
Fluid Stochastic Petri Nets Augmented with
Flush-Out Arcs: A Transient Analysis Technique

Marco Gribaudo and András Horváth

Abstract—Fluid Stochastic (or Hybrid) Petri Nets with flush-out arcs are Petri net-based models with two classes of places: discrete

places that carry a natural number of distinct objects (tokens), and fluid places that hold a positive amount of fluid, represented by a

real number. For this kind of formalisms, equations can be automatically derived from the model. Such equations, however, are often

too complex to be solved analytically and simple discretization techniques usually can be successfully applied only to simple cases. In

this paper, we present a particular solution technique for transient solution that makes use of Kronecker-algebra.

Index Terms—Non-Markovian models, fluid stochastic petri nets, numerical techniques.

æ

1 INTRODUCTION

FLUID Stochastic Petri Nets (FSPN) or Hybrid Petri Nets
(HPN) are Petri net-based models in which some places

may hold a discrete number of tokens, and some places a
continuous quantity represented by a nonnegative real
number. Places that hold continuous quantities are referred
to as fluid or continuous places, and the nonnegative real
number is said to represent the fluid level in the place.
Discrete tokens move along discrete arcs with the enabling
and firing rules of standard Petri Nets (PN), while the fluid
moves along special continuous (or fluid) arcs according to
an assigned instantaneous flow rate. The formalism is
augmented with flush-out arcs, which work as follows: If a
flush-out arc connects a fluid place to a transition, then, if
the transition fires, the level of the fluid place is set to 0.
With this feature we can model situations in which fluid
like quantities disappear in an immediate manner or in very
short time.

Several different versions of FSPNs have been defined in
the literature (see, for example [1], [2], [3], [4], [5], [6]) and,
for many of them, a method to derive the equations that
describe the underlying stochastic process has been
provided. In general, the solution of these equations is not
a trivial task, and this problem has been directly addressed
in many papers. In particular, steady state solution for the
case of FSPN in which there is no dependency of the fluid
places has been considered in [4]. In that paper, a solution
technique which requires spectral decomposition of a matrix
has been presented. Transient analysis has also been
considered in the same paper, proposing a technique called
upwind semidiscretization. A more complex discretization
technique for transient analysis of second order differential

equations has been proposed in [6]. This technique uses an
implicit discretization scheme which requires the solution of a
linear system at every time step. Furthermore, it is possible
to solve FSPN models using “ad hoc” discretization
schemes based on the understanding of the dynamics of
the model as in [7]. Other possible directions to solve FSPNs
include Laplace transform methods [8] (these are limited to
the cases when the distributions associated with the process
have rational Laplace transform) and finite elements or
finite volumes techniques [9].

Even if the proposed techniques are quite general, none
of them is really appropriate to overcome the difficulties of
the numerical solution of the equations describing a FSPN.
Spectral decomposition, for example, may cause excessive
roundoff errors if the matrix is large and, thus, could be
successfully applied only to systems characterized by a
small number of states. Pure upwind semidiscretization can
instead lead to a system with a very high number of
unknown variables, limiting the applicability of the algo-
rithm only to systems with a small number of discrete
states and one or two fluid places. Implicit techniques
instead are not stable for systems which involve only first
order differential equations such as the one describing
common FSPNs.

In this paper, we present a numerical solution technique
for transient analysis. The technique can be applied only to
a special subclass of FSPNs (the restrictions that define this
subclass are given in Section 4.1) and its purpose is to solve
equations arising from models larger (in number of discrete
states or in number of fluid places) than the ones that could
be analyzed using conventional discretization techniques.

For even larger models, simulation remains the only
possible approach. Simulation of FSPNs has been consid-
ered in [10], [11].

The rest of the paper is organized as follows: Section 2
introduces the considered FSPN formalism and the nota-
tions. Section 3 gives the set of equations that describe the
evolution of the stochastic behavior of the FSPN. Section 4
gives a discretization scheme to compute transient prob-
abilities of the underlying stochastic process. Numerical
examples and analysis of the method are given in Section 5.
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2 DEFINITIONS AND NOTATIONS

The definition of the FSPN with flush-out arc is described in

[2] with standard notation inherited from [12]. Because of

space limitations, the FSPN formalism and its accompany-

ing equations (Section 3) are explained only in brief. A

comprehensive description is given in [2].
A FSPN is a tuple hP; T ;A; B; F ;W;R;M0i, where

. P is the set of places partitioned into a set of
discrete places Pd ¼ p1; . . . ; pjPdj

� 	
and a set of

continuous places Pc ¼ c1; . . . ; cjPcj
� 	

(with Pd \
Pc ¼ ; and Pd [ Pc ¼ P). The discrete places may
contain a natural number of tokens, while the
marking of a continuous place is a nonnegative real
number. In the graphical representation, a discrete
place is drawn as a single circle while a continuous
place is drawn with two concentric circles. The
complete state (marking) of a FSPN is described by
a pair of vectors M ¼ mm;xxð Þ, where the vector mm of
dimension jPdj is the marking of the discrete part
of the FSPN and the vector xx of dimension jPcj
represents the fluid levels in the continuous places
(xl � 0 stands for the fluid level of place cl). We
denote the time by � and we can think the marking
M at time � as the stochastic marking process
Mð�Þ ¼ ðmmð�Þ; xxð�ÞÞ; � � 0f g.

. T is the set of transitions partitioned into a set of
stochastically timed transitions T e and a set of
immediate transitions T i (with T e \ T i ¼ ; and
T e [ T i ¼ T ). A timed transition Tj 2 T e is drawn
as a rectangle and has an instantaneous firing rate
associated to it. An immediate transition th 2 T i is
drawn with a thin bar and has a constant zero firing
time. We denote the timed transitions with upper-
case letters and the immediate transitions with
lowercase letters.

. A is the set of arcs partitioned into four subsets:
Ad, Ah, Ac, and Af . The subset Ad contains the
discrete arcs which can be seen as a function
Ad : ðPd � T Þ [ ðT � PdÞð Þ ! IN . The arcs Ad are
drawn as single arrows. The subset Ah contains the
inhibitor arcs, Ah : Pd � Tð Þ ! IN . These arcs are
drawn with a small circle at the end. The subset Ac
defines the continuous arcs. These arcs are drawn as
double arrows to suggest a pipe. Ac is a subset of
ðPc � T eÞ [ ðT e �PcÞ, i.e., a continuous arc can
connect a fluid place to a timed transition or it can
connect a timed transition to a fluid place. The
subset Af contains the flush-out arcs. Af is a subset of
ðPc � T eÞ. These arcs (introduced in [7], [13])
connect continuous places to timed transitions and
describe the fact that the transition empties in zero
time the existing fluid from a continuous place when
it fires. The arcs Af are drawn as thick single arrows.

. The function B : Pc ! IRþ [ f1g describes the fluid
upper bounds on each continuous place. This bound
has no effect when it is set to infinity. Each fluid
place has an implicit lower bound at level 0.

. The firing rate function F is defined for timed
transitions T e so that F : T e � S ! IRþ. Therefore, a

timed transition Tj enabled at time � in a discrete
marking mmð�Þ with fluid level xxð�Þ, may fire with
rate F ðTj;mmð�Þ; xxð�ÞÞ, that is:

lim
��!0

PfTj fires in ð�; � þ��ÞjMð�Þ

¼ ðmmð�Þ; xxð�ÞÞg=�� ¼ F ðTj;mm; xxÞ:

We also use as a shorthand notation F ðTj;MÞ, where
M ¼ ðmm;xxÞ).

. The weight function W for immediate transitions T i
(W : T i � Sd ! IRþ) has the usual meaning and it
may depend on the discrete part [12].

. The function R : Ac � S ! IRþ [ f0g is called the
flow rate function and describes the marking depen-
dent flow of fluid across continuous arcs.

. The initial state of the FSPN is denoted by the pair
M0 ¼ mm0; xx0ð Þ.

For a more detailed explanation of the previous sets and of
the dynamics of a FSPN with flush-outs, see [2].

3 STOCHASTIC BEHAVIOR OF THE FSPN

In this section, we derive the equations for the joint process
Mð�Þ ¼ mmð�Þ; xxð�Þð Þ that describes the dynamic behavior of
the FSPN model as a function of time.

3.1 The Infinitesimal Generator

The marking process Mð�Þ is characterized by a matrix QQ,
that we call infinitesimal generator. The set S ¼ Sd � Scð Þ of
all the states is decomposed in two parts, where Sd
represents the discrete component of the state space and
Sc the continuous component.

In order to derive the complete equations, we start
investigating the behavior of the discrete part of the system.
Since fluid arcs and flush-out arcs do not change the
enabling condition of a transition, standard analysis
techniques can be applied to the discrete marking process
mmð�Þ [12]. These techniques split the discrete state space
into two disjoint subsets, called, respectively, the tangible
marking set and the vanishing marking set. Since the process
spends no time in vanishing markings, they can be removed
and their effect can be included in the transitions between
tangible markings. From this point on, we will consider
only tangible markings.

In a FSPN with flush-outs, the infinitesimal generator
matrix QQ depends on the fluid component of the state xx and
on the power set of the fluid places (because any subset can
be flushed out as a result of a state transition): QQðxx; sÞ,
where s 2 2Pc . The matrix QQðxx; ;Þ accounts for the transition
rates among tangible states when no flush-out occurs and
QQðxx; fclgÞ accounts for the transition rates among tangible
states when flush-out of place cl does occur. If a transition
flushes out two fluid places cl and ck, its effect is included in
QQðxx; fcl; ckgÞ, etc. In particular, we define

QQðxx; sÞ ¼ ½qijðxx; sÞ�;

where qijðxx; sÞ represents the transition rate from state mmi to
state mmj when the level of the fluid is xx and the considered
transition flushes out the fluid places belonging to the
(possibly empty) set s, that is
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qijðxx; sÞ ¼
X
Tk2Ki j

mmi!
Tk
mmj^

cl2s, ðcl ;TkÞ2Af

FðTk;mmi; xxÞ; i 6¼ j:

The summation considers the transition rate of all the

transitions Tk that have concession in marking mmi (denoted

by Tk 2 Ki) and bring the net from state mmi to mmj (denoted

by mmi!
Tk
mmj), flushing out exactly all the fluid places

specified in the (possibly empty) set s. In the standard

equations that describe a CTMC, the terms on the diagonal

of the infinitesimal generator account for the probability of

exiting from a state. Here, we have to consider not only

standard transitions, but also changes of state that cause a

flush-out. We denote by

qiðxxÞ ¼
X
mmj2Sd

X
s 2 2Pc

qijðxx; sÞ ð1Þ

the total exit rate from state mmi when the fluid level is xx.
This function takes into account the sum of the rates from
state mmi to any state mmj, with any combination of flush-outs.
The diagonal element defined in (1) is included in the
matrix QQðxx; ;Þ and, hence,

qiiðxx; ;Þ ¼ ÿqiðxxÞ: ð2Þ

The above defined matrix QQðxx; sÞ of dimensions jSdj � jSdj
is a proper infinitesimal generator.

3.2 Equations of the Model

In order to derive the equations that describe the under-
lying stochastic process, we recall that xx ¼ ðx1; x2; . . . ; xjPcjÞ
is the vector whose component xl represents the fluid level
in the continuous place cl. We denote by 2Pc the power set
of the fluid place set. Let s 2 2Pc be a subset (possibly the
empty set) of Pc.

We collect all the possible actual flow rates in a diagonal
matrix RRðfclg; xxÞ, with fclg 2 Pc. The element rjjðfclg; xxÞ of
RRðfclg; xxÞ represents the fluid flow rate of continuous place
cl in discrete state j conditioned to the fluid level xx, that is
rjjðfclg; xxÞ ¼ rlðM ¼ ðmmj; xxÞÞ. (For the complete definition
of RRðfclg; xxÞ, see [2].)

Matrix QQ together with matrix RR completely describe the
stochastic process. Also, since we need to consider the case
of multiple flush-outs induced by a single transition, the
equation that describes the system should have an integral
term for each possible combination of fluid places flushed
out together.

Following [2], we define a Dirac’s delta extended to a set

��ðxx; sÞ ¼
1; s ¼ ;;Y
cl 2 s

�ðxlÞ; s 6¼ ;;

(

the integral extended to a setZ 1
0

F ð� � �Þds ¼

F ð� � �Þ; s ¼ ;;Z 1
0

Z 1
0

� � �
Z 1

0

F ð� � �Þdx0i1dx
0
i2
� � � dx0ijsj ; s 6¼ ;:

8<:

This symbol is a shorthand notation used to describe the
fact that each flush-out may happen at any level of the fluid
places that will be emptied with the transition. This
behavior is caught by integrating the solution over each
fluid component which represents a continuous place
involved in the flush-out.

The projection operator is defined as

��ðxx; sÞ ¼ ð�1; �2; . . . ; �jPcjÞ �l ¼
xl; cl 62 s
x0l; cl 2 s:

�
The projection operator will be substituted into the latter
equations in a symbolic manner. The purpose of this
operator is just to select the correct integration variables
when using the extended integral notation.

We denote by ��ð��; xxÞ the probability density vector at
time � with level xx; its ith entry corresponds to the ith

tangible markings.
Using this notation, the equation for the model is

@��ð�; xxÞ
@�

þ
X
cl 2 Pc

@ðRRðcl; xxÞ��ð�; xxÞÞ
@xl

¼

X
s 2 2Pc

��ðxx; sÞ
Z 1

0

��ð�; ��ðxx; sÞÞQQð��ðxx; sÞ; sÞds:

ð3Þ

The first term of (3) represents the time and the second
accounts for the fluid flow in all the fluid places. Each
continuous place has a term in the summation which
represents its instantaneous fluid change in each discrete
state. The term in the right-hand side of (3) accounts for the
probability change due to discrete state change. Each term
of the summation corresponds to transitions that flush-out a
particular subset of fluid places. The derivation of (3) is
based on the supplementary variable approach [8].

4 TRANSIENT ANALYSIS

In this section, we present an explicit discretization scheme
of the equations described in Section 3.2 in order to carry
out the transient analysis of FSPNs. The matrices that
describe the evolution of the probabilities between two
successive steps of the transient analysis are expressed as
Kronecker-expressions of suitable matrices and vectors.

The advantage of the presented procedure is that it leads
to a relatively simple and memory-efficient implementation
of the discretization scheme and provides satisfactorily
precise results in a wide range of cases. However, to apply
the method some assumptions have to be made.

4.1 Assumptions

There are three main assumptions on the FSPN we work
with:

1. The fluid rates do not depend on the continuous part
of the marking. In other words, the flow rate of a
fluid place can depend neither on the fluid level of
the place itself nor on the fluid level of other places.

2. The dependencies of the firing rates on the contin-

uous part of the marking may be expressed in a

product form manner. The contribution of fluid level

xk in marking mmii to the firing rate of transition Tj is

946 IEEE TRANSACTIONS ON SOFTWARE ENGINEERING, VOL. 28, NO. 10, OCTOBER 2002



denoted by �
ðkÞ
ij ðxkÞ. In other words, in the presence

of n fluid places with levels xk; 1 � k � n, the rate of

transition Tj in marking mmii may be expressed as a

product as

F ðTj;mmii; xxÞ ¼
Yn
k¼1

�
ðkÞ
ij ðxkÞ:

If in mmii the firing rate of Tj does not depend on fluid
level xk one could simply set �

ðkÞ
ij ðxkÞ ¼ const; 8xk.

3. In order to have bounded state space, we assume
that the number of discrete markings jSdj is finite
and all the fluid places are bounded.

Even if these assumptions are fairly serious, we believe
that there are still a wide range of applications satisfying
these restrictions. In Section 4.4, some ideas will be given
about how to relax the first two assumptions.

We require that it is possible to choose the discretization
steps of the level of the fluid places and the discretization
step of the transient time in such a way that, during a
sojourn in any discrete marking, the change of fluid level
will be an integer multiple of the discretization step. As a
result of our first assumption, this condition does not hold
only if the modeler defines a “strange” fluid rate structure.
This condition is necessary to avoid step-by-step error
accumulation. Without this assumption, the procedure
could result in high inaccuracy.

We assume as well that a state jump from discrete
marking mmii to discrete marking mmjj always flushes out fluid
place ck; 1 � k � jPcj or never flushes it out. This restriction
could be easily relaxed; however, we apply this assumption
because it makes the description of the procedure simpler.

Before starting to describe the discretization scheme,
some notation has to be introduced. This is done in the next
section.

4.2 Notation

The upper bounds of the fluid places are denoted by
Bi; 1 � i � jPcj. The discretization step of fluid place ci is �i;
the number of points of discretization along fluid level xi is
dBi=�ie. The discretization step of the transient time is
denoted by �time. Since we assume that fluid rates do not

depend on the fluid levels, the fluid rate of place cj in

marking mmii may be denoted simply by r
ðjÞ
i .

The set of fluid places that may be nonempty in discrete
marking mmii is denoted by N i. To determine precisely the
sets N i; 1 � i � jSdj is, in general, not a trivial task and is
beyond the scope of this paper. Some trivial observations,
however, can be made. For example, a fluid place is always
empty in a discrete marking mmii if it is always flushed out
when a jump to mmii occurs and ri � 0. The size of N i is
significant from the point of view of the discretization
scheme since, as we will see later, the less elements N i has,
the smaller the discretized state space describing mmii is.
Nevertheless, the proposed procedure can be applied
without determining the sets N i; 1 � i � jSdj precisely,
but the memory consumption can be much higher than
necessary.

In order to describe the discretization procedure, we
need to differentiate the transitions that are enabled to
move discrete tokens from those that are enabled to change
only the continuous marking of the net. To this end, by Ki,
we denote the set of transitions that have concession in

marking mmii (i.e., those that are enabled in mmii to move
discrete tokens of the net).

4.3 Discretization Scheme

In order to describe the discretization scheme, we introduce

the following vectors and matrices.

4.3.1 Vector of Firing Rates

Given a transition Tj that has concession in marking mmii, the

vector ll
ðkÞ
ij ; 1 � k � jPcj describes how the level of a fluid

place ck contributes to the firing rate of Tj in mmii at different

points of the discretized fluid range

ll
ðkÞ
ij ¼

�
ðkÞ
ij ð0Þ

�
ðkÞ
ij ð�kÞ

�
ðkÞ
ij ð2�kÞ

..

.

�
ðkÞ
ij ðh

ðkÞ
i �kÞ

266666664

377777775;

where h
ðkÞ
i ¼

0; if ck =2 N i;
dBk=�ke; if ck 2 N i:

�
As one could observe the length of ll

ðkÞ
ij is dBk=�ke þ 1 if ck

can be nonempty in mmii, otherwise it contains a single value.

4.3.2 Matrix to Describe Fluid Rates

Next, we define the matrix GG
ðkÞ
‘ that describes how a fluid

level xk changes in a discrete marking mm‘‘ during a period of

�time. If ck may be nonempty in mm‘‘, the matrix is of size

ðdBk=�ke þ 1Þ � ðdBk=�ke þ 1Þ and its entries are given by

GG
ðkÞ
‘

h i
ij
¼

1; if jÿ i ¼ r
ðkÞ
‘
�time
�k

;

1; if j ¼ 0; r
ðkÞ
l < 0; i � jr

ðkÞ
‘
j�time
�k

;

1; if j ¼ dBk=�ke; rðkÞ‘ > 0; i � dBk=�ke ÿ
r
ðkÞ
‘
�time
�k

;
0; otherwise;

8>>>>><>>>>>:
where i (j) corresponds to the fluid level before (after) the

period of length �time. If fluid place ck is always empty in mm‘‘,

then GG
ðkÞ
‘ ¼ ½1�. As mentioned in Section 4.1, we assume that

r
ðkÞ
‘ �time=�k is an integer. If this condition does not hold, the

procedure can be still applied using the closest integer to

r
ðkÞ
‘ �time=�k. To give an example, let us assume that �time ¼

10�1 and r
ð1Þ
1 ¼ 0:2, in this case during a sojourn in marking

mm11 the fluid level increases by 2�1 in an interval of length

�time; this is described by

GG
ð1Þ
1 ¼

0 0 1 0 � � �
0 0 0 1 0 � � �

. .
. . .

. . .
. . .

.

� � � 0 0 1
� � � 0 1

� � � 1

266666666664

377777777775
:
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4.3.3 Matrix to Describe Fluid Dynamics at State Jumps

The matrix denoted by JJ
ðmÞ
kl describes the evolution of fluid

level xm during an interval of length �time in which a state
jump occurs from discrete marking mmkk to discrete marking
mm‘‘. The entries of matrix JJ

ðmÞ
kl have the meaning

JJ
ðmÞ
kl

h i
ij
ffi

Pfxmðtþ �timeÞ 2 ½ðjÿ 1=2Þ�m; ðjþ 1=2Þ�m� j
mmðtÞ ¼ mmkk;mmðtþ �timeÞ ¼ mm‘‘; xmðtÞ ¼ i�m;

one jump occurs in ½t; tþ �time�g:

ð4Þ

In general, when the firing rates depend on one or more
fluid levels, the probability defined in (4) also depends on
the fluid levels. We will assume, however, that the firing
rates do not change during the interval of length �time and,
as a result of this assumption, the single state jump occurs
uniformly distributed in the interval. Hence, the probability
given in (4) is not computed precisely, it is only approxi-
mated. For this reason, ffi is used instead of ¼ .

We note as well that JJ
ðmÞ
kl is not necessarily a square

matrix. If cm 2 N k but =2 N ‘ (or vice versa), then JJ
ðmÞ
kl is a

column vector of length ðdBm=�me þ 1Þ (or a row vector of

length ðdBm=�me þ 1) ).

The entries of JJ
ðmÞ
kl are approximated the following way.

Let us assume that the state jump occurs at a � �time time
instant, the jump does not cause the fluid place cm to be
flushed out, and xmð0Þ ¼ i�m. At time instant �time the fluid
level xmð�timeÞ is

xmð�timeÞ ¼
maxðmaxð0; i�m þ arðmÞk Þ þ ð�time ÿ aÞr

ðmÞ
‘ ; 0Þ;

if r
ðmÞ
k � 0; r

ðmÞ
‘ � 0;

minðmaxð0; i�m þ arðmÞk Þ þ ð�time ÿ aÞr
ðmÞ
‘ ; BmÞ;

if r
ðmÞ
k � 0; r

ðmÞ
‘ > 0;

maxðminðBm; i�m þ arðmÞk Þ þ ð�time ÿ aÞr
ðmÞ
‘ ; 0Þ;

if r
ðmÞ
k > 0; r

ðmÞ
‘ � 0;

minðminðBm; i�m þ arðmÞk Þ þ ð�time ÿ aÞr
ðmÞ
‘ ; BmÞ;

if r
ðmÞ
k > 0; r

ðmÞ
‘ > 0:

8>>>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>>>:

ð5Þ

If the state jump from mmkk to mm‘‘ flushes out cm, the above
equations simplify to

xmð�timeÞ ¼
maxðð�time ÿ aÞrðmÞ‘ ; 0Þ; if r

ðmÞ
‘ � 0;

minðð�time ÿ aÞrðmÞ‘ ; BmÞ; if r
ðmÞ
‘ > 0:

(
ð6Þ

Based on (5) and (4), one can determine the interval ½a1; a2�
for which

if a 2 ½a1; a2�; then xmð�timeÞ 2 ½ðjÿ 1=2Þ�m; ðjþ 1=2Þ�m�:

Having determined the interval ½a1; a2�, the ði; jÞ entry of
JJ
ðmÞ
kl is simply approximated as

JJ
ðmÞ
kl

h i
ij
¼ a2 ÿ a1

�time
:

The expression is exact in case of those state jumps that are
caused by a transition whose firing rate does not depend on
the fluid levels. The approximation is satisfactory for those
transitions whose firing rate does not vary in a large scale
by small changes in the fluid levels. If the firing rate
changes a lot (the extremity is the transition that fires in a
deterministic manner when a given fluid level reaches a
value), the discretization step of the transient time (�time)
has to be small in order to avoid inaccuracy.

The matrices JJ
ðmÞ
kl ; 1 � k; l � jSdj; 1 � m � jPcj have an

important role in the procedure from the point of view of
precision. Having a state jump in an interval of length �time
we will not assume that the jump occurred at the beginning
(or at the end) of the interval. Instead, the probabilities will
be distributed among several points of the discretized state
space according to when the state jump could occur. As a
result, the dynamics of the fluid will be followed fairly
precisely in the presence of state jumps as well.

4.3.4 Vector of Transient Probabilities

During the calculations the transient probabilities of the
system are stored in the vectors ppi; 1 � i � jSdj; ppi contains
the discretized common probability density function of the
fluid levels in discrete marking mmii. Accordingly, the length
of ppi is given by Y

j;cj2N i

Bj

�j

� �
þ 1

� �
:

In the vectors ppi; 1 � i � jSdj every position corresponds to
a combination of fluid levels. In the following, we describe
how to find a given fluid level combination in the vectors.
We use a so-called mixed-based numbering scheme which
is closely related to the Kronecker-product operator. Let us
use the notation

n
ðk;lÞ
i ¼

Yl
j¼k

s
ðjÞ
i ;

where s
ðjÞ
i ¼

1; if cj =2 N i

dBj=�je þ 1; if cj 2 N i:

�
Then, in the discretized state space, the probability that the
process is in discrete marking mmii and the vector describing
the fluid levels

xx ¼ ½l1�1; l2�2; . . . ; ljPcj�jPcj�;

where 0 � lk �
0; if ck =2 N i;
dBk=�ke; if ck 2 N i;

�
is given by the mth entry of the vector ppi with

m ¼ð. . . ðl1sð2Þi þ l2Þs
ð3Þ
i . . .ÞsðjPcjÞi þ ljPcj ¼XjPcj

k¼1

lkn
ðkþ1;jPcjÞ
i ;

where n
ðjPcjþ1;jPcjÞ
i ¼ 1.

Having defined the above vectors and matrices, herein-
after we describe how the transient probabilities are
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computed from one step to another. Let us denote the

emergent probability vectors by pp0i; 1 � i � jSdj.
In every step, the evolution of the probabilities during

an interval of length �time is determined. We assume that

0 or 1 state jump occurs during the interval. If �time is low

enough, this assumption does not lead to significant

inaccuracy. Being in mmii with continuous marking

xx ¼ ½l1�1; l2�2; . . . ; ljPcj�jPcj�, the probability that a transition

Tj 2 Ki fires in the next �time interval is approximated by

�time
YjPcj
k¼1

�
ðkÞ
ij ðlk�kÞ: ð7Þ

The same comments may be repeated on the goodness of the

approximation given in (7) as the ones that were given on the

goodness of the approximation given for the matrices JJ
ðmÞ
kl .

The approximation in (7) is precise for those firing rates that

do not vary much as a result of small changes in the fluid

levels.
In every step, at first, we follow the case when no state

jump occurs during the observed interval

pp0i ¼ ppi II ÿ �time
X

j; Tj 2 Ki
diag

O
k;ck 2 N i

ll
ðkÞ
ij

0@ 1A0@ 1A
�

O
k;ck 2 N i

GG
ðkÞ
i

0@ 1A; for 1 � i � jSdj;

ð8Þ

where diagðvvÞ represents the square matrix with vector vv in

its diagonal. According to (8), the entries of ppi are reduced

by the probability that the process jumps out of mmii

(described by the entries of the vectors ll
ðkÞ
ij ) and then are

shifted in accordance with the fluid rates (described by the

matrices GG
ðkÞ
i ). This shift corresponds to the discretization of

the second term of the left-hand side of (3).
The state jumps and their effect on the fluid levels are

considered by

pp0i þ¼ �time
XjSdj
j¼1

ppj
X

k; Tk 2 Kj
bkji diag

O
‘;c‘ 2 N i

ll
ð‘Þ
jk

0@ 1A0@ 1A
�

O
‘;c‘ 2 N i

JJ
ð‘Þ
ji

0@ 1A; for 1 � i � jSdj;

ð9Þ

where bkji denotes the probability that the firing of Tk in mmii

leads to mmjj. The quantities bkji, which are used to take into

account the effect of immediate transitions, can be deter-

mined directly from the net. In (9), we use þ¼ because the

right-hand side has to be added to the right-hand side of (8).
In (9), as in (8), the probability of a state jump is

calculated based on the values of the vectors ll
ð‘Þ
jk , and the

fluid level in the next state is distributed according to the

matrices JJ
ðkÞ
ji .

The different kinds of performance indexes described in

[2] can be calculated during the transient analysis by

substituting the integrals over the state space by suitable

summations over the discretized state space.

4.4 Extensions

In this section, we give some ideas on how to relax the
assumptions listed in Section 4.1.

The first assumption may be refined the following way.
Instead of assuming that the fluid rates do not depend on
the continuous marking, we assume only that a fluid rate
depends on other fluid rates in a piecewise constant
manner, i.e., the functions �

ðkÞ
ij ðxÞ are piecewise constant.

In this case, the state space of a discrete marking may be
partitioned into subsets in which the fluid rates are constant
and a very similar procedure can be applied.

The second assumption may be relaxed as well. If the
firing rates cannot be expressed as the product of functions,
the matrices that are described in (8) and (9) by Kronecker-
operators as

diag
O

‘;c‘ 2 N i

ll
ð‘Þ
jk

0@ 1A
have to computed by other (possibly more complicated)
Kronecker expressions or have to be constructed element-
wise “by hand.”

4.5 Complexity

One step of the transient analysis can be viewed as a vector-
matrix multiplication where the vector contains the tran-
sient probabilities of the underlying discretized state space.
Thus, the applicability of the presented discretization
scheme is determined by the size of the whole discretized
state space. It is given by

XjSdj
i¼1

Y
j;cj 2 N i

Bj

�j
þ 1

� �� �
: ð10Þ

The following implications are shown by (10):

. If the model has a large number of discrete states, the
proposed discretization can be applied only if there
is only one fluid place in the model and there are
only few tangible markings in which the fluid places
can be nonempty.

. If the fluid places are nonempty in most of the
tangible markings, the number of tangible markings
has to be low.

In other words, the largeness of a model depends neither
on the number of tangible markings nor on the number of
fluid places. It depends on the size of the underlying
discretized state space.

The advantage of the presented algorithm is that, as a
result of the modular representation, even if the state space
is huge, the matrices describing the evolution of the process
can be stored in a memory-efficient way. This is due to two
reasons:

. Some descriptors of the discretization scheme, i.e.,
the vectors ll and the matrices GG, JJ , can be identical
for different indices. For example, the firing rate of a
transition may be the same in different markings, or
a fluid level may evolve in the same way in several
markings. In this case, as natural, the descriptor is
stored only once which allows us to exploit the
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symmetries of the net. If there is a lot of symmetry in
the model noticeable amount of memory can be
saved this way.

. The assumptions we made allow us to handle the
fluid levels in a separate manner. The evolution of
the fluid levels is described by the Kronecker-
expression of relatively small matrices with as many
terms as many fluid places may be nonempty in the
given marking. Instead, if the evolution of fluid
levels was described in a nonmodular manner, then
we should store a matrix with as many entries as the
product of the number of entries of the terms of the
Kronecker-expression.

The complexity of performing the Kronecker-operations
given in (8) and (9) depends on the chosen algorithm.
Several different possibilities with their complexity are
described and compared in [14]. Using the algorithms given
in [14], one can exploit the sparsity of the matrix and the
fact that the same entries of the matrices are used several
times during the computation of the Kronecker-products.

4.6 Error Estimation

Precise error estimation of the presented discretization
scheme is not straightforward and is out of the scope of this
paper. This is because the dependency of the firing rates on
the fluid levels gives rise to differential equations that are
hard to analyze. As future work, it is planned to identify
more restricted cases for which thorough error estimation is
possible.

Even if giving precise error estimation is a difficult task,
it is easy to see which steps of the transient analysis
introduce inaccuracies:

. Firing intensities are calculated in (7). This expres-
sion assumes that the firing rate of the transition is
constant during the �time interval and gives a first
order approximation of the probability of firing. This
can be inaccurate if the firing intensity varies a lot as
a result of a small change in the fluid levels or if the
chosen �time is not small enough. The proposed
scheme does not consider multiple discrete state
jumps in a �time interval. If �time is not small enough,
this feature can result in inaccuracies as well.

. Another source of error is in the matrices JJ
ðmÞ
kl which

describe what happens to the fluid levels in a �time
interval when state jump occurs. As for the firing
rates, the error caused by this approximation is big if
the firing intensity varies a lot as a result of a small
change in the fluid levels or if the discretization
steps on the fluid levels are not small enough.

Further analysis of the proposed discretization technique
will be given in connection with the numerical examples in
the next section.

5 APPLICATION OF THE DISCRETIZATION SCHEME

In this section, first, we illustrate the applicability of the
proposed discretization scheme by performing transient
analysis of a FSPN with one fluid place that models a
system with garbage collection. Then, using the introduced
example, we analyze the memory and time consumption of

the scheme and compare it to other methods like semi-
discretization and simulation. In Section 5.3, an example
with two fluid places is given.

5.1 FSPN Model of a System with Garbage
Collection

Consider a multiuser system with garbage collection, such
as a Java servlet running under a Java virtual machine.
Fig. 1, models such a system. The model has five discrete
places and a single fluid place. Place p1 models the load of
the network: The number of tokens in place p1 corresponds
to the number of users in the system. We assume that the
maximum number of users present in the system is
bounded by a constant k. Transition T1 models the entrance
of a new user in the system. The inhibitor arc with
multiplicity k ensures the bound on the number of users
concurrently working. We assume a constant arrival rate �1.
Place p4 and p5 model the garbage collector: When the token
is in p5, the garbage collector is inactive; if place p4 is
marked instead, the system is undergoing a garbage
collection. Fluid place c1 models the amount of allocated
memory. Transition T2 corresponds to the service being
offered to the users. It fires when a user finishes its service
and leaves the system. The transition rate of T2, �2ðm1;m4Þ
depends both on the load of the system (marking of place
p1) and on whether the garbage collector is active or not. We
expect transition T2 to grow almost linearly with the
number of customers in the system (marking of place p1)
and to fall down dramatically during the garbage collection.
We assume that each process requires a quantity of memory
that grows linearly with its service time and we model this
with a fluid arc connecting T2 to c1. We expect the flow rate
of this arc R1ðm1;m4Þ to be proportional to the firing rate of
T2 and, since, as required by the proposed algorithm, the
fluid rate depends only on the discrete part of the marking.
Transition T3 models the start of the garbage collection
activity and depends on the actual memory allocated x1. We
expect a higher probability of starting the garbage collection
action when the allocated memory reaches an upper
threshold Mhigh. Garbage collection stops with the firing of
transition T4. Also, in this case, we imagine it being
dependent on the quantity of allocated memory x1. In this
case, we assume a high probability of ending the garbage
collection when the allocated memory falls below a given
threshold Mlow. During garbage collection, memory is freed
at a constant speed R2 through the fluid arc connecting
fluid place c1 to transition T4. If the allocated memory
reaches Mcrash ¼ 1, i.e., when there is no more memory to
allocate, the system crashes. Place p2 models the correct
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behavior of the system, while place p3 denotes a crash state.
Transition T5 models the crash event and is a Dirac delta
depending on the total allocated memory x1 and placed on
Mcrash.1 Transition T6 models the system recovery and it is
exponentially distributed with constant rate �6. Inhibitor
arcs connecting place p3 to transitions T1, T2, and T3

prevents the system from work during the recovery phase.
Immediate transition t1, models the event of a crash
occurring during a garbage collection phase.

The firing intensity of transition T5 depends in a
deterministic manner on fluid level x1. This fact is reflected
during the discretization by setting

ll
ð1Þ
i5

h i
j
¼ 0; if j < dMcrash=�1e;

1
�time

; if j ¼ dMcrash=�1e;

�
for 8i such that T5 2 Ki. While, for the sake of conserving
probability, all other transitions are “switched off” if the
fluid level reached Mcrash, i.e.,

ll
ð1Þ
ij

h i
dMcrash=�1e

¼ 0;

for 8i; j such that T5 2 Ki; Tj 2 Ki; j 6¼ 5.
The example was analyzed using the following set of

parameters:

k ¼ 5 or 7; Mcrash ¼ 1; Mhigh ¼ 0:8 or 0:95; Mlow ¼ 0:3;

�1 ¼ 2; �2ðm1;m4Þ ¼
k

m1 ðm4 þ 1Þ ;

�3ðx1Þ ¼
0; x1 < Mlow

1; Mlow � x1 < Mhigh

10; Mhigh � x1

8<: ;

�4ðx1Þ ¼
1; x1 > Mlow

10; x1 � Mlow

�
;

�5ðx1Þ ¼ �ð1ÿ x1Þ; �6 ¼ 0:25;

R1ðm1;m4Þ ¼ 0:05
m1

m4 þ 1
; R2 ¼ 0:2 : ð11Þ

As mentioned in Section 4.1, such discretization steps (�1

and �time) have to be found with which, in any of the

markings, the change in the fluid level during a sojourn of

length �time is the integer multiple of �1. In order to assist the

choice of appropriate �1 and �time, the rate of the fluid flow

in different markings is given in Table 1. The values

appearing in the table are computed based on (11).
The results presented in this section were calculated with

discretization steps

�1 ¼ 0:000125; and �time ¼ 0:005:

These discretization steps fulfill the assumptions
(Section 4.1). In Section 5.2, we will investigate the effect

of the choice of the discretization steps on the memory
requirements and time consumptions.

Following the classification of performance measures

given in [2], hereinafter some examples of different types of

performance measures are given. As an example of discrete

state measures, we compute the probability of being in

working and crash state versus time (depicted for different

cases in Figs. 2 and 3). The probability that the system is

working and not undergoing garbage collection at time � is

given by

Pfworking at time �g ¼X
mmi:m4¼0;m3¼0

Z Mcrash

0

�ið�; x1Þdx1:

A discrete throughput measure is the number of users

served by the system divided by the elapsed time. This

measure is depicted in Fig. 4 for the different cases and may

be obtained at time � by calculatingR �
0

X
mmi2Sd such that

T2is enabled

RMcrash

0 �ið�; x1Þdx1 �2ðm1;m4Þ d�

�
:

As a combination of discrete and continuous state measures,
it is possible to compute the probability of a situation that is
defined by conditions on both the discrete and the fluid part

GRIBAUDO AND HORV�AATH: FLUID STOCHASTIC PETRI NETS AUGMENTED WITH FLUSH-OUT ARCS: A TRANSIENT ANALYSIS TECHNIQUE 951

TABLE 1
Rate of Change of Allocated Memory in

Different States of the System

Fig. 2. Probability of working (garbage collector is inactive) versus time.

1. Here, the use of Dirac delta function does not corresponds to its
mathematical definition. However, because fluid level dependent immedi-
ate transitions are not included in the formalism, we use it to reflect the
infinity of the firing rate.



of the net. Fig. 5 shows the probability of the occurrence of a
“dangerous situation” when the number of users in the
system is higher than a given value and the amount of
allocated memory is higher than Mhigh. The probability of
this situation at time � may be expressed as:

Pfm1 � N and x1 � Mhigh at time �g ¼X
mmi:m1�N

Z Mcrash

Mhigh

�ið�; x1Þdx1:

As an example of a pure fluid state measure the probability

density function (pdf) of the distribution of the fluid level at

different time instants for k ¼ 5;Mhigh ¼ 0:8 is depicted on

Fig. 6. The pdf of the fluid level at time � is given byX
mmi 2 Sd

�ið�; x1Þ:

The precision of the above presented transient results

obtained by the method described in Section 4 were

validated by simulation.

5.2 Analysis of the Discretization Scheme

Throughout this section, we concentrate on the case k ¼ 5

and Mhigh ¼ 0:8.
In this example, it is easy to verify that the fluid place is

empty when the system is in one of the markings

representing crash (token in place p3). In all other markings,

the fluid level has the upper bound Mcrash (reaching this

level the system gets into crash). The number of markings

corresponding to the working state (inactive garbage

collector) is kþ 1. Similarly, we have kþ 1 markings

corresponding to garbage collecting and kþ 1 markings

representing crash situations. Accordingly, the size of the

discretized state space is

2ðkþ 1Þ � 1

�1
þ 1

� �
þ kþ 1;

which gives 120,018 for k¼5.
In the case �1 ¼ 0:000125; �time ¼ 0:005, the proposed

modular description of the applied explicit discretization

scheme requires the storage of matrices with 106 entries

altogether. The explicit storage of the scheme would require
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Fig. 3. Probability of crash versus time.

Fig 4. Average number of users served by the system divided by the

elapsed time versus time.

Fig. 5. Probability of having more than three or four users and fluid level
higher than Mhigh versus time.

Fig. 6. Density function of fluid level distribution at different time instants.



storing a single matrix with approximately 2:5� 106 entries.
Let us refer here in short to Section 4.5: The above gain is
achieved by exploiting the symmetries of the net. The
advantages of separate handling of fluid places obviously
do not appear in this example. According to our experience,
for the model presented in Section 5.1, independently of the
chosen discretization steps, the storage of the scheme using
the modular description requires about factor 2.5 less
memory than storing the scheme explicitly. In general, the
amount of memory saved by using the Kronecker-based
discretization scheme depends very much on the model
under analysis.

Fig. 7 depicts the memory required to store the
discretization scheme for different values of the discretiza-
tion steps. The figure shows also the amount of memory
required to store the matrix that is needed to analyze the
system by semidiscretization (see, for example, [15]). We
used the Forward Euler scheme to solve the system of linear
equations obtained from the semidiscretization. In order to
have stable calculations and precise results, the time step of
the Forward Euler scheme has to be kept small considering
the largest fluid rate of the model; to this aim, we set �time ¼
�1=ratemax=10 (for example, �time ¼ 0:0008 when �1 ¼ 0:002).
It can be observed in Fig. 7 that, for a given value of �1, the
amount of necessary memory increases as �time increases.
The reason is that, as �time increases, the number of nonzero
entries of the matrices JJ increases as well. It can also be seen
that the memory requirement of the proposed method is
lower than that of the semidiscretization in the range
�1 2 ½10ÿ4; 10ÿ3�. Below this range, as it can be predicted by
extrapolation, the amount of memory needed by semidis-
cretization is lower. The reason is found again in the
number of nonzero entries of the matrices JJ : the matrices JJ
fill up faster than the matrix of the semidiscretization.

Fig. 8 depicts the time needed to compute the transient
results until 16 units of time both using the proposed
method and semidiscretization. The experiences were
performed on a computer running at 800 MHz with
512 Mbytes of main memory. Even if the memory
requirement for smaller values of �time is smaller and the
computation of one step ahead in transient time takes less
time, the time needed to compute the transient results is

higher because for smaller values of �time the scheme has to
be applied more times. As it can be seen, since the time step
of semidiscretization has to be kept smaller than �time of the
proposed technique, semidiscretization requires signifi-
cantly more time.

Fig. 9 depicts the pdf of the fluid level at transient time 1
with three customers present initially in the system. In this
case, if neither a new customer arrives nor a customer
leaves the system until time 1, the fluid level equals 0.15, so
that there is a discontinuity in the pdf. As suggested by the
figure, semidiscretization does not capture this discontinu-
ity, it distributes the probability around 0.15. Instead, the
proposed scheme reflects the discontinuity. Furthermore,
semidiscretization assigns some probability to having fluid
level higher than 0.25. This is in contrast with the property
that after one time unit the highest possible value of the
fluid level is 0.25. The proposed technique conserves this
property of the model. The two approaches were used with
the same discretization step of the fluid level
�1 ¼ 1:25� 10ÿ4. The discretization step of the transient
time was �time ¼ 5� 10ÿ5 in case of semidiscretization,
while it was 5� 10ÿ3 in case of the proposed discretization
technique.
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Fig. 7. Memory requirement. Fig. 8. Seconds needed to compute transient results until time t = 16.

Fig. 9. The pdf at time t=1, with three customers initially in the system.



Fig. 10 gives the above described pdf as obtained by

simulation. The results obtained by simulation correspond

very well with the results given by applying the proposed

technique. However, obtaining such precise results by

simulation requires about 100 times more time.

5.3 FSPN Model with Two Fluid Places

In this section, in order to present an example with two

fluid places, we add another fluid place to the example

presented in Section 5.1. This is done by duplicating the

system. We assume that there are two kinds of users and the

two kinds use two separate memories to run their

applications. The only connection between the two sub-

systems is that when the amount of allocated memory of

any of the them reaches Mcrash both subsystems get into

crash state. The model is depicted in Fig. 11.
The model was solved with the following parameters

(parameters connected to the additional part of the net are

indexed with an additional 2):

k ¼ 2; Mcrash ¼ 1;

Mhigh ¼ 0:8; Mlow ¼ 0:3;

Mhigh2 ¼ 0:7; Mlow2 ¼ 0:2;

�1 ¼ 2; �2ðm1;m4Þ ¼
k

m1 ðm4 þ 1Þ ;

�12 ¼ 2; �22ðm12;m42Þ ¼
k

m12 ðm42 þ 1Þ ;

�3ðx1Þ ¼
0; x1 < Mlow

1; Mlow � x1 < Mhigh

10; Mhigh � x1

8<: ;

�32ðx12Þ ¼
0; x12 < Mlow2

1; Mlow2 � x12 < Mhigh2

10; Mhigh2 � x12

8<: ;

�4ðx1Þ ¼
1; x1 > Mlow

10; x1 � Mlow

�
;

�42ðx12Þ ¼
1; x12 > Mlow2

10; x12 � Mlow2

�
;

�5ðx1Þ ¼ �ðx1 ÿ 1; x12 ÿ 1Þ; �6 ¼ 0:25;

R1ðm1;m4Þ ¼ 0:1
m1

m4 þ 1
; R2 ¼ 0:2;

R12ðm12;m42Þ ¼ 0:1
m12

m42 þ 1
; R22 ¼ 0:2;

where �ðx1 ÿ 1; x12 ÿ 1Þ is used to reflect that firing rate of

T5 is infinite if any of the fluid places reach Mcrash.
The model was solved with discretization steps

�time ¼ 5� 10ÿ2; �1 ¼ �12 ¼ 1:25� 10ÿ3. The number of tan-

gible markings is 45. The discretized state space has about

2:3� 107 points. Using the proposed technique the storage

of the scheme requires the storage of about 7� 104

numbers. Explicit storage would require storing approxi-

mately 7� 109 numbers. Memory savings are much higher

in this case because this example shows the advantages of

separate handling of the fluid places as well which did not

appear in the first example. One step ahead in the transient

analysis takes about 100 seconds.
Figs. 12 and 13 depict the common probability density

function of the levels of the fluid places at transient time 5

and 15.
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Fig. 10. The pdf at time t = 1, with three customers initially in the system

compared with simulation.

Fig. 11. Garbage collection with separate memories.

Fig. 12. Density of fluid distribution at transient time t ¼ 5.



Our implementation of semidiscretization and simula-
tion is not suitable for more than one fluid places. So that,
the results presented in this section are not checked against
other methods. However, since the discretization method
gave quite accurate results for the example with one fluid
place using �time ¼ 5� 10ÿ2; �1 ¼ 1:25� 10ÿ3 as discretiza-
tion steps, we believe that the results given in this section
are quite accurate as well.

6 CONCLUSIONS

In this paper, a numerical solution technique for the
transient analysis of Fluid Stochastic Petri Nets with
flush-out arcs has been presented. The transient solution
is carried out by applying explicit discretization of the
differential equations that describe the transient evolution
of the model. Instead of storing explicitly a matrix, the
discretization scheme is given by suitable Kronecker
expressions of vectors and matrices of relatively small size.
This modular description proved to be memory-efficient
compared to explicit storage of the discretization scheme.

Because of the high level of modeling freedom given by
the formalism, error estimation is not straightforward. As
future work, we plan to investigate this issue.

The applicability of the transient solution was shown
through the modeling of a multiuser system with garbage
collection. The example was used also to compare the
proposed method with semidiscretization and simulation.
As opposed to semidiscretization, the technique proved to
be superior from the point of view of tracking the move-
ment of probability masses and sharp changes in prob-
ability density functions.
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Fig. 13. Density of fluid distribution at transient time t ¼ 15.


