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Abstract

Gillespie’s algorithm serves to simulate a network of
stochastic reactions with given initial quantities and kinetic
rate constants. In this paper we consider the estimation
of the kinetic rate constants of the reactions based on a
set of discrete observations generated by Gillespie’s algo-
rithm. In particular, we present an Expectation Maximisa-
tion (EM) method to perform maximum likelihood estima-
tion of the rate constants. Applicability of the method is
tested on a simple reaction network.

1. Introduction

The algorithm introduced by Gillespie [8] performs
stochastic simulation of reaction networks, it allows to
model chemical or biochemical kinetics. When applying
this simulation method the kinetic rate constants (called
simply kinetic rates from now on) of the reactions must be
set. Most studies that deal with the identification of these
parameters are based on the deterministic model of the reac-
tion networks, i.e., the dynamics of the model is described
by a set of ordinary differential equations (ODEs). Usu-
ally the kinetic rates are identified by applying optimisation
methods [12, 7, 15]. The obtained rates can be transformed
into the kinetic rates of the stochastic model. As pointed
out however in [14] this is not always possible. For this rea-
son some recent studies have attempted to give an estimate
of the kinetic rates based on the stochastic view introduced
by [8]. Bayesian inference methods were used in [10, 2],
maximum likelihood methods were applied in [14, 4, 16].

In this paper, we study, to the best of our knowledge for
the first time, the applicability of the EM method for the
estimation of kinetic rates. The EM method, which is an
approach to maximum likelihood estimation, has the ad-
vantage that it allows to incorporate partial knowledge on
the model into the parameter identification procedure.

The paper is organised as follows. Section 2 gives a brief
introduction to the EM method. Section 3 describes the pro-
posed parameter estimation procedure. In Section 4 we test
the procedure on a simple reaction network. Conclusions
are drawn in Section 5.

2. The EM method

A widely applicable parameter estimation procedure for
incomplete data problems is the EM algorithm. Formulated
in [6], it uses an iterative scheme to maximise the likelihood
(or, equivalently, the log likelihood).

In order to briefly describe the EM method, the following
notation is introduced. LetX , Y andZ be the random vari-
ables representing the complete, the known and the missing
data, respectively. Assume that the actual values of these
random variables arex, y andz of which we know onlyy.
Let P denote the actual set of parameters that we aim to
modify in such way that the likelihood increases. The EM
algorithm proceeds by repeating the following two steps.

The E-step, where E stands for expectation, aims to re-
construct the complete data based on the known data,y, and
the actual set of parameters,P . This is done by calculating
the conditional expectation

z′ = E [Z|Y = y,P ] (1)

and adding the result,z′, to the known part of data,y, form-
ing the expected complete datax′.

In theM-step of the procedure, where M stands for max-
imisation, we choose a new set of parameters,P ′, in such
a way that the likelihood of observingx′ is maximal. With
the resulting set of parameters,P ′, we go back to theE-
step. The iteration is stopped when the likelihood function
cannot be increased anymore.

There are several extensions to the original EM method.
The one of most interest in our case is the Monte Carlo EM
method presented in [17]. The authors suggests that if the



computation of the missing data,z′, according to (1) is too
hard either computationally or conceptually, then augmen-
tation of the incomplete data can still be done by simulation.
If simulation is used in theE-step the monotonicity property
of the original EM method is lost but, as it is shown in [1],
the algorithm gets close to a maximum with high probabil-
ity.

3. Parameter estimation by the EM method

In this section, first, we formulate the problem and then
show how it can be tackled by the Monte Carlo EM method.
Finally, implementation is discussed briefly.

3.1. Formulation of the problem

Assume that we are given a network of reactions with un-
known kinetic rates and experimental observations of quan-
tities of the involved species atN time instants. We assume
that the reactions follow the stochastic dynamics described
by Gillespie in [8]. Our aim is to give a maximum likeli-
hood estimate for the kinetic rates of the reactions.

For what concerns notation,ti, 1 ≤ i ≤ N , denote the
time instants at which we have the observations while the
quantity of the species at timeti is given by vectorYi, i.e.,
ti andYi represent the known data.

We describe the problem as we had observations con-
nected to a single experiment, however, it is straightforward
to extend it to the multiple experiment case.

3.2. Starting values for the parameters

First of all, we have to find reasonable starting values for
the kinetic rates. This can be done by considering the de-
terministic model of the reactions described by ODEs. In
particular, we choose such vector of initial rates,c̄0, that
the sum of the relative errors between the available obser-
vations,Yi, 1 ≤ i ≤ N , and the deterministic behaviour
described by the ODEs is minimal.

3.3. E-step

In theE-step we have to form complete traces based on
the observations,Yi, 1 ≤ i ≤ N , and the actual vector of the
kinetic rates,̄ck. Ideally, one should create such trace that
the process is in stateYi at timeti and the rest of the trace
is the expected behaviour assuming that the parameters are
c̄k. This problem is hard both conceptually and computa-
tionally because Gillespie’s algorithm is the simulation of a
Markov chain that can have huge state space even in case
of the simplest reaction networks. For this reason we opt
for applying the Monte Carlo EM method. Even though the
E-step is still not straightforward because generating such

simulation traces that are in stateYi at timeti, 1 ≤ i ≤ N,

is not simple. Hence we apply an approximation.
In order to form a complete trace betweenti andti+1,

1 ≤ i < N − 1, we perform the following steps.
Step 1. We generateMs simulation traces with initial

stateYi up to timeti+1−ti and choose the one among these
traces that arrived closest toYi+1, where closest means that
the sum of the relative errors in the components is the small-
est. Note that since the underlying Markov chain can be
huge and parametersc̄k can be far from the real parameters,
only a very high number of simulation runs could guarantee
that a trace arrives close toYi+1.

Step 2. In order to avoid the generation of a very high
number of simulations, we “improve” the best trace we find
among a relatively small number of simulation runs. As-
sume that the best trace is

Yi = Z0

r1,s1
−−−→ Z1

r2,s2
−−−→ Z2 . . .

rL,sL
−−−−→ ZL

whereri denotes the reactions,si the sojourn times andL
is such that

∑L

j=1
sj ≤ ti+1 − ti <

∑L+1

j=1
sj . Let Mi

denote the fraction of reactions that we modify during the
improvement of the trace. We repeat⌊MiL⌋, 0 < Mi < 1,

times the following step. We pick up one of theL reaction
in a random manner and check if that single reaction can
be substituted by another reaction in such a way that the
rest of the trace is still possible (i.e., the reactions after the
modified one are still possible to perform) and the final state
of the trace is closer toYi+1 than it was before. The sojourn
times remain unchanged. Substituting reactionrl the trace
becomes

Yi = Z0

r1,s1
−−−→ Z1 . . .

rl−1,sl−1

−−−−−−→ Zl−1

r′

l,sl

−−−→ Z ′

l

rl+1,sl+1

−−−−−−→

Z ′

l+1 . . .
rL−1,sL−1

−−−−−−−→ Z ′

L−1

rL,sL
−−−−→ Z ′

L .

Note that the substitution change the likelihood of the trace
but if the number of molecules is not close to 0 this alter-
ation is minimal. ChoosingMi is crucial because a too high
value can lead to an improbable trace while with a too low
value the traces are not improved enough which can slow
down convergence.

3.4. M-step

In the M-step we have to find such new kinetic rates,
c̄k+1, that the traces generated in theE-step has maximal
likelihood. Assume that the traces are given by

Zi,0 = Yi

ri,1,si,1

−−−−−→ Zi,1

ri,2,si,2

−−−−−→ Zi,2 . . .
ri,Li

,si,Li−−−−−−→ Zi,Li

for 1 ≤ i ≤ N − 1 whereLi is the number of reactions
betweenti andti+1. Then the likelihood of the traces can



be calculated as

N−1
∏

i=1

[(

Li−1
∏

l=0

p(Zi,l, ri,l+1, c̄k+1) (2)

λ(Zi,l, c̄k+1) exp(−λ(Zi,l, c̄k+1)si,l+1)

)

(3)

exp

(

−λ(Zi,Li
, c̄k+1)

(

ti+1 −

Li
∑

j=1

si,j

))

]

(4)

wherep(Z, r, c̄) stands for the probability that if the process
is in stateZ and the kinetic rates are according toc̄ then the
next reaction that takes place isr; λ(Z, c̄) stands instead
for the sum of the intensities (propensities) of all the reac-
tions that are possible inZ given the parameters in̄c. Both
p(Z, r, c̄) andλ(Z, c̄) are straightforward to calculate, see
[8] for details. Let us provide some explanation for (2-4).
Part (2) gives simply the probability that the next reaction
will be the one given in the traces. In part (3) we multiply by
the density that the reaction will take place after the amount
of time given in the trace. Finally, (4) gives the probability
that no reaction takes place between arriving to the last state
of the trace andti+1. By appropriate multiplication of these
quantities we get the likelihood.

3.5. Implementation

The whole procedure has been implemented in a Mat-
lab prototype tool. The optimisation required to deter-
mine the starting values (Section 3.2) and to maximise the
log-likelihood function (Section 3.4) was performed by the
fmincon function.

4. Numerical example

As an example to illustrate the method we consider the
Lotka reactions as given in [8]

X̄ + Y1

c1−→ 2Y1, Y1 + Y2

c2−→ 2Y2, Y2

c3−→ Z

where thebar over X indicates that its population is as-
sumed to remain constant. A simulation trace, generated
according to the Gillespie algorithm, is depicted in Figure1
with initial valuesX = 1, Y1 = 2000, Y2 = 2000, Z = 0
and reaction rates̄c = |c1 c2 c3| = |10 0.01 10|. We assume
to know the number ofY1 andY2 molecules at time instants
ti = (i − 1) 0.1, 1 ≤ i ≤ N = 10.

We apply the ODE view of the process, as it is briefly
described in Section 3.2, to obtain the starting values which
result to bēc0 = |1.003 0.4558 6.563|. Figure 2 shows the
deterministic behaviour with the original parameters, with
the starting parameters,c̄0, and the samples as well. It can
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Figure 1. A simulation run with associated
samples and the ODE trajectory
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Figure 2. Original ODE trajectory and ODE
trajectory with starting values

be observed that̄c0 is a very poor estimation of the original
values and that the simulation trace does not follow pre-
cisely the behaviour described by the ODE.

Figure 3 depicts the relative error with respect to the
original parameters as the function of the number of iter-
ations (c1 is found exactly after 20 iterations and hence the
corresponding error disappears from the figure) and gives
the value of the log-likelihood function as well. Parameters
for this run wereMs = 50 andMi = 0.1. Up to 25 it-
erations the likelihood is increasing and the parameters are
clearly getting closer to the original ones. After 25 itera-
tions, even if there is no improvement, the parameters are
still changing because of the random effect caused by the
Monte Carlo simulation. The calculations took one and a
half hour on a standard portable computer with a 1.5GHz
processor. We believe that a more efficient non-Matlab im-
plementation could drastically speed up the calculations.
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Figure 3. Relative errors and log-likelihood as
function of number of iterations for Ms = 50
and Mi = 0.1
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Figure 4. Likelihood as function of the num-
ber of iterations for different values of Ms and
Mi

Figure 4 depicts the value of the log-likelihood function
for different values ofMs andMi. The fastest convergence
is achieved withMs = 50 andMi = 0.2. In general, for
fixed Ms, there is a tradeoff between performing the im-
provement of the traces with too high or too low value of
Mi. Considering, for example, the case whenMs = 50,
the fastest convergence is obtained withMi = 0.2 while
both Mi = 0.1 and Mi = 0.4 result in slower conver-
gence. For what concerns insteadMs, higher values re-
sult in faster convergence apart from some random effects
caused by the Monte Carlo simulation. According to our
experience, when the parameters are close to the original
ones higher value ofMs results in lower oscillation of the
likelihood.

Figure 5 illustrates how the algorithm proceeds with

Ms = 50 andMi = 0.2. The plots depict the result of the
E-step after different number of iterations. We have plotted
between every two consecutive samples the trace that ar-
rives closest to the samples (result of Step 1. of theE-step)
and its improved version (result of Step 2. of theE-step).
Let us consider the second plot (top right) which depicts
the traces after a single iteration. Att1 = 0.0 the state is
Y1 = 2000, Y2 = 2000 and our aim in theE-step is to cre-
ate the trace that arrives close to the samples att2 = 0.1
which areY1 = 499, Y2 = 2230. Applying Step 1 of the
E-step betweent1 = 0.0 and t2 = 0.1 results in a trace
for which Y1 = 4, Y2 = 2238 at timet2 = 0.1, Step 2 is
able to improve that in such a way that the trace arrives to
Y1 = 408, Y2 = 2003. After 4 iterations of theE- andM-
steps (bottom left plot) the generated traces starts to behave
similarly to the original model. After 30 iterations (bottom
right plot) Step 2. of theE-step does not lead to visually
recognisable improvements, i.e. the parameters are already
such that out of onlyMs = 50 simulation traces we can find
one that arrives very close to the samples. The parameters
after 30 iterations arēc30 = |10.0 0.0101 9.85|.

5. Conclusions and future work

In this paper, we presented an EM method to perform
maximum likelihood estimation of the kinetic rate constants
of a stochastic reaction network based on a small set of dis-
crete observations. The applicability of the method was il-
lustrated by applying it to the classical Lotka reactions.

In the future we will investigate the possibility of incor-
porating faster simulation methods (see, e.g., [9, 5, 13, 11,
3]) into the presented procedure, applying ad-hoc state-of-
the-art optimisation methods in theM-step, finding more ef-
ficient ways of improving the subtraces resulting from sim-
ulation. Also, we plan to study the role of the parameters,
Ms andMi, in order to tune them during the parameter es-
timation.
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