of the sequence, the first execution
step will be the same as the first execution step ofΓ.

Definition 2 (Plan execution rules) LetMenv be the tuple
〈S,Ac, (→)A⊆Ac , P, π〉. We define:

1. (α · σ, s) A→ (σ, s′) if A |= α ands→A s′.

2. (Γ1; Γ2 · σ, s)
A→ (σ′, s′) if (Γ1 · Γ2 · σ, s)

A→ (σ′, s′)

3. (if φ then Γ · σ, s) A→ (σ′, s′) if (σ, s) A→ (σ′, s′) and
π(s) 6|= φ

4. (if φ then Γ · σ, s) A→ (σ′, s′) if (Γ · σ, s) A→ (σ′, s′)
andπ(s) |= φ

5. (while φ do Γ · σ, s) A→ (σ′, s′) if (σ, s) A→ (σ′, s′) and
π(s) 6|= φ

6. (while φ do Γ · σ, s) A→ (σ′ · while φ do Γ · σ, s′) if

(Γ, s) A→ (σ′, s′) andπ(s) |= φ

where|= is the standard satisfaction relation from proposi-
tional logic.

Given an environmentMenv, a states0 and a planΓ, the
rules in definition 2 give us a way of generating a new model
that represents the possible execution traces of the planΓ in
the modelMenv. This works by taking as our new initial state
the pair(Γ, s0), and using the definitions to generate possible
transitions from(Γ, s0) to new states(σ, s′). Repeating this
process gives us a new environment model that represents the
all possible execution traces ofΓ when it is executed starting
in s0 in the original model.

Definition 3 (Plan execution) Given an environment mod-
ule Menv = 〈S,Ac, (→)A⊆Ac , P, π〉, a states0 ∈ S and
a planΓ,Menv[Γ, s0] is an environment module〈S′,Ac, (→
)A⊆Ac , P, π

′〉 such that

1. S′ is the smallest set that contains(Γ, s0) for which it

holds that if(σ, s) ∈ S′ and (σ, s) A→ (σ′, s′) is deriv-
able, then(σ′, s′) ∈ S′.



2. (σ, s) →A (σ′, s′) iff (σ, s) A→ (σ′, s′) is derivable.

3. π′((σ, s)) = π(s)

Given a finite environment, definition 3 generates a new en-
vironment (which is finite as well) that describes the possible
evolutions of the environment when, starting from a states,
a planΓ is executed. Even ifMenv[Γ, s] may be much larger
than the original modelMenv, the set of paths inMenv[Γ, s]
is always a subset of the paths inMenv – there is a precise
sense in which a planrestrictsthe way that the environment
may evolve.

To reason about properties of plans (such as liveness or
certain reachability conditions) we borrow the syntax of CTL.
This results in the following extension of that language: The
syntax of the environment logic is:

φ, ψ := p | φ ∧ ψ | ¬φ | AXφ | AφUψ | EφUψ | [Γ]φ

whereΓ is a plan.
Informally, the symbolA meansin all possible evolutions

of the system, the symbolE meansin at least a possible evo-
lution of the system. The symbolsX andU denote properties
of paths of states:Xφ meansin the next stateφ holdsand
φUψ meansφ holds untilψ will hold. The new formulas of
the type[Γ]φ means thatduring the execution of the planΓ,
φ holds.

In the definition below, given a modelMenv, we denote
with → the union of all→A and[s0] is the set of all maximal
paths starting ins0; more precisely,[s0] is the set of finite and
infinite sequencess = (s0, s1 . . . sn . . .) suchsi →A si+1 for
eachi, and ifs is finite with sn as its last element, then there
is nos′ andA such thatsn →A s′.

Definition 4 (Semantics of environment logic)

1. Menv, s |=e p iff p ∈ π(s).

2. Menv, s |=e φ∧ψ iff Menv, s |=e φ andMenv, s |=e ψ.

3. Menv, s |=e ¬φ iff Menv, s 6|=e φ.

4. Menv, s |=e AXφ iff for all s′ such thats → s′,
Menv, s′ |=e φ.

5. Menv, s |=e AφUψ iff for all sequencess = s0 . . . in
[s] there exists a statesi in s such that for all0 ≤ j < i,
Menv, sj |=e φ andMenv, si |=e ψ.

6. Menv, s |=e EφUψ iff there exists a sequences =
s0 . . . in [s] and a statesi in s such that for all0 ≤ j < i,
Menv, sj |=e φ andMenv, si |=e ψ.

7. Menv, s |=e [Γ]φ iff Menv[s,Γ], (Γ, s) |=e φ.

The following abbreviations are often used:EXφ :=
¬AX¬φ, EFφ := E>Uφ, AFφ := A>Uφ, EGφ :=
¬AF¬φ,AGφ := ¬EF¬φ.

A formula of the type[Γ]φ checks the truth ofφ in the
model of the execution ofΓ. In some cases we want to verify
thatΓ makes a formula true not only during its execution but
also in all the possible evolutions afterΓ has halted. This
can be expressed by following upΓ with the ‘trivial plan’
while (p ∨ ¬p) do (a ∨ ¬a) (keep on executing an arbitrary
action).

To illustrate the logic, we quickly observe some facts. First
of all, plans can precisely describe which concurrent actions
should be performed in which order, but they can also be
highly non-deterministic. At its most extreme, the ‘plan’
a∨¬a denotes the set of all transitions – it is the plan of non-
deterministically doing anything at all. Such expressions may
not be very useful as a plan, but it is useful to have them in the
logic. For example, considerα; while > do (a∨¬a). This de-
scribes the plan of first doing ‘α’, then continue to repeat any
combination of actions. The execution model of this plan in a
states0 of an environmentMenv consists of a model in which
only α-actions can be executing, and each possible result of
such an action brings us in an isomorphic copy of the state we
would have reached in the original model. This means that
the ‘classical’ modality〈α〉φ – there exists anα-successor in
whichφ is true – can be expressed as in our language as well,
by the sentence[α; while p ∨ ¬p do a ∨ ¬a]EXφ.

The non-determinism of plans is essential for the use we
make of our planning language when we talk about agents in
the next sections. For example, we can provide an agent that,
say, can only do eithera or b, with the plana ∧ ¬b. Even if
this plan describes a precise course of action for our agent, in
the wider environment the effect of executing this plan may
depend on the actions of the other agents – and therefore the
plan cannot denote a single execution trace.

3 Agents module

The environment module enables us to describe how a system
evolves when a plan is executed. Now we want to formalize
which groups of agents are able to execute a given plan. We
do this independently from the environment model – i.e. in
this module, we ignore the question of what happens with the
states in an environment when a plan is executed as much
as possible, and we concentrate exclusively on the ability of
agents to execute a plan.

Definition 5 (Agents module) Given a finite set of agents
Ag and a finite set of actionsAc, an agents module is a tuple
〈Ag ,Ac, act〉, whereact is a functionP(Ag) 7→ P(P(Ac))
that assigns to each set of agentsQ a set{A1, . . . , An} of sets
of actions. The functionact satisfies the following properties:

1. act(∅) = {∅}.
2. for all disjoint sets of agentsQ1 andQ2, ifA1∈ act(Q1)

andA2∈ act(Q2), thenA1 ∪A2∈ act(Q1 ∪Q2).

So, an agents module assigns to each set of agents the set of
concurrent actions that they can execute.

Following [Peleg, 1998] we define an effectivity function
for each groupQ. Such a function gives us, for each set of
agents, the sets of actions that it is capable of executing con-
currently.

Definition 6 (Effectivity function for actions) Let beA be
a subset ofP(Ac), say thatA is attainable by the set of
agentsQ if and only if there exists a set of actionsA∈ act(Q)
such that for allB∈ act(Ag \Q),A ∪B∈ A.

The effectivity functionE assigns to each group of agents
Q the set ofA attainable byQ.



Pauly [Pauly, 2002] focuses on a particular class of ef-
fectivity functions: those he calls ‘playable’ (because they
correspond to the effectivity functions of a strategic game).
Playable effectivity functions satisfy the following properties:

outcome monotonicity: if A ∈ E(Q) andA′ ⊇ A, then
A′∈ E(Q).

superadditivity: for all disjoint sets of agentsQ1 andQ2,
if A1 ∈ E(Q1) andA2 ∈ E(Q2), thenA1 ∩ A2 ∈
E(Q1 ∪Q2).

Ag-maximality: for all A if (P(Ac)\A) 6∈ E(∅), thenA∈
E(Ag).

accessibility: for all set of agentsQ, P(Ac) ∈ E(Q) and
∅ 6∈ E(Q).

The following theorem shows that Definition 6 defines
playable effectivity functions.

Theorem 1 Given an agents module〈Ag ,Ac, act〉, the cor-
responding effectivity functionE, as defined in definition 6, is
playable.

A sketch of the proof for this theorem is in the appendix.
Given a concurrent actionα, we say that a set of agents is

effective forα meaning that{A | A |= α}∈ E(Q).
The language of agents logic consists of boolean combina-

tions of sentences of the form〈〈Q〉〉Γ – intuitively the set of
agentsQ is capable to enforce the planΓ. Formally, agent
logic formulas have the syntactic form:

χ := 〈〈Q〉〉Γ | ¬χ | χ1 ∧ χ2

whereQ denotes a set of agents andΓ denotes a plan. We
follow Pauly’s Coalition Logic in order to describe the capa-
bilities of agents in the case of concurrent actionsα: a set of
agentsQ is capable to execute a concurrent actionα if Q is
effective forα. However, we need to take into account also
programming constructs which are not considered in Coali-
tion Logic. The assumption that the capabilities of agents
do not depend on the state of the environment enables us to
handle concatenation straightforwardly: a set of agents is ca-
pable to execute a planΓ1; Γ2 just in the case it is capable
to executeΓ1 andΓ2. It remains to consider theif then
and while do statements, also here we consider the sim-
plest way to extend Coalition Logic semantics by assuming
total observability for the agents, i.e. each agent is capable
to verify if a formulaφ is true in a certain state of the envi-
ronment. This way, a set of agents is capable to execute a
plan if φ then Γ or while φ do Γ just in the case it is capable
to executeΓ.

Definition 7 (Semantics of Agent logics)

1. Magt |=a 〈〈Q〉〉α iff αM
agt ∈ E(Q), whereαM

agt

=
{A | A |= α} andE derives from Definition 6.

2. Magt |=a 〈〈Q〉〉Γ1; Γ2 iff Magt |=a 〈〈Q〉〉Γ1 and
Magt |=a 〈〈Q〉〉Γ2.

3. Magt |=a 〈〈Q〉〉if φ then Γ iff Magt |=a 〈〈Q〉〉Γ.

4. Magt |=a 〈〈Q〉〉while φ do Γ iff Magt |=a 〈〈Q〉〉Γ.

5. Magt |=a ¬χ iff Magt 6|=a χ.

6. Magt |=a χ1 ∧ χ2 iff Magt |=a χ1 andMagt |=a χ2.

Due to Theorem 1, the relevant axioms of Coalition
Logic - regarding superadditivity, outcome monotonicy,Ag-
maximality, etc. - are also valid in our logic. Formally, valid
formulas of agent logic are:

1. All axioms propositional logic.

2. 〈〈Q〉〉>.

3. ¬〈〈Q〉〉 ⊥.

4. ¬〈〈∅〉〉¬α→ 〈〈Ag〉〉α.

5. 〈〈Q〉〉(α ∧ α′) → 〈〈Q〉〉α (outcome monotonicity).

6. 〈〈Q1〉〉α1 ∧ 〈〈Q2〉〉α2 → 〈〈Q1 ∪Q2〉〉(α1 ∧ α2) if Q1 ∩
Q2 = ∅ (superadditivity).

7. 〈〈Q〉〉Γ1; Γ2 ↔ 〈〈Q〉〉Γ1 ∧ 〈〈Q〉〉Γ2.

8. 〈〈Q〉〉if φ then Γ ↔ 〈〈Q〉〉Γ.

9. 〈〈Q〉〉while φ do Γ ↔ 〈〈Q〉〉Γ.

Even if the agents module allows for the modeling of
sophistic interrelationships between the sets of actions that
agents can execute concurrently, the model is also limited in
the sense that the capabilities of agents is given in a context-
independent way. In the present model, we have no direct way
of describing how the capabilities of agents may depend on
their own states. For example, we cannot model agents that
have agents that have bounded resources, and can execute an
action only a limited number of times, say. This assumption
‘flattens’ the notion of capability, which becomes clear from
the way that the last three axioms ‘reduce’ complex plans to
simpler ones.

This does not mean that we cannot model the fact that ac-
tions have effects that depend on the state in which they are
executed. We can do that in the environment module, and is
therefore independent of the agents performing the actions.

So, even if our agents module is limited in this respect, it
still is a natural one for modeling a wide range of scenarios.
For example, any type of scenarios in which agents manipu-
late their environment via some kind of control panel (e.g. a
keyboard) has a natural model in which the fact that an agent
can press a button does not depend on the state of the envi-
ronment, while the actual effects of pressing this button may
depend on that state.

A clarifying distinction here may be that betweencapabil-
ity andexecutability. The first notion refers to what an agent
can do ‘in theory’ – for example, a robot may either go left
or right, or you are capable of turning off your computer. The
notion ofexecutabilityrefers to what can be done in an par-
ticular situation – for example, the robot can go left, but not
right, when is is at a certain point in the maze; or you cannot
turn off your computer because you have already done so.

4 Multi-agent system
In the previous sections we defined a module describing an
environment, and a separate module describing the actions
that agents can choose to perform, either by themselves or to-
gether. These two modules can be related by identifying the



set of actions in the two respective modules. Such a combina-
tion provides us with a semantics for reasoning about agents
that act in an environment.

Definition 8 (Multi-agent system) A multi-agent system
Mmas is a tuple

〈S,Ac, (→)A⊆Ac , P, π,Ag , act〉

where 〈S,Ac, (→A′)A⊆Ac , P, π〉 is an environment module
(in the sense of definition 1) and〈Ac,Ag , act〉 is an agents
module (in the sense of definition 5).

An important thing to note is that this approach ismodular, in
the sense that the two components of the multi-agent system
can be defined independently of each other. For example, we
could have chosen for a more simple agents module by asso-
ciating one single set of actions to each agent, as in[Sauroet
al., 2006] (and adapting the definitions accordingly).

Of course, everything that we could express with the lan-
guages we used to talk about the environment and about the
capabilities of the agents remains interesting in the combined
system as well. However, in the new, more complex, sys-
tem there are some other notions of interest that did not make
sense in the separate modules.

In particular, we want to reason not only about the ability
to enforce complexactions, but about the ability to enforce
certainresultsas well. For this purpose we add expressions
of the form〈〈Q〉〉φ to the language. Intuitively,〈〈Q〉〉φ means
that the agents inQ have the power enforce a set of execution
traces for whichφ is true.

This leads to the following syntax for multi-agent systems:

φ, ψ := p | φ ∧ ψ | ¬φ | AXφ | AφUψ | EφUψ | [Γ]φ |
〈〈Q〉〉Γ | 〈〈Q〉〉φ

whereΓ is a plan expression andQ denotes a set of agents.
We use concepts from ATL to define the semantics of sen-

tences〈〈Q〉〉φ. Intuitively, 〈〈Q〉〉φ is true whenever the agents
inQ can act in a way that, no matter what the other agents do,
φ is true. The crucial observation is that this situation can be
seen as a zero-sumgamein which the groupQ plays against
Ag \Q and tries to obtain a result that satisfiesφ.

To make this precise, we need some formal definitions. A
history in a model is a finite sequence of states in that model.
We say that two historiess0 . . . sn ands′0 . . . s

′
m areindistin-

guishableiff m = n and for each1 ≤ i ≤ n, si ands′i satisfy
the same propositional variables.

A strategyfQ for the agentsQ is a, possibly partial, func-
tion from histories to sets of concurrent actions fromact(Q),
with the property that if two historiess ands′ are indistin-
guishable, thenfQ(s) = fQ(s′) – intuitively, if a strategy
assigns a set of concurrent actions to a path, this means that
the strategy consists of executing any one of these actions
whenever the history of the game played so far is given by
that path. If a strategy is undefined at a certain history, the
execution is taken to halt.

Given a multi-agent systemMmas, a states0 and strategy
fQ for Q, we define a new modelMmas[Q, fQ, s0] that rep-
resents all possible traces that may result if the agents inQ
execute the actions in the way prescribed byfQ. The other
agents are at liberty to choose any combination of actions

from their own action sets. Define relations→′
A between

histories by setting(s0, . . . , sn) →′
A (s0, . . . , sn, sn+1) iff

sn →A sn+1 in Mmas, and there is aB ∈ fQ((s0 . . . sn))
and aC ∈ act(Ag \ Q) such thatA = B ∪ C. The model
Mmas[Q, fQ, s0] has the same agent module as the original
model, its set of states consists of all finite histories reachable
from (s0) by→′

A, and we setπ(s) = π(sn), wheresn is the
last element ofs.

Definition 9 (Semantics of Multi-Agent Logic) Let Mmas

be a multi-agent system andQ ⊆ Ag a group of agents.|=m

is inductively defined on the grammar of the multi-agent sys-
tem logic. For the operators from the environment module
and the agent module, we can simply copy the previous defi-
nitions. We only need to define the new operator〈〈Q〉〉φ.

1. Mmas, s |=m 〈〈Q〉〉φ iff there is a strategyfQ forQ such
thatMmas[Q, fQ, s], s |= φ.

The ability to execute a planΓ, and with that plan obtain a
certain result, is closely related to the ability of obtain that
result with a certain strategy. This is a central result of this
paper:

Theorem 2 For anyMmas, if there exists a plan expression
Γ such thatMmas, s |=m 〈〈Q〉〉Γ ∧ [Γ]φ, thenMmas, s |=m

〈〈Q〉〉φ.

A proof of this theorem is in the appendix. The proof con-
sists of a construction that gives us for each planΓ such that
〈〈Q〉〉Γ, a strategyfQ forQ that has the same execution traces
of Γ.

Moreover, we conjecture that if a multi-agent system
Mmas is finite, then this holds also in the other direction.1

Theorem 2 is important in this paper, because it shows that
our technique of composing a model of ability by combining
different models for agents and for the environment actually
works. The theorem demonstrates that the relatively abstract
notion of ability of a group of agentsG to obtain a result
corresponds to the existence of a concrete plan that must have
two independent properties: the agents must be capable of
executing that plan, and the plan must guarantee the desired
result.

In the introduction we announced that the present logic is
a generalization of ATL. The idea here is that the ATL model
is just a special kind of multi-agent system in the sense of
definition 8. ATL models are “concurrent game structures” in
which each agent gets assigned a set of actions, and at each
state, each of the agents chooses an action from his set. A
choice by each of the agents leads to a unique result.

Each concurrent game structure from ATL can be repre-
sented as a multi-agent system with the following properties.
For each agenti there is a set of actionsAci – the setsaci are
disjoint. At each state, each agent can execute exactly one of

1This conjecture might be proven along the following lines. Be-
cause the game that is defined by a formula〈〈Q〉〉φ is played on a
finite model, we know that if there is a strategy to win such a game,
there must exit afiniteautomaton that represents this strategy[Buchi
and Landweber, 1969]. Using the fact that our strategies assign the
same strategy sets to indistinguishable histories, we can then find a
planΓ with the wanted properties that has the same execution traces
as this finite automaton.



his possible actions. So we can define the functionact of the
agents module by settingact({i0 . . . in}) = {{ai0 . . . ain} |
aij ∈ Acj}.

In the environment, the relations→A for A = {a1 . . . an}
a set that contains exactly one action for each of the agents
must be deterministic and serial. If a set of actionsA is not
of this form,→A is empty.

We can now define a translation from formulas into our
language by setting:

1. (〈〈Q〉〉 © φ)∗ = 〈〈Q〉〉(AXφ ∧ EX>)
2. (〈〈Q〉〉2φ)∗ = 〈〈Q〉〉(AGφ ∧AGEX>)
3. (〈〈Q〉〉φ1Uφ2)∗ = 〈〈Q〉〉(AφUψ ∧AGEX>)

Theorem 3 LetM be an ATL model, andMmas
M the cor-

responding mas model. Letφ be a formula of ATL, andφ∗ be
the translation in our language. Then it holds that:

M, s |=atl φ iff Mmas
M , s |=m φ∗

A proof of this theorem is in the appendix.

5 A final example
In this section we test our formalism with a concrete scenario
where two guards have to control the doors of a prison.

A prison is composed of two interiors, a dormitory and a
courtyard. One door opens to the outside, and it is important
that it is not opened by accident. It can therefore be opened
or closed only if both guards act together. The other door
separates the cell block from the courtyard, and each guard
can open that door by himself. The fact that the inner gate is
open is expressed by a propositionin open; if the outer gate is
open,out open is true. The state of the gates is ruled by four
buttons:ia, ib, oa andob. The gatein open toggles its state
if and only if at least one ofia andib is pressed. The outer
gateout open toggles its state if and only if bothoa andob

are pressed.
This description can be captured by an environment model

Menv with four states determined by the fact whether the
gates are open or not. For example, we will write01 for the
state in which the inner door is closed (in open is false) and
the outer door is open (out open is true). Each of the but-
tons corresponds to an atomic action in the model, and the
transitions are as described. So, for example, it will hold that

01 →{oa,ob} 00
01 →{ia,ob} 11
00 →{ia,oa,ob} 11

We want to verify that in the state00, i.e. when all the doors
are closed, there exists a way for the two guards to enable
a prisoner to exit safely, i.e. in such a manner in each in-
stant not both the doors are opened. We also want to know
if both the agents are necessary for this scope or only one of
them is self-sufficient. Intuitively, starting from the state00
we want that (1) to open the inner door while the outer door
is still closed, then (2) to close the inner door before open-
ing the outer door (or, at most, to switch both of them at the
same time), finally (3) we want to close the outer door. Let’s
see step by step which concurrent actions force the system to
make these transitions. Starting from the state00, to transit

to the state10 (in open true andout open false) one of the
buttonsia or ib have to be pressed and at least one ofoa or ob

have to be not pressed in order to keep the outer door closed.
To transit from the state10 to the state01 (corresponding to
a concurrent switch of the two doors) one of the buttonsia or
ib have to be pressed and both the buttonsoa andob has to
be pressed. Then, to close the outer door, both the buttonsoa

andob have to be pressed.
More formally, givenΓ = ia ∧ ¬oa; oa ∧ ob ∧ ia; oa ∧ ob,

we can verify that

Mmas, 00 |=m [Γ]AG¬(in open ∧ out open)

i.e. Γ is safe. We want also to verify thatΓ gets a prisoner to
exit and hence that the inner and the outer doors are opened
sequentially. Formally, it can be verified that

Mmas, 00 |=m [Γ]EF (in open ∧ EFout open)

Now consider the case that one of the guards,gdA, controls
the buttonsia andoa, whereas the other guard,gdB , controls
the buttonsib andob.

Since together the two guards have a full access to
four buttons ia, ib, oa, ob, it is easy to foresee that they
can actually execute the planΓ. Formally, Mmas |=m

[{gdA, gdB}]Γ. However, individually the cannot press both
oa andob - Mmas |=m ¬[{gdB}](oa ∧ ob) andMmas |=m

¬[{gdA}](oa∧ob) - and sinceoa∧ob is necessary in the state
00 to make the outer door open

Mmas, 00 |=m [while > do ¬(oa ∧ ob)]AG¬out open

Then they are both necessary to escape the prison.

6 Conclusions
We have defined a logic-based framework to reason about co-
operation among agents. Our framework builds on concepts
from cooperation logic, such as Coalition Logic[Pauly, 2002]
and ATL [Alur et al., 2002; van der Hoek and Wooldridge,
2003] and CTL[McMillan, 1992]. We have provided these
cooperation logics with an explicit formalism for reasoning
about plans. Our framework generalizes earlier approaches to
the problem of providing ATL with an action language — e.g.
[Sauroet al., 2006] consider only one-step strategies, while
[van der Hoeket al., 2005] consider only memory-less strate-
gies.

We have addressed this problem in a modular way, in the
sense that we have tried to separate the part of the model that
concerns reasoning about actions with the part that concerns
reasoning about cooperation ([Sauroet al., 2006]). An envi-
ronment modulecan be seen as a description of the environ-
ment in which agents live and its causal laws; anagents mod-
ule describes in what way agents can combine forces to exe-
cute a certain plans. The modules share a planning language
that contains constructions from a simple programming lan-
guage. In combining the two models, we obtain a model that
is, in a precise sense, a generalization of the ATL model.

In this paper we have given formal definitions of these
modules in terms of Kripke structures, defined languages and
provided them with a semantics. Most importantly, with the-
orem 2, we showed how the basic logical of the combined



model, that of the ability of a group to obtain certain results,
can be seen as combining features from the two modules: the
ability to execute a plan (in the agents module) and the fact
that this plan gives a certain result (in the environment mod-
ule). Furthermore, we showed in theorem 3 how, in particular,
our model gives us a precise way of providing ATL with an
action language. Finally, we gave an example to show how
our framework works and that suggests its possible applica-
tions in real and more complex scenarios.

There are some clear directions for future work. Apart
from the conjecture below theorem 2, there are open ques-
tions regarding model checking and axiomatization. With re-
spect to the latter, we hope to be able to use ideas from[Sauro
et al., 2006], that provides a complete axiomatization of a
similar, but simpler, system. In particular they have shown
how, given an axiomatization for the environment module and
for the agents module, finding complete axioms for the multi-
agent system module is straightforward.
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Appendix: Proofs
Theorem 1 Given an agents module〈Ag ,Ac, act〉, the cor-
responding effectivity functionE, as defined in definition 6, is
playable.

proof: By way of example, considerAg-maximality. From
the definition of effectivity, it follows thatE(∅) = {A′ |
act(Ag) ⊆ A′} and thatE(Ag) = {(A′) | ∃A ∈
act(Ag) s.t.A ∈ A′}. That means that if(P(Ac) \ A) 6∈
E(∅), there must be anA ∈ A such thatA ∈ act(Ag). But
that means thatA∈ E(Ag).

�

Theorem 2 For anyMmas, if there exists a plan expression
Γ such thatMmas, s |=m 〈〈Q〉〉Γ ∧ [Γ]φ, thenMmas, s |=m

〈〈Q〉〉φ.

proof: Let Mmas be a multi-agent system with a states,
andΓ be a plan. We will show how to find a strategyfQ

that is equivalent toΓ in the sense that it has the same execu-
tion traces starting froms: the execution traces in the model
Mmas[Γ, s], s are isomorphic to those inMmas[Q, fQ, s].

Observe first that each sequences of states inMmas[Γ, s]
can be transformed into a sequence of states in the original
Mmas by simply removing the programs –s becomes a se-
quenceredux(s) of states in the original model. The func-
tion redux is a bijection when restricted to sequences with
the same initial state: if two sequences inMmas[Γ, s] with
the same initial state are different, they have different re-
duxes. (We can prove this by induction on the length of the
sequences. Fors of length1, the statement is trivial. Sup-
pose now that we have two sequences((σ0, s0), . . . (σn, sn))
and (σ′0, s

′
0) . . . (σm, s

′
m)) that have the sameredux. Then

they must be of the same length. By induction hypothesis, we
have thatσi = σ′i for eachi < n. Inspection of the proof
rules shows that whenever we can prove(σ, s) →A (σ′, s′),
the resultingσ′ will always be the same. So,σn andσ′n must
be equal.)

Define the head of a sequence of plans in a states,
head(σ, s), to be the first boolean action is executed when



Γ is executed ins – we let the function return the incon-
sistent action⊥ if no such action can be found. Following
the proof system of definition 2, we define, e.g.head(α) =
α, head(ε) = ⊥ (with ε the empty sequence), and set
head(while φ do Γ, s) = head(Γ, s) if s |= φ; the value of
head(while φ do Γ, s) = ⊥ otherwise. It is easy to see that
(σ, s) →A (σ′, s′) iff A |= head(σ) ands→A s′.

Now, let s be a sequence of states inMmas. We need to
define the value offQ(s). If s is not the reduction of some
sequence inMmas[Γ, s], then we leavefQ(s) undefined. Oth-
erwise, there must be sequences′ in Mmas[Γ, s] such that in
s = redux(s′). Let (σ, s′) be the last state ins′. Consider
head(σ). By inspection of the proof system, it is easy to
see that ifhead(σ) 6= ⊥, thenhead(σ) must be occur as a
boolean action inΓ. It follows by definition of〈〈Q〉〉 that if
Mmas, s |=m 〈〈Q〉〉Γ, then it holds for for eachα that oc-
curs as an boolean action inΓ thatMmas, s |=m 〈〈Q〉〉α. By
definition of〈〈Q〉〉, it follows thatαM ∈ EM(Q), and there-
fore, there must be one (or more) setsA ∈ act(Q) such that
A∪B ∈ αM for eachB ∈ act(Ag\Q). We setfQ(redux(s))
to be the set of allA with this property.

We now claim that the set of traces inMmas[Q, fQ, s] is
isomorphic to those inMmas[Γ, s] – the functionredux pro-
vides this isomorphism.

�

Theorem 3 LetM be an ATL model, andMmas
M the corre-

sponding MAS-model. Letφ be a formula of ATL, andφ∗ be
the translation in our language. Then it holds that:

M, s |=atl φ iff Mmas
M , s |=m φ∗

proof: We first need to be more precise about how we con-
struct a multi-agent system from an ATL modelM .

An ATL model(a concurrent game structure) is a tuple
〈Ag , S, P, π, d, δ〉, in which Ag is a set of agents,S a finite
set of states,P as set of propositional variables,π a valu-
ation function. The functiond assigns to each agenta and
each states a numberda(s) – we can think of each agent as
having actions{1 . . . da(s)} available at states. Each agent
can, at each state, choose exactly one of these actions; the
result is given by the functionδ, which assigns to each tuple
(s, j1 . . . jn) a successorδ(s, j1, . . . jn).

A concurrent game structure is but a special case of a multi-
agent system in the sense of definition 8. To see this, we de-
fine aMmas = (S,Ac, (→A)A⊆Ac , P, π,Ag , act) as follows.
For each agenta ∈ Ag , we setact({a}) = {{a1} . . . {ana

}},
wherena is the highest value occurring in any of the sets
da(s) (we can do this sinceS is finite). We make sure that
the sets of actions of different agents are disjoint. This set
contains only singleton sets, as the agents can choose to per-
form just one single action at each point.

For groups Q of agents, we define{a1 . . . an} ∈
act({i1 . . . in}) iff {a1} ∈ act({i1} and ... and{an} ∈
act({in}).

Finally, we define the transition relation in ourMmas by
settings0 →A s1 iff A ∈ act(Ag) (that is,A contains exactly
on actionai for each of the agents) andδ(s0, a1 . . . an) = s1.

We now need to show that this construction preserves the
truth of ATL sentences (modulo the translation). This can be

shown by induction on the structure ofφ, where the only not
trivial cases are those which involve these translation rules:

1. (〈〈Q〉〉 © φ)∗ = 〈〈Q〉〉(AXφ ∧ EX>)
2. (〈〈Q〉〉2φ)∗ = 〈〈Q〉〉(AGφ ∧AGEX>)
3. (〈〈Q〉〉φ1Uφ2)∗ = 〈〈Q〉〉(AφUψ ∧AGEX>)

There are two differences between the definitions of strategies
〈〈Q〉〉 in ATL and that in our system. The first one is that in our
system, a strategy may be undefined at a certain state, while in
ATL they are defined always. We need the existential ‘EX ’
operators to guarantee that strategies are defined at each state,
and prescribe a course of actions that it indeed possible in
the environment. The second difference is that our strategies
may be ‘partially defined’: they prescribe a set of possible
concurrent actions, while an ATL a strategy gives us (for each
agent) one particular action to take at each state.
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