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Università degli Studi di Torino

Dipartimento di Informatica
C.so Svizzera, 185 - 10149 Torino, Italia

SUPERVISOR
Prof. Leonardo Lesmo

PhD Coordinator:
Prof. Piero Torasso



2



Contents

Introduction 9

1 Underspecification: goals and techniques 11
1.1 Building semantic representations in NLP . . . . . . . . . . . 11
1.2 Underspecification as an alternative to

strict compositionality . . . . . . . . . . . . . . . . . . . . . . 14
1.2.1 Enumerative approach . . . . . . . . . . . . . . . . . . 15
1.2.2 Constraint-based Approach . . . . . . . . . . . . . . . 18
1.2.3 A comparison between different approaches . . . . . . . 20

1.3 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25

2 Intuitions behind Dependency Tree Semantics 27
2.1 An alternative way to specify orderings on quantifiers . . . . . 28

2.1.1 Skolem Normal Form Theorem (SNFT) . . . . . . . . . 28
2.1.2 Generalizing SNFT to handle NL semantics . . . . . . 29

2.2 Branching Quantifier (BQ) readings . . . . . . . . . . . . . . . 33
2.3 Partial orderings on quantifiers . . . . . . . . . . . . . . . . . 36
2.4 DTS Formalisation . . . . . . . . . . . . . . . . . . . . . . . . 39
2.5 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 41

3 DTS Syntax-Semantic Interface 43
3.1 Dependency Grammar . . . . . . . . . . . . . . . . . . . . . . 43
3.2 Extensible Dependency Grammar - XDG . . . . . . . . . . . . 46
3.3 DTS syntax-semantic interface . . . . . . . . . . . . . . . . . . 52

3.3.1 A simple Dependency Grammar . . . . . . . . . . . . . 54
3.3.2 Sem and SV ar function . . . . . . . . . . . . . . . . . 56
3.3.3 Extracting predicate-argument relations from a Depen-

dency Tree . . . . . . . . . . . . . . . . . . . . . . . . . 58
3.3.4 Restriction . . . . . . . . . . . . . . . . . . . . . . . . . 64
3.3.5 The G ⇒ DTS interface . . . . . . . . . . . . . . . . . 67

3.4 Comparison with other approaches . . . . . . . . . . . . . . . 67



3.5 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 78

4 Scope disambiguation in DTS 79
4.1 Monotonic Disambiguation . . . . . . . . . . . . . . . . . . . . 79

4.1.1 Partially and fully disambiguated readings in DTS . . . 82
4.2 World knowledge exploitation . . . . . . . . . . . . . . . . . . 84

4.2.1 Formalisation . . . . . . . . . . . . . . . . . . . . . . . 88
4.3 Constraints on SemDep arcs . . . . . . . . . . . . . . . . . . . 90

4.3.1 Nested Quantification . . . . . . . . . . . . . . . . . . 90
4.3.2 Redundant Readings . . . . . . . . . . . . . . . . . . . 94
4.3.3 Additional constraints . . . . . . . . . . . . . . . . . . 96

4.4 Comparison with current constraint-based approaches . . . . . 98
4.5 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 100

5 Models and Branching Quantification 101
5.1 Are BQ readings really available in NL? . . . . . . . . . . . . 101
5.2 (Mostowskian) Generalized Quantifiers . . . . . . . . . . . . . 105
5.3 Barwise . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 108
5.4 Sher . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 111

5.4.1 Classifying BQ quantifications . . . . . . . . . . . . . . 120
5.4.2 Formalization . . . . . . . . . . . . . . . . . . . . . . . 125

5.5 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 130

6 Sher’s theory extensions 133
6.1 The ⊆

max
operator . . . . . . . . . . . . . . . . . . . . . . . . . 133

6.2 Nested Quantification . . . . . . . . . . . . . . . . . . . . . . . 137
6.3 The logics L . . . . . . . . . . . . . . . . . . . . . . . . . . . . 146
6.4 Future extension: cumulative readings . . . . . . . . . . . . . 151
6.5 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 154

7 Model theoretic interpretation of DTS 155
7.1 Translating DTS into L . . . . . . . . . . . . . . . . . . . . . 156

7.1.1 Extracting quantifier prefix from SemDep arc . . . . . 156
7.1.2 Extracting maximality conditions from a Scoped De-

pendency Graph . . . . . . . . . . . . . . . . . . . . . 159
7.2 An algorithm for translating Scoped Dependency Graphs into

L formulae . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 174
7.3 Examples . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 179
7.4 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 198

Conclusion 199

4



References 203

5



6



Introduction

This thesis presents Dependency Tree Semantics (DTS), a new logical for-
malism able to underspecify the possible interpretation of NL sentences con-
taining more than one quantifier. The thesis is organized in seven chapters.
Chapter 1 discusses the importance of devising semantic underspecified for-
malisms like DTS and presents main proposals in the recent literature. Then,
it classifies the different techniques of underspecification in two main ap-
proaches (enumerative and constraint-based approach) and highlights their
points of strenght and weakness.
Chapter 2 proposes a third approach to underspecification: achieving disam-
biguation by explicitly showing the dependencies between involved groups
of entities, i.e. by implementing a kind of “Skolemization” in an underspec-
ified formalism. This new approach is then formalized into a logics called
Dependency Tree Semantics. Well-formed structures in DTS are based on
simple graphs that represent the predicate-argument relations present in the
sentence, without any quantification. The nodes of G are either predicates
or discourse referents; each arc connects a predicate with a discourse refer-
ent and is labelled with the number of the argument position. This graph,
that constitutes an underspecified representation of the sentence, can then
be enriched by additional dependencies between discourse referents, in order
to specify a particular reading. These dependencies, as pointed out above,
correspond to Skolem functions.
Chapter 3 and chapter 4 respectively present the syntax semantics interface
of DTS, i.e. a computational procedure to compositionally obtain DTS well
formed structures starting from a Dependency Tree, and the disambiguation
mechanism, i.e. how additional dependencies can be introduced in order to
identify a particular reading among those available.
These two chapters contain several comparisons with other underspecified
formalism belonging to the two approaches mentioned above (enumerative
and constraint-based) highlighting that Dependency Tree Semantics is able
to preserve the advantages of both.
Nevertheless, the main advantage of DTS is that, contrary to main current
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proposals in the literature, it is able to represent the so-called Branching
Quantifier readings. The reason why Branching Quantifier readings are not
taken into account in most other current underspecified formalisms is per-
haps that their actual existence in NL has not been completely accepted
by the linguistic community. The motivations for considering Branching
Quantifier readings as autonomous interpretations of the sentence, worth an
explicit representation, are reported in chapter 5. That chapter presents also
main results about the model-theoretic interpretation of Branching Quanti-
fier structures. In particular, it focuses on the work of Sher, that proposes
to interpret Branching Quantification by asserting particular conditions in
Second Order Logics called Maximality Conditions.
Chapter 6 discusses some limitations in Sher’s work and presents an exten-
sion of her logics.
Finally, chapter 7 presents an algorithm that translates Scoped Dependency
Graphs into formulae of L. This algorithm provides an indirect model-
theoretic interpretation of DTS in that translates DTS well-formed struc-
tures into formulae of Second Order Logics, whose semantics is already well-
defined.
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Chapter 1

Underspecification: goals and
techniques

This chapter concerns the representation of Natural Language (NL) meaning
and discusses the need of underspecified formalisms both from a theoretical
and a practical point of view.
In section 1.1 I will outline the context of the thesis: the semantic repre-
sentation of NL sentences. In particular, I will introduce the Principle of
Compositionality and discuss the main problems concerning its applicability,
i.e. pure semantic ambiguities. A brief summary of these ambiguities is then
presented, with a special focus on quantifier scope ambiguities.
Section 1.2 presents Underspecification as a way for dealing with semantic
ambiguities without compromizing the Principle of Compositionality. Fur-
thermore, some recent underspecified formalisms are presented. In particu-
lar, I will classify them into two main approaches which I will call Enumer-
ative and Constraint-based respectively. A comparison between these two
approaches concludes the section.

1.1 Building semantic representations in NLP

The goal of translating NL sentences into a logical representation enabling
reasoning is difficult to achieve in that it is possible to reason only on unam-
biguous knowledge, whereas Natural Language sentences generally contain
many ambiguities, some of which require a lot of effort to be solved.
The translation is basically carried out along three main sequential tasks:
morphologic, syntactic and semantic processing. In the first, the words are
singularly analysed and associated with some relevant features, e.g. part of
speech, lexical semantics, etc.; then, the syntactic module parses the whole
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sentence and produces a representation depicting its structure, i.e. how the
words are organized.
Finally, the semantic processing – the task on which this thesis is focused –
builds a logical representation of the sentence meaning, on the basis of the
semantics of the words and their organization.
As far as I know, every approach in the literature states that this construc-
tion has to be realized, as far as possible, in the light of Frege’s Principle of
Compositionality.

Definition 1.1 (The principle of Compositionality).
The meaning of a complex expression is determined by the meanings of its
constituent expressions and the rules used to combine them.

This principle, which concerns logical representations in general, was adapted
to NL Semantics especially by the work of Montague (see, for example,
[Dowty et al., 1981]). In Montagovian standard approach, NL sentences
are not translated into formulae of some logics, but NL itself is considered a
compositional logics.
Hence, in this view, once we know the syntactic structure of a sentence and
the meaning of its lexical units, we can deterministically compute the mean-
ing of the whole sentence.
Clearly, in order to realize this functional syntax-semantics mapping, all NL
ambiguities must be treated as structural ambiguities; in other words, if a NL
language sentence is ambiguous between n different interpretation, it must
be associated to n different syntactic representations.
Unfortunately, this view runs into the fact that NL also shows pure semantic
ambiguities, as it will be clearer in the next subsection.

Semantic Ambiguities

In NL, some elements can semantically interact in different ways rising up a
semantic ambiguity.
One of the most widespread semantic ambiguity is the Quantifier Scope Am-
biguity, which leads to different interpretations of an NL sentence depending
on how we choose to order the scope of the quantifiers occurring therein. For
instance, consider the following sentence

(1) Every man has heard a mysterious sound.

This sentence is ambiguous between two readings, which can be represented,
in First Order Logics, via the formulae in (2); in (2.1), ∀ is in the scope of ∃:
the formula is true iff a particular sound was heard by every man. On the
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contrary, in (2.2), the quantifier ∃ is in the scope of ∀: the formula is true iff
each man has heard a (potentially different) sound.

(2) 1. ∃y[mSound(y) ∧ ∀x[man(x) → heard(x, y)]]

2. ∀x[man(x) → ∃y[mSound(y) ∧ heard(x, y)]]

The choice of the correct scope is notoriously hard from a computational
point of view, since it strongly depends on the context; for example, the
preferred reading of sentence (3.1), in which an additional contextual infor-
mation has been added enclosed in parenthesis, seems to be the one depicted
by (2.1), since, in real contexts, if a man hears a sound, in general all other
men physically near him hear the same sound. On the contrary, thinking
about the same sound for all involved men is rather strange in (3.2)1; there-
fore, in this second case, (2.2) has to be preferred.

(3) 1. Every man (in the room) has heard a mysterious sound.

2. Every man has heard a mysterious sound (at least once in his life).

The number of different readings produces a combinatorial explosion if the
sentence contains more than two quantifiers or other interacting semantics
ambiguities. I will show many other examples afterwards.
Before proceeding, it must be remarked that even if this thesis will focus only
on Quantifiers, they are not the only scope-bearers occuring in NL. Other
scope-bearers are, for instance, boolean connectives, modifiers, indefinites,
modal or intensional verbs, etc. For example, consider the sentences in (4)

(4) 1. I will eat mozzarella and tomatos or potatos.

2. John is looking for a friend.

Sentence (4.1) could mean either that surely I will eat mozzarella but I have
not decided if I will also eat tomatos or potatos, or that I am unsure between
eating mozzarella together with tomatos or eating only potatos. Clearly, in
the former reading, the boolean connective or is in the scope of (the second
argument) of the boolean connective and, while in the latter and is in the
scope of (the first argument) of or.
Analogous considerations hold for (4.2): the indefinite a friend can have
either wide or narrow scope with respect to the intensional verb look for; in
the first case (the so-called de-re reading), John is looking for a particular
friend (for instance, his friend Bob); in the second case (the so-called de dicto

1Of course, “sound” could be taken to mean “type of sound” but, in the examples, we
assume instances of sound are referred to.
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reading), John wants to have a friend and he is looking for someone, but he
does not have any particular person in mind.
Furthermore, quantifiers can interact with the predicates occuring in the
sentence in three main different ways: distributive, collective and cumulative.
Sentence (1) is an example of distributive interpretation of its main predicate
hear(x, y) in that this predicate is true for each pair (x, y) of individuals
quantified by ∀ and ∃.
On the contrary, the sentences in (5.1) and (5.2) are examples of collective
and cumulative readings respectively.

(5) 1. The boys lift the table.

2. Three monkeys ate all our bananas.

In sentence (5.1), involved entities are three boys (b1, b2 and b3) and a table
(t1). However, contrary to all previous cases, this sentence could also be true
in a situation in which the three boys lift the table together, i.e. by means
of a collective lifting action. In this case, the predicate lift(bi, t1) has not
to be asserted for each bi ∈ {b1, b2, b3} since this would mean that each boy
lifts the table on his own (at different times, of course). On the contrary, we
need a way to refer to the group of the three boys (let me denote this group
by a constant g1) and assert the predicate lift only on the pair (g1, t1).
Finally, sentence (5.2) has neither a distributive nor a collective interpreta-
tion; in fact, it does not refer to a situation in which each monkey ate each
banana (a banana can be eaten only by a single monkey) nor that the group
of monkeys collectively ate them (the eating action cannot be performed with
a conjoined effort of a group of individual: it is strictly personal). On the
contrary, the sentence describes a situation in which each of the three mon-
keys ate a (different) set of bananas, and the ’cumulation’ of these sets is the
set of all our bananas.
In this thesis, I will mainly focus on distributive readings, spending some
words also about cumulative readings. Instead, collective readings will not
be taken into account.

1.2 Underspecification as an alternative to

strict compositionality

As pointed out above, Quantifier Scope Ambiguities are troublesome for Mon-
tague’s assumption since they establish an 1:n correspondence between NL
syntax and NL meaning, i.e. each syntactic representation may correspond
to several interpretations. [Montague, 1988] tried to restore Compositional-
ity by associating a different syntactic structure to each available scope order
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on quantifiers. Montague’s approach does preserve functionality, but this is
paid by artfully casting semantic ambiguities into syntactic ones.
An alternative solution is to make use of an Underspecified representation. An
underspecified semantic representation is a logical representation encapsulat-
ing semantic ambiguities. Such a representation preserves compositionality
in that it can be deterministically computed from the syntactic structure,
but, contrary to standard logical formulae, it is not totally unambiguous and
must therefore be specified afterwards.
Nevertheless, this turns out to be an advantage in most cases in that, as
examples (1) shows, in order to determine the correct disambiguation, it is
often necessary to inspect the context which cannot be completely accessible
during the semantic interpretation.
In such cases, by making use of a standard unambiguous logics, we should
store all possible fully-specified interpretations and, whenever more informa-
tion about the context will be available, check their respective consistency
in parallel. Clearly, this is a complex solution from a computational point of
view, both in terms of space and time.
On the other hand, the use of an underspecified representation allows to
overcome this problem in that it is possible to store and work on a single
representation rather than several ones.
Finally, another advantage is that, in some tasks, a fully-specified represen-
tation is not required. For instance, in Machine Translation, it is not always
necessary to specify a scope order on quantifiers, since the translated sen-
tence could contain the same scope ambiguities.
Again, an underspecified representation allows to improve the computational
performances of such a task: once we obtain the underspecified representa-
tion of a sentence in the source language, we immediatly compute its deter-
ministic translation in the object grammar without performing any useless
disambiguation.
In the next two sections, I will outline the two main approaches to underspec-
ification proposed in the literature that will be referred to as Enumerative
and Constraint-based approaches. I remark that I will discuss their behaviour
only with respect to Quantifier Scope Ambiguity, even if most of them deal
with a broader range of Semantic Ambiguities. A full overview of goals and
techniques recently proposed in Underspecification may be found in [Bunt,
2003].

1.2.1 Enumerative approach

One of the first important attempts to underspecify scoping relations on
quantifiers was the proposal made by Hobbs and Shieber ([Hobbs and Shieber,
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1987]).
In their algorithm, the underspecified representation is a partial formula,
containing unsolved terms named complex terms. A complex term is an or-
dered triple <qvr> where q is a Mostowskian Generalized Quantifier (see
[Mostowski, 1957] or [Sher, 1990]), v is its associated variable and r, the so-
called restriction of q, is another partial formula2. An example formula in
Hobbs and Shieber’s underspecified logics is reported in (6).

(6) Every representative of a company saw most samples.

saw(<∀ x rep(x) ∧ of(x,<∃ y comp(y)>)>,<Most z samp(z)>)

The algorithm triggers the enumeration of all readings associated to a partial
formula by recursively “pulling out” and “unstoring” complex terms obeying
to certain constraints, until no one of them appears in the formula, but
depending on the order chosen to solve them, different readings are obtained.
In particular, at each recursive step on a partial formula Φ, the algorithm
chooses a complex terms c =<qvr> in Φ such that c does not occur in
the restriction of any other complex term; then, it builds the new formula
Ψ = qv(r, Φ

′
), where Φ

′
is obtained by substituting c with v in Φ, while qv is

the a FOL term obtained by associating the quantifier q with the variable v.
Finally, the algorithm makes a recursive call on Ψ.
For example, the partial formula in (6) contains two complex terms not
included in any other complex term: <∀ x rep(x)∧ of(x,<∃ y comp(y)>)>
and <Most z samp(z)>. Suppose the algorithm chooses the former; then it
builds the following new partial formula

(7) ∀x(rep(x) ∧ of(x,<∃ y comp(y)>), saw(x,<Most z samp(z)>))

In the next step, any of the other two complex terms can be selected; if still
the left one is chosen, the formula turns into

(8) ∃y(comp(y),∀x(rep(x) ∧ of(x, y), saw(x,<Most z samp(z)>)))

Finally, the last complex term is solved and the following fully-specified for-
mula, corresponding to one reading of the sentence, is returned

(9) Mostz(samp(z),∃y(comp(y),∀x(rep(x) ∧ of(x, y), saw(x, z)))

Then, the algorithm performs a backtracking until the last choice point, i.e.
(7). Obviously, this time it chooses and solves <Most z samp(z)> before
<∃ y comp(y)>, obtaining a further available reading of the sentence, i.e.

2As it will be made clear afterwards, the semantic restriction is the subformula needed
to identify the set of individuals for which the assertion made by the sentence holds.
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(10) ∃y(comp(y),Mostz(samp(z),∀x(rep(x) ∧ of(x, y), saw(x, z))))

Then, as the reader can easily check, the execution of the algorithm in all
other recursive branches leads to other three disambiguated formulae; The
five readings are listed below

(11) 1. Mostz(samp(z),∃y(comp(y),∀x(rep(x) ∧ of(x, y), saw(x, z)))

2. ∃y(comp(y),Mostz(samp(z),∀x(rep(x) ∧ of(x, y), saw(x, z))))

3. ∀x(∃y(comp(y), rep(x) ∧ of(x, y)),Mostz(samp(z), saw(x, z)))

4. Mostz(samp(z),∀x(∃y(comp(y), rep(x) ∧ of(x, y)), saw(x, z)))

5. ∃y(comp(y),∀x(rep(x) ∧ of(x, y)),Mostz(samp(z), saw(x, z)))

With respect to the possible interpretations, (11.1) is true in those models
in which there is a set of most samples S and, for each of them, there is a
(potentially different) company such that all its representatives saw it. On
the contrary, (11.2) differs in the fact that the involved company is the same
for each sample in S. (11.3), instead, means that all persons representing any
company saw a (potentially different) set of most samples, whereas in (11.4)
this set is the same for all of them. Finally, (11.5) is true in those models in
which there is a particular company c such that all its representatives saw a
(potentially different) set of samples.
The ideas lying behind the Hobbs and Shieber’s algorithm have then been
imported and extended in several underspecified frameworks as Quasi Logi-
cal Form (QLF) [Alshawi, 1992].
The QLF scoping mechanism (described in [Moran, 1988]) is basically the
same implemented in Hobbs and Shieber’s algorithm; the main difference is
that QLF is able to list the available readings in order of preference. Further-
more, QLF features a wider linguistic coverage in that it allows to manage the
interaction between quantifiers, modals, opaque operators and other scope
bearers and to underspecify anaphora and implicit relations like ellipsis.
Hobbs and Shieber’s algorithm and QLF feature a scoping mechanism which
could be named ’Enumerative’; such a mechanism defines a set of rules for
procedurally enumerating the different scope orders corresponding to an un-
derspecified representation.
This strategy clearly reflects the first attempts to solve the problem of quan-
tifier scope, as [Montague, 1988] or the Cooper Storage [Cooper, 1983].
Other Enumerative underspecified techniques proposed in the literature are
Nested Cooper Storage ([Keller, 1988]) and LFG\GlueSemantics ([Dalrym-
ple, 2001] and related papers, in particular [Dalrymple et al., 1996] for quan-
tifier scoping).
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1.2.2 Constraint-based Approach

Most recent underspecified formalisms build ambiguous representations hav-
ing features very different from the one of Quasi Logical Form. Instead of
partial formulae containing terms to be solved, such formalisms instantiate
sets of unambiguous pieces of formula to be put together like a puzzle.
Clearly, in case of scope ambiguity, pieces can be linked in several ways,
leading to different interpretations. Furthermore, it is possible to reduce
the number of available readings by adding constraints on allowed links in a
monotonic way.
Such constraints are initially asserted on syntactic grounds, and can after-
wards be specified by an external source, e.g. the context. One of the first
relevant proposals along this line is [Reyle, 1993]. This work describes UDRT,
an underspecified version of Discourse Representation Theory (DRT) [Kamp
and Reyle, 1993], one of the most widespread framework for representing
(unambiguous) NL meaning.
In particular, a UDRT representation is made up of two sets: a set of labeled
DRT-atoms (i.e. constants and higher level terms, as predicates or quanti-
fiers, instantiated on constants or on other labels; in DRT, they are called,
respectively, discourse referents and DRS-conditions) and a set of constraints
on labels in the form l ≤ l′, where l and l′ are labels, to reduce the available
readings to the ones where l is in the scope of l′.
For instance, consider sentence (12)

(12) Every man loves a woman.

the fully underspecified UDRT representation of (12) is:

(13) {lt, l1: ⇒(l11, l12), l2: x, l2: man(x), l3: y, l3: woman(y), l4: loves(x, y)}

{l4 ≤ l12, l4 ≤ l3, l2 ≤ l11, l1 ≤ lt, l3 ≤ lt}

This representation consists of two sets; the former is the set of labelled
DRT-atoms

{lt, l1: ⇒(l11, l12), l2: x, l2: man(x), l3: y, l3: woman(y), l4: loves(x, y)}

where lt, l1, l11, etc. are labels referring to a certain scope level3; each of them
can label either a discourse referent as x and y, or a predicate instantiated on
them, as man(x), woman(y) and loves(x, y), or a quantifier as ⇒(l11, l12) (⇒

3lt is a particular label referring to the wider scope; it does not label any DRT-atoms
in that its role is simply the one of being the root starting from which we build the final
representation.
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denotes a universal quantifier, while l11 and l12 are two labels that respectively
refer to the restriction and the body of the universal quantifier)
On the contrary, the second set is the set of constraints on labels

{l4 ≤ l12, l4 ≤ l3, l2 ≤ l11, l1 ≤ lt, l3 ≤ lt}

specifying which DRT-atoms must have narrow scope with respect to other
ones in the final representation.
Note that these constraints do not specify any order between labels l2 and
l3, i.e. they underspecify the scope order between the generalized quantifier
every man and the indefinite a woman.
The UDRT formula is then disambiguated by inserting a set of equality as-
sertions in the form l = l′ satisfying the set of constraints.
In (13), only two disambiguations are possible: {lt = l1, l11 = l2, l12 = l3,
l3 = l4} which leads to the DRT representation in fig.1.1 on the left, and
{lt = l3, l3 = l1, l11 = l2, l12 = l4} which leads to the DRT representation in
fig.1.1 on the right. In the former, every man loves a (potentially different)
woman, while, in the latter, they all love a particular one.

y

woman(y)

love(x, y)
man(x) ⇒

x

y

woman(y)

love(x, y)
man(x) ⇒

x

Figure 1.1: DRT formulae for Every man loves a woman

The ideas lying behind UDRT have been then generalized in Hole Semantics
[Bos, 1995].
Hole Semantics is a metalanguage which can be wrapped around an object
language, in order to create an underspecified version of it. In [Bos, 1995]
this is shown for standard predicate logics, dynamic predicate logics [Groe-
nendijk and Stokhof, 1991] and DRT but, in principle, the object language
may be any unambiguous logics.
As UDRT, Hole Semantics is made up of a set of labelled fragments of a
formula in the object language and a set of constraints on labels, but it dif-
fers from UDRT in that the fragments of formulae in the object language
also contain particular meta-variables named holes and disambiguation is
performed by inserting labels into holes rather than by equality statements
between labels.
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For example, taking standard predicate logics as object language, the under-
specified representation of (12) is

(14) {h0, l1: ∀x[h11 → h12], l2: ∃y[h21 ∧ h22], l3: man(x), l4: woman(y),

l5: loves(x, y)}

{l1 ≤ h0, l2 ≤ h0, l3 ≤ h11, l4 ≤ h21, l5 ≤ h12, l5 ≤ h22}

Then, two possible “pluggings”, i.e. total bijective functions from holes to
labels, are possible; clearly, they correspond to the two available disambigua-
tions of the sentence. The former, which leads to the Predicate Logics formula
in which every man loves a (potentially different) woman is

(15) {P (h0) = l1, P (h11) = l3, P (h21) = l4, P (h12) = l2, P (h22) = l5}

∀x[man(x) → ∃y[woman(y) ∧ loves(x, y)]]

while the latter, which builds the Predicate Logics formula in which there is
a particular woman loved by all men is

(16) {P (h0) = l2, P (h21) = l4, P (h11) = l3, P (h22) = l1, P (h12) = l5}

∃y[woman(y) ∧ ∀x[man(x) → loves(x, y)]]

In the next section I will show an example of Hole Semantics wrapped around
DRT. The reader can easily see the equivalence with UDRT.
Other underspecified constraint-based formalisms are Minimal Recursion Se-
mantics [Copestake et al., 1999], Dominance Graphs [Koller et al., 2000] and
its extension CLLS [Egg et al., 2001], which deal with quantifier ambiguity by
means of dominance relations between subformulae. Their expressive power
is equivalent to MRS and HS (see, for example, [Koller et al., 2003] and
[Fuchss et al., 2004]) but they have the advantage that it is easier to build
efficient algorithms for finding solutions in CLLS rather than in Minimal
Recursion Semantics.

1.2.3 A comparison between different approaches

In the last sections, I presented the two main approaches to underspecifica-
tion proposed in the literature.
The former basically consists in setting up a partial formula containing am-
biguous elements; then, a resolution algorithm removes such elements and
triggers the enumeration of all available interpretations.
On the contrary, the latter collects all the unambiguous “pieces” of meaning
from the sentence and specifies a set of constraints on how they can be recon-
nected. Each possible composition respecting these constraints corresponds
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to an available reading of the sentence.
Despite the fact QLF has been formulated several years ago, it is nowadays
one of the most cited underspecified formalisms. The main reason of its pop-
ularity is its strict correspondence to the syntactic structure of the sentence,
which allows for a straightforward syntax-semantics interface.
Strong evidence of this closeness is particularly notable between QLF and a
Dependency Grammar ([Mel’cuk, 1988], [Hudson, 1990]).
To see why, consider the Dependency Tree of sentence (6), shown in fig.1.2.
The labels used in this tree are taken from [Bosco and Lombardo, 2003] and
[Bosco, 2004]; even if their meaning should be clear to the reader, I will give,
in section 3, a brief description of the ones used in this thesis.

saw

every most

samplesrepresentative

of

a

company

VERB-SUBJ VERB-OBJ

DET+QUANTIF-ARG

DET+INDEF-ARG

PREP-RMOD

PREP-ARG B

Α C

DET+QUANTIF-ARG

Figure 1.2: Dependency Tree of
Every representative of a company saw most samples

In the figure, A, B and C are the syntactic dependents having as governor
one of the three determiners every, a and most.
The QLF formula is simply built by creating a complex term <q, v, r> for
each determiner d4 and by inserting these complex terms in the predicates
corresponding to the content words of the sentence according to the structure
depicted in the Dependency Tree.
In our example, B and C yield complex terms <∃ y comp(y)> and <Most

4This is done by substituting the determiner q with the logical quantifier associated
with d, v with a new first order variable and r with the QLF recursively built on the d’s
syntactical restriction, i.e. the subtree having d as root.
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y samp(z)> respectively. On the other hand, A maps into <∀ x rep(y) ∧
of(x,<∃ y comp(y)>)> which includes the nested complex term <∃ y comp(y)>
in its restriction. Finally, the complex terms <∀ x rep(y) ∧ of(x,<∃ y
comp(y)>)> and <Most y samp(z)> are inserted in the first and second
argument of the predicate associated to the main verb, i.e. saw.
The main problem of enumerative approaches is that the disambiguation pro-
cess is basically considered as a non separable whole, i.e. all interpretations
are listed in a single run of the algorithm, therefore it is difficult to introduce
additional rules for incrementally reducing the number of possible readings.
However, it is often the case that this is precisely what is needed. In such
cases, it is possible to perform only partial disambiguations, rather than com-
plete ones, since the knowledge about the context is incomplete.
Constraint-based approaches, instead, easily allow one to reduce the number
of available readings by adding constraints in a monotonic way.
For example, consider Hole Semantics representation of (6) (the object lan-
guage is DRT) shown below

(17) {h0, l1: h11⇒h12, l11: {x, rep(x), of(x, y)}, l4: saw(x, z),

l2: h21 ∧ h22, l3: h31 most h32, l21: {y, comp(y)}, l31: {z, samp(z)},

{l11 ≤ h11, l4 ≤ h12, l21 ≤ h21, l11 ≤ h22, l31 ≤ h31, l4 ≤ h32,

l1 ≤ h0, l2 ≤ h0, l3 ≤ h0}

which can be represented as in fig.1.4, where the arrows represents dominance
relations (i.e. l ≤ h):

h0

l1 : h11 ⇒ h12l2 : h21 ∧ h22

l1 : saw(x, z)

l3 : h21 most h32

l21 : {y, comp(y)} l11 : {x, rep(x), of(x, y)} l31 : {z, sam(z)}

Figure 1.3: Graphical representation of (17)
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Now, suppose that an external module, after having inspected the context,
detects that the sentence talks about a particular set of samples.
In this case, it is clear that the quantifier most has to receive wide scope.
However, the scope order between the other two quantifiers still has to remain
underspecified.
In hole semantics, the partial disambiguation can be performed in a easy
way: it is sufficient to add constraints l1 ≤ h32 and l2 ≤ h32, i.e. to assert
that the other two quantifiers have narrow scope with respect to the body of
most.
Adding these two constraints changes the graphical representation of the
dominance relations as in fig.1.4

h0

l1 : h11 ⇒ h12l2 : h21 ∧ h22

l1 : saw(x, z)

l3 : h21 most h32

l21 : {y, comp(y)} l11 : {x, rep(x), of(x, y)}

l31 : {z, sam(z)}

Figure 1.4: Graphical representation of (17)
augmented with constraints l2 ≤ h32 and l2 ≤ h32

On the contrary, performing partial disambiguations in QLF is more difficult.
In fact, in the current example, the QLF in (6) should be modified so that
it allows underspecification for the following two readings only, rather than
all the readings in (11):

Mostz(samp(z),∃y(comp(y),∀x(rep(x) ∧ of(x, y), saw(x, z)))

Mostz(samp(z),∀x(∃y(comp(y), rep(x) ∧ of(x, y)), saw(x, z)))

As the reader can easily see, basic QLF rules are not enough but it is neces-
sary to introduce more sophisticated constructs as it is done in [Alshawi and
Crouch, 1992].
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However, even this monotonic variant of QLF does not implement a pure
incremental disambiguation, as discussed by [Reyle, 1996] in the light of ex-
amples as

(18) Everyxbody believed that many ay problem about the environment
preoccupied mostz politicians.

As it is well known, quantifiers are clause bounded; concerning sentence
(18) this means that Many ay and Mostz must have both narrow scope
wrt Everyx (in symbols: Many ay ≤ Everyx and Mostz ≤ Everyx). How-
ever, the sentence does not provide enough information to establish also the
relative scope between Many ay and Mostz, i.e. to specify that what it is
believed by everybody is either that most politicians are worried about a (po-
tentially different) set of many problems about the environment (i.e. Many
ay ≤ Mostz) or that for many a problem about the environment, there is
(potentially different) set of politicians worried about it (i.e. Mostz ≤ Many
ay).
In QLF it is impossible to describe this partial scoping. In fact, once we fix
the relative scope between two quantifiers, for example Many ay ≤ Everyx,
it is only possible to specify the scope of Mostz wrt both of them, i.e. to
establish one of the two final orders

- Mostz ≤ Many ay ≤ Everyx

- Many ay ≤ Mostz ≤ Everyx

Whereas we cannot independently assert only the weaker constraint Mostz ≤
Everyx.
On the contrary, this may be easily handled in HS, since each dominance
constraint indicates that a certain piece of formula must be inserted into
another one, but still it leaves underpecified whether this insertion is achieved
directly or rather transitively, via other pieces. For example, in the HS
representation of (18), reported below

(19)

{ l1:Everyx(h11, h12), l2:Many ay(h21, h22),

l3:Mostz(h31, h32), l4:person(x), l6:politician(z),

l5:env−problem(y), l7:believe(x, h7), l8:preocc(y, z) }

{ l4 ≤ h11, l5 ≤ h21, l12 ≤ h31, l7 ≤ h12 }

constraints can be added independently of each other and in an incremental
way; e.g., in order to handle the partial scoping relations described above,
the following two constraints simply have to be added to (19)
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- l2 ≤ h7

- l3 ≤ h7

In this way, only the two scope orders Many ay ≤ Everyx and Mostz ≤
Everyx are established while the one between Many ay and Mostz still re-
mains ambiguous.
Nevertheless, enumerative approaches feature a simpler syntax-semantic in-
terface in that they basically separate predicate-argument relations from
scoping relations; hence, it is possible to devolve upon the syntax-semantic
interface the management of the former only, and in the resolution algorithm
the management of the latter.
On the contrary, constraint based approaches spread sentence meaning among
several atomic pieces and constrain their recomposition. This amounts to
take dominance relations into account together with predicate-argument re-
lations, i.e. to manage and establish initial scope constraints already in the
syntax-semantic interface, that, consequently, turns out to be more complex
(see [Frank and Reyle, 1995], [Joshi and Kallmeyer, 2003] and [Bos, 2004])5.

1.3 Summary

In this chapter, an introduction of the current literature about Underspeci-
fication has been presented, with a particular focus on quantifier scope am-
biguities.
The comparison between the two main underspecified approaches highlights
a trade-off between flexibility with respect to the syntactic side and flexibility
with respect to the pragmatic side; Enumerative approaches feature a more
direct syntax-semantics interface since they tend to leave material in place
with respect to the syntactic structure, whereas constraint-based approaches
split it up in atomic pieces and constrain their recomposition. However,
Constraint-based approaches suitably allow for incremental disambiguations
by keeping separate the unambiguous parts of meanings from scope con-
straints whereas in enumerative approaches they are mixed together.
In the next chapter, I will present a new underspecified formalism named
Dependency Tree Semantics (DTS).

5It must be pointed out that some translation processes from enumerative representa-
tions to constraint-based ones have been proposed; the aim is to combine the advantages
of both by obtaining an enumerative underspecified formula from the syntactic tree, then
translating it into a constraint based one. See [van Genabith and Crouch, 1996] (from
LFG to QLF and UDRT) and [Lev, 2005] (from QLF to Hole Semantics).
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DTS minimizes the discussed trade-off: it features both a close syntax-
semantic interface with respect to a Dependency Tree (as the name De-
pendency Tree Semantics suggests) and a flexible management of partial dis-
ambiguations.
In particular, this twofold advantage is obtained in DTS by leaving ma-
terial in place (as enumerative approaches do) and by maintaining scope
constraints separate from predicate argument relations occurring in the sen-
tence (as constraint-based one do). However, as the reader will see, DTS
scope constraints are not dominance relations between special metavariables
and subformulae, as in Hole Semantics, but semantic dependencies between
involved (groups of) entities, i.e. Skolem functions.
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Chapter 2

Intuitions behind Dependency
Tree Semantics

In the previous section, I presented some of the main current approaches
to semantic underspecification. Furthermore, I identified two approaches in
which they may be basically classified: enumerative and constraint-based.
The Enumerative approach aims to build a compact ambiguous formula de-
scribing the predicate-argument relations occurring in the sentence, without
any quantification; quantifiers are instead referred by some kind of place-
holder, as qterms in QLF. A resolution algorithm removes all place-holders
one by one in a certain order, and embeds subformulae in their correspond-
ing quantifiers, but, depending on the order chosen, different readings are
obtained. This strategy renders enumerative formalisms suitable to inter-
face a NL syntactic representation, in particular a Dependency Tree, since
the latter already provides a rough description of the predicate-argument re-
lations. Nevertheless, since the algorithm reshuffles the partial formula, in
that it deletes a place-holder and creates a new embedding, in a formalism
based on the enumerative approach incremental disambiguations cannot be
realized.
On the contrary, this can be easily done in the constraint-based approach,
in which no representation is reshuffled, but the pieces constituting it are
simply glued together. Nevertheless, the fully ambiguous representation is
radically different from the syntactic structure, so that the interface between
the two turns out to be more complex.
In this chapter, I will present an alternative way to underspecify quantifier
scopings which makes use of semantic dependencies to relate quantifiers. In
particular, I will try to import in underspecification the same concepts lying
behind the well-known Skolem theory in standard logics.
As it will be shown, the main advantage of this solution is the possibility of
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representing Branching Quantifier (BQ) readings in the semantic formalisms.
As will be discussed in depth in the second part of the thesis, BQ readings
may be found very often in NL, but they have received very little attention
in the recent literature.
Moreover, the use of semantic dependencies to specify scope orderings be-
tween quantifiers will lead to an approach that has both an easy interface to
a Dependency Grammar and an incremental constraint-based mechanisms
on semantic dependency insertion.
This twofold advantage can be easily achieved because the approach does not
make use of the standard quantifier embedding operation; in other words,
semantic dependencies can be maintained separated from the predicate ar-
gument relations without spreading the latter into ”pieces” for enabling the
reconstruction of all admitted embeddings of quantifiers.

2.1 An alternative way to specify orderings

on quantifiers

The key idea of DTS is to devise a NL semantic formalism aiming at exploit-
ing the well-know Skolem Normal Form Theorem (SNFT), defined by the
logician Thoralf Skolem in the context of First Order Logics (FOL).
However, since SNFT deals with FOL quantifiers only, while, for representing
NL meaning, Second Order Logics (SOL) quantifiers are useful (see section
5.2), we must define a new Skolem-like mechanism suitable to handle depen-
dencies from individuals to sets of individuals rather than from individuals
to individuals.
I will show in chapter 5 that this may be done in terms of quantifications on
relational variables.

2.1.1 Skolem Normal Form Theorem (SNFT)

As it is well known, in standard logics it is possible to transform a quantified
formula into an equi-satisfiable one by applying the Skolem Normal Form
Theorem1.

Definition 2.1 (Skolem Normal Form Theorem).
Every standard FOL formula Ψ is logically equivalent to the second order
logics (SOL) well formed formula

∃f1 . . . fn∀x1 . . . xmΦ

1This procedure is often called ”Skolemization”.
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Where f1 . . . fn are functional variables, x1 . . . xn are individual variables,
n,m ≥ 0 and Φ is a quantifier-free formula.

Let me briefly illustrate the intuitions underlying Skolemization and how it
works in practice with a simple example

(20) a. Every man loves a woman.

b. ∀x[man(x) → ∃y[woman(y) ∧ love(x, y)]]

c. ∃y[woman(y) ∧ ∀x[man(x) → love(x, y)]]

As discussed in chapter 1, the FOL formulae in (20.b) and (20.c) depict the
two possible readings of sentence (20.a). The former is true only in those
models in which, for each man, there is a woman whom he loves, while the
latter is true only in those models in which there is a single woman loved by
every man. Intuitively, this means that (20.b) is true in a certain model only
if given a man m, we can identify the woman (or one of the women) he loves.
Analogous considerations hold for (20.c): the formula is true in a model only
if it contains a particular woman loved by every man. Therefore, we can
directly refer to this particular woman with a constant term2.
These tacit dependencies can be made explicit by applying Skolemization,
which leads to the two following formulae

(21) a ∃f1∀x[man(x) → [woman(f1(x)) ∧ love(x, f1(x))]]

b ∃f0∀x[woman(f0) ∧ (man(x) → love(x, f0))]

In (21.a), f1 establishes a dependency between the group of women and the
one of men: given a man x, f1(x) is the woman he loves; on the contrary, in
(21.b), f0 is a constant denoting the woman loved by every man.

2.1.2 Generalizing SNFT to handle NL semantics

This section presents a new strategy to specify orderings between quantifiers.
Starting from an underspecified representation, describing only the involved
groups of entities and the predications in which they take part, a particular
ordering can be specified by inserting additional functional dependencies be-
tween these groups of entities.
In other words, this thesis proposes a new mechanism to perform disambigua-
tion, based on the same concepts lying behind Skolem’s theory: rendering
dependencies explicit in the formula rather than implicitly handling them

2I remark that, from a formal point of view, a constant can be substituted by a function
having no arguments.
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via appropriate subformula embeddings.
Consider again the formulae in (20). The underspecified representation has
to include all information common to both interpretations, i.e. that there
are two groups of individuals involved (the former is composed only by men
and the second only by women) and, there is a ”love” relation between men
and women. The particular chosen disambiguation will add additional con-
straints that have to be satisfied by this relation: it will specify that either
the group of women includes a single woman loved by every man or that the
group of woman can include more women each of which is loved by at least
one man.
This common knowledge can be represented via appropriate predicate argu-
ment relations between two terms, respectively referring to the set of men
and the set of woman.
In this thesis, these terms are called discourse referents, as in DRT [Kamp
and Reyle, 1993] and will be referred to by symbols as x, y, z, etc.
Therefore, assuming that x and y denote two groups of individuals, the
predicate-argument relations can be roughly represented by this simple flat
formula3:

(22) man(x) ∧ woman(y) ∧ love(x, y)

However, in order to increase readability, especially when more complex ex-
amples will be considered, I will introduce the equivalent graphical notation
in fig.2.1

love’

man’

x y

woman’

1 2

1 1

Figure 2.1: Graphical representation for (22)

Clearly, fig.2.1 is simply a notational variant of (22): the nodes in the graph
are the same predicates and discourse referents occurring in (22) while the
edges are labelled with the predicate-argument positions. Clearly, the con-
junction is implicit.
Fig.2.1 can then be augmented with additional dependencies; they are shown
in the graph by means of dotted arcs between discourse referents named

3This expression could be read as ”there is a love relation defined over the set of man
and the set of woman”.
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SemDep arcs. For instance, the interpretation triggered by the SOL formula
(21.a), in which there is a potentially different woman for each man, is rep-
resented by fig.2.2.a; in this graph, the dotted arc from y to x represents the
DTS counterpart of the Skolem function f1.
On the contrary, in order to represent (21.b), in which there is a single woman
loved by every man, a new node is introduced in the representation (Ctx4)
and a SemDep arc links y to it (see fig.2.2.b). Clearly, the dotted arc linked
to Ctx is the DTS counterpart of the function f0.

x y

1 2

1 1
x y

1 2

1 1

Ctxa) b)
love’

love’

man’

man’

woman’

woman’

Figure 2.2: DTS formulae (first approximation) for
Every man loves a woman

For homogeneity of representation, fig.2.2.a and fig.2.2.b can be modified as
in fig.2.3. The only difference between these variants and the previous ones is
that all discourse referents are the source of one SemDep arc; the discourse
referents that are not linked to any other discourse referents, are linked to
Ctx.

Ctx Ctxa) b)

x y

1 2

1 1

love’

man’ woman’

x y

1 2

1 1

love’

man’ woman’

Figure 2.3: DTS fully specified formulae (second version) for
Every man loves a woman

However, the underspecified representations just shown are incomplete in

4As it will be clear afterwards, Ctx simply refers to the context, i.e. the domain of
individuals with respect to which the representation will be evaluated.
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that they do not specify the quantifier associated with each discourse refer-
ent, nor the distinction between the predicates identifying the set of individu-
als on which the formula makes a certain assertion (the so-called restriction)
and the predicates constituting this assertion (the so-called body).
As it is well know, this distinction is necessary to discriminate, for example,
the representation of sentence (23.a) from the one of (23.b): these two sen-
tence have very different meaning but they can both be associated with the
graph in (23) on the right.

(23) a All men run.

b All runners are men.

Ctx

x

1

man’

1

run’

To include these two missing information, I introduce two functions on dis-
course referents: quant and restr.
The former associates a quantifier to each discourse referent; therefore, for
example, in fig.2.3, it holds that

quant(x) = ∀
quant(y) = ∃

On the contrary, restr associates, to each of them, the set of all predicates
needed to identify the restriction, i.e. a subgraph of the main graph.
Therefore, the graphical representations associated with (23.a) and (23.b)
are shown in fig.2.4.a and fig.2.4.b respectively.

Ctx

x

1

man’

1

run’

quant(x)=∀

restr(x)

x

1

man’

a) b) Ctx

x

1

man’

1

run’

quant(x)=∀

restr(x)

x

1

run’

Figure 2.4: DRT formulae for All man run and All runners are man.

In fig.2.5, the complete underspecified representation for sentence (20.a) is
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love’

man’

x y

woman’

1 2

1 1

quant(x)=∀

restr(x)

x

1 quant(y)=∃

restr(y)

1

man’ woman’

y

Figure 2.5: DTS fully underspecified formula for
Every man loves a woman

reported.
This representation can then be disambiguated in two ways by inserting dot-
ted arcs as in fig.2.3; however, it must be remarked that the disambiguation
chosen does not change the values of functions quant and restr. In other
words, in DTS, dependencies between quantifiers are maintained strongly
separated from the predicates needed for identifying restrictions. This will
be very important for defining a monotonic disambiguation in DTS (see chap-
ter 4).

2.2 Branching Quantifier (BQ) readings

As discussed in the previous section, rather than embedding quantified sub-
formulae into the scope of other quantifiers, it is possible to specify scop-
ings relations by making explicit the dependencies between quantifiers via a
Skolem-like mechanism.
This alternative strategy allows for the representation of the so-called branch-
ing quantifiers (BQ) readings. In fact, consider the following sentence, which
can be interpreted, in QLF, by one of the two formulae below it

(24) a. Two students study three theorems.

b. Twox(stud′(x), Threey(theor′(y), study′(x, y)))

c. Threey(theor′(y), Twox(stud′(x), study′(x, y)))

(24.b) requires the existence of two particular students studying three (poten-
tially different) theorems each and, clearly, corresponds to the DTS formula
in fig.2.6 in which such dependencies are explicitly shown via SemDep arcs.
Analogously, (24.c), which requires the existence of three particular theorems
studied each by two (potentially different) students, corresponds to the DTS
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study’

stud’

x y

theor’

1 2

1 1

Ctx

stud’

x y

theor’

1 1

Restr(x)

Quant(x)= two

Quant(y)= three

Restr(y)

students theorems

Figure 2.6: DRT formula corresponding to (24.b).

study’

stud’

x y

theor’

1 2

1 1

Ctx

stud’

x y

theor’

1 1

Restr(x)

Quant(x)= two

Quant(y)= three

Restr(y)

students theorems

Figure 2.7: DTS formula corresponding to (24.c).

in fig.2.7.
But DTS allows for a very natural representation of a third reading of sen-
tence (24.a): the Branching Quantifier reading in fig.2.8.
As shown in fig.2.8 on the right, this reading is true only in those models in
which we can find a set of two particular students who study the same set
of three particular theorems (or, equivalently, in which there is a set of three
particular theorems studied by the same pair of students).
Branching quantifiers readings are not enabled in most current underspec-
ified formalisms, as the ones analyzed in chapter 1. One of the reasons of
this, perhaps, is the idea that an explicit representation of BQ readings is
not strictly necessary, since they always imply some linearly-ordered ones.
For instance, it is easy to see that in all models satisfying the BQ reading
in fig.2.8, also the two linearly-ordered readings (figg. 2.6 and 2.7) are true.
Therefore, it may seem that BQ readings concern only a pragmatic ambigu-
ity: during the model-theoretic interpretation of (2.6), we can simply take
an interpretation function which assigns the same three theorems to both
students obtaining, in this way, the same truth-conditions of the reading in
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Ctx

students theorems

study’

stud’

x y

theor’

1 2

1 1

stud’

x y

theor’

1 1

Restr(x)

Quant(x)= two

Quant(y)= three

Restr(y)

Figure 2.8: DTS formula corresponding to (24.c).

fig.2.8. On the other hand, it may be argued that what is really important
for a semantic formalism is the ability to restrict as much as possible the set
of possible models in which the sentence is true. Therefore, there does not
seem to be any reason for disregarding BQ readings in the semantic repre-
sentation.
The actual availability of BQ readings in NL will be discussed in depth in
section 5.1 while in this section just some linguistic examples for justifying
the need of a BQ reading for sentences as (24) are provided; they are reported
in (25).
In fact, it is easy to add some syntactic element in order to force the two
involved sets to be constant.

(25) a. Two students, John and Jack, study three theorems: the first three
of the book.

b. Two friends of mine went to three concerts with my sister.

c. Two students of mine have seen three drug dealers in front of the
school.

In (25.a), the involved students and theorems are explicitly mentioned in two
appositions, while in (25.b) the prepositional modifier with my sister favours
an interpretation in which three persons, two friends of mine and my sister,
went together to three same concerts.
However, apart from some explicit syntactic constructions as the two just
analysed, it is world knowledge the main factors inducing a BQ reading; for
instance, in (25.c), world knowledge seems to render the reading in which
two students have seen the same three drug dealers the most salient; in fact,
the presence of drug dealers in front of a school is (fortunately) a rare event
and this induces to prefer the reading minimizing the number of involved
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drug dealers.
Since DTS enables BQ readings, it is clear that the model-theoretic interpre-
tation of its well formed structures cannot be defined in a standard way. In
fact, standard logics are strictly linear, and we can easily define an interpre-
tation that assigns a truth-value to the formula by applying its main term,
e.g. a quantifier, on the truth values recursively calculated on the embedded
subformulae. On the contrary, a BQ formula may have, as main term, a
cluster of quantifiers, rather than a single one, and the quantifiers in this
cluster have to be applied in parallel with respect to the truth values of their
(private or common) subformulae.
Since the definition of such a model theoretic interpretation is rather difficult
and needs a careful analysis of main works in Branching Quantification, I will
dedicate to it all the second half of the thesis.
However, in the next two chapters, I will assume that this model-theoretic
interpretation has already been defined and it correctly handles the sets of
involved entities described by the dependencies.

2.3 Partial orderings on quantifiers

Let me move on more complicated examples, in order to understand pre-
cisely the relation between SemDep arcs and dependencies between groups
of involved entities they denote. Consider

(26) a. Each boy broke two boxes with a hammer.

b. Each boy broke two windows with a stone.

c. Each boy put a book on each table.

These sentences have the same syntactic structure; furthermore, they also
have isomorphic predicate-argument relations graph: their main verbs denote
a ternary predicate, whose arguments are denoted by the subject, the object
and the prepositional modifier.
However, despite these similarities in the syntactic and semantic structures,
their preferred readings are triggered by different dependencies between their
three quantifiers, as shown in figg.2.9, 2.10 and 2.11
In fact, world knowledge suggests us to imagine, for sentence (26.a), a sce-
nario in which each boy holds a (different) hammer in hand and broke two
different boxes by means of it, i.e. an interpretation in which both the ham-
mer and the pair of boxes depend on the specific boy. On the contrary, it is
rather strange to think, in sentence (26.b), that each boy pick-up and reuse
the same stone for broking different windows. Therefore, at first glance, it
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z

1

y
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x

1

Ctx

boy’ box’ hammer’

Figure 2.9: DTS formula corresponding to (26.a).
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Quant(y)= TwoQuant(x)= ∀
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broke’
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1
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1

3

Restr(x) Restr(y)

z

1

y

1

x

1

Ctx

boy’ window’ stone’

Figure 2.10: DTS formula corresponding to (26.b).

seems that the stone depends on the windows rather than on the boys. Fi-
nally, it is clear that sentence (26.c) talks about a different book for each pair
〈boy, table〉; therefore, discourse referent y, in this case, has to be linked to
both the other two, via two distinct SemDep arcs.
Nevertheless, a proviso on what these structure actually denote is in order.
In particular it has to be stressed that, in fig.2.10, the stone does not depend
only on the window, as the representation may suggest, but also on the boy.
In other words, similarly to fig. 2.11, fig.2.10 denotes an interpretation in
which there is a different stone for each pair 〈boy, window〉.
In fact, suppose a situation in which two boys, e.g. John and Jack, broke the
same pair of windows5; if, in the formula, z depends only on y, then it would
be true only if the two boys broke the windows by means of the same stones,
whereas, obviously, the sentence may be true also if they used different ones.
Therefore, z has to depend on both x and y, as in fig.2.11.

5Of course, in a real situation, this can be done only at different times; e.g. John broke
the windows, then someone repaired them, and then Jack re-broke them again.
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Ctx

boy’ book’ table’

Figure 2.11: DTS formula corresponding to (26.c).

In a non-graphical representation this double dependency may be handled
by a Skolemization-like mechanisms which substitutes z with a function f
having two parameters: x and y; on the contrary, in the graphical adopted
representation this may be made by inserting the dotted arcs corresponding
to all needed dependencies, as in the following figure6

x y z

Ctx

Figure 2.12: Alternative SemDep configuration
to handle dependencies in (26.b).

From a formal point of view, this is precisely what will be done below; in
particular, as it will be shown in section 2.4, dependencies between discourse
referents will be implemented as a function SemDep from discourse referents
to sets of discourse referents and Ctx. SemDep(d) will be the set of all dis-
course referents on which d (directly or indirectly) depends.
For example, referring to example in fig.2.10, SemDep will have the following
values:

• SemDep(x) = {Ctx}

6Clearly, for homogeneity of representation, also the indirect dependencies between
each discourse referent and Ctx has to be inserted; in other words, all quantifiers depend
on the context.
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• SemDep(y) = {x, z, Ctx}

• SemDep(z) = {Ctx}

while, referring to example in fig.2.11, SemDep’s values will be

• SemDep(x) = {Ctx}

• SemDep(y) = {x, Ctx}

• SemDep(z) = {x, y, Ctx}

However, to decrease verbosity, I will not show all SemDep’s value in the
graphical representation, but only the non transitive ones. In other words,
the set of SemDep arcs will be the minimum set such that its transitive
closure is equal to the function SemDep.
In order to avoid confusion, the reader should consider the set of SemDep
arcs as a whole, as describing a partial order on discourse referents, and keep
in mind that a discourse referent actually depends on all discourse referents
occurring before it in this order.
Chapter 4 will show that not all partial orders have to be allowed, in partic-
ular when a NL nested quantification occurs in the sentence; consequently,
that it is necessary to assert a set of constraints on SemDep arc insertion.
However, in the next section I will propose an initial formalization of DTS
well formed structures, that allows for any partial order on SemDep arcs.
This formalization will be refined in chapter 4, after having discussed what
configurations of SemDep arcs have to be blocked.

2.4 DTS Formalisation

A wff structure in DTS is a Scoped Dependency Graph (SDG) as defined
below. As in standard semantics, the definitions below are stated in terms
of three sets:

- A set of predicates pred.

- A set of constants name.

- A set of variables D named discourse referents.

Moreover, I write P 1⊆pred for the unary predicates, P 2⊆pred for the binary
ones and ιname⊆P 1 for those obtained by applying the ι-operator to a con-
stant in name7.

7The ι-operator has the standard semantics: if α is a constant, ια is a unary predicate
which is true only for α
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The definition of Scoped Dependency Graph is based upon the definition of
Flat Dependency Graph, which simply collects all predicate-argument rela-
tions occurring in the sentence.

Definition 2.2. [Flat Dependency Graphs (FDG)]
A Flat Dependency Graph is a tuple 〈N,L,A,Dom, f〉 s.t.:

- N is a set of nodes {n1, n2, . . . , nk}.

- L is a set of labels {l1, l2, . . ., lm}; in all figures of the thesis,
L≡{1, 2}.

- Dom ≡ pred ∪ D is a set domain objects: predicates and discourse
referents

- f is a function f : N 7→ Dom, specifying the node referent, i.e. the
domain object with which the node is associated. In the following,
whenever f(n) ∈ X, I will informally say that node n is of type X.

- A is a set of arcs. An arc is a triple (ns, nd, l), where ns, nd ∈ N , ns

is of type pred, nd is of type D and l ∈ L.

Without going into further details, I stipulate that Gf is a connected acyclic
graph such that each node of type pred has one node of type D for each of its
places. Note that there can be two different nodes u and v s.t. f(u)=f(v),
i.e. the nodes in N can be seen as occurrences of symbols from Dom.
However, to increase readability, I will never show, in the boxes of the graph-
ical representations, the node names n1, n2, etc., but their corresponding
values in f , e.g. the predicates study′, theor′, etc. or the discourse referents
x, y, etc.

Definition 2.3.[Scoped Dependency Graph (SDG)]
A Scoped Dependency Graph is a tuple 〈Gf , Ctx, Q, quant, restr, SemDep〉 s.t.:

- Gf = 〈N,L,A,Dom, f〉 is an FDG.

- Ctx is a special element called ”the context”.

- Q is a set of 2-place Mostowskian quantifiers (Mostowski [1957], see
section 5.2) as every, most, two, . . ..

- quant is a total function ND 7→ Q, where ND ⊆ N are the nodes of
type D.

- restr is a function assigning to each d ∈ ND its restriction, which is
a subgraph of Gf .

- SemDep is a total function ND 7→ ℘(ND) ∪ {Ctx}, where ℘(ND) is
the power set of ND (the set of all its subsets).
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When d′ ∈ SemDep(d), we say that d depends on d′. Note that, as pointed
out above, SemDep implements all dependencies between discourse referents.
Therefore, a Scoped Dependency Graph Gs = 〈Gf , Ctx, Q, quant, restr, SemDep〉
is fully underspecified if SemDep(x) = {Ctx} for each discourse referent x ∈ D.
Finally, it must be observed that SemDep has been only partially defined in
this section. In fact, as pointed out above, its complete formalization requires
a set of constraints on values it may assume that will be presented in chapter
4.

2.5 Summary

In this chapter, the key idea of DTS has been presented. In particular, it has
been proposed to import in NL semantics the same mechanisms underlying
the Skolem Normal Form Theorem, defined in the context of First Order
Logics.
By using a Skolemization-like mechanism, it is possible to make explicit the
dependencies between involved entities that would make true the correspond-
ing non Skolemized formula.
DTS well-formed structures are based on a simple graph G representing the
predicate-arguments relations, without any quantification. The nodes of G
are either predicates or discourse referents; each arc connects a predicate
with a discourse referent and is labelled with the predicate argument po-
sition. With each discourse referent we associate a quantifier (given by a
function QUANT from discourse referents to quantifiers) and its restriction,
which is given by a function RESTR that associates a subgraph of G to each
discourse referent.
Dependencies between involved groups of entities can be asserted by intro-
ducing additional dotted arcs between discourse referents, called SemDep
arcs.
Any partial order defined by SemDep arcs on discourse referents potentially
refers to a possible reading of sentence, even if I pointed out that this does
not always hold and, therefore, that a set of constraints on SemDep arcs
insertion is needed. These constraints will be discussed in chapter 4.
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Chapter 3

DTS Syntax-Semantic Interface

This chapter presents the syntax-semantics interface of DTS. As the name
“Dependency Tree Semantics” suggests, this interface relates DTS with a
Dependency Grammar. The Dependency approach is briefly discussed in
section 3.1; this section also defines a Dependency Grammar G for a small
fragment of English. Section 3.2 presents then Extensible Dependency Gram-
mar (XDG), one of the most recent formalisms to interface an Underspecified
Semantic representation with a Dependency Grammar.
The DTS syntax-semantic interface between G and DTS will then be shown
in section 3.3; this interface basically consists in two principles, imported from
XDG: the Linking Principle (subsection 3.3.3), that extracts the predicate-
argument relations from the Dependency Tree and builds the corresponding
Flat Dependency Graph, and the Restriction Principle (subsection 3.3.4) that
sets up the values of the function restr in order to preserve the structural in-
formation stored in the Dependency Tree, i.e. the subtrees of dependencies.
Finally, a comparison between this interface and the one of other approaches,
first at all XDG, concludes the chapter. This comparison will highlight the
main advantage of DTS syntax-semantic interface with respect to the other
proposals in the literature: the DTS syntax-semantic interface is simpler in
that it just deals with predicate-argument relations while the management of
scope constraints is completely devolved upon a subsequent disambiguation
process.

3.1 Dependency Grammar

A Dependency Grammar (DG) is a formalisms that allows to describe NL
syntax in terms of oriented relations between words called dependency rela-
tions or grammatical functions.
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In particular, a DG analysis of a NL sentence hierarchically arranges its words
by linking pairs of them via dependency relations.
As pointed out above, these relations are oriented; therefore, for each pair of
linked words, we can identify a head (the source of the link) and a dependent
(the destination of the link). Clearly, the link states that the latter syntac-
tically depends on the former.
The dependent plays a role of “completion” of the head, i.e. it fills a sort
of “parameter” of the latter, instantiating, in this way, the head meaning on
the dependent meaning.
For this reason, Dependency Grammars are traditionally expressed in terms
of valency. The word “valency” is taken from chemistry: the valency num-
ber of an atom is the number of electrons that it is able to take from (or
give to) another atom in order to form a chemical compound. By metaphor,
then, a DG grammar specifies, for each lexical entry of the NL vocabulary,
the incoming dependency relations (in valency) and the outgoing ones (out
valency). Basically, there are two kinds of in\out valency: mandatory and
optional. In the first case, the dependent is said a complement of the head,
while in the second case it is said an adjunct. Dependency relations are usu-
ally labelled in order to make explicit the function played by a dependent
with respect to the head. Although the precise inventory of labels varies
from theory to theory, many grammatical function, as subject, object, etc.,
are commonly accepted in the literature and may be found in all theories.
For example, the lexical entry “study”, belonging to a vocabulary for english,
could hold the following valencies

{
word=study

inval=verb-rmod?

outval=verb-subj!, verb-obj!, prep-rmod*
{

where ’ !’ marks a mandatory dependency (complement), ’?’ a single optional
one (adjunct) and ’*’ one or more optional ones. Therefore, the lexical entry
specifies that the word “study” can be the destination of a grammatical
function labelled as “verb-rmod” (verbal modifier, in relative clauses), that
must be the source of two dependencies respectively labelled as “verb-subj”
and “verb-obj” (verbal subject and object), and that can be the source of one
or more dependencies labelled with “prep-rmod” (prepositional adjunct).
In this thesis, the inventory of the labels on the dependency links is taken
from [Bosco, 2004].
We can represent a DG analysis of a sentence by means of a tree (graph),
named Dependency Tree (Dependency Graph) that collects all grammatical
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functions between pairs of words in the sentence. For example, sentence in
(27) can be associated with the Dependency Tree below it1.

(27)

All students study a theorem of the book

study

all

students

a

theorem

of

the

book

VERB-SUBJ VERB-OBJ

DET-ARG DET-ARG

DET-ARG

PREP-RMOD

PREP-ARG

It is important to note that, in a dependency relation, not only the depen-
dent, but the whole subtree having the dependent as root contributes to the
“completion” of the head. For example, in (27), the mandatory valency of
the verb study marked as Verb-Subj is filled by the whole subtree a theorem
of the book rather than by the single determiner a.
The last observation will be very important for defining the restr’s values
in the syntax-semantic interface and the constraints on SemDep arcs (see
section 4.3.1).
The first work defining the main principles of modern Dependency Grammars
is [Tesnière, 1959]. Tesniere’s Structural Syntax (SS) analyzes sentences in
terms of functions held by the words, which trigger subordinative relations
called connections. In particular, there are two kinds of functions: nodal
functions, triggering structural (syntactic) connections and semantic func-
tions, triggering semantic connections. Structural Syntax has been formal-
ized in a computational model in Functional Dependency Grammar (FDG)
[Tapanainen, 1999].
One of the central difference between SS and FDG is that the former repre-
sents both syntactic and semantic dependencies in the same graph, whereas

1All Dependency Trees presented in this chapter are built via the Dependency Grammar
defined in section 3.3.1.
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the latter separates them among different levels of representations.
Other important works belonging to the DG approach are Hudson’s Word
Grammar ([Hudson, 1990]), a Dependency Grammar structured in an “is-a”
taxonomy that allows for linguistic generalizations and enables one to deal
with default cases\exceptions, and Meaning⇔Text Theory ([Mel’cuk, 1988]),
a formal framework structured along seven sequential levels of description,
that allows for the parallel representation of various kinds of linguistic knowl-
edge carried by the sentence.
One of the most recent work in the research on Dependency Grammar is
Extensible Dependency Grammar (XDG) ([Debusmann, 2006]).
XDG, to which I will dedicate the next section, is a modular framework able
to handle different aspects of Natural Language, as Meaning⇔Text Theory.
However, contrary to the latter, in XDG the several level of descriptions,
called dimensions, are more integrated (besides being more fine-grained).
In particular, while in Meaning⇔Text Theory the levels of description are
strictly sequential, i.e. the rules to interface a level to another one are defined
only for adjacent levels, in XDG such rules can be in principle defined for
each pair of dimensions.

3.2 Extensible Dependency Grammar - XDG

Extensible Dependency Grammar (XDG) (see [Debusmann, 2006]) is a for-
malism which represents linguistic knowledge along several levels of descrip-
tion, called dimensions.
Each dimension refers to a particular phonological\syntactical\semantic in-
formation and enables the construction of a graph. Each graph that can be
built in a dimension is called a model for that dimension.
The graphs licensed in the different dimensions share the same set of nodes,
but have different sets of (labelled) edges.
The nodes are records called lexical entries that specify attributes for each
dimensions; each lexical entry is indexed by a word named anchor. Finally,
a set of principles, acting on these attributes, constrains the graphs that can
be built in the several dimensions, and relate them to each other.
The XDG definition includes the following main six dimensions:

- Prosodic (PS) dimension, describing phonological information.

- Immediate Dominance (ID) dimension and Linear Precedence (LP )
dimension, describing syntactic information.

- Predicate Argument (PA) dimension, Scope (SC) dimension, and In-
formation Structure (IS) dimension, describing semantic information.
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Furthermore, there are additional dimensions defining the interfaces between
the main six ones. For example, a dimension called ID\PA characterizes
the relation between the ID dimension (grammatical functions) and the PA
dimension (thematic roles) by constraining how semantic arguments must be
realized syntactically.
The models in the “interface” dimensions are graphs without edges.
Finally, XDG includes about twenty principles to manage the dimensions
and to enforce the consistency of the models appearing in them.
Even if the reader interested in XDG is addressed to [Debusmann, 2006],
in this thesis I will present just the preliminary and simpler version shown
in [Debusmann et al., 2004]. The level of detail and the linguistic coverage
of the latter, in fact, is more appropriate to make a comparison with the
syntax-semantic interface of DTS, which is also at a very preliminary stage.
This version of XDG includes only three dimensions (PA, ID and SC)
and the relations between dimensions are specified via particular attributes
(“features”) rather than via additional dimensions. For example, a feature
linkPA,ID, belonging to the PA dimension, specifies how thematic roles are
syntactically realized.
Principles are divided into classes: dimensional, acting on a single dimension,
and multi-dimensional acting on (and relating) two dimensions.
The ID dimension specifies grammatical functions between words in a De-
pendency Tree. On the contrary, the PA dimension represents predicate-
argument relations by means of a Direct Acyclic Graph (DAG) whose edges
are labeled by thematic roles. Finally, the SC dimension relates the nodes
by means of a DAG of scopal dominance relations.
As in standard constraint-based approaches (see chapter 1), these scopal
dominance relations may be consistent with several interpretations of the
sentence, i.e. the DAG in the SC dimension actually is an underspecified
representation2.
The particular topology of each dimension (a tree rather than a dag) is ob-
tained by appropriate dimensional principle, named Tree and Dag principles.
Furthermore, a third dimensional principle, i.e. the Valency principle, con-
straints the labels on the Tree\Dag arcs

2[Debusmann, 2006] also defines an interface between XDG and CLLS ([Egg et al.,
2001]) by introducing a CLLS dimension and ad-hoc attributes to integrate it.
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(28)

- Tree Principle. The ID structure must be a tree.

- Dag Principle. The PA and SC structures must be direct acyclic
graphs.

- Valency Principle. The dimension d ∈ {ID, PA, SC} must obey to
the ind, outd features, that specify the constraints on the incoming and
outgoing arcs of each node. The possible value for each feature ind,
outd are subsets of Lab(d)×{!, ?, ∗}, where Lab(d) is the set of available
labels in d.

The ind and outd features belong to the lexical entry of the words. In fig. 3.1,
the values of the in and out features in the three dimensions for an example
grammar are reported.

inID

outID

inPA

DET

CN

TV

PN

PREP

{(subj? obj? pcomp?)!}

{det?}

{subj? obj? pcomp?}

{prep?}

{}

{det!}

{prep*}

{subj! obj! prep*}

{pcomp!}

{prep*}

{ag? pat? arg?}

{quant?}

{}

{mod? instr?}

{ag? pat? arg?}

outSC

DET

CN

TV

PN

PREP

outPA

{quant!}

{mod*}

{ag! pat! instr?}

{arg!}

{mod?}

{r!, s!}

{}

{a!}

{r!, s!}

{}

inSC

{r?, s?, a?}

{r?, s?, a?}

{r?, s?, a?}

{r?, s?, a?}

{r?, s?, a?}

Figure 3.1: In and out feature values for an XDG grammar
on three dimensions: ID, PA, and SC

This XDG grammar includes just five POS: determiner (DET), common noun
(CN), proper name (PN), transitive verb (TV), and preposition (PREP); the
grammatical functions are subject (subj), object (obj), prepositional com-
plement (pcomp), prepositional argument (prep), and determiner argument
(det); the thematic roles are agent (agt), patient (pat), argument of a modi-
fier (arg), modifier (mod), common noun pertaining to a quantifier (quant),
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and instrument (instr); finally, dominance relations are restriction and nu-
clear scope (body) of a quantifier (r and s, respectively) and argument (a).
Therefore, for example, a determiner (DET) must have an incoming arc in
the dimension ID that may be labelled by either subj or obj or pcomp and
must have an outgoing arc labelled by det; on the contrary, in the dimension
PA, it could have an incoming arc labelled by either ag or pat or arg and
must have an outgoing arc labelled by quant.
The interfaces between these levels are specified by other features and three
multi-dimensional principles acting on them. One of these principles (the
Linking Principle) relates the graph in PA with the tree in ID, while the
other two (the Co-dominance and the Contra-dominance Principles) relates
the graph in PA with the one in SC.
The XDG Linking Principle acts on a feature linkPA,ID, belonging to the
PA dimension, whose values are shown in fig.3.2; these values are functions
from labels in PA to labels in ID specifying how thematic roles have to be
realized in terms of grammatical functions

DET

CN

TV

PN

PREP

{quant 7→ {det}}

linkPA,ID

{mod 7→ {prep}}

{mod 7→ {prep}}

{ag 7→ {subj}, pat 7→ {obj}, instr 7→ {prep}}

{arg 7→ {pcomp}}

Figure 3.2: linkPA,ID feature values

The Linking principle is formally asserted in (29)

(29)
Linking Principle. Dependencies in d1 are related to dependencies
in d2 according with the following formula

v →l
d1 v′ ⇒ ∃l

′
∈ linkd1,d2(v)(l): v →l′

d2 v′

This principle requires that for each connection from v to v′ with label l in
the dimension d1, there must be a corresponding connection in the dimension
d2 with label l′, where l′ must belong to the set of labels linkd1,d2(v)(l), i.e.
the set obtained by the functional application of the node v and the label l
to the linkd1,d2 feature.
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In fig.3.3 a first simple example of XDG derivation is reported. The linking
principle constrains the two structures by requiring, for example, that the
agent (ag) of reads be realized as the subject (subj), i.e.

reads −→
ag

PA every ⇒ reads −→
subj

ID every

Every student reads a book

subj

det det

obj

ID dimension PA dimension

Every student reads a book

ag

arg arg

pat

Figure 3.3: Graphs in PA and ID for the sentence
Every students read a book

Another example is reported in fig.3.4.
On the contrary, the Co-dominance and the Contra-dominance principles
(shown in (30)) relate dimensions PA and SC by asserting initial domi-
nance constraints on the latter on the basis of the predicate-argument re-
lations described in PA. These two principles act on the codomPA,SC and
contradomPA,SC features belonging to the PA dimension. For our example
grammar, the values of these features are reported in fig.3.2.

(30)
Co-Dominance Principle. Dominance relations in d1 are related to
dominance relations, with the same direction, in d2 according with the
following formula

v →l
d1 v′ ⇒ ∃l

′
∈ codomd1,d2(v)(l): v →l′

d2→
∗ v′

Contra-Dominance Principle. Dominance relations in d1 are re-
lated to dominance relations, with opposite direction, in d2 according
with the following formula

v →l
d1 v′ ⇒ ∃l

′
∈ contradomd1,d2(v)(l): v′ →l′

d2→
∗ v

These two principles behave exactly as the Linking principle shown above;
the only difference is that these two principles require a path of connections
rather than a single one. This is graphically shown by means of the notation
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Mary saw studenta

subj obj

ID dimension

with

det

prep

pcomp

det

a book

Mary saw studenta

ag pat

PA dimension

with

arg

mod

arg

quant

a book

Figure 3.4: Graphs in PA and ID for the sentence
Mary saw a student with a book

“ → d2→
∗” in place of “→d2”.

It is clear that the purpose of the Co-dominance principle is to insert the
restriction of a quantifier in its scope. Since, as pointed out in the previous
section, in a Dependency Tree this is already represented, in that a quantifier
has an outgoing valency that has to be filled by a restriction, all what is
needed is to project in the SC dimension a dominance relation in the same
direction of the grammatical function between a quantifier and its restriction.
For example, with respect to the graph in fig.3.3, we obtain

every −→
quant

PA student ⇒ every →r → SC* student

On the contrary, the dominance relation between a quantifier and its body
(e.g. the main verb) has opposite direction with respect to the dependency
relation between them, in that the former acts as syntactic argument of the
latter. In this case, then, the dual version of the Co-dominance principle, i.e.
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DET

CN

TV

PN

PREP

{quant 7→ {r}}

codomPA,SC

{}

{}

{}

{}

contradomPA,SC

{mod 7→ {a}}

{}

{mod 7→ {a}}

{ag 7→ {s}, pat 7→ {s}, instr 7→ {a}}

{arg 7→ {s}}

Figure 3.5: codomPA,SC and contradomPA,SC features values

the Contra-dominance principle, is required.

reads −→
ag

PA every ⇒ every →s → SC* reads

reads −→
ag

PA a ⇒ a →s → SC* reads

The two principles allow to associate the graphs in fig.3.3 to the one in
fig.3.6, in which the dotted arrows indicate that the dominance relations need
not be immediate. In other words, the shown graph is an underspecified
representation that may be specified, through a translation of XDG into
CLLS, into one of the two graphs reported in fig.3.7

Every student reads a book

r

SC dimension

s
r

s

Figure 3.6: The (underspecified) graph in SC for the sentence
Every students read a book

3.3 DTS syntax-semantic interface

In this section, an interface between a generic Dependency Grammar G
(shown subsection 3.3.1) and Dependency Tree Semantics is presented. I
will refer to this interface by the term “the G ⇒ DTS interface”.
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Every student reads a book

r

s

r
s

Every student reads a book

s

rs

r

Figure 3.7: The two fully specified graphs in SC for the sentence
Every students read a book

In particular, the G ⇒ DTS interface allows to associate a Dependency Tree
in G to a Scoped Dependency Graph (SDG) in DTS (see subsection 2.4). It is
important to remind that this interface is compositional, i.e. a Dependency
Tree is related to only one Scoped Dependency Graph.
The G ⇒ DTS interface is a generalization of Extensible Dependency Gram-
mar. The main difference between the two is that the former relates struc-
tures with different sets of nodes. In fact, the nodes of a Dependency Tree
in G are words like study, every, of, etc., while the nodes in a Scoped Depen-
dency Graphs are predicates like study’, of’, ιJohn, etc. or discourse referents
like x, y, z, etc. Therefore, first at all it is necessary to define a mapping
between these two sets of nodes. This mapping is implemented by means of
two functions Sem and SV ar (Lex and LV ar implements the inverse map-
ping) that will be shown in details in the next subsection.
In subsection 3.3.3, it will be shown how the predicate-argument relations,
that in an SDG are collected into the Flat Dependency Graph (FDG), can
be extracted from a Dependency Tree by means of a set of if-then rules.
A principle similar to the XDG’s Linking Principle will act on these rules
and perform the extraction.
Finally, in subsection 3.3.4 we will see how the values of the restr function,
belonging to an SDG, can be set by a simple principle, called the Restriction
Principle, acting on the Dependency Tree and the predicate-argument rela-
tions stored in the FDG. Clearly, this principle corresponds to the XDG’s
Co-dominance principles and the feature codomPA,SC .
On the contrary, in the G ⇒ DTS interface there is nothing that corre-
sponds to the XDG’s Contra-dominance Principle. In fact, as it will be clear
in next chapters, DTS scope constraints are maintained strongly separated
from predicate-argument relations; therefore, there is no need to set up initial
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scope constraints between the quantifiers and their body; in DTS terms, this
means that the G ⇒ DTS will set up the value of the function SemDep(x),
for each discourse referent x in the SemDep’s domain, to the constant value
{Ctx}.

3.3.1 A simple Dependency Grammar

This subsection formally defines a simple Dependency Grammar G for a small
fragment of english. Afterwards, the syntax-semantic interface of DTS will
be defined with respect to this grammar.
Well formed structures of G are Dependency Trees. They are syntactically
defined as the Flat Dependency Graphs in def.4.1, with the following differ-
ences

- The structures are Trees rather than Graphs.

- The set of domain objects Dom is different: it contains syntactic words
rather than predicates and discourse referents.

- The set of labels L is different: it contains labels denoting grammatical
functions rather than predicate-argument positions

- Labels in L have to obey to valency requirements, defined for each
syntactic category.

Formal definitions are reported in def.3.1 and def.3.2; note, however, that
this is only a small fragment of the full dependency grammar described in
[Bosco, 2004] and used in the TUT treebank project [Lesmo et al., 2003]. For
instance, the full grammar includes sixteen syntactic categories with various
subcategories (e.g. ordinal adjective) and over two hundred dependency arc
labels.

Definition 3.1. [Dependency Tree (DT)]
A Dependency Tree in G is a tuple 〈N,L,A,Dom, f〉 where:

- N is a set of nodes {n1, n2, . . . , nk}.

- L is a set of labels {verb-subj, verb-obj, det-arg, prep-arg, prep-rmod,
verb-rmod}.

- Dom ≡ IV ∪ TV ∪ PN ∪ CN ∪ PREP ∪ DET ∪ RP is a set of do-
main objects: intransivite verbs, transitive verbs, proper names, com-
mon names, prepositions, determiners3, and relative pronouns.

3Determiners are quantifiers and definite articles.
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- f is a function f : N 7→ Dom, specifying the node referent, i.e. the
domain object with which the node is associated.

- A is a set of labelled and oriented arcs. In particular, an arc is a triple
(ns, nd, l), where ns ∈ N is the source node, nd ∈ N the destination
node, and l ∈ L the label on the arc. The set A defines a Tree between
all nodes in N and obeys to the valencies defined in def.3.2

Definition 3.2. [Valency in G]
A Dependency Tree in G must obey to the following valencies

in out

DET

CN

TV

PN

PREP

{(verb-subj? verb-obj? prep-arg?)!}

{det-arg!}

{prep-rmod!}

{verb-rmod?}

{det-arg!}

{prep-rmod*}

{verb-subj! verb-obj! prep-rmod*}

{prep-arg!}

{}

IV {verb-rmod?}

{verb-subj? verb-obj? prep-arg?}

RP {verb-subj!}

{verb-subj! prep-rmod*}

{}

An example of Dependency Tree in G has already been shown in (27); other
examples are reported in (31) and (32)

(31)

Few men inserted a coin in every coffee machine.

inserted

few

VERB-SUBJ
VERB-OBJ

coffee-machine

DET-ARG

a

PREP-RMOD

men

DET-ARG

coin

DET-ARG

in

PREP-ARG

every
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(32)

The students who passed the test arrive

arrive

the

VERB-SUBJ

students

DET-ARG

passed

VERB-RMOD

who

VERB-SUBJ VERB-OBJ

the

test

DET-ARG

3.3.2 Sem and SV ar function

As pointed out above, the mapping from the nodes of a Dependency Tree in
G to the nodes of a Scoped Dependency Graph in DTS is realized by means
of two functions: Sem and SV ar.
The domain objects of the two structures, i.e. the possible types of their
nodes, are repeated below

• The domain objects of a Dependency Tree in G, indicated by the term
DomG, is a set of words belonging to a standard english vocabulary, and
classified into seven Part Of Speech (POS), indicated by the terms IV ,
TV , PN , CN , PREP , DET , and RP (intransivite verbs, transitive
verbs, proper names, common names, prepositions, determiners, and
relative pronouns).

• The domain objects of a Scoped Dependency Graph in DTS, indicated
by the term DomDTS, is a set of semantic objects classified in two main
classes: predicates and discourse referents, indicated by the terms pred

and D respectively.

Furthermore, it has to be pointed out that, as it is done in standard se-
mantics, a proper name corresponds to a constant (the set of all constants
is indicated with the term name). Nevertheless, name does not belong to
DomDTS. In fact, in DTS, a proper name is associated to a predicate ια,
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where α ∈ name is the constant denoted by the proper name and ι is a stan-
dard operator that, applied to a constant, builds a predicate that is true for
that constant and false otherwise. Since ια is a predicate, it also belongs to
pred. In particular, pred is divided into two subgroups: P2 and P1, the set of
all binary and unary predicates respectively. P1 has a subset, called ιname,
containing the unary predicates obtained by applying the ι operator to the
constants in name.
Sem relates verbs, common nouns, and other content words in G to a predi-
cate in pred. On the contrary, SV ar relates determiners, proper names, and
relative pronouns in G to a discourse referent in D.
In this thesis, the two functions are bijective, in that linguistic phenomena
as polysemy and lexical ambiguity are not considered. Therefore, it is imme-
diate to define two inverse functions, named Lex and LV ar respectively.
Sem and SV ar are formally defined as follows

Definition 3.3. [Sem and SV ar functions]
Sem is defined for each node n of type IV ∪TV ∪PN∪CN∪PREP and SV ar
for each node n of type PN∪DET∪RP according to the following constraints

- for all [n]TV ∪PREP , Sem(n) is of type P 2.

- for all [n]IV ∪CN , Sem(n) is of type P 1.

- for all [n]PN , Sem(n) is of type ιname.

- for all [n]PN∪DET∪RP , SV ar(n) is of type D.

Note also that these functions have been defined between the nodes of the
two structures rather than between their domain objects; in other words,
Sem and SV ar do not relate english words with predicates and discourse
referents, but occurrences of english words with occurrences of predicates
and discourse referents.
In fact, two occurrences of a determiner as most may correspond to two
different discourse referents, as well as two instances of a proper name could
correspond to two different predicates ια and ιβ, i.e. they can denote two
different individuals having equal name, and a preposition as of could refer to
different predicates. Note also that nodes of type PN belong to the domain
of both Sem and SV ar. This is done for homogeneity of representation, as
in DRT, in which a proper name as John produces both a discourse referent
x and a DRS-condition John(x).
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3.3.3 Extracting predicate-argument relations from a
Dependency Tree

Having defined Sem and SV ar, it is possible to state how to obtain a Flat
Dependency Graph in DTS from a Dependency Tree of G. This is achieved
by a formal device similar to the XDG’s Linking Principle and the LinkPA,ID

attribute on which it operates.
In particular, I will define in this section a set of if-then rules, called LinkG,FDG,
and a Principle, called G ⇒ DTS Linking Principle, acting on it.
Contrary to XDG, in which LinkPA,ID expresses a kind of if-then rules be-
tween the labels of the two dimensions, LinkG,FDG is a set of if-then rules
between “pieces” of structures. The reason of this is that the G ⇒ DTS in-
terface relates structures with different sets of nodes. The graphical pattern
of these if-then rules is reported in fig.3.8; Sc1 and Sc2 are set of connections
between nodes in a Dependency Tree and in a Flat Dependency Graph re-
spectively. The pattern of each connection is reported in fig.3.9. In fig.3.9,
u1 and u2 indicate a node in the structure. Their type are T1 and T2 respec-
tively. Finally, lab indicate the label of the arc from u1 to u2.

G FDG

Sc1 Sc2

Figure 3.8: G ⇒ DTS interface: rule pattern

u1

T1

u2

T2

lab

Figure 3.9: G ⇒ DTS interface: connection pattern

The first simple example of the rules in LinkG,FDG is reported in fig.3.10;
these two rules specify how the subject of a verb is interpreted. In partic-
ular, they assert that the subject of an intransitive (transitive) verb has to
correspond to the first argument of the unary (binary) predicate associated
to it by the function Sem. Clearly, the argument of those predicates will
be just the discourse referent associated to the dependent of the verb by the
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function SV ar. Analogous rules constrain the semantic realization of the
direct object and the argument of a preposition.

u
IV ∪ TV

v

P1

D

G FDG

DET ∪ PN ∪ RP

Subj

Sem(u)

SVar(v)

1

Figure 3.10: G ⇒ DTS interface: Subject

On the contrary, a different kind of rules (shown in fig.3.11) deals with the
argument of a determiner. In fact, in G, the dependency relation labelled
as det-arg leads from a determiner to a common noun whereas the corre-
sponding predicate-argument relation has opposite direction: it leads from
the predicate associated with the common noun to the discourse referent as-
sociated with the determiner (note that, in fig.3.11, the nodes in the FDG
are Sem(u) and SV ar(v) rather than Sem(v) and SV ar(u) as in the rules
in fig.3.10).

u

v

P1

D

G FDG

CN

Det-arg

Sem(v)

SVar(u)

1

DET

Figure 3.11: G ⇒ DTS interface: argument of a determiner

By means of the rules introduced, we are able to intepreter simple sentences
as (33) (the values of the functions Sem and SV ar are obviously defined).

(33)

All students study a theorem

study

all

students

a

theorem

VERB-SUBJ VERB-OBJ

DET-ARG DET-ARG

study’

student’

y

theorem’

1 2

1 1

x
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For dealing with adjuncts, i.e. optional dependents, it is necessary to intro-
duce rules featuring an additional level of complexity; the two optional gram-
matical functions allowed in G, i.e. prepositional and verbal modifier, link
a common noun (associated with a predicate) to a preposition\verb (associ-
ated with a predicate too); clearly, the latter predicate has to be instantiated
on the same discourse referent already instantiated on the former4. To this
end, we introduce in the rules a new variable d, referring to this common
discourse referent; however, contrary to the variables v and u, in the rules
there is no requirement on d’s counterpart (i.e. on LV ar(d)). These rules
are shown in fig.3.12.

u

v

P1

D

G FDG

PREP

Prep-rmod

Sem(u)

d

1

CN P2

Sem(v)

1

u

v

P1

D

G FDG

IV ∪ TV

Verb-rmod

Sem(u)

d

1

CN P2

Sem(v)

1

Figure 3.12: G ⇒ DTS interface: adjunct

Finally, the G ⇒ DTS interface includes also two additional rules for map-
ping with proper names and relative pronouns. In fact, as stated above, a
proper name p has to be mapped in two different nodes, e.g. ια and x, where
α ∈ name is the constant associated with p and x is the discourse referent
corresponding to the (singleton of the) individual p denotes. Furthermore, x
has to be the argument of the unary predicate ια.
On the contrary, a relative pronoun has to correspond to a discourse referent
already introduced by a determiner. To handle this case, I define a function
Ref on the fly, without going into formal details. Ref simply associates a
relative pronoun with the determiner it refers to5.
Fig.3.13 shows these two additional rules. In fig.3.14, the set of all if-then
rules defined in this section are listed. As it will be clear in the next section,

4In G, this discourse referent is the one associated with the determiner governing the
common noun. In fact, G does not license sentences having a common noun not governed
by a determiner, as Dogs bark.

5Note that Ref is not a mapping function, as Sem or SV ar, in that both its domain
and its codomain are subsets of DomG.
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these rules are actually implemented into a function named LinkG,FDG.

u

ιname

D

G FDG

Sem(u)

SVar(u)

1
PN

u
D

G FDG

SVar(Ref(u))
RP

Figure 3.13: G ⇒ DTS interface: proper names and relative pronouns

The G ⇒ DTS Linking Principle

The last ingredient needed to extract the predicate-argument relations is a
principle relating a Dependency Tree in G with a Flat Dependency Graph
in DTS on the basis of the if-then rules in LinkG,FDG. This principle is
called “the G ⇒ DTS Linking Principle”. The G ⇒ DTS Linking Principle
formalization needs the following preliminary definitions

Definition 3.4. [Set of connections]
Sc = {C1, C2, . . . , Cn} is a set of connections where each connection Ci ∈ Sc
is a quintuple 〈us, Ts, ud, Td, lab〉 where us is the source node with type Ts, u2

is the destination node with type T2, and lab is the label on the arc from us

to ud. Each connection is graphically shown as in fig.3.9.

Definition 3.5. [linkG,FDG]
linkG,FDG is formally defined as a function from set of connections to set of
connections. It is graphically shown as a set of if-then rules as in fig.3.14.

Definition 3.6. [Structural Unification Un(Str, Sc)]
Un(Str, Sc), where Str is a structure Str = 〈N,L,A,Dom, f〉 (e.g. a De-
pendency Tree as defined in def.3.1 or a Flat Dependency Graph as defined
in def.4.1) and Sc a set of connections, is a binary predicate such that

Un(Str, Sc) = true ⇔

( Str = 〈N,L,A,Dom, f〉 ∧ Sc = {C1, C2, . . . , Cn}∧

∀Ci∈Sc[ Ci = 〈us, Ts, ud, Td, lab〉 →

∃a∈A[ a = 〈us, ud, lab〉 ∧ f(us) = Ts ∧ f(ud) = Td ] ] )

Note that if Sc is empty, Un(Str, Sc) is true for any structure Str.
Now it is possible to formally express the linking principle,that must hold
between a Dependency Tree Dt and its (unique) corresponding Flat Depen-
dency Graph Fdg.
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u

v

P1

D

G FDG

PREP

Prep-rmod

Sem(u)

d

1

CN P2

Sem(v)

1

u

v

P1

D

G FDG

IV ∪ TV

Verb-rmod

Sem(u)

d

1

CN P2

Sem(v)

1

u
IV ∪ TV

v

P1

D

G FDG

DET ∪ PN ∪ RP

Subj

Sem(u)

SVar(v)

1

u
PREP

v

FDG

DET ∪ PN ∪ RP

Prep-arg

G

u
TV

v

P2

D

FDG

DET ∪ PN ∪ RP

Obj

Sem(u)

SVar(v)

2

G

P2

D

Sem(u)

SVar(v)

2

u

v

P1

D

G FDG

CN

Det-arg

Sem(v)

SVar(u)

1

DET

u

ιname

D

G FDG

Sem(u)

SVar(u)

1
PN

u
D

G FDG

SVar(Ref(u))
RP

Figure 3.14: G ⇒ DTS interface: LinkG,FDG values

Definition 3.7. [The G ⇒ DTS Linking Principle]
Let Dt be a Dependency Tree allowed by the Dependency Grammar G; Fdg
is the Flat Dependency Graph describing all the predicate-argument relations
carried by Dt iff it holds that

∀S[ Un(Dt, S) ⇒ Un(Fdg, linkG,FDG(S)) ]
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Three examples of structures related by the G ⇒ DTS interface are reported
in fig.3.15, fig.3.16, and fig.3.17

study

all

students

a

theorem

of

the

book

VERB-OBJ

DET-ARG DET-ARG

DET-ARG

PREP-RMOD

PREP-ARG

students theorem

VERB-SUBJ

study’

student’

y

theorem’

1 2

1 1

x

of’

z

book’

2

1

1

Figure 3.15: Dependency Tree and related Flat Dependency Graph for
All students study a theorem of the book

arrive

the

VERB-SUBJ

students

DET-ARG

passed

VERB-RMOD

who

VERB-SUBJ VERB-OBJ

the

test

DET-ARG

arrive’

x

1

students’

passed’

test’

1

2

1

y

1

Figure 3.16: Dependency Tree and related Flat Dependency Graph for
The students who passed the test arrive.
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arrive

students

two

of

the

DET-ARG

DET-ARG

PREP-RMOD

PREP-ARG

students

representatives

VERB-SUBJ

of

the

DET-ARG

PREP-RMOD

PREP-ARG

universities

of

PREP-RMOD

PREP-ARG

Massachusetts

arrive’

x

1

1

1representative’

of’

1

student’

y

2

1

2

z

enrolled−in’

1

1university’

in’

2

w 1 ιMassachusetts’

Figure 3.17: Dependency Tree and related Flat Dependency Graph for
Two representatives of the students of the universities of Massachusetts

arrive.

3.3.4 Restriction

As argued in section 3.1, in a dependency relation between a word head and
a word dependent, the latter plays a role of “completion” of the former, in
the sense that it circumscribes\restricts the head meaning by acting as its
parameter. However, it has been pointed out that not only the dependent
is involved in this completion, but the whole subtree having the dependent
as root. The if-then rules presented in the previous section do not preserve
this structural information; hence, for example, we are not able to distin-
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guish between the two sentences in (34), that have very different meaning,
in that their common Flat Dependency Graph (on the right) does not spec-
ify whether “all men” is an argument of “run” (34.a) or “all runners” is an
argument of “man”.

(34) a All men run.

b All runners are men.
x

1

man’

1

run’

Therefore, in order to correctly handle the semantic of a Dependency Tree
it is necessary to represent the subtrees of dependencies also in the semantic
representation.
In DTS, as shown in chapter 2, this is carried out by the function restr that,
together with other two functions (i.e. quant and SemDep), extends the Flat
Dependency Graph into a Scoped Dependency Graph.
The function restr is defined for each discourse referent x in the Flat Depen-
dency Graph; it is clear that, in order to mirror the structural knowledge
depicted in the Dependency Tree, restr(x) should be set up to the subgraph
of all the predicate-argument relations corresponding to the subtree having
LV ar(x) as root, i.e. all predicates P such that Lex(P ) is placed under
LV ar(x) in the Dependency Tree (I remind that LV ar and Lex are the in-
verse functions of SV ar and Sem respectively).
The only exception concerns proper names; in this case, restr(x) is the sub-
graph including ια and its single argument x, where α is the constant denoted
by the proper name.
However, actually restr(x) will be set up to the subgraph of all predicate-
argument relations corresponding to the subtree of LV ar(x) in which x oc-
curs as argument. Therefore, for example, concerning fig.3.18, the G ⇒ DTS
interface will set up restr(y) to the subgraph containing just the predicates
theorem′ and of ′ and their arguments (fig.3.19.a), not to the one containing
also the predicate book′ (fig.3.19.b)
The chosen solution allows to decrease verbosity without loss of information;
in fact, in order to obtain the subgraphs corresponding to the whole subtrees,
it is sufficient to operate a transitive closure with respect to the function restr.
The restr’s values are triggered by a new principle introduced in the G ⇒
DTS interface: the Restriction principle, whose definition is reported in
def.3.8; complex formal details of the definition are omitted
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study

all

students

a

theorem

of

the

book

VERB-OBJ

DET-ARG DET-ARG

DET-ARG

PREP-RMOD

PREP-ARG

students theorem

VERB-SUBJ
study’

student’

y

theorem’

1 2

1 1

x

of’

z

book’

1

1 2

student’

y

theorem’

1

1

x z

book’

1

restr(x) restr(z)
of’

z

1 2

restr(y)

Figure 3.18: Dependency Tree and related Scoped Dependency Graph for
All students study a theorem of the book

a)

y

theorem’

1

of’

z

1 2

y

theorem’

1

of’

z

1 2

book’

1

b)

Figure 3.19: Possible choices for restr(y); (a) is the one
adopted in the G ⇒ DTS interface

Definition 3.8.[Restriction Principle]
If Dt is a Dependency Tree allowed in G, Fdg is the Flat Dependency Graph
describing all predicate-argument relations of Dt and Sdg = 〈Fdg, Ctx, Q,
quant, restr, SemDep〉 is a Scoped Dependency Graph describing a (possibly
underspecified) interpretation of Dt, then:

For each node d of type D, restr(d) is the subgraph of Fdg composed by the
nodes p of type pred linked to d, the nodes d1 of type D linked to p and all
the connections among those nodes.
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3.3.5 The G ⇒ DTS interface

This subsection concludes the formalization of DTS syntax-semantics inter-
face. It introduces a final definition stating the 1:1 correspondence between a
Dependency Tree in G and a fully underspecified Scoped Dependency Graph.
Clearly, this definition makes use of the Linking and the Restriction principles
introduced in the previous sections.

Definition 3.9.[The G ⇒ DTS interface]
If Dt is a Dependency Tree allowed in G and Sdg = 〈Fdg, Ctx, Q, quant,
restr, SemDep〉 is a Scoped Dependency Graph, then Sdg represents the fully
underspecified semantics of Dt iff

- Dt and Fdg satisfy the Linking principle.

- Dt and restr satisfy the Restriction principle.

- For each node d of type D, quant(d) is a Mostowskian Generalized
Quantifier in Q. Clearly, the specific quantifier depends on the lexical
semantics of the word denoting d6.

- For each node d of type D, SemDep(d)= {Ctx}.

In fig.3.20 and fig.3.21 two final examples are reported (SemDep values are
omitted for the sake of readability).

3.4 Comparison with other approaches

In this section, a brief comparison between the DTS syntax-semantic interface
and the one of other approaches is reported. The first formalism with respect
to which this comparison should be made is clearly Extensible Dependency
Grammar, in that it is one of the most recent works that subsume the main
results in the past research on Dependency Grammars.
As pointed out above, XDG and DTS feature close similarities for what
concerns the extraction of predicate-argument relations. In both theories,
this extraction is realized by means of a principle named Linking Principle;
the XDG Linking Principle differs from the DTS one only in two respects

6It must be pointed out that, since proper names and definite articles are mapped into
a discourse referent, they also have to be associated to a quantifier. Their quantifiers are
respectively called Pn and The and semantically behave as a universal quantifier, i.e. they
range over all the individuals satisfying the restriction.
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arrive

the

VERB-SUBJ

students

DET-ARG

passed

VERB-RMOD

who

VERB-SUBJ VERB-OBJ

the

test

DET-ARG

arrive’

x

1

students’

passed’

test’

1

21

y

1

1

restr(x)

z

1 2

test’

y

restr(y)

student’

1

x

passed’

quant(x)=The quant(y)=The

Figure 3.20: Dependency Tree and related Scoped Dependency Graph for
The students who passed the test arrive

- The XDG Linking Principle relates only the labels of two dimensions,
in that it assumes they share the same nodes. In contrast, the DTS
Linking Principle relates pieces of structures, having differents nodes,
edges, and labels. Clearly, this means that the latter is more complex,
but more flexible and scalable, with respect to the former.

- XDG provides a suitable treatment of thematic roles, while in DTS this
is subject to further study. At the moment, DTS represents predicate-
argument relations in First Order Logic fashion, by indicating just the
predicate-argument positions.

Another correspondence between the two theories may be found in the XDG
Co-dominance Principles and the DTS Restriction Principle. In fact, both
principles have been asserted in order to preserve the dependency subtree
structures; in the former, this is achieved by asserting that between a quanti-
fier and its argument both the semantic relation marking the restriction (with
label “r”) and the syntactic dependency marking the argument of the quan-
tifier (with label “quant”) must have the same direction. On the contrary,
the DTS Restriction Principle sets up the values of a function named restr,
defined for each discourse referent d, to the subgraph of predicate-argument
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Figure 3.21: Dependency Tree and related Scoped Dependency Graph for
Two representatives of the students of the universities of Massachusetts

arrive

relations arising from the subtree having the d’s syntactic counterpart as
root.
Instead, the great advantage of DTS with respect to XDG is that the for-
mer does not contain any principle that corresponds or replaces the XDG’s
Contra-dominance principle, resulting in a simpler syntax-semantic interface.
The contra-dominance principle asserts initial scope constraints in terms of
dominance relations between quantifiers and predicates in their body, and,
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together with the Co-dominance principle, provides an underspecified repre-
sentation of the sentence in the SC dimension. In order to disambiguate this
underspecified representation, the dominance relations are then translated in
CLLS terms [Egg et al., 2001], a well-known constraint-based formalisms; in
particular, as said above, in [Debusmann, 2006] this is done by introducing
a CLLS dimension and ad-hoc attributes and principles to integrate it with
the rest of the framework. In other words, XDG provides a syntax-semantic
interface between CLLS and a Dependency Grammar.
A syntax semantics interface between a constraint based approach and MC-
LTAG is presented in [Joshi and Kallmeyer, 2003]. MC-LTAG, i.e. multi-
component LTAG, is a version of LTAG ([Joshi and Schabes, 1997]) in which
the elementary objects can be set of trees rather than single trees. As dis-
cussed in [Weir, 1988], MC-LTAG is weakly equivalent to LTAG, but not
strongly equivalent (i.e. MC-LTAG can give rise to structural descriptions
not obtainable in LTAG).
[Joshi and Kallmeyer, 2003] define a compositional semantics of MC-LTAG
in Montagovian fashion: the elementary objects in the grammar G are asso-
ciated with elementary semantic descriptions (that are flat sets of MRS-like
atomic formulae) and each syntactic derivation in G univocally corresponds
to a semantic derivation of the semantic descriptions associated with the el-
ementary objects of G involved in the derivation.
This syntax semantic interface is defined with respect to MC-LTAG rather
than LTAG in that some scope bearers, as the quantifiers, are associated to
two elementary trees rather than a single one. These two elementary trees
are called predicate argument component and scope component respectively.
The former is the LTAG tree of a lexical anchor and it is associated with a
semantic description that indicates how the elementary predicate-argument
structure is related to its syntactic counterpart. On the contrary, the scope
component is a degenerate tree, i.e. a tree consisting of single node (S, i.e. a
syntactical component referring to a whole sentence), that can be added in
a derivation just via an operation of adjoining (for this reason, it is marked
with a ∗); the elementary semantic description of the scope component con-
sists in a set of atomic formulae, among which we find the logical quantifier
associated with the lexical anchor instantiated on three arguments: the vari-
able on which it ranges on and two holes bearing the scope of its restriction
and its body respectively. Furthermore, the semantic descriptions of the
two components of a quantifier contain initial dominance relations between
the holes and the labels occurring in the atomic formulae. For instance, in
fig.3.22, the elementary descriptions of the quantifiers Some and Every are
reported. Concerning the one of Some, note that the predicate argument
component contains a dominance relations between the holes h2 (belonging
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{ S*

l2: some(x, h2, h3)

s1 ≤ h3

arg: s1

},

l3: p1(x)

l3 ≤ h2

arg: 〈p1, 01〉

NP

N↓Det

Some

{ S*

l4: every(y, h4, h5)

s2 ≤ h5

arg: s2

},

l5: p2(y)

l5 ≤ h4

arg: 〈p2, 01〉

NP

N↓Det

Every

Figure 3.22: MC-LTAG elementary descriptions for
the quantifiers Some and Every.

to the semantic description of the scope component) and the label of p1(x),
where p1 is the predicate denoted by the syntactic argument of the tree in
the predicate argument component7. Note also that the semantic descrip-
tion of the scope component contains a dominance relation between the hole
h3, associated with the body of some (the logical quantifier denoted by the
lexical anchor Some), and s1, the only argument of the semantic description.
Clearly, the label of s1 is left, up to this point, underspecified, in that it
depends on the disambiguation that will be chosen.
As said above, only the elementary objects of some scope bearers have more
than one component; on the contrary, the ones of content words like verbs
and noun have a single component. For example, fig.3.23 shows the elemen-
tary objects associated with the lexical anchors student, course, and loves.
Now, consider the following sentence

(35) Some students loves every course.

The syntactic derivation proceeds as follows: the two components of a quan-
tifier are added simultaneously to the same elementary tree; for example,
fig.3.24 shows how the tree α2 in the predicate-argument component of Some
and the degenerate tree β2 in its scope component are attached to the tree
α1 of loves. Note that α2 is added via a substitution, while β2 via adjoining
on the root of α1; clearly, this adjoining does not affect the derived tree, but
only, as it will be shown below, the derivation tree.
Analogously, as shown in fig.3.25, the two trees α3 and β3 associated with
Every are added to the partial derived tree obtained so far. Finally, the

7“01” refers to the second child of the root, i.e. to the node N↓.
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{ }
q2: course

arg:−

N

course

{ }
l1: loves(x1, x2)

l3 ≤ h1

arg: 〈x1, 00〉, 〈x2, 011〉

VP

NP↓V

loves

{ }
q1: student

arg:−

N

student

S

NP↓

Figure 3.23: MC-LTAG elementary descriptions for
the quantifiers student, course, and loves.

VP

NP↓V

loves

S

NP↓

NP

N↓Det

Some

S*
α1

α2

β2

Figure 3.24: MC-LTAG derivation step adding the two elementary
trees of Some to the elementary tree of loves.

two trees α4 and α5, associated with student and course, are added to the
partial derived tree via two operations of substitution, as shown in fig.3.26
Besides a derived tree, an MC-LTAG analysis produces a derivation tree.
This structure records the history of composition of the elementary trees and
is rather close to a dependency tree. The nodes of the derivation tree are the
labels of the elementary trees (α1, α2, etc.). Two nodes are connected with
an arc iff, during the derivation, they have been attached via a substitution
or adjoining. If a tree α is linked to another tree β via substitution, then
the connection among them leads from α to β; on the contrary, if α is linked
to β via adjoining, the connection in the derivation tree leads from β to α.
The derivation tree corresponding to the derived tree in fig.3.26 is reported
in fig.3.27 (note that also β2 and β3, i.e. the two degenerate trees, appear in
the derivation tree).
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VP

NP↓V

loves

S

NP

N↓Det

Every

S*
α1

α3

β3

NP

N↓Det

Some

Figure 3.25: MC-LTAG derivation step adding the two elementary
trees of Every to the partial derived tree in fig.3.24.
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V
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S

NP

N↓Det

Every

α1

NP

N↓Det

Some

N

course

N

student

α4

α5

Figure 3.26: MC-LTAG derivation for the sentence
Some student loves every course.

α1

β2 β3α2 α3

α4 α5

Figure 3.27: MC-LTAG derivation tree for the sentence
Some student loves every course.
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The semantic rules that allow to compositionally build an underspecified
representation of the sentence, starting from the semantic description of the
involved elementary objects, are defined with respect to the derivation tree
rather than the derived tree. Without going into formal details, the rule of
composition between two elementary semantic descriptions sem1 and sem2,
associated with two elementary trees tr1 and tr2 such that an arc leading from
tr1 to tr2 occurs in the derivation tree, simply states that all occurrences of
a particular argument of sem1 must be substituted with a particular term
in sem2 of the same type. For instance, concerning the previous example,
since in the derivation tree in fig.3.27 there are two arcs leading from α1 to
α2 and α3 respectively, all occurrences of the variables x1 and x2, belonging
to the semantic description of α1, must be substituted with occurrences of
x and y respectively. Furthermore, since the derivation tree contains also
two arcs leading from β1 and β2 to α1, all occurrences of s1 and s2 must be
substituted with l1 (remind that s1 and s2 have the same type of l1, i.e. they
are two variables ranging over the space of labels).
Therefore, after the two derivations in fig.3.24 and fig.3.25, the partial derived
tree (shown again in fig.3.28 on the left) is associated with the semantic
description reported in fig.3.28 on the right.

VP

V

loves

S

NP

N↓Det

Every

NP

N↓Det

Some

l2: some(x, h2, h3), l4: every(y, h4, h5)

arg: 〈p1, 01〉, 〈p2, 0111〉

l1: loves(x, y), l3: p1(x), l5: p2(y),

l3 ≤ h1, l5 ≤ h4, l3 ≤ h2, l1 ≤ h3, l1 ≤ h5

Figure 3.28: MC-LTAG partial syntactic and semantic derivations for
Some student loves every course.

The semantic compositions corresponding to the adjoinings of the degenerate
trees lead to the assertion of the two initial dominance relations l1 ≤ h3 and
l1 ≤ h5, that constrain the membership of the predicate loves in the body of
the two quantifiers. On the contrary, the semantic compositions correspond-
ing to the substitutions just contribute in unifying the variables involved in
the predicate-argument relations.
Finally, the fully underspecified representation obtained by adding the ele-
mentary semantic descriptions of student and course to the one shown in
fig.3.28, is reported in fig.3.29 on the right. The two final derivation steps
cause the substitution of p1 and p2 with the predicates student and course
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respectively.

VP

V

loves

S

NP

Det

Every

NP

NDet

Some

l2: some(x, h2, h3), l4: every(y, h4, h5)

l1: loves(x, y), l3: student(x), l5: course(y),

l3 ≤ h1, l5 ≤ h4, l3 ≤ h2, l1 ≤ h3, l1 ≤ h5

student N

course

Figure 3.29: MC-LTAG syntactic and semantic derivations for
Some student loves every course.

To summarize, the approach of [Joshi and Kallmeyer, 2003] defines a compo-
sitional semantics, with respect to a constraint based approach, in terms of
the LTAG derivation tree that, as said above, is a kind of Dependency Tree.
Therefore, this syntax semantics interface gets the same results of the XDG
one, but it preserves all other linguistic and mathematical benefits of LTAG.
However, in order to manage both the predicate-argument relations and the
initial scope constraints, it has been necessary to make use of MC-LTAG
rather than LTAG, in order to associate¡ with a quantifier two elementary
objects, one devoted to the predicate-argument structure and one to the
scope one.
Returning to the underspecified formalisms based on dominance constraints,
the construction of an interface with a strictly generative grammar tends to
result in a more rigid framework. For example, in [Bos, 2004], that proposes
a interface between UDRT and a generic phrase structure grammar, each
entry in the lexicon is paired up with a λ-abstractions on a UDRT structure,
that specifies both predicate-argument relations and initial scope constraints.
As in Montagovian tradition, the rewriting rules of the grammar are associ-
ated with (λ) functional applications merging a pair of UDRTs into a more
complex structure. For example, fig.3.30 shows the lexical entries for the
words a, woman and smokes, while three rules of the grammar are reported
in (36)8.
In the lexical entries, the operator “;”, called “the merge operator”, is im-
ported from [Muskens, 1996] and behaves semantically as dynamic conjunc-
tion in Dynamic Predicate Logic [Groenendijk and Stokhof, 1991]. However,
in the derivation reported in fig.3.31, it simply joins the involved UDRTs by

8Actually, the grammar presented in [Bos, 2004] enables the representation of the tense
information via particular UDRT, labels and holes. Nevertheless, for simplicity, in figg.3.30
and 3.31 they are omitted.
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putting together labelled DRS-conditions, labels, holes, and variables.

λp.λq.λh.λl.(

h1 l1 l2 v1

v1
l2:(( ;l1);h1) ;(p(v1)(h)(l1);q(v1)(h)(l)))DET a

λv.λh.λl. woman(v)l:

l≤h

N woman

λv.λh.λl.( l:( )IV smokessmoke(v)

l≤h

)

l≤h1 l2 ≤h

Figure 3.30: UDRT lexical entries for a fragment of an English Grammar.

(36)
S:φ(ψ) →NP:φ VP:ψ VP:φ →IV:φ NP:ψ(φ) →DET:ψ N:φ

In fig.3.31, the derivation for the sentence A woman smokes is reported. In
the derivation, “R” marks a lambda reduction and “M” a merge operation.
As the reader can easily see, the lexical entries of this syntax-semantics in-
terface incorporate lambda abstractions both for handling the arguments of
the predicates and for asserting initial dominance relations between holes
and labels. This makes complex the writing and the debug of the syntax-
semantic interface, and even the derivations of sentences as simple as A
woman smokes.
The DTS syntax-semantics interface differs from these two approaches in
that it does not assert initial scope constraints, but it simply deals with
predicate-argument relations; in fact, def.3.9 sets up SemDep(d) to {Ctx} for
all discourse referents d. On the contrary, the management of the scope con-
straints is completely devolved upon the subsequent disambiguation process,
that will be illustrated in details in the next chapter.
In this respect, the DTS syntax-semantics interface is more similar to the
ones of enumerative approaches, as QLF, that, as discussed in chapter 1,
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λp.λq.λh.λl.(

h1 l1 l2 v1

v1
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( )

=
R
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woman(v)l:
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R
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h1 l1 l2 v1

v1
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l1:
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=
R
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l≤h1 l2 ≤h

Figure 3.31: UDRT derivation for the sentence.
A woman smokes.
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are basically simpler than the syntax-semantic interfaces of constraint-based
formalisms.

3.5 Summary

In this chapter, the relationship between Dependency Tree Semantics and a
Dependency Grammar has been shown. In particular, it has been formally
defined how it is possible to obtain a fully underspecified Scoped Dependency
Graph by means of two principles: a Linking Principle, that acts on a set of
if-then rules in order to extract the Predicate-argument relations stored in
the Dependency Tree, and a Restriction Principle, that, on the basis of the
subtrees of dependencies, sets up the values of the function restr, i.e. discrim-
inates between the predicate-argument relations identifying a set of involved
entities (restriction) from those constituting the main assertion (body).
This interface is basically simpler than the syntax-semantics interfaces pro-
posed in the literature for those approaches referred in this thesis by the term
“constraint-based approaches”; in particular, DTS performs less work in that
it does not assert initial scope constraints, but only deal with predicate-
argument relations.
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Chapter 4

Scope disambiguation in DTS

In the previous chapter it has been shown how an initial Scoped Dependency
Graph can be obtained from a Dependency Tree by means of a simple if-then
rules system. Such a system does not assert initial scope constraints as it
is done in other constraint-based approaches; therefore, the obtained Scoped
Dependency Graph is fully underspecified, i.e. all its discourse referents are
linked to Ctx via a SemDep arc.
This chapter shows how the next step, i.e. the Scope Disambiguation process,
is carried out. Scope disambiguation will be realized in a monotonic, incre-
mental fashion. Section 4.2 sums up the reasons why such a kind of scope
disambiguation is needed, already discussed in chapter 1, and distinguishes
between partial and full disambiguations. This will lead to some changes
in the formalization shown in section 2.4; a new formalization will be then
presented in subsection 4.2.1.
The rest of the chapter will be devoted to illustrate constraints on SemDep
arcs for reducing the number of available readings to those admitted in Natu-
ral Language. In particular, section 4.3 presents the constraints arising from
Nested Quantification, section 4.3.2 focuses on logical redundancy, while sec-
tion 4.3.3 briefly discusses, without going into details, which other further
constraints could be needed.
A comparison with a recent approach ([Joshi et al., 2003]), implementing a
similar set of constraints, concludes the chapter.

4.1 Monotonic Disambiguation

In chapter 1, the two main approaches to underspecification, that I called
enumerative and constraint-based approaches, have been presented. Further-
more, it has been pointed out that the main advantage featured by the latter

77



with respect to the former is the possibility of realizing monotonic disam-
biguation, i.e. to specify partial scope constraints one by one, rather than all
final ones in a whole.
The claim that a formalism as QLF, which aims to (totally or partially)
instantiate the final scoping relations on quantifiers, intrinsically prevents
partial disambiguations has been discussed by [Reyle, 1996] in the light of
examples as

(37) Everyxbody believed that many ay problem about the environment
preoccupied mostz politicians.

Since quantifiers are clause bounded, Many ay and Mostz must have both
narrow scope with respect to Everyx (in symbols, it must hold that Many
ay ≤ Everyx and Mostz ≤ Everyx). However, the sentence does not provide
enough information to establish also the relative scope between Many ay and
Mostz: this relative scope has to remain underspecified.
In QLF it is impossible to describe this partial scoping; in fact, in QLF,
disambiguation is performed by incrementally instantiating the final linear
sequence of scope relations on involved quantifiers. For example, concerning
sentence (37), we could start the disambiguation process by instantiating the
partial sequence

- 〈Many ay, Everyx〉

asserting that Many ay ≤ Everyx; at this point, we can add Mostz to this
partial sequence and obtain one of the two following

- 〈Many ay,Mostz, Everyx〉

- 〈Mostz,Many ay, Everyx〉

but this amounts to already establish one of the two final scopings

- Everyx ≤ Many ay ≤ Mostz

- Everyx ≤ Mostz ≤ Many ay

whereas we cannot specify a weaker constraint Mostz ≤ Everyx, and leave
underspecified the relative scope between Mostz and Many ay.
On the contrary, this may be easily handled in constraint-based approaches
as Hole Semantics or UDRT, since they perform the disambiguation by (in-
crementally) asserting dominance relations between involved quantifier. Each
of these dominance relations expresses a weak scope constraint. Then, once
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that the disambiguation is completely achieved, i.e. it is not possible to add
further dominance relations, partial scope constraints can be “frozen” into
final ones via some formal device.
For example, in the Hole Semantics representation of (37), reported below

(38)

{ l1:Everyx(h11, h12), l2:Many ay(h21, h22),

l3:Mostz(h31, h32), l4:person(x), l6:politician(z),

l5:env−problem(y), l7:believe(x, h7), l8:preocc(y, z) }

{ l4 ≤ h11, l5 ≤ h21, l6 ≤ h31, l7 ≤ h12 }

in order to specify the two partial constrains discussed above, we can add the
two following dominance relations between h7 (the hole as argument of the
intensional predicate believe) and the labels of quantifiers Mostz and Many
ay.

- l2 ≤ h7

- l3 ≤ h7

Afterwards, when more contextual information will be available, we can as-
sert an additional dominance relation specifying the scope between Mostz
and Many ay; for example, if we find in the context that the sentence talks
about a different set of many a problem about the environment for each in-
volved politician, the following dominance relation is simply added to the
ones above

- l2 ≤ h32

Now, it is not possible to add further dominance relations without obtain-
ing an ill-formed representation; therefore, the partial scope constraints are
“freeze” into final ones. In Hole Semantics, this is carried out by a plugging
function named P . P assigns a label to each hole in order to link the several
pieces and build a formula in the object language. Clearly, P has to satisfy
the previously asserted dominance relations.
Therefore, in the example under exam, the plugging function P assumes the
following values:

(39)

P (h0) = l1, P (h11) = l4, P (h12) = l7, P (h7) = l3, P (h21) = l5,

P (h22) = l8, P (h31) = l6, P (h32) = l2

leading to the formula
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(40)

Everyx(person(x), believe(x,

Mostz(politician(z),Many ay(env−problem(y), preocc(y, z)))))

4.1.1 Partially and fully disambiguated readings in DTS

In this section, a possible way to realize monotonic disambiguation in DTS
is presented.
As pointed out above, in order to perform monotonic disambiguation, we
must enable partial and weak scope orderings among involved quantifiers; in
constraint-based approaches, this is achieved by asserting dominance rela-
tions between some kind of scope-bearers and some kind of scope-arguments.
In principle, an incremental disambiguation can be easily realized also in
DTS, in that nothing prevents us to assert the dependencies between in-
volved groups of entities one by one, rather than all together.
But the SemDep arcs introduced above are not enough for carrying out this
incremental process. To see why, consider again sentence (37); in DTS, in
order to represent that Many ay and Mostz have narrow scope with respect
to Everyx, it seems that SemDep arcs should be instantiated as in fig.4.1.a.
Nevertheless, fig.4.1.a already describes a final ordering for (37): it specifies
that many a and most must be in Branching Quantification between them.
In other words, each of the three representations in fig.4.1 is a possible final

x

zy

x

zy

x

zy

a) b) c)

Figure 4.1: Three readings for sentence (37) in DTS.

configurations having Many ay and Mostz with narrow scope with respect
to Everyx; we need a way to underspecify the three readings, but clearly we
cannot use one of them to this end.
Therefore, as it is done in the other constraint-based approaches, it is nec-
essary to distinguish between partial and fully specified representations and
establish a formal device that allows to “frozen” the former into the latter
once no more disambiguations are possible or needed.
In order to get this result, I introduce another type of arc, called SkDep arc.
The interpretation of SkDep is what is missing in the previous representa-
tion: it is exactly as the one of SemDep, but such that the discourse referents
{x1, x2, ..., xn} reachable from the discourse referent x via the SkDep arcs
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are “a subset of” (instead of being “equal to”) the ones reachable via the
SemDep ones.
With this distinction, it is possible to use the SkDep in fig.4.2.a to underspec-
ify the three SemDep in fig.4.1 (SkDep’s are graphically shown by means
of thinner dotted arcs). It should now be clear that, even if SemDep and

x

zy

x

zy

a) b)

Figure 4.2: Two underspecified readings for sentence (37)

SkDep establish the same connections, they describe different things. The
SkDep arcs in fig.4.2.a assert that, for each person in the set X (i.e. the set
of all “believers”), there is both a set Y of problems about the environment
and a set Z of politicians. There are three choices for these sets: either
Y may be a set of many a problems about the environment and Z a set
of most politicians, as in fig.4.1.a, or Y may be a set of many a problems
about the environment and Z the union of |Y | (potentially different) sets of
most politicians (one for each y ∈ Y ), as in fig.4.1.b, or Z may be a set of
most politicians and Y the union of |Z| (potentially different) sets of many
a problems about the environment (one for each z ∈ Z), as in fig.4.1.c.
Now, the interpretation process proceeds as follows: starting from a graph
in which all discourse referents are linked to Ctx via a SkDep arc1, we can
incrementally add SkDep arcs on the main graph, according to the syntac-
tic constraints or the ones coming from the context (see below). Each new
SkDep arc provides a new piece of information, that further constrains the
scope of the quantifiers and the set of possible models satisfying the graph.
When the disambiguation is complete, the set of SkDep arcs is “frozen” and
converted into a set of SemDep arcs. Now, the model-theoretic interpreta-
tion can be given, according to the semantics provided in the next chapters.
Any graph including SkDep arcs can be frozen into the corresponding graph
including SemDep arcs. This happens when all possible dependencies have
been verified against the contextual and world knowledge. For instance, as-
suming that all other checks have already been made, the disambiguation
between the graph in fig.4.2.a and the one in fig.4.2.b depends on the answer
to the question: is, in the present context, reasonable that the discourse ref-
erent z varies when the discourse referent y changes its denotation? There
can be three possible answers.

1This is the initial configuration calculated from the Dependency Tree via the Syntax-
semantics interface.
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• Yes. In this case, the graph in fig.4.2.a is modified into the one fig.4.2.b.
Then, this is frozen into the SemDep configuration in fig.4.1.c (as usual,
the transitive arc from z to x is not shown).

• No. In this case, the graph in fig.4.2.a is frozen into the SemDep
configuration in fig.4.1.a.

• Don’t know. In this case, the graph in fig.4.2.a is left unchanged, but
no freezing is possible.

In the light of this, it is clear that the semantics of DTS has to be defined
only in terms of SemDep values, while a set of inference rules to perform
partial reasoning in the underspecified representation (see [Reyle, 1993] and
[Reyle, 1996] for a proposal of such a set in UDRT) has to be defined only
in terms of SkDep’s values.

4.2 World knowledge exploitation

This section briefly discusses how the disambiguation process may be carried
out in a semantic underspecified framework based on dependencies between
quantifiers.
The choice of the correct scope between quantifiers is notoriously hard, since
it depends on the preferences grounded on the syntactic structure, on the
contextual world-knowledge, and on the topic\focus distinction. Although
it is generally agreed that, among these factors, contextual knowledge is the
most relevant in the choice of the correct scope (see [Kurtzman and MacDon-
ald, 1993] and [Villalta, 2003] for a brief overview), in the literature there
are mainly proposals based on syntactic grounds only (see [Moran, 1988] for
such a proposal in QLF).
As it should be clear at this point, DTS disambiguation machinery is sub-
stantially different from the MRS\UDRT\CLLS dominance relations, that
simply assert the plugging of a subformula into another one, i.e. that act on
the syntax of a (basically independent) object logical language.
SkDep arcs denote semantic dependencies between involved groups of enti-
ties, that can be directly related to the semantic dependencies arising from
a knowledge repository, such as a formal ontology.
For instance, consider the representation of the following sentence, reported
in fig.4.3.
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(41)

There were always twox students of mine in oney of the first tenz places
of thew classification of eachv exam held in thisk school.
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Restr(x)

Quant(y)= ∃

Quant(x)= Two

2

w

classification−of’ place−of’

1

vmyStud’

1

exam’

1

1

x

1

Quant(z)= TheF10

1 2 z

1

held−in’

k
2

school’
myStud’

Restr(y)

11 2

∈

zy

Restr(z)

wz

place−of’

v

classification−of’

Restr(v)

1 21

exam’ held−in’

v

Restr(k)

1

k

school’

Quant(v)= ∀

Quant(w)= The Quant(k)= The

1

2

1

k

Flat Dependency Graph

11 2

Restr(w)

1 2

w

∈

Figure 4.3: USDG of sentence (41).

In order to disambiguate this representation, the correct dependencies be-
tween discourse referents and Ctx have to be inserted.
Each discourse referent marks a group of entities involved in the situation
expressed by the sentence. The function restr provides a partial “description”
of these groups in that, as pointed out above, restr(x) collects all predicate-
argument relations, carried by the sentence, that act to restrict the set of
entities referred by x. For example, concerning the USDG in fig.4.3, it is
easy to see that

- x refers to a set of students.

- y refers to a subset of the set referred by z.

- z refers to a set of places belonging to some elements in the set referred
by w.

- w refers to a set of classifications of some elements in the set referred
by v.

- v refers to a set of exams held in some elements in the set referred by
k.

- k refers to a set of schools.
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Clearly, these descriptions are “partial” in that they do not specify which
and how many elements of a certain group of entities participate, with an
element of another group, in a binary predication relating the two groups;
for example, we just know that, in any interpretation, each classification
in w is the classification of at least one exam in v, but we do not know
which and how many are these exams, i.e. the precise pairs constituting the
classification−of ′’s extension.
Clearly, this missing information cannot be found in the Underspecified
Scoped Dependency Graph in that it depends on pragmatics; the goal of the
semantic disambiguation process is precisely the one of adding constraints
on possible models in order to reduce the set of available ones and help the
pragmatic analyzer to identify, as much as possible, the entities involved in
the predications.
The disambiguation process, starting from these partial descriptions, can in-
teract with an ontology in order to derive that the semantics of the words
student and school is hightly related, despite the fact that, both in the Scoped
Dependency Graph, and in the Dependency Tree and in the words order,
there is an high “distance” between the words student and school. In other
words, it can derive that there is a high probability that, in the preferred
reading of the sentence, a semantic dependency occurs between x and k.
Nevertheless, it must be stressed that the world-knowledge, in most cases,
can indicate just the preferred paths of dependencies, but not their directions;
for example, it can suggest the existence of a SkDep arc between x and k,
but not if this arc leads from x to k rather than from k to x.
Instead, the direction of the arcs are suggested by other factors as, for ex-
ample, preferences induced by the use of particular quantifiers or linguistic
expressions, topic\focus distinction, prosody, and so on.
To summarize, the insertion of certain SkDep arcs in the representation de-
pend on the following question

Which involved groups of entities, i.e. which discourse referents, can
depend on each other?

It is apparent that restr(v) makes explicit the fact that the connection be-
tween exams and school concerns the fact that the exams are held in the
school, so that any known functional constraint existing between exams and
schools can immediately be checked to set up the semantic dependencies.
In this case, the actual choice (the exams depend on the school) is due to
the fact that the school is introduced by the demonstrative “this” (so it is a
constant and must depend only on Ctx); consequently, the exams (v) depend
on the school (k). On the contrary, for the predicate “classification−of’ ”
this is not the case: the decision criterion is that given a classification, the
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set of places are determined: w depends on v. Analogously, we could easily
find out that

• Each school has its own set of students [x depends on k].

• Each exam has its own classification [w depends on v].

• A given individual cannot appear in two places in a classification [y
depends on x].

Clearly, these dependencies produce the SkDep arcs shown in fig.4.4.a.

x
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y

w

z

k

v

Figure 4.4: Possible configuration of dependencies for the USDG in (4.3).

In fig.4.4.b, the SemDep arcs corresponding to the freezing of fig.4.4.a are
shown. This SDG is true in those models in which “this school” is such
that two particular students of mine enrolled in it (e.g. John and Jack)
and the set S of exams held in it are such that for each e ∈ S, the set of
first ten places of the e’s classification contains both a place occupied by
John and a place occupied by Jack. Clearly, this interpretation represents
one of the available readings for (41). Another reading can be obtained by
linking x to w via SkDep 2. The new SkDep obtained by this addition can
then be “frozen”. The resulting SDG, shown in fig.4.4.c, corresponds to an
interpretation analogous to the previous one, but where the two students of
mine may be different from classification to classification. Of course, other
possible readings can be obtained by extending fig.4.4.a, but they are not
compatible with world knowledge, as the dependency of y from z, which
would mean the a place in the classification (e.g. the third one) depends on
each of the ten places (there is a different “third” for each place).
However, to summarize, I repeat that what matters is not the fact that in
this example one choice is better than the other, but that, given the DTS,

2A further link from x to v would lead to an equivalent reading, since it is assumed
that each exam has a single classification.
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it is immediately clear what checks must be performed in order to make a
choice (though a check could return a “don’t know” answer).
For most other underspecification formalisms it is a bit harder to find out
the relations to verify. This is due to the fact that predicates and variables
are scattered around in the representation. For instance, in Hole Semantics,
the interaction between labels and holes makes difficult to determine the
local effects (and, consequently, the decision criteria) of a given choice. In
particular, while in DTS the predicate-argument relations constituting the
quantifier restrictions, i.e. the subgraphs as values of the restr function,
that are needed to determine which discourse referents depend on which
other ones, are fixed regardless the chosen interpretation, in Hole Semantics
different choices on the dominance relations lead to differents restrictions;
moreover, each quantifier is associated to two holes, one for the body and
one for the restriction. Therefore, the exploitation of world knowledge is in
principle harder in Hole Semantics, in that it requires additional reasoning
steps to identify the predicate argument relations involved in the checks or
to determine if a label has to be dominated by the hole associated with the
restriction rather than the body of a certain quantifier.

4.2.1 Formalisation

This subsection formalizes the concept previously introduced. In particu-
lar, the definitions presented in section 2.4 (and reported below to increase
readability) will be revised in order to distinguish two kinds of DTS well-
formed structures: a partially disambiguated representation named Under-
specified Scoped Dependency Graph (USDG), and a fully specified represen-
tation named Scoped Dependency Graph (SDG); the only difference between
the two structures is the function used to specify (partial rather than final)
scope constrains: SkDep rather than SemDep. An USDG can be converted
into one of the SDGs it refers to3 by means of a “freezing” operation.
Both structures are defined in terms of a third one, the Flat Dependency
Graph (FDG), whose formal definition is the same presented in section 2.4

Definition 4.1. [Flat Dependency Graphs (FDG)]
A Flat Dependency Graph is a tuple 〈N,L,A,Dom, f〉 s.t.:

3The one having the same semantic dependencies.
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- N is a set of nodes {n1, n2, . . . , nk}.

- L is a set of labels {l1, l2, . . ., lm}; in all figures of the thesis,
L≡{1, 2}.

- Dom ≡ pred ∪ D is a set domain objects: predicates and discourse
referents

- f is a function f : N 7→ Dom, specifying the node referent, i.e. the
domain object with which the node is associated. In the following,
whenever f(n) ∈ X, I will informally say that node n is of type X,
so that we can have nodes of type pred and nodes of type D.

- A is a set of arcs. An arc is a triple (ns, nd, l), where ns, nd ∈ N , ns

is of type pred, nd is of type D and l ∈ L.

Definition 4.2.[Underspecified Scoped DependencyGraph (USDG)]
An Underspecified Scoped Dependency Graph is a tuple 〈Gf , Ctx, Q, quant,
restr, SkDep〉 s.t.:

- Gf = 〈N,L,A,Dom, f〉 is an FDG.

- Ctx is a special element called “the context”.

- Q is a set of 2-place Mostowskian quantifiers (Mostowski [1957]) as
every, most, two, . . ..

- quant is a total function ND 7→ Q, where ND ⊆ N are the nodes of
type D.

- restr is a total function assigning to each d ∈ ND its restriction, which
is a subgraph of Gf .

- SkDep is a total function ND 7→ ℘(ND) ∪ {Ctx}

Definition 4.3.[Scoped Dependency Graph (SDG)]
A SDG Gs is a tuple 〈Gf , Ctx, Q, quant, restr, SemDep〉 s.t.

- Gf , Ctx, Q, quant and restr are defined as in def.4.2

- SemDep is a total function ND 7→ ℘(ND) ∪ {Ctx}

The next definitions concern the monotonic semantic disambiguation as de-
scribed above; the former defines the way this disambiguation has to proceed,
while the latter allows to “transform” an USDG into a corresponding SDG.
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Definition 4.4.[Specification Relation]
A USDG G1 〈Gf1, Ctx1, Q1, quant1, restr1, SkDep1〉 is a specification of the
USDG G2 〈Gf2, Ctx2, Q2, quant2, restr2, SkDep2〉 iff:

- Gf1 = Gf2, Ctx1 = Ctx2, Q1 = Q2, quant1 = quant2, restr1 = restr2

- ∀(n ∈ D)SkDep2(n) ⊆ SkDep1(n).

Definition 4.5.[Freezing]
A SDG SG 〈SGf , Ctx1, Q1, quant1, restr1, SemDep〉 is a freezing of the USDG
USG 〈USGf , Ctx2, Q2, quant2, restr2, SkDep〉 iff:

- SGf = USGf , Ctx1 = Ctx2, Q1 = Q2, quant1 = quant2, restr1 = restr2

- ∀(n ∈ D)SemDep(n) = SkDep(n).

When d′ ∈ SkDep(d) or d′ ∈ SemDep(d), we say that d depends on d′. I
remind that the SemDep\SkDep arc introduced above is just a compact
graphical representation of the SemDep\SkDep function. If we take into
account the transitive closure of SemDep, i.e. SemDep∗, we have that n1

SemDep∗ n2 iff n2 ∈ SemDep(n1) (analogously for SkDep).

4.3 Constraints on SemDep arcs

The syntactic formalization of DTS still lacks an important ingredient.
In the previous section, I pointed out that SkDep\SemDep arcs have to
define a partial order between discourse referents and Ctx, with Ctx as its
maximal element; however, not all partial orders are allowed; therefore, it is
necessary to define a set of constraints that have to be satisfied by the two
functions.
There are several kinds of these constraints; this section does not present an
exhaustive list of them but focuses on the ones triggered by Nested Quantifi-
cation and Redundancy and briefly discusses which other factors are involved
in establishing further constraints.

4.3.1 Nested Quantification

As it is well known in the literature, in sentences featuring Nested Quantifi-
cation, i.e. sentences in which a quantifier occurs in the syntactic restriction
of another quantifier, not all possible scopings between quantifiers are logi-
cally available.
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For example, consider sentence (42), in which the quantifier ay is embed-
ded into the syntactic restriction of the quantifier Everyx. The dependencies
depicted in the USDG below this sentence describe an unreasonable interpre-
tation. In fact, it is awkward to take this sentence as describing a situation
in which there is a fixed set of most representatives each of which saw every
sample and such that there is a different company to which s\he belongs for
each sample s\he saw.
These readings have been avoided in current approaches to underspecifica-
tion by introducing constraints on the syntax of the formalism. For example,
[Joshi et al., 2003] extends the LTAG semantics previously defined in [Joshi
and Kallmeyer, 2003] by introducing a mechanism acting on quantifier sets
to prevent them.

(42)

Everyx [representative of [ay company]] saw mostz samples.

Restr(x)

Quant(y)= ∃Quant(x)= ∀

Restr(z)Restr(y)
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x
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Ctx
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x
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y
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ycomp’ 1

In this section, similar constraints for DTS are introduced. Afterwards, their
effects will be compared with the ones obtained by [Joshi et al., 2003]. The
constraints are given in terms of SkDep arcs, since SemDep are just a “freez-
ing” of SkDep, in the sense explained above, so that all constraints on SkDep
transfer directly to their SemDep counterparts. The set of constraints is the
following:
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Definition 4.6.[Constraints on SkDep function]

1. SkDep implements a partial order on discourse referents and Ctx, with
Ctx as its maximal element.

2. Let d be a discourse referent, and let R(d) be the closure of restr, i.e.
the smallest set that contains d, and for which it holds that if d′ is in
R(d) and d′′ occurs in the restriction of d′, then also d′′ ∈ R(d). It
must hold that:

• If d1 ∈ R(d), d2 6∈ R(d), and d1 depends on d2, then also d depends
on d2.

• If d1 ∈ R(d), d2 6∈ R(d), and d2 depends on d1, then also d depends
on d1.

The set R(d) is the set of all discourse referents that contribute to the iden-
tification of the set of individuals on which the assertion holds. Formally, it
can be calculated by starting from d and recursively applying the function
restr. It must be recalled that restr (and its transitive closure R(d)) strongly
depends on the syntactic structure of the sentence and, in particular, on the
predicate-argument relations extracted from it. For instance, with respect to
the graph in (43), we have that R(x) = {x, y, z}.

(43) Two representatives of the students of the piemontese universities ar-
rive.
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The first part of the second constraint above specifies that if a discourse
referent d1, which contributes (on the basis of syntactic information) to the
identification of d, semantically depends on another discourse referent d2,
then also d depends (syntax notwithstanding) on d2. d may depend on d2

in two ways: directly (as in fig.4.5.a) or indirectly via d1 (as in fig.4.5.b).
In the first case we obtain a Branching Quantifier reading, whereas in the
second case, we obtain the so-called Inverse Linking reading (see [May and
Bale, 2002]).

90



Analogously, the second part of the second constraint specifies that if d2

semantically depends on d1, then also d depends on d1. Again, this can be
achieved in two ways (triggering a Branching Quantification or an Inverse
Linking respectively): directly (fig.4.6.a) or indirectly via d2 (fig.4.6.b).

d

d1

d2

R(d)

a) d

d1

d2

R(d)

b)

Figure 4.5: Allowed dependencies in DTS - 1

d

d1

d2

R(d)

a) d

d1

d2

R(d)

b)

Figure 4.6: Allowed dependencies in DTS - 2

An example of Inverse Linking (corresponding to fig.4.5.b) is reported in
(fig.4.7.a). This structure describes a reading of the associated sentence in
which there are two particular boys, e.g. John and Jack, each of which ate a
portion of most courses of the menu (clearly, we have a different portion for
each course), but the set of most courses whose portion has been eaten by
John may be different from the ones of Jack.
Note that this is different from the readings triggered by the dependencies
in fig.4.7.b, in which the set of most courses is the same for both boys4.

(44) Twox boys ate [Ay portion of [Mostz courses]].
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4On the contrary, the set of eaten portions still remain different, i.e. again a portion
depends on a pair 〈boy, course〉.
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Figure 4.7: Two possible disambiguations for
the USDG in (44).

On the contrary, an example of Branching Quantification (corresponding to
fig.4.5.a) is shown in (45).

(45)

Thex students must write [any essay about [threez poets]].
x y

Ctx

z

SkDep

The DTS representation in (45) describes a reading in which each of the
involved students have to write a single essay talking about three poets.
Clearly, the dependency from poets to students indicates that each student
may talk about three different poets in his\her respective essay.

4.3.2 Redundant Readings

Redundancy may arise when universal and existential quantifiers occur in
the sentence. Universals, since they range on the whole domain of individu-
als, cannot exhibit any dependency on another quantifier, i.e. their inclusion
within the scope of another quantifier does not affect the selection of in-
dividuals they range on (with an exception discussed below). Therefore, a
reading featuring such a dependency is equivalent to a reading in which the
universally quantifier set is taken directly from the context.
For example, concerning sentence (46), it is easy to see that the two readings
below it are equivalent; in fact, in (46.a), there are two particular students
each of which is related with all theorems in the domain, while, in (46.b)
there are two particular students in Branching Quantification with a con-
stant set including all theorems in the domain.
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(46) Twox students study everyy theorem.

x y

Ctx

SkDepa)

x y

Ctx

SkDepb)

For analogous reasons, a dependency on an existential quantifier implies a
single selection for the internally quantified set of individuals; as in the pre-
vious case, a reading containing such a dependency is equivalent to a reading
in which the two quantifiers are in Branching Quantification between them.
Concerning sentence (47), in the reading (47.a) there is a single student and
three theorems depending on him\her and this is clearly equivalent to (47.b),
in which the three theorems do not depend on the involved student but are
taken from the context.

(47) Ax student studies threey theorem.
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Ctx

SkDepa)

x y

Ctx

SkDepb)

Anyway, there is an exception to the rule about universals. It concerns an
universal acting as a modifier for another quantifier in its restriction. For
example, in the case of (48), there are two possibilities, according to the
intention of referring to ’all friends of any participant’ or to ’all friends of all
participants’ . In the first case, we enable the upper universal to be linked
via a SemDep arc to its modifier as in (48.a). Clearly, the standard link to
Ctx is possible, so also the second case is accounted for (48.b).

(48) Every friend of every participant arrives.
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x

y

Ctx
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Clearly, the exception arises also when the quantifier in the syntactic restric-
tion of the universal one is not another universal quantifier, as in

(49) Every friend of two participants arrives.

x

y

Ctx
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x

y

Ctx

b)
SemDep

x

y

Ctx

c)
SemDep

x

However, contrary to the previous case, for (49) three readings are available:
a reading (49.a) in which there are two particular participants and all persons
that are friends of at least one of them arrive, a reading (49.b) in which all
common friends of two particular participants arrive, and a reading (49.c) in
which there are two particular participants and all persons that are friends
of at least one of them arrive.
Note that there is not a similar exception for existential quantifiers.
The problem of the logical redundancy is not new in Underspecification; for
example, [Chaves, 2003] and [Koller and Thater, 2006] present two different
approaches to solve it in Hole Semantics and CLLS respectively. In partic-
ular, the former devises a strategy that allows to prevent, when a certain
reading is produced, the generation of its equivalent ones. On the contrary,
the method presented in the latter generates all the readings, but allows to
group them into classes of equivalence.
In this thesis, I follow the first approach; this is done, in particular, by adding
the following constraints to the ones in def.4.6

Definition 4.7.[Constraints on SkDep to avoid redundancy]

1. If quant(d) = ∃, then for no discourse referent d′ holds that d ∈
SkDep(d′).

2. If quant(d) = ∀ and d′ /∈ R(d), then d′ /∈ SkDep(d).

4.3.3 Additional constraints

The constraints introduced in the two previous sections are logical constraints
in the sense that they enable all logically possible readings, for which a
model-theoretic interpretation is provided (see next chapters). However, not
all such readings are available also in Natural Language; hence, several other
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constraints are needed in order to identify the subset of NL readings.
In this subsection, I briefly indicate some of the main sources that set up
such additional constraints.
For example, there are linguistic island constraints as the one discussed above
about the sentence

(50)

Everyxbody believed that many ay problem about the environment
preoccupied mostz politicians.

The island constraint under exam states that quantifiers Many a and Most
cannot take scope over Every; in DTS terms, this has to be realized by
inserting suitable constraints that prevent dependencies from x to y or z.
Another linguistic constraint concerns proper names, which are associated,
as in DRT, to a discourse referent5. Since proper names are associated to
constant individuals, it is clear that their discourse referent cannot depend
on other quantifiers but must always have wide scope, i.e. their SkDep’s value
has to be set to the singleton {Ctx}.
Analogous considerations hold for the discourse referents associated with
definites, that can refer to individuals already introduced in the previous
sentences, even if their behaviour is much more complicated in that they can
be also interpreted anaphorically, as in

(51)

Thex toy of everyy child is red.

In (51), discourse referent x can depend on y, i.e. the sentence can describe
a situation in which each child has his own toy.
Then, as observed in [Hobbs and Shieber, 1987], §1.2., there are also several
extra-linguistic factors acting as “barriers” on the available NL interpreta-
tions. For instance, it is impossible to interpreter the sentence

(52)

I’ve met ax child of everyy man in this room. [Hobbs and Shieber, 1987]

with A having wide scope over Every, since this would describe a reading in
which there is a child having several fathers, which in our society is absurd.

5If x is the discourse referent associated with a proper name N that denotes an indi-
vidual α, restr(x) is the subgraph containing just the two nodes ια and x, linked by an
arc with label 1 (i.e. x is the only argument of the unary predicate ια). Furthermore,
quant(x) =Pn, where Pn is a dummy Mostowskian Generalized Quantifier that behaves as
a universal quantifier, i.e. it ranges over all individuals satisfiying its restriction. However,
since its restriction includes only the predicate ια, it just ranges over α.
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Therefore, in this case, we need constraints to prevent a dependency from y
to x.
Finally, it must be pointed out that, besides constraints that prevent impos-
sible readings, also criteria to choose the correct scope of quantifiers among
those available are needed. This choice is notoriously hard, in that it de-
pends on several factors among which the context, the preferences grounded
in the syntactic structure, the topic\focus structure, etc. The analysis of
these criteria goes beyond the scope of the thesis; the reader is addressed to,
for example, [Moran, 1988], [Kurtzman and MacDonald, 1993] and [Villalta,
2003].

4.4 Comparison with current constraint-based

approaches

We can now test the predictions of DTS on a well known example, i.e.

(53) Two politicians spy on someone from every city.[Larson, 1985]

In which it is assumed that the syntactic structure of (53) is the one where
the PP “from every city” is included on the NP “on someone from every
city”. The USDG of (53) is reported in fig.4.8.
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Figure 4.8: USDG for sentence (53)

Just two SemDep arcs can vary: the one exiting two, and the one exiting
some. The rules presented above (both the ones in def.4.6 and the ones con-
cerning redundancy) allow for 6 interpretations, reported in fig.4.9.
On the contrary, [Joshi et al., 2003], accepts just 4 readings for (53), ex-
pressed as 2∀∃, 2∃∀, ∀∃2 and ∃∀2, while ∀2∃ and ∃2∀ are unacceptable.
Their conclusions are based upon the results presented in [May, 1985] and
[Larson, 1985], asserting that an NP behaves as a scope island, i.e. that an
NP1 syntactically nested within another NP2 may take scope over (or be in
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Figure 4.9: The six disambiguated readings for
Two politicians spy on someone from every city.

to scope of) other NPs only if this is done also NP2.
Nevertheless, consider the following sentences; because of semantic prefer-
ences, their preferred reading may correspond to the dependencies (in the
same order from left to right) described in fig.4.9.

(54) 1. Two boys, John and Jack, went (together) to a show about all
rockstars.

2. Two boys, John and Jack, visited (together) a museum in every
region of Italy.

3. Two boys, John and Jack, (each) bought an atlas with all countries
of the world.

4. Two soldiers guard a door of every building.

5. Two women were sitting in a central seat of each table.

6. Two boys, John and Jack, ate a portion of every course of the
menu.

In [Joshi et al., 2003], the left one in fig.4.9 is not a valid interpretation be-
cause “it may be banned due to general architectural reasons” (p.3). The
logical representation they propose for this reading is ([Joshi et al., 2003],
footnote 2):

∃y[ person
′(y) ∧ 2x[politicians′(x)∧

∀z[(city
′(z) ∧ from′(y, z)) → spy′(x, y)]]]

And the comment is that “∃2∀ involves having ∃y separated from its restric-
tor from(y, z), a configuration that should perhaps be banned ...”.
However, as it will be shown afterwards in the thesis, it is possible to build a
Second Order Logics formula in which this separation does not arise6. Read-

6Actually, it is possible to set up even a First Order Logic formula without such a
separation under exam; see [Lesmo and Robaldo, 2005].
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ing (54.5) is more complex, but it seems possible to express that situation,
although [Joshi et al., 2003] sees it as unacceptable.

4.5 Summary

In this chapter, the disambiguation mechanism of Dependency Tree Seman-
tics has been presented. In particular, in order to achieve disambiguation
in an incremental fashion, two kinds of dependency arcs have been distin-
guished: SkDep arcs, that denote partial dependencies, and SemDep arcs,
that denote final dependencies. The disambiguation task starts from an Un-
derspecified Scoped Dependency Graph, i.e. a fully ambiguous structure
obtained from the Dependency Tree of the sentence via the syntax-semantic
interface presented in chapter 3. Then, SkDep arcs are added monotoni-
cally, according to the constraints coming from the context; finally, when the
disambiguation task is finished, the set of SkDep arcs is frozen into a cor-
responding set of SemDep arcs and the Underspecified Scoped Dependency
Graph converted into a Scoped Dependency Graph, a fully unambiguous
structure that can be model-theoretically interpreted.
The chapter presented also a set of constraints on SkDep insertion; these
constraints reduce the set of available readings that can be produced by the
disambiguation task. In particular, it has been shown that some of them
have been asserted in order to prevent logically impossible readings when
the sentence contains a syntactic Nested Quantification, while the other ones
have been asserted to prevent logical redundancy. Finally, it has been briefly
argued which other further constraints could be needed for reducing the num-
ber of available readings to those admitted in Natural Language.
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Chapter 5

Models and Branching
Quantification

In this chapter, some of the most relevant theories of Branching Quantifi-
cation (BQ) are presented. Their analysis provides a starting point from
which we can define the model-theoretic interpretation of Dependency Tree
Semantics.
However, it must be pointed out that Branching quantification has lost at-
tention from the linguistic community in recent years and, to my knowledge,
no relevant proposal to include them into a semantic underspecified formal-
ism has ever been made; section 5.1 tries to outline the possible reasons of
this, and to argue that, on the contrary, a formalism for representing NL
meaning should take BQ readings into account. Then, sections 5.3 and 5.4
present two of the most relevant works on BQ: the one carried out by Bar-
wise in [Barwise, 1979] and the one carried out by Sher in [Sher, 1990] and
[Sher, 1997]. The work of Sher will then be modified and extended in order
to handle the truth conditions of DTS well formed structures.

5.1 Are BQ readings really available in NL?

As pointed out in the introduction, Branching Quantifier readings are not
accounted for in most recent semantic underspecified formalisms. One of
the reasons of this, perhaps, is the idea that an explicit representation of
BQ readings is not strictly necessary, since they always imply some linearly-
ordered ones1.

1The contents of this chapter are based on my personal communications with people of
the community; however, to my knowledge, they have not been explicitly asserted in any
article, apart some hints in [Barwise, 1979].
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In fact, consider again example (55)

(55) Two students study three theorems.

and its three possible disambiguations in DTS, shown in fig.5.1.

study’

stud’

x y

theor’

1 2

1 1

Ctx

study’

stud’

x y

theor’

1 2

1 1

Ctx

study’

stud’

x y

theor’

1 2

1 1

Ctxa) b) c)

Figure 5.1: The three disambiguations available in DTS for sentence (55)

It is easy to check that the set of models accepted by the BQ reading (fig.5.1
on the right) is the intersection of the sets of models accepted by the other
two.
In fact, a reading where there are two specific students that study three given
theorems implies both that each of the students studies “some” three theo-
rems and that each of the theorems is studied by “some” two students: the
fact that the three theorems\two students are the same could be seen just
as a pragmatic specification concerning the dynamics of the dialogue.
Therefore, during the model-theoretic interpretation of fig.5.1.a, we can sim-
ply take an interpretation function which assigns the same three theorems
to both students obtaining, in this way, the same truth-conditions of the
reading in fig.5.1.c.
I disagree with this general supposition and I believe it is logically, linguisti-
cally and methodologically non motivated.
Concerning its logical inadequacy, I will show in section 5.4 that in the logics
developed by Sher, that I will take as starting point for defining the model-
theoretic interpretation of Dependency Tree Semantics, a BQ reading does
not always entail its linear counterparts.
Nevertheless, even if Sher’s results may be considered acceptable from a logi-
cal point of view, the debate about the actual availability of the BQ readings
in NL still remains open; in fact, the logical adequacy of Sher’s logics does
not prove the actual existence of BQ interpretations in natural language.
In other words, Sher’s theory could be too expressive for representing NL
meaning.
However, not only BQ interpretations do actually occur in NL, but they
are rather widespread in human everyday life, as is shown by the linguistic
examples as the ones shown in section 2.2, reported below
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(56) a. Two students, John and Jack, study three theorems: the first three
of the book.

b. Two friends of mine went to three concerts with my sister.

c. Two students of mine have seen three drug dealers in front of the
school.

As previously noted, in (56.a), the involved students and theorems are explic-
itly mentioned in two appositions, while in (56.b) the prepositional modifier
with my sister favours an interpretation in which three persons, two friends
of mine and my sister, went together to three same concerts.
Finally, it has been argued that world knowledge is the main factor that can
suggest a BQ reading; in fact, in (56.c), world knowledge seems to render
the reading in which two students have seen the same three drug dealers the
most salient.
As final complex example concerning world knowledge, consider a class of
students on the last day of the school-year. Imagine the students try to get
some information about their success\failure from one of their teacher via
some strategical questions. Then, suppose the teacher answers as follow

(57) I can only tell you a bad news:

The director suggested the failure of two students (of this class) to most
of the teachers.

Clearly, in this situation, the teacher is saying that the director has two spe-
cific persons in mind and suggested their respective failure to any teacher
he contacted in some way (such that the sum of these teachers are “most
teachers”). Again, a branching quantification between the quantifiers two
and most is preferred.
So, it is possible to conclude that BQ readings acquire linguistic valency when
sentences are evaluated with respect to a broader context. In other words,
even if it may seem difficult to interpreter a sentence taken in isolation via
a BQ reading, in real cases it is quite common that the speaker intends to
refer to fixed sets of involved entities.
Finally, it seems the rejection of BQ as autonomous readings is also method-
ologically incoherent. In fact, BQ readings are not the only interpretations
which are special cases of other ones. This is rather common also in sentences
including universal or existential quantifiers. For instance, it is well known
that, in (58), the linear reading in which Two has wide scope with respect
to Every is a special case of the one in which it has narrow scope.

(58) Every man loves two women.
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Nevertheless, these two readings are commonly considered as two distinct in-
terpretations of the sentence. This consideration leads to conclude that it is
hard to tell which is the correct level of specificity; in principle, it is not clear
why we should keep apart two non-BQ readings, even if none of them implies
the other! Since a BQ reading can be used to convey both of them, and only
the context can tell them apart, the same line of reasoning could lead to the
conclusion that the unique reading of a sentence is its underspecified logical
counterpart, leaving to pragmatics the task to choose the “intended” model.
Hence, it seems that the reason why current semantic underspecified for-
malisms do not take BQ readings into account is simply mirroring what is
done in standard logics, not avoiding readings which are special cases of other
ones.
In the light of this, I find methodologically more coherent a view as the one of
[Kempson and Cormak, 1981], in which both the linear and the BQ readings
are accepted, but it is argued that they are not cases of semantic ambiguity:
they all concern vagueness.
Finally, in the criticisms about methodological coherence, an account on cu-
mulativity should also be included.
In fact, as argued in [Sher, 1990], cumulative readings simply arise from an-
other type of branching quantification. In particular, Sher talks about Com-
plex Dependence for referring to what it is commonly assumed for branching
quantification and Independence for referring to what it is commonly assumed
for Cumulativity (see section 5.4.1). Complex dependence and Independence
are the two extremes of the whole range of possible NL non-linear quantifi-
cations.
Contrary to “standard” branching quantification, i.e. Sher’s Complex de-
pendence, the actual existence of cumulative readings in NL has been widely
accepted by the linguistic community. However, they received little attention
in Underspecification: to my knowledge, the only two attempts for taking
into account cumulative readings in an underspecified formalism (UDRT) are
[Reyle, 1996] and, recently, [Chaves, 2005].
In fact, for handling cumulative readings, as well as other types of branch-
ing quantification, in a strictly linear framework, it is necessary to introduce
some complex and unnatural mechanisms2. On the contrary, as it will be
shown, DTS enables cumulative readings in a straightforward fashion, since
it considers partial orderings on quantifiers as natural as linear ones.
To conclude, what is really important for a semantic formalism is the ability
to restrict as much as possible the set of possible models in which the sen-
tence is true while it does not matter if this set is also included in the set

2For instance, [Reyle, 1996] uses of polyadic quantifications.
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of models satisfying another reading. Therefore, since NL provides ways to
identify a BQ reading, it seems that there is no reason for disregarding them
in an NL semantic representation.

5.2 (Mostowskian) Generalized Quantifiers

As already said, FOL does not suffice to represent NL meaning. In par-
ticular, it is necessary to introduce, in the logics, Mostowskian Generalized
Quantifiers ([Mostowski, 1957]).
Contrary to the two standard quantifiers, i.e. ∃ and ∀, which only allow to
make assertions for at least one or all individuals in a domain A, by means of
Mostowskian Generalized Quantifiers it is possible to make these assertions
for any subset of individuals in A.
In other words, in standard First Order Logics, we can assert, for example,
that at least one individual in A is red (59.a) or that all individuals in A are
red (59.b).

(59) a. ∃x[Red(x)]

b. ∀x[Red(x)]

On the contrary, by using Mostowskian Generalized Quantifiers it is pos-
sible to assert the “red” property for More than half, Almost all, No, etc.,
individuals in A (see (60.a-c))

(60) a. MTHx[Red(x)]

b. ∼∀x[Red(x)]

c. Nox[Red(x)]

In (60), MTH, ∼∀ and No are Mostowskian Generalized Quantifiers. A
(1-place) Mostowskian Generalized Quantifier Q is formally defined as follow

Definition 5.1. [Syntax of 1-place Mostowskian Quantifiers]
A 1-place Mostowskian Quantifier is a symbol Q such that, if x is an indi-
vidual variable, and Φ is a formula, then Qx(Φ) is also a formula.

Definition 5.2. [Semantics of 1-place Mostowskian Quantifiers]
A 1-place Mostowskian Quantifier Q denotes, in every model M with universe
A, a function q from ℘(A) to {T, F}3. Furthermore, if there are two models
M1, M2 with universe A1, A2 respectively and two sets B1, B2 such that B1 ⊆
A1 and B2 ⊆ A2 and the two structures (B1, A1), (B2, A2) are isomorphic,
then q(B1) = q(B2).

3℘(A) is the power set of A, that is, the set of all subsets of A; {T, F} is the set of
truth-values: T = true and F = false.
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MGQs are cardinality quantifiers since q(B) only depends on the cardinalities
of B and A \ B (the complement of B in the domain A). The 1-place
Mostowskian Generalized Quantifiers used in (60) are defined as4

- ‖MTHx(P (x))‖M = true iff | ‖P‖M | > 1

2
∗ |A|

- ‖ ∼∀x(P (x))‖M = true iff α ∗ |A| < | ‖P‖M |

- ‖Nox(P (x))‖M = true iff | ‖P‖M | = 0

Of course, we can express in this form the two standard quantifiers too

- ‖∃x(P (x))‖M = true iff | ‖P‖M | ≥ 1

- ‖∀x(P (x))‖M = true iff | ‖P‖M | = |A|

The use of 1-place Generalized Quantifiers increases the expressive power of
standard First Order Logics, but not enough to represent the meaning of any
Natural Language quantifier.
A further step can be made by introducing 2-place Mostowskian Generalized
Quantifiers. These quantifiers have two sets as argument and denote a truth-
value depending on the ratio between the cardinalities of these sets. Formally:

Definition 5.3. [Syntax of 2-place Mostowskian Quantifiers]
A 2-place Mostowskian Quantifier is a symbol Q such that, if x is an indi-
vidual variable, and Ψ, Φ are formulae, then Qx(Ψ, Φ) is also a formula.

Definition 5.4. [Semantics of 2-place Mostowskian Quantifiers]
A 2-place Mostowskian Quantifier Q denotes, in every model M with universe
A, a function q taking in input two subsets B and C of A and returning a
truth-value. Furthermore, if there are two models M1, M2 with universe A1,
A2 respectively and four sets B1, B2, C1, C2 such that B1 ⊆ A1, C1 ⊆ A1,
B2 ⊆ A2 and C2 ⊆ A2 and the two structures (A1, (B1, C1)), (A2, (B2, C2))
are isomorphic, then q(B1, C1) = q(B2, C2).

q(B,C) only depends, apart from the order of the pair (B, C), on the car-
dinalities of the sets (B ∩ C), (B \ C), (C \ B) and (A \ (B ∪ C)). Some
examples of 2-place Mostowskian Quantifier are

- ‖MTHx(P1(x), P2(x))‖M = true iff

|(‖P1(x) ∧ P2(x)‖M)| > |(‖P1(x)‖M)|/2

4α is a (contextually dependent) positive real number slightly smaller than 1.
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- ‖ ∼∀x(P1(x), P2(x))‖M = true iff

|(‖P1(x) ∧ P2(x)‖M)| = α ∗ |(‖P1(x)‖M)|

- ‖Nox(P1(x), P2(x))‖M = true iff

|(‖P1(x) ∧ P2(x)‖M)| = 0

- ‖∀x(P1(x), P2(x))‖M = true iff

|(‖P1(x) ∧ ¬P2(x)‖M)| = 0

- ‖∃x(P1(x), P2(x))‖M = true iff

|(‖P1(x) ∧ P2(x)‖M)| ≥ 1

- ‖Exactly-nx(P1(x), P2(x))‖M = true iff

|(‖P1(x) ∧ P2(x)‖M)| = n

- ‖Mostx(P1(x), P2(x))‖M = true iff

|(‖P1(x) ∧ P2(x)‖M)| > |(‖P1(x) ∧ ¬P2(x)‖M)|

- ‖Fewx(P1(x), P2(x))‖M = true iff

|(‖P1(x) ∧ P2(x)‖M)| < η

As stressed above, 2-place Mostowskian Generalized Quantifiers provide us
enough expressivity to represent the meaning of sentences containing, in prin-
ciple, any NL quantifier, whereas, as it will be shown in section 5.4.2 by using
1-place Mostowskian Generalized Quantifiers, it is possible to represent the
meaning of sentences containing only NL numerals.
For example, consider the following sentence

(61) Most men walk.

The truth-conditions of (61) can be handled by the following formula, which
makes use of the 2-place Generalized Quantifier Most, defined above

(62) Mostx(man′(x), walk′(x)).

As the reader can easily check, this formula is true only in those models
in which the cardinality of the set of all walking men (i.e. |(‖man′(x) ∧
walk′(x)‖M)|) is greater than the cardinality of the set of all non walking
men (i.e. |(‖man′(x) ∧ ¬walk′(x)‖M)|).
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In the literature, the two sets appearing as argument of a 2-place Mostowskian
Generalized Quantifier are usually called restriction and body. The former is
the subset of the domain in which we are interested when we make a certain
assertion (e.g. the set of all men), while the latter is the set of all individ-
uals in the domain satisfying this assertion (e.g. the set of all walking things).

5.3 Barwise

Branching quantification was introduced by [Henkin, 1961] in the context of
FOL; afterwards, [Hintikka, 1973] showed that it can occur also in NL.
The next great step toward the definition of a model-theoretic schema for BQ
readings was the attempt made by [Barwise, 1979] for merging Hintikka’s BQ
account with the theory of Generalized Quantifiers.
Barwise claimed that the truth-conditions of BQ readings are intimately
connected with the properties of monotonicity of the involved quantifiers; in
particular, the formula handling the truth-conditions of a sentence containing
only monotone increasing quantifiers is substantially different from the one
associated with a sentence containing only monotone decreasing quantifiers.
A quantifier Q is monotone increasing (in symbol, M↑) if for all formulae R,
A, B, holds that

(Qx(R(x), A(x)) ∧ ∀x[A(x) → B(x)]) → Qx(R(x), B(x))

This entailment means that if a formula A holds for a certain set of individuals
then also any more general formula of A, say B, holds for them.
An example of M↑ quantifier in NL is the quantifier Most; this may be easily
checked by considering that if it is true that Most men walk fast, it is also
true that Most men walk.
On the contrary, a quantifier Q is monotone decreasing (in symbol, M↓) if
for all formulae R, A, B, the following entailment is true.

(Qx(R(x), B(x)) ∧ ∀x[A(x) → B(x)]) → Qx(R(x), A(x))

This second entailment means that if a formula B holds for a certain set of
individuals then also any more specific formula of B, say A, holds for them.
An example of M↓ quantifier in NL is the quantifier Few; this may be easily
checked by considering that if it is true that Few men walk, it is also true
that Few men walk fast.
As pointed out above, Barwise proposes a model-theoretic schema of BQ
reading based on the monotonicity of the quantifiers occurring in the sen-
tence. For example, for sentence (63) which contains only M↑ quantifiers
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(63) Most of the dots and most of the stars are all connected by lines.

Barwise provides an analysis which produces the following interpretation

(64) ∃P1P2[ Mostx(dot(x), P1(x)) ∧ Mosty(star(y), P2(y)) ∧

∀xy[(P1(x) ∧ P2(y)) → connected(x, y)] ]

Viceversa, when both quantifiers are M↓, as in the following sentence

(65) Few of the dots and few of the stars are all connected by lines.

We get

(66) ∃P1P2[ Fewx(dot(x), P1(x)) ∧ Fewy(star(y), P2(y)) ∧

∀xy[connected(x, y) → (P1(x) ∧ P2(y))] ]

Barwise proposes these formulae by analogy with respect to the behavior of
single quantifications, as the two sentences in (67)

(67) a. Most men walk.

b. Few men walk.

As observed by [Aczel, 1975], the formulae associated with these two sen-
tences, namely Most(man(x), walk(x)) and Few(man(x), walk(x)), are re-
spectively equivalent to the 2-order formulae in (68).

(68) a. ∃P [Mostx(man(x), P (x)) ∧ ∀x[P (x) → walk(x)]]

b. ∃P [Fewx(man(x), P (x)) ∧ ∀x[walk(x) → P (x)]]

Intuitively, in (68.a) we need to find at least one set P (the extension of P )5

that is large enough to be “most men”, but small enough to be contained
in the extension of “walk” (see fig. 5.2). On the contrary, in (68.b) we need
a set that is small enough to include only “few men”, but large enough to
include all walking things (see fig. 5.3)6.
As pointed out above, Barwise’s intuition was that the model-theoretic in-
terpretation of a BQ reading is simply obtained by “merging” the ones of
each single quantification. Therefore, the truth conditions of sentences (63)
and (65) are respectively expressed by (64) and (66), reported in (69) for
simplicity.

5In the following, if A is a predicate, I will denote with A its extension.
6In these figures, “P?” indicate the impossibility to find a set P satisfying the require-

ments imposed by the formula.
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Figure 5.2: Two models for “Most men walk”: in the first one (a) the propo-
sition is true, in the second one (b) it is false.
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man
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Figure 5.3: Two models for “Few men walk”: in the first one (a) the propo-
sition is false, in the second one (b) it is true.

(69) ∃P1P2[ Mostx(dot(x), P1(x)) ∧ Mosty(star(y), P2(y)) ∧

∀xy[(P1(x) ∧ P2(y)) → connected(x, y)] ]

∃P1P2[ Fewx(dot(x), P1(x)) ∧ Fewy(star(y), P2(y)) ∧

∀xy[connected(x, y) → (P1(x) ∧ P2(y))] ]

The first formula in (69) is true in those model in which it is possible to find
two sets, P1 and P2, containing most dots and most stars respectively and
such that their cartesian product is included in the extension of the binary
predicate connected′. On the contrary, the second formula in (69) is true if
the two sets P1 and P2 contain few dots and few stars respectively and the
extension of connected′ is included in their cartesian product. In fig.5.4, two
example models are provided.
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(a)

P1
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P2
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*
*
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*

P1 P2

Figure 5.4: Models for formulae in (69); the former is true in (a) and false in
(b), while the opposite holds for the latter.

To conclude about Barwise proposal, it must be pointed out that rules are
given only for BQ containing only M↑ quantifiers or only M↓. On the con-
trary, it is not specified how the truth-conditions should be handled for sen-
tences involving non-monotone quantifiers (as quantifiers Exactly two, which
is neither M↑ nor M↓).
Finally, Barwise claimed that a Branching Quantification on quantifiers with
mixed monotonicity makes no sense from a linguistic point of view and there-
fore there is no need to identify a method to handle such cases.
The claim that the mixing of increasing and decreasing quantifiers yields
sentences having no sense is supported by examples such as:

(70) Few of the boys in my class and most of the girls in your class have all
dated each other.

5.4 Sher

The second relevant theory on Branching Quantification presented in this
thesis, and starting from which the model-theoretic interpretation of Depen-
dency Tree Semantics will be defined, is the one of Sher (see [Sher, 1990] and
[Sher, 1997]).
Sher criticizes Barwise by asserting that his proposal is methodologically in-
adequate; in fact, since the semantics of linearly ordered quantification is
provided independently of the monotonicity properties of the involved quan-
tifiers or the actual availability of the sentence in NL, there seems to be
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no methodological reason for imposing such further constraints in case of
partially ordered (as in BQ) quantification. In other words, the assumed
unavailability of NL sentences should not exclude that suitable formulae can
be built, for which a model-theoretic interpretation is provided.
Moreover, a closer look at Barwise’s theory reveals that the schema he pro-
poses for M↓ quantifiers indeed triggers a cumulative reading of the sentence
(which, as it is well-know, could also occur with M↑ quantifiers).
Let me analyze Barwise’s formulae in (69) in the light of Sher’s criticisms.
While the formula proposed for M↑ quantifiers seems to work properly, the
one for M↓ quantifiers presents some problems, as it is shown in the two
models in fig.5.5. Taking sets P1 and P2 as indicated in fig.5.5.a, the formula

(a)

P1

*
*
*
*
*

P2

(b)
*
*
*
*
*

P1

P2

Figure 5.5: Models for the second formula in (69); in (a), the formula is true,
while, in (b), it is false.

turns out to be true: these sets contain few dots and few stars respectively
and the extension of the predicate connected′ is included in their cartesian
product. Nevertheless, it has to be noted that the existence of these two
particular sets should not be relevant for asserting the truth-conditions of
sentence (65) since the stars in P1 are not connected to all dots in P2.
With respect to the model in fig.5.5.b, the formula evaluates to false since,
in order to include all dots in the range of the predicate connected′, P2 has
to include at least three of the five dots, hence, the requirement that P2 just
contains few dots cannot be satisfied at the same time. Nevertheless, linguis-
tic intuitions seems to predict the opposite result since the model actually
contains a set of few stars (the two in P1) and a set of few dots (the two
lower ones in P2) all connected each other.
These counterintuitive results arise from an implicit condition imposed by
the formula on the two sets: it is required that P1 and P2 respectively con-
tain the domain and the range of the predicate connected′.
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In other words, the formula proposed by Barwise for M↓ quantifiers is equiv-
alent to the following

(71) ∃P1P2[ Fewx(dot(x), P1(x)) ∧ Fewy(star(y), P2(y)) ∧

∀x[P1(x) → ∃y[connected(x, y)] ] ∧

∀y[P2(y) → ∃x[connected(x, y)] ] ]

As it is well-known, this is the formula usually associated to a cumulative
reading. However, cumulative readings may occur also with M↑ quantifiers;
for instance, consider

(72) The Japanese kamikaze hit more than 300 Usa battleships.

This formula is true iff there are two sets P1 and P2 including, respectively,
all japanese kamikazes and more than 300 Usa battleships such that for each
kamikaze in P1 there is a battleship in P2 that has been hit by him and for
each battleship in P2 there is at least a kamikaze in P1 who hit it.
To summarize, Sher concluded that the schema proposed by Barwise for M↓
quantifiers does not represent a BQ reading, but a cumulative one, and may
be used also with M↑ quantifiers.
Sher proposed to use in all cases the Barwise’s schema for M↑ quantifiers
augmented with a maximality condition on the involved sets.
In particular, Sher expresses (67.1) as follows:

(73) ∃P [ Mostx(man(x), P (x)) ∧ ∀x[P (x) → walk(x)]]∧

∀P ′[ ∀x[(P (x) → P ′(x)) ∧ (P ′(x) → walk(x))] →

∀x[P
′(x) → P (x)] ]

The added part, i.e. the inner universal quantification, simply says that if
there is a set P’ including P, such that all its members walk, then it must
be included in P. In other words, P is “maximal” with respect to its defining
conditions (i.e. walk′).
The maximality condition allows the formula to work with any quantifier.
Hence, for sentence (67.b) we get the formula (note that the only change
with respect to the previous one concerns the quantifier: Few in place of
Most):

(74) ∃P [ Fewx(man(x), P (x)) ∧ ∀x[P (x) → walk(x)]]∧

∀P ′[ ∀x[(P (x) → P ′(x)) ∧ (P ′(x) → walk(x))] →

∀x[P
′(x) → P (x)] ]

It is easy to realize that, in case of unary predicates, as walk′, there is only
one choice for the set P: it must coincide with the extension of the unary
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man

walk

P

(a)

man

walk

P

(b)

Figure 5.6: Models for sentences in (67): “Most men walk” is true in (a) and
false in (b), while the opposite holds for “Few men walk”.

predicate in the body of the quantifier (see fig. 5.6).

However, the role of the maximality conditions takes center stage when n-
ary predicates (as connected) are involved; for instance, consider the Sher’s
representations of sentences (63) and (65).

(75) a. ∃P1P2[ Mostx(dot(x), P1(x)) ∧ Mosty(star(y), P2(y))∧

∀xy[(P1(x) ∧ P2(y)) → connected(x, y)]∧

∀P ′

1
P ′

2
[∀xy[ (P1(x) ∧ P2(y)) → (P ′

1
(x) ∧ P ′

2
(y))∧

((P1(x) ∧ P2(y)) → connected(x, y))] →

∀xy[(P
′

1
(x) ∧ P ′

2
(y)) → (P1(x) ∧ P2(y))] ] ]

b. ∃P1P2[ Fewx(dot(x), P1(x)) ∧ Fewy(star(y), P2(y))∧

∀xy[(P1(x) ∧ P2(y)) → connected(x, y)]∧

∀P ′

1
P ′

2
[∀xy[ (P1(x) ∧ P2(y)) → (P ′

1
(x) ∧ P ′

2
(y))∧

((P1(x) ∧ P2(y)) → connected(x, y))] →

∀xy[(P
′

1
(x) ∧ P ′

2
(y)) → (P1(x) ∧ P2(y))] ] ]

The reader can verify that these expressions fulfil our expectations about
the model in fig.5.6, reported below for simplicity, both when the involved
quantifiers are two instances of Most and when they are two instances of
Few. Concerning the latter, notice that connected(x,y) does not imply P1(x)
or P2(y), so P1 and P2 are not required to cover the full range and domain
of “connected”. In particular, the formula is true if the sets indicated in
the figure are chosen as extensions of P1 and P2; with respect to fig.5.6.b,
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(a)

P1

*
*
*
*
*

P2

(b)
*
*
*
*
*

P1 P2

Figure 5.7: Models for formulae in (75) (75.a) is false in both
whereas (75.b) is always true.

note that the second dot from the top has not to belong to P2, otherwise the
condition concerning the inclusion of the cartesian product in the extension
of connected would not to be respected. This seems to be correct since this
dot is not connected to all stars in P1, so its membership to P2 should be
irrelevant for establishing the truth or falsity of the sentence.
Another important point that has to be highlighted is that, contrary to what
happens with unary predicates, in case of n-ary ones there are often more
possibilities for choosing the sets that make true the formula. For instance,
it is easy to check that also the P1 and P2 chosen in fig.5.8 make true (75.b).

P1

*
*
*
*
*

P2

Figure 5.8: Different, but equally correct, choice of P1 and P2

for formula (75.b).

Before moving on to more complex examples, a notational variant is pre-
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sented. This notation has been introduced by Sher in order to make the
formulae more readable. In particular, Sher rewrites (75.a) as

(76) ∃P1, P2[ Cx : Mostx(dot′(x), P1(x)) &

Cy : Mosty(star′(y), P2(y)) &

IN : ∀xy[(P1(x) ∧ P2(y)) → connected′(x, y)] &

Max(〈P1, P2〉, 〈IN〉) ]

Where Cx, Cy and IN are simply “labels” to refer to subformulae, while
Max(〈P1, P2〉, 〈IN〉) states the maximality condition of P1, P2 with respect
to the subformula with label IN ; that is, it requires that P1× P2 is a maximal
cartesian product7 included in the extension of connected′.
Furthermore, Sher often matches her formulae with a graphical description of
the dependencies between quantifiers; I adopt this additional representation
too; hence, the final complete representation for sentence (63) is

(77) Mostx(dot′(x))

Mosty(star′(y))

connected′(x, y)

=df ∃P1, P2[ Cx: Mostx(dot′(x), P1(x)) &

Cy: Mosty(star′(y), P2(y)) &

IN: ∀xy[(P1(x) ∧ P2(y)) → connected′(x, y)] &

Max(〈P1, P2〉, 〈IN〉) ]

Another example is8

(78) My friends promised to come with me to at most four concerts of my
choice.

7In the thesis, the term Massive nucleus will be used to refer to a maximal cartesian
product; this term was introduced by [Fauconnier, 1975].

8In (78) the two existentially quantified predicates are called Px and Py rather than
P1, P2. Clearly, this has been done in order to make clearer the correspondence between
involved sets and variables ranging over them.
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Thex(myFriend’(x))

AtMost4y(myConcert’(y))

promiseToGo’(x, y)

=df ∃Px, Py[ Cx: Thex(friendOfMine’(x), Px(x)) &

Cy: AtMost4y(myConcert’(y), Py(y)) &

IN: ∀xy[(Px(x)∧Px(x))→ promiseToGo’(x, y)] &

Max(〈Px, Py〉, IN)]

Which shows a Branching Quantification between an M↑ quantifier (The)
and an M↓ one (At most four); in other words, while in Barwise’s theory
the truth conditions of this sentence cannot be represented, in Sher’s one
they can, since, as stressed above, the involved quantifiers may feature any
monotonicity.
Besides being independent of the monotonicities of the involved quantifiers,
Sher’s theory is also independent of the number of such quantifiers and the
partial order between them. For instance, (79) shows a sentence containing
three quantifiers and its corresponding representation in Sher. Note that
quantifiers Every and Few are in Branching Quantification while A depends
on both of them, since the sentence depicts a scenario in which each involved
man inserted a different coin in each involved coffee machine.

(79) Few men inserted a coin in every coffee machine.

Fewx(man’(x))

Everyy(CoffeeMach’(y))

Az(Coin’(z)) Inserted’(x, z, y)

=df ∃Px, Py, Pz[ Cx: Fewx(man’(x), Px(x)) &

Cy: Everyy(CoffeeMach’(y), Py(y)) &

Cz: ∀xy[(Px(x)∧Py(y))→ Az(coin’(z), Pz(x, y, z))] &

IN : ∀xyz[Pz(x, y, z)→ inserted′(x, y, z)] &

Max(〈Px, Py〉, Cz) & Max(〈Pz〉, IN) ]

The example in (79) needs some additional explanations. First at all, while
Px and Py are sets of individuals, Pz is a set of triples of individuals. To be
precise, Pz is a ternary predicate implementing a dependency from pair of in-
dividuals (x, y) to a set of individuals Z such that ∀z[Pz(x, y, z) → z ∈ Z](see
next section for formal details).
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Second, the formula contains two maximality conditions, i.e. Max(〈Pz〉, IN)
and Max(〈Px, Py〉, Cz). The former states that Pz has to coincide with the
extension of the predicate inserted′, while the latter requires that Px×Py is
a massive nucleus satisfying Cz, i.e. it requires that Px×Py is a maximal set
of pairs (x, y) such that the extension of λz.Pz(x,y,z) contains at least one
coin.
In fig.5.9, a final complex example of Sher’s logics is reported (without pro-
viding also a NL sentence having the corresponding interpretation). In the
figure, dashed boxes indicate the different kind of imposed conditions.
Before proceeding, a proviso is in order. In section 5.1, I claimed that, in
Sher’s logics, it is not assured that a BQ reading entails its linear counter-
parts, as generally assumed by the linguistic community. Now, having intro-
duced Sher’s logics, some more details about this point can be provided. For
example, consider the following sentence

(80) Exactly three students study exactly two (same) theorems.

In Sher’s theory, the BQ reading of (80) corresponds to the following formula

(81) ∃PxPy[ Cx :!2x(stud′(x), Px(x)) ∧

Cy :!3y(theor′(y), Py(y)) ∧

IN : ∀xy[(Px(x) ∧ Py(y)) → study′(x, y)] ∧

Max(〈Px, Py〉, 〈IN〉) ]

while the two linear counterparts are

(82) ∃PxPy[ Cx :!2x(stud′(x), Px(x)) ∧

Cy : ∀x[Px(x) →!3y(theor′(y), Py(x, y))] ∧

IN : ∀y[Py(x, y) → study′(x, y)] ∧

Max(〈Px〉, 〈Cy〉) ∧ Max(〈Py〉, 〈IN〉) ]

∃PxPy[ Cy :!3y(theor′(y), Py(y)) ∧

Cx : ∀y[Py(y) →!2x(stud′(x), Px(y, x))] ∧

IN : ∀y[Px(y, x) → study′(x, y)] ∧

Max(〈Py〉, 〈Cx〉) ∧ Max(〈Px〉, 〈IN〉) ]

It is easy to check that, in the model shown below (in which si are students
and ti theorems), the BQ reading evaluates to true while the two linear ones
evaluate to false.
In fact, the number of students studying exactly two (potentially different)
theorems is zero, not exactly three, hence the first linear reading in (82) is
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q1x(Ψx(x))

q2y(Ψy(y))

q3z(Ψz(z))

q4v(Ψv(v))

q5w(Ψw(w))

q6u(Ψu(u))

q7t(Ψt(t))

Φ

=df

∃Px, Py, Pz, Pv, Pw, Pu, Pt Quantified Predicates

[Cx : q1x(Ψx(x), Px(x)) ∧ Quantifier Conditions

Cy : q2y(Ψy(y), Py(y)) ∧

Cz : ∀x(Px(x) → q3z(Ψz(z), Pz(x, z)) ∧

Cv : ∀x(Px(x) → q4v(Ψv(v), Pv(x, v)) ∧

Cw : ∀x,y((Px(x) ∧ Py(y)) → q5w(Ψw(w), Pw(x, y, w)) ∧

Cu : ∀x,z,v((Pz(x, z) ∧ Pv(x, v)) →

q6u(Ψu(u), Pu(x, z, v, u))) ∧

Ct : ∀x,y,v,w((Pv(x, v) ∧ Pw(x, y, w)) →

q7t(Ψt(t), Pt(x, y, v, w, t))) ∧

Inclusion conditionIN : ∀x,y,z,v,u,w,t

((Pu(x, z, v, u) ∧ Pt(x, y, v, w, t)) → Φ(x, y, z, v, w, u, t) ∧

Maximality conditionsMax(〈Px, Py〉, 〈Cz, Cv, Cw〉) ∧

Max(〈Pz, Pv, Pw〉, 〈Cu, Ct〉) ∧

Max(〈Pu, Pt〉, 〈IN〉)]

Figure 5.9: A complex example in Sher’s logics.
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{t1, t2, t3}

s1

{t1, t2, t4}

s2

{t1, t2, t5}

s3

{t2}

s4

false. Analogously, there is a single theorem (t1), not exactly two, studied by
exactly three students, hence also the second linear reading in (82) is false.
On the contrary, the BQ reading in (81) is true: the extension of study′

contains a cartesian product, i.e. {s1, s2, s3}×{t1, t2}, such that the involved
students and theorems are exactly three and exactly two respectively and
such that the cartesian product is maximal: it is impossible to add a student
or a theorem so that the study′’s extension still includes this new cartesian
product. Clearly, the reason of the missed logical implicature is that, in a
BQ reading, only the theorems commonly studied by the involved students
have to be taken into account; it does not matter, instead, if some of the
students also study other theorems.

5.4.1 Classifying BQ quantifications

Before proceeding to the formalization details, the classification of all existing
non linear quantification proposed by Sher in [Sher, 1990] will be presented.
This classification is very important in order to understand how DTS can
be extended in order to capture the truth conditions of cumulative readings
(see section 6.4).
Sher argued that what is generally intended for “branching quantification”
is just a special case of non linear quantification. She decided to name it as
Complex dependence non linear quantification.
On the contrary, it is possible to consider a broader range of interpretations,
among which there are cumulative readings (called, by Sher, Independent
non linear quantification), by simply generalizing the meta-quantifications
occurring in the formulae. Let’s consider the following example

(83) Two students study three theorems.

∃PxPy[ Cx :!2x(stud′(x), Px(x)) ∧

Cy :!3y(theor′(y), Py(y)) ∧

IN : ∀xy[(Px(x) ∧ Py(y)) → study′(x, y)] ∧

Max(〈Px, Py〉, 〈IN〉) ]

118



rewritten in this equivalent way

(84) Two students study three theorems.

∃PxPy[ Cx :!2x(stud′(x), Px(x)) ∧

Cy :!3y(theor′(y), Py(y)) ∧

IN : ∀x[Px(x) → ∀y[ Py(y) → study′(x, y)]]∧

∀y[Py(y) → ∀x[ Px(x) → study′(x, y)]]∧

Max(〈Px, Py〉, 〈IN〉) ]

This formula contains two meta-quantifications (indicated by the dashed
boxes): the former requires the existence of two relational variables Px and
Py satisfying the inner subformula, while the latter constrains the quantity
of individuals in one of the two sets related with an element of the other one.
In the example under exam, clearly, all individuals in Py have to be related
to an individual of Px and all individuals in Px have to be related to an
individual of Py.
The generalization aforementioned can be obtained by letting these meta-
quantifiers to be any quantifier. For example, by substituting the inner
universal quantifiers with two existential ones, we obtain a cumulative in-
terpretation of the sentence, that is

(85) Two students study three theorems.

∃PxPy[ Cx :!2x(stud′(x), Px(x)) ∧

Cy :!3y(theor′(y), Py(y)) ∧

IN : ∀x[Px(x) → ∃y[ Py(y) ∧ study′(x, y)]]∧

∀y[Py(y) → ∃x[ Px(x) ∧ study′(x, y)]]∧

Max(〈Px, Py〉, 〈IN〉) ]

Of course, the cumulative interpretation of the sentence under exam seems
not to be the most natural one; however, this does not hold in general: there
are many NL sentences which can be interpreted only via a cumulative read-
ing as, for example, sentence (117) which is then associated to the formula
below it

(86) The Japanese kamikazes hit more than 300 USA battleships.

∃PxPy[ Cx : Thex(JapKam′(x), Px(x)) ∧

Cy : MoreThan300y(UsaBattleship′(y), Py(y)) ∧

IN : ∀x[Px(x) → ∃y[ Py(y) ∧ hit′(x, y)]]∧

∀y[Py(y) → ∃x[ Px(x) ∧ hit′(x, y)]]∧

Max(〈Px, Py〉, 〈IN〉) ]
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Therefore, in order to trigger a cumulative interpretation, it is necessary to
assert a BQ reading in which each individual of Px is related with at least
one individual of Py and viceversa.
Other examples of “generalized” BQ readings provided by Sher9 are (87.a),
in which each individual of Px is related with exactly one individual of Py

and viceversa, (87.b), in which each individual of Px is related with two or
more individuals of Py and each individual of Py is related with at least one
individual of Px, and (87.c) in which each individual of Px is related with at
least half individuals of Py and each individual of Py is related with at least
half individuals of Px.

(87) a. Most of the my right gloves and most of my left hand gloves match
one to one.

∃PxPy[ Cx : Mostx(MyRHGlove′(x), Px(x)) ∧

Cy : Mosty(MyLHGlove′(y), Py(y)) ∧

IN : ∀x[Px(x) → ∃Py
[ !1y(Py(y), Py(y))∧

∀y[Py(y) → match′(x, y)]]]∧

∀y[Py(y) → ∃Px
[ !1x(Px(x), Px(x))∧

∀y[Py(y) → match′(x, y)]]]∧

Max(〈Px, Py〉, 〈IN〉) ]

b. Most of the my friends saw at least two of the same few Truffaut
movies.

∃PxPy[ Cx : Mostx(MyFriend′(x), Px(x)) ∧

Cy : Fewy(TrMovie′(y), Py(y)) ∧

IN : ∀x[Px(x) → ∃Py
[ 2orMorey(Py(y), Py(y))∧

∀y[Py(y) → saw′(x, y)]]]∧

∀y[Py(y) → ∃x[ Px(x) ∧ saw′(x, y)]]∧

Max(〈Px, Py〉, 〈IN〉) ]

c. Most of the boys and most of the girls in this party are such that
each boy has chased at least half the girls and each girl has been
chased by at least half the boy.

∃PxPy[ Cx : Mostx(boy
′(x), Px(x)) ∧

Cy : Mosty(girl′(y), Py(y)) ∧

9In (87), it is necessary to represent inner meta-quantifiers different from ∀, and ∃;
to this end, two new predicates, i.e. Px and Py, are introduced and two corresponding
2-place Mostowskian Generalized Quantifier are applied on them.
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IN : ∀x[Px(x) → ∃Py
[ AtLeastHalfy(Py(y), Py(y))∧

∀y[Py(y) → chased′(x, y)]]]∧

∀y[Py(y) → ∃Px
[ AtLeastHalfx(Px(x), Px(x))∧

∀y[Py(y) → chased′(x, y)]]]∧

Max(〈Px, Py〉, 〈IN〉) ]

Now, recalling the schema in (84), the second generalization proposed by
Sher is presented. It amounts to let the existential quantifications on Px and
Py to be any quantification.
In other words, rather than requiring that at least one pair of relational
variables Px and Py satisfies the inner subformula, we require that all, most,
more than two, etc. of such pairs satisfy it.
Sher supports this second generalization by providing examples as10:

(88) a. By and large, no more than a few boys and a few girls all date
one another.

b. There are at most few cases of more than one couple of Eastern
delegates and more than one couple of Western delegates who are
all on speaking terms with one another.

Sentence (88.a) is true only in those worlds in which in general no more than
few boys and a few girls all date one another, i.e. in those models in which
most of the pairs 〈Px, Py〉 in the model are such that Px contains no more
than a few boys, Py contains a few girls, and the individuals in the two sets
all date one another. Analogous considerations hold for (88.b); the main
difference is that the inner branching quantifiers formula has to hold for at
most few pairs 〈Px, Py〉.
To summarize, Sher proposed to generalize the meta-quantifications occur-
ring in her formulae to be any quantification; the need of these generalizations
is justified by linguistic examples.
However, it could be argued that Sher is right in saying that there are sev-
eral kinds of non linear quantifications besides Complex dependence, and
that the semantic formalism must be enable all of them, but the set of such
interpretations actually available in NL has to be restricted.
In particular, concerning the generalization of the inner meta-quantifications,
only the (pair of) universal quantifications, triggering a Complex dependence
non linear reading, and the (pair of) existential quantifications, triggering an

10For this second generalization, I present only the NL sentences shown by Sher, without
providing also an associated formula handling the expected truth conditions. In fact, such
a formula would require a meta-quantification in the space of all pairs of unary predicates
in the domain A, i.e. it should be expressed in a third order logics.
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Independent (cumulative) non linear reading, should be allowed.
In fact, while there is clear evidence to justify the existence in NL of these
two “extremes”, the examples provided by Sher for the other interpretations,
i.e. (87).a-c, are not convincing.
Furthermore, even if we can accept them as real instances of NL sentences, it
is not clear if they have to receive the interpretation depicted by the formulae
shown above.
For example, (87.a) could be better represented by means of a formula in-
volving a binary collective predicate, say match1to1′(X,Y ) which is true if
the sets used as arguments, i.e. X and Y , are such that all their elements can
be paired up. Therefore, in this view, sentences as (87.a) have to be analysed
in a different way with respect to the one proposed by Sher, in which a pure
distributive binary predicate match′ is involved.
Also about the generalization of the outer meta-quantifications my opinion is
that Sher is partially right (even if I am again skeptical about the possibility
of generalizing to any quantifier).
In fact, besides the sentences she proposes in (87), her analysis can be sup-
ported also by sentences as

(89) Only two men love three (same) women.

John

Jack

Ann

Sue

Mary

Paul

Mark

Sophie

Kate

Maggie

Figure 5.10: An example highlighting the need of a generalization of the
outer meta-quantification: it seems that the BQ reading of the

sentence has to be false in the model shown.

As the intuition suggests, the BQ reading of (89) has to be false in the model
reported below it; nevertheless, the non generalized formula proposed by Sher
for this reading, reported in (90), evaluates to true.

(90) ∃PxPy[ Cx :!2x(men′(x), Px(x)) ∧

Cy :!3y(woman′(y), Py(y)) ∧

IN : ∀xy[(Px(x) ∧ Py(y)) → loves′(x, y)]]∧

Max(〈Px, Py〉, 〈IN〉) ]
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In fact, this formula requires the existence of at least one massive nucleus
in the model, while the sentence should be true only if there is exactly one
massive nucleus.
The Sher generalization proposal allows to handle this case, in that it allows
the outer quantifications on the relational variables to be stated in terms of
the quantifier 1! rather than ∃.
To conclude, the generalization of all possible logical non-linear quantifica-
tions proposed by Sher has to be taken into account, but still deserves further
study, in order to investigate how many of such non linear quantification yield
readings actually available in Natural Language.

5.4.2 Formalization

This section presents the formal details of the logics developed by Sher, that
I will call L0. In next chapter, L0 will be extended in order to handle more
general cases of quantification; from a formal point of view, this will be done
by modifying some points in the formalization presented here.
The first point that has to be stressed is that the author formalizes L0 in
terms of 1-place Mostowskian quantifiers (see §5.2).
As pointed out, these quantifiers do not distinguish between body and re-
striction and provide expressivity to represent NL sentences containing only
numerals. In other words, L0 just allows to represent sentences as the fol-
lowing one ([Sher, 1997], pp.38)11

(91) Two boys have two toys and two friends who don’t like their toys.

Which can be represented by the formula

(92)

2!x

!2y

!2z

boy′(x) ∧ toy−of(y, x) ∧ friend−of(z, x) ∧ ¬likes(z, y)

=df ∃Px, Py, Pz[ Cx: 2!x(Px(x)) &

Cy: ∀x[Px(x)→2!y(Py(x, y))] &

Cz: ∀x[Px(x)→2!z(Pz(x, z))] &

IN : ∀xyz[(Py(x, y) ∧ Pz(x, z))→ (boy′(x)∧ toy−of(y, x) ∧

friend−of(z, x) ∧ ¬ likes(z, y))] &

Max(〈Px〉, 〈Cy, Cz〉) & Max(〈Py, Pz〉, 〈IN〉) ]

11In this example, Two has to be intended as Exactly two.
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In which the 2! is a 1-place Mostowskian quantifier (hence, its three occur-
rences have a single argument, i.e. the predicates Px, Py and Pz respectively)
and all the predicates are inserted in the IN condition.
As the reader can easily check, (92) correctly captures the truth-conditions
of (91); however, if we change (91) by substituting the occurrences of the NL
numeral Two, with other quantifiers as Most, Few, etc., the corresponding
formula cannot be obtained simply by substituting the occurrences of the 1-
place quantifiers 2! in (92) with the Mostowskian Quantifiers corresponding
to Most, Few, etc.
To this end, it is necessary to introduce 2-place Mostowskian quantifiers, as
in all examples of the previous paragraph.

The language L0

Before presenting the syntax of L0, some preliminary definitions is intro-
duced; the first two are taken from section 5.2 and are reported here only for
the sake of simplicity.

Definition 5.5. [Syntax of 1-place Mostowskian Quantifiers]
A 1-place Mostowskian Quantifier is a symbol Q, belonging to the vocabulary
of L0, such that, if x is an individual variable of L0, and Φ is a formula of
L0, then Qx(Φ) is also a formula of L0.

Definition 5.6. [Semantics of 1-place Mostowskian Quantifiers]
A 1-place Mostowskian Quantifier Q denotes, in every model M with universe
A, a function q from ℘(A) to {T, F}12. Furthermore, if there are two models
M1, M2 with universe A1, A2 respectively and two sets B1, B2 such that B1 ⊆
A1 and B2 ⊆ A2 and the two structures (B1, A1), (B2, A2) are isomorphic,
then q(B1) = q(B2). This amounts to say that the value assigned by q to a
set B, only depends on the cardinalities of B and A \ B (the complement of
B in A).

Definition 5.7. [Quantifier Prefix]
A quantifier prefix QP = (q1, q2, . . . , qn, <) is a structure such that:

• Each qi (1 ≤ i ≤ n) has the form Qixi where Qi is a Mostowskian
Generalized Quantifier and xi is an individual variable ranging on a
universe A.

12℘(A) is the power set of A, that is, the set of all subsets of A; {T, F} is, clearly, the
set of truth-values: T = true and F = false.
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• < is a partial order relation on {q1, q2, . . . , qn}. If qi < qj, we say
that qi is a dependent of qj and that qj is a governor of qi. qi is an
immediate dependent of qj if qi < qj and does not exist any qk such that
qi < qk < qj. Analogously for immediate governors.

• The rank ri of a quantifier qi is the number of quantifiers qm in the
prefix such that qm is a governor of qi.

Definition 5.8. [Relational variable]
If QP = ({q1, q2, . . . , qn}, <) is a quantifier prefix, then each qi (1 ≤ i ≤ n)
is associated with

• a relational variable Pi, whose arity is ri (the rank of qi).

• a term Ti = Pi(xi1 , xi2 , . . . , xiri
, xi), where each xik is the variable as-

sociated with one of the governors of qi. Such governors are ordered
according to a total order whose sole function is to determine the order
of the variables xik .

Definition 5.9. [Cluster of quantifiers]
If QP = ({q1, q2, . . . , qn}, <) is a quantifier prefix, then {q1, q2, . . . , qn} is
partitioned into a set of clusters CL = {Cl1, Cl2, . . . , Clm}; each Cli, i =
1 . . . (m − 1) is a minimal set of quantifiers such that if qr ∈ Cli, qr is an
immediate dependent of qu and qs an immediate dependent of qu (i.e. qu is a
common immediate ancestor of qr and qs) then qs ∈ Cli. Finally, Clm, called
the final cluster (or the smallest cluster, according to Sher’s terminology),
contains all quantifiers on which no other quantifier depends.

The third and the fourth definition respectively formalize the partial order
on quantifiers and introduce some useful terms. Finally, the last definition
constitutes the core of the L0’s syntax. In particular, it introduces the notion
of cluster of quantifiers; a cluster is defined as the set including all and
only the quantifiers that have at least one common immediate subsequent in
the ordering relation (see fig. 5.11). The “clustering” relation, however, is
transitive, so that q3 and q5 of fig. 5.11 belong to the same cluster, although
they do not share any common immediate subsequent. In order words, a
cluster is a class of equivalence under the relation of common ‘immediate’
dependency.
The role of clusters is to group quantifiers that determine the maximality
condition for quantifiers in some other cluster or for the formula Φ.
It is now possible to define the syntax and the semantics of well formed
formulae in L0.
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q1x

q2y

q3z

q4v

q5w

q6u

q7t

Φ

Figure 5.11: Clusters of quantifiers. Dotted lines represent inverse precedence
of quantifiers in the quantifier prefix. The solid lines represent the relation
between the innermost quantifiers and the body.

Definition 5.10. [Syntax of L0]
An expression is a wff of L0 iff it has the following structure:

QP Φ

Where QP is a quantifier prefix on quantifiers q1, . . . , qn and Φ is a FOL
quantifier-free formula.

As stated above, the semantics of the formulae of the form QP Φ are given in
terms of equivalent formulae of second order logics, according to the following
definition:

Definition 5.11. [Semantics of L0]

QP Φ =df ∃P1 . . . Pn[C1& . . . &Cn&IN&MAX(Cl1)& . . . &MAX(Clp)]

Where each Ci (1 ≤ i ≤ n) is defined as follows:

Ci =

{

Qixi(Ti) if ri = 0

∀xj1 . . . xjz
[(T1& . . . &Tm) → Qixi(Ti)] otherwise

Where the xjw
(1 ≤ w ≤ z) are the individual variables occurring in some Tk

(1 ≤ k ≤ m). According to def.5.8, each Tk has the form Pk(xk1, . . . , xkrk
, xk),

where Pk is one of the P1 . . . Pn and the variables xkv (1 ≤ v ≤ rk) are indi-
vidual variables such that qkv is a governor of qk in the quantifier prefix, and
rk is the rank of Qk. Moreover, qk is an immediate governor of qi
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IN is defined as follows:

IN =df ∀xj1 . . . xjz
[(T1 ∧ . . . ∧ Tm) → Φ]

where qk (1 ≤ k ≤ m) are all quantifiers having no dependent in QP , while
Tk (1 ≤ k ≤ m) and the variables xjw

(1 ≤ w ≤ z) are defined as above.
Finally, the maximality conditions MAX(Cli), (1 ≤ i ≤ p), where Cli =
{qi1 , . . . , qij} is a cluster of quantifiers, are defined as follow:

MAX(Cli) = ∀P ′

i1
, . . . , P ′

ij

[∀x1,...,xz
[ (Ti1 ∧ . . . ∧ Tij) → (T ′

i1
∧ . . . ∧ T ′

ij
)∧

Ω[P ′

i1
\Pi1 , . . . , P

′

ij
\Pij ] ] →

[∀x1,...,xz
[(T ′

i1
∧ . . . ∧ T ′

ij
) → (Ti1 ∧ . . . ∧ Tij) ]

Where

• P ′

i1
, . . . , P ′

ij
are new relational variables having, respectively, the same

arity of Pi1 , . . ., Pij .

• T ′

i1
, . . . , T ′

ij
are obtained from Ti1 , . . . , Tij by replacing the relational

variables Pi1 , . . . , Pij with P ′

i1
, . . . , P ′

ij
respectively.

• x1, . . . , xz are all individuals variables occurring in some Tiv (1 ≤ v ≤ j)

• Ω = IN if the elements in the cluster Cli have no dependents; other-
wise, if the immediate dependents of these elements are {qh1 , . . . , qhr

},
then Ω = Ch1& . . . &Chr

.

• Ω[P ′

i1
\Pi1 , . . . , P

′

ij
\Pij ] is the formula obtained by replacing, in Ω, the

relational variables Pi1 , . . . , Pij with P ′

i1
, . . . , P ′

ij
respectively.

An example of formula in L0 is the one in (92), that captures the right
truth-conditions of sentence (91). However, as pointed out above, L0 has not
enough expressivity to represent sentences containing any quantifier as the
ones analyzed in the previous section, e.g.

(93) a. My friends promised to come with me to at most four concerts of
my choice.

b. Few men inserted a coin in every coffee machine.

In order to capture the correct true-conditions for these sentences, it is nec-
essary to modify the formula by substituting the condition of terms Ci with
the following
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. . .

Ci =

{

Qixi(Ψi(xi), Ri) if ri = 0

∀xi1 . . . xim [(Ri1& . . . &Rim) → Qixi(Ψi(xi), Ri)] otherwise

. . .

In which Qi are now 2-place Mostowskian Generalized quantifiers and Ψi, i.e.
the restrictions, are first-order formulae in which xi is the only variable that
may occur free.
By means of this simple modification, we can represent sentences in (93) with
the formulae showed in the previous section (for example, (94) reports the
one corresponding to (93.a)).

(94) My friends promised to come with me to at most four concerts of my
choice.

Thex(myFriend’(x))

AtMost4y(myConcert’(y))

promiseToGo’(x, y)

=df ∃Px, Py[ Cx: Thex(friendOfMine’(x), Px(x)) &

Cy: AtMost4y(myConcert’(y), Py(y)) &

IN: ∀xy[(Px(x)∧Px(x))→ promiseToGo’(x, y)] &

Max(〈Px, Py〉, IN)]

Nevertheless, as it will be cleared in next section, L0 needs a more radical
generalization in order to allow the representation of a broader relevant set
of NL sentences.

5.5 Summary

In this chapter, two of the main relevant works on Branching Quantification
have been presented. Particular attention has been paid to the work of Sher,
which defines a logics L0 able to represent BQ readings involving any kind of
(first order) quantifiers and any partial order between them. Moreover, L0

can be easily generalized to handle any kind of logical non linear readings;
first at all cumulative readings.
Nevertheless, L0 presents also some relevant limitations. First, it does not
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provide rules to represent sentences featuring Nested Quantifications, i.e. sen-
tences containing quantifiers nested into the syntactical restriction of other
quantifiers13, as the following

(95) [A representative of [every african country]] arrives.

Second, Sher defined L0 and showed that it may be used for the represen-
tation of NL meaning, but she does not provide rules to map NL sentences
into L0 formulae, i.e. she does not define any interface with a NL grammar.

13The reader should note that the syntactical restriction of an NL quantifier, i.e. the
subtree of syntactic dependents governed by the NL quantifier, and the semantic restriction
of the logical quantifier, i.e. sets of individuals as first argument of the logical quantifier,
are not the same thing.
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Chapter 6

Sher’s theory extensions

In the previous chapter, the work of Sher ([Sher, 1990] and [Sher, 1997]),
implemented into a new logics referred, in this thesis, by the term L0, has
been presented. This work defines an ingenious mechanism to handle the
truth values of Branching Quantifier structures via maximality conditions
expressed by particular Second Order Logics formulae.
However, it has been argued that L0 still features two important limits:

• It does not cover Nested Quantifications, i.e. sentences containing
quantifiers nested into the syntactical restriction of other quantifiers;
in fact L0 has been defined only in terms of 1-place Mostowskian Gen-
eralized Quantifiers, that do not distinguish between restriction and
body.

• Although, in principle, L0 allows for the representation of NL Branching
Quantifier readings, no rules to computationally obtain its formulae
starting from an NL grammar are provided.

This chapter focuses on the first limit. Section 6.2 gives some more details
about the linguistic phenomena of Nested Quantification and the difficult to
extend L0 in order to enable its representation. Then, section 6.3 intuitively
proposes a solution to this problem and section 6.3 formalizes it into a new
logics L. Finally, section 6.4 briefly discusses how it is in principle possible
to extend L in order to enable cumulative readings.

6.1 The operator⊆
max

Before presenting a possible solution to handle Nested Quantification in L0,
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I introduce, in this preliminary section, a new operator ⊆
max

that will allow
to write more compact and readable L0 formulae.
It must be stressed that ⊆

max
is just a syntactic operator that allows to enclose

a maximality condition into a single conjunct; however, it does not increase
the expressivity of the logics.
This operator is formally defined as follows

Definition 6.1. [Syntax of ⊆
max

]
If {P1, . . . , Pn} is a set of L0 predicates with arity a1, a2, . . . , an respectively,
x11, . . . , x1a1 , . . . , xn1, . . . , xnan

are first order variables and Φ is a well formed
formula in First Order Logics whose free variables are a subset of {x11, . . .,
x1a1, . . ., xn1, . . ., xnan

}, then the formula

{P1[x11, . . . , x1a1 ], . . . , Pn[xn1, . . . , xnan
]}⊆

max

Φ

is a well formed formula in L0

Definition 6.2. [Semantics of ⊆
max

]
The L0 formula

{P1[x11, . . . , x1a1 ], . . . , Pn[xn1, . . . , xnan
]}⊆

max

Φ

is true iff

∀x11,...,x1a1 ,xn1,...,xnan
[(P1(x11, . . . , x1a1) ∧ . . . ∧ Pn(xn1, . . . , xnan

) → Φ]∧

∀P ′

1
. . . P ′

n[

∀x11,...,x1a1 ,xn1,...,xnan
[

( (P1(x11, . . . , x1a1) ∧ . . . ∧ Pn(xn1, . . . , xnan
)) →

(P ′

1
(x11, . . . , x1a1) ∧ . . . ∧ P ′

n(xn1, . . . , xnan
))∧

(P ′

1
(x11, . . . , x1a1) ∧ . . . ∧ P ′

n(xn1, . . . , xnan
)) → Φ) ) →

(P ′

1
(x11, . . . , x1a1) ∧ . . . ∧ P ′

n(xn1, . . . , xnan
)) →

(P1(x11, . . . , x1a1) ∧ . . . ∧ Pn(xn1, . . . , xnan
)) ] ]

The ⊆
max

operator relates a set of predicates and a formula Φ and evalu-
ates to true iff Φ is satisfied for any tuple x11, . . . , x1a1 , . . . , xn1, . . . , xnan

that
satisfies P1(x11, . . . , x1a1) ∧ . . . ∧ Pn(xn1, . . . , xnan

) and there is no other su-
perset ‖P ′

1
‖ × . . . × ‖P ′

n‖ of ‖P1‖ × . . . × ‖Pn‖ such that Φ is satisfied for
any tuple x11, . . . , x1a1 , . . . , xn1, . . . , xnan

that satisfies P ′

1
(x11, . . . , x1a1)∧. . .∧

P ′

n(xn1, . . . , xnan
).

By means of ⊆
max

, we can substantially reduce the size of L0 formulae and
increase their clarity. For example, we can substitute (96) with the formula
in (97)
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(96) Fewx men inserted ay coin in everyz coffee machine.

Fewx(man’(x))

Everyy(CoffeeMach’(y))

Az(Coin’(z)) Inserted’(x, z, y)

=df ∃Px, Py, Pz[ Cx: Fewx(man’(x), Px(x)) &

Cy: Everyy(CoffeeMach’(y), Py(y)) &

Cz: ∀xy[(Px(x)∧Py(y))→ Az(coin’(z), Pz(x, y, z))] &

IN : ∀xyz[Pz(x, y, z)→ inserted′(x, y, z)] &

Max(〈Px, Py〉, Cz) & Max(〈Pz〉, IN) ]

(97) Fewx men inserted az coin in everyy coffee machine.

∃Px, Py, Pz[ Fewx(man’(x), Px(x)) &

Everyy(CoffeeMach’(y), Py(y)) &

{Px[x], Py[y]}⊆
max

( Az(coin’(z), Pz(x, y, z)) ) &

{Pz[x, y, z]}⊆
max

(insert′(x, y, z)) ]

In (97), the conjunct

{Pz[x, y, z]}⊆
max

(insert′(x, y, z))

has simply to be read “‖Pz‖ is a maximal set of triples included in the exten-
sion of the formula on the right hand side”; in this case, in order to satisfy
this requirement, ‖Pz‖ has to coincide with the extension of the predicate
insert′ in that they are related to each other with respect to the same vari-
ables (x, y, and z).
In order to make clear the correspondence with L0 syntax, sometimes I will
indicate in the formulae also the labels IN , Cx, Cy, etc. For example, in (98)
the equivalent notation of (97) that makes use of such labels is reported

(98) Fewx men inserted az coin in everyy coffee machine.

∃Px, Py, Pz[ Cx: Fewx(man’(x), Px(x)) &

Cy: Everyy(CoffeeMach’(y), Py(y)) &

Cz: {Px[x], Py[y]}⊆
max

( Az(coin’(z), Pz(x, y, z)) ) &

IN : {Pz[x, y, z]}⊆
max

(insert′(x, y, z)) ]
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However, in some cases, the labels will be merged into a single one in that
a ⊆

max
operator collects, in its right hand side, all the conditions that have to

be maximized with respect to the same relational variables in its left hand
side. I remind that, in L0, the information about which conditions have to
be maximized with respect to which relational variables is specified in the
“Max” predicate, whose second argument is the set of all labels referring
to the clauses to be maximized together. On the contrary, the second ar-
gument of ⊆

max
, that replaces “Max”, is directly the conjunction of these

clauses rather than the set of their labels. Therefore, in order to maintain
the correspondence with L0, the maximality condition triggered by ⊆

max
has

to be labelled with a label referring to all the labels of such clauses.
For example, the L0 formula in (99), that requires

• The maximization of the conditions with label Cz, Cv, and Cw with
respect to Px and Py.

• The maximization of the conditions with label Cu and Ct with respect
to Pz, Pv and Pw.

• The maximization of IN with respect to Pu and Pt.

corresponds to (100) in which “Cz\Cv\Cw” and “Cu\Ct” are labels that
respectively refers to the groups of labels Cz, Cv, Cw and Cu, Ct in (99)

(99)

q1x

q2y

q3z

q4v

q5w

q6u

q7t

Φ

=df ∃Px, Py, Pz, Pw, Pv, Pu, Pt[ Cx: q1x(Px(x)) & Cy: q2y(Py(y)) &

Cz: ∀xy[Px(x) → q3z(Pz(x, z))] &

Cv: ∀xy[Px(x) → q4v(Pv(x, v))] &

Cw: ∀xy[(Px(x) ∧ Py(y)) → q5w(Pw(x, y, w))] &

Cu: ∀xzv[(Pz(x, z) ∧ Pv(x, v)) → q6u(Pu(x, z, v, u))] &

Ct: ∀xyvw[(Pv(x, v) ∧ Pw(x, y, w)) → q7t(Pt(x, y, v, w, t))] &

IN : ∀xyzvwut[(Pu(x, z, v, u) ∧ Pt(x, y, v, w, t)) → Φ] &

134



Max(〈Px, Py〉, 〈Cz, Cv, Cw〉) &

Max(〈Pz, Pv, Pw〉, 〈Cu, Ct〉) &

Max(〈Pu, Pt〉, 〈IN〉) ]

(100)
∃Px, Py, Pz, Pw, Pv, Pu, Pt[ Cx: q1x(Px(x)) & Cy: q2y(Py(y)) &

Cz\Cv\Cw: {Px[x], Py[y]}⊆
max

(q3z(Pz(x, z)) ∧ q4v(Pv(x, v)) ∧ q5w(Pw(x, y, w))) &

Cu\Ct: {Pz[x, z], Pv[x, v], Pw[x, y, w]}⊆
max

(q6u(Pu(x, z, v, u)) ∧ q7t(Pt(x, y, v, w, t))) &

IN : {Pu[x, z, v, u], Pt[x, y, v, w, t]}⊆
max

(Φ(x, y, z, w, u, t)) ]

6.2 Nested Quantification

The previous chapter describes the work of [Sher, 1990] and [Sher, 1997].
These articles provide a way to interpreter Branching Quantifier readings by
means of formulae in SOL augmented with standard Mostowskian General-
ized Quantifiers (see section 5.2). The proposal is particularly relevant in
that it allows to set up formulae with any set of quantifiers and any partial
order on them.
However, Sher defines her logics, called L0 in this thesis, just in terms of
1-place Mostowskian Generalized Quantifiers. Since these quantifiers have a
single argument, they do not distinguish between restriction and a body, and
provide expressivity only for representing NL numerals as Two, Three, etc.;
for example, in L0 we are able to represents sentences as (101)

(101) Twox boys have twoy toys and twoz friends who don’t like their toys.

∃Px, Py, Pz[ 2!x(Px(x)) &

{Px[x]}⊆
max

(2!y(Py(x, y)) ∧ 2!z(Pz(x, z))) &

{Py[x, y], Pz[x, z]}⊆
max

(boy′(x) ∧ toy−of(y, x)∧

friend−of(z, x) ∧ ¬ likes(z, y)) ]

where 2! are 1-place Mostowskian Generalized Quantifiers that are true iff
only two individuals in the domain satisfy the predicate.
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On the contrary, in order to represent the semantics of sentences contain-
ing any NL quantifier besides numerals, it is necessary to introduce 2-place
Mostowskian Generalized Quantifiers. In this way, we enable L0 to represent
sentences as (102)

(102) Fewx men inserted az coin in everyy coffee machine.

∃Px, Py, Pz[ Fewx(man’(x), Px(x)) &

Everyy(CoffeeMach’(y), Py(y)) &

{Px[x], Py[y]}⊆
max

( Az(coin’(z), Pz(x, y, z)) ) &

{Pz[x, y, z]}⊆
max

(insert′(x, y, z)) ]

where Every, Few, and A are 2-place Mostoskian Generalized Quantifiers
that are true iff the extension of their second arguments contains respectively
all, few or at least one elements of the extension of their first argument.
However, while this move does not pose any problem when the first argu-
ment, i.e. the restriction, is made up by a unary predicate as man′, coin′,
and CoffeeMach′, it is not immediatly clear how to deal with quantifiers
occurring in the syntactic restriction of other quantifiers, i.e. in NL sentences
featuring a Nested Quantification, e.g.

(103)

[Twox representatives of [threey African countries]] arrive.

According to the constraints on SkDep function presented in section 4.3.1,
three interpretations of (103) respect the syntactic constraints: the two linear
readings in which one of the two quantifier depends on the other one, and
the Branching Quantifier reading, that is true in those models including two
arriving persons that represents each the same three african countries.
In (103), the quantifier Three occurs in the syntactic restriction of Two.
Therefore, it is not clear how to build the L0 formula corresponding to the
Branching Quantifier reading; in particular, it is not clear what has to be
inserted in place of “???” in the following

∃PxPy[ Twox(???, Px(x)) & . . . ]

At first glance, it could seem that the Nested Quantification in the NL sen-
tence must be mirrored by a Nested Quantification in the logical formula,
i.e. that it has to trigger a formula similar to the following one
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(104)

∃Px[ Twox(Ψx(x), Px(x)) &

{Px[x]}⊆
max

(arrive′(x)) ],

Ψx =def λx.∃Py[ Threey(af−c′(y), Py(y)) &

{Py[y]}⊆
max

(rep−of ′(x, y)) ]

In which the restriction of Twox is a predicate Ψx defined as a formula
satisfied only by those individuals x for which there are three african countries
that x represents.
However, it is easy to see that (104) does not actually yield the Branching
Quantifier reading of the sentence under exam, but the linear reading in
which y depends on x.
In fact, since the existential quantification on Py has been embedded in the
restriction Ψx (i.e. in the scope of Twox), every involved representative may
represent three different african countries, whereas, in a BQ reading, the
three countries must be the same for each of them.
Then, it could seem that (104) has to be changed in the following way, i.e. by
moving the existential quantification of Py from the embedded subformula
to the main one.

(105)
∃PxPy[ Twox(Ψx(x, Py), Px(x)) &

{Px[x]}⊆
max

(arrive′(x)) ],

Ψx =def λxλPy
.[ Threey(af−c′(y), Py(y)) &

{Py[y]}⊆
max

(rep−of ′(x, y)) ]

Nevertheless, in this formula, the embedded subformula is true only for those
individuals that represent all and only the individuals in Py. On the contrary,
in a Branching Quantifier reading, a (potentially arriving) representative may
represent other individuals besides the ones in Py.
For instance, consider a model in which it holds that

- r1 represents Egypt, Morocco, Tunisia, and Libya.

- r2 represents Egypt, Morocco, Tunisia, and Algeria.

- No other individual in the domain represents an african country.

and suppose that both r1 and r2 arrive. Clearly the Branching Quantifier
readings of (103) has to evaluate to true in this model. On the contrary,
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(104) evaluates to false.
In fact, taking ‖Py‖ ≡ {Egypt,Morocco, Tunisia}, the conjunct in the sub-
formula

{Py[y]}⊆
max

(rep−of ′(x, y))

is false both when x = r1 and x = r2; in fact, the chosen Py does not concide
with the set of individuals represented by x in any of these cases. On the
contrary, when ‖Py‖ ≡ {Egypt,Morocco, Tunisia, Libya}, ‖Ψx‖ will contain
just r1 and when ‖Py‖ ≡ {Egypt,Morocco, Tunisia, Algeria}, just r2. In
other words, there is no choice of Py that makes the subformula true for both
the arriving representatives.
The solution is to introduce, for each quantifier Qx, two relational variables
rather than a single one. The former will be true for all and only the indi-
viduals that satisfy Qx’s body, as in L0, while the latter will be true just for
all and only the individuals that satisfy Qx’s restriction.
These relational variables will be called PR

x and PB
x where the apexes “R”

and “B” mark the relational variable associated with the restriction of Qx

and the one associated with its body.
PR

x and PB
x behave exactly as the relational variables in L0: they are inserted

in the left hand side of a ⊆
max

operator (perhaps with other relational vari-
ables, in Branching Quantification) and have to be maximized with respect
to a formula in the right hand side. This formula can be either a formula
in First Order Logics or a conjunction of a set of quantifiers {Qy1 , . . . , Qyn

}
depending on Qx, instantiated on their arguments.
In L0, in which each (1-place) Generalized Quantifier is associated with a
single relational variable, it is rather simple to understand which predicates
or quantifiers conjunctions have to be inserted in the ⊆

max
’s right hand sides:

all predicates have to be inserted in the final maximality condition, without
distinguishing between restriction and body, and the quantifiers conjunctions
are directly made up on the basis of the clustering on quantifiers.
On the contrary, in this new logics, that will be called “The logics L”, the
predicates or the quantifiers in the conjunctions, to be inserted in the right
hand sides, depend on the NL syntactic structures: if they arise from a word
occurring in the syntactical restriction of a quantifier Qx, then they will be
inserted into a maximality condition associated to PR

x , otherwise into a max-
imality condition associated to PB

x .
In other words, while L0 formulae feature a single inclusion condition with
label IN , that imposes a maximality condition on the conjunction of all
predicates carried by the sentence, L formulae distinguish between predi-
cates belonging to the body of the sentence and predicates belonging to the
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restriction of some involved quantifier; then, they assert both a maximality
condition on the predicates belonging to the body, and, for each quantifier
Qx in the prefix, another distinct maximality condition on the predicates
belonging to the restriction of Qx.
I will reuse the term IN to label the maximality condition on the predicates
belonging to the body while I introduce a new term Rx to label the additional
maximality condition referring to the restriction of a quantifier Qx.
As pointed out above, the distinction between the predicates belonging to
the body rather than to a restriction is based upon the information contained
in the Dependency Tree of the sentence or in its corresponding Scoped De-
pendency Graph and will be discussed in the next chapter; on the contrary,
this chapter simply assumes that this distinction has already been made and
formalizes L by hypothesizing the existence of a set of conjunctions of First
Order Logics predicates

Φ, Ψ1, Ψ2, . . . , Ψn

referring, respectively, to the body of the sentence and the restrictions of the
quantifiers Q1, . . . , Qn.
In other words, this chapter simply shows which L formulae are associated
to certain interpretations of certain sentences, but it does not specify how
they are obtained starting from the syntactic structure of those sentences.
The L formulae will be in the form

QP{Φ, Ψ1, . . . , Ψn}

where QP is a quantifier prefix as in L0 and {Φ, Ψ1, . . . , Ψn} a set of con-
junctions of First Order Logics predicates. The truth conditions of these
formulae will be defined, as in L0, in terms of an equivalent Second Order
Logics formula including Mostowskian Generalized Quantifiers.
For instance, the (graphical representation of the) L formula corresponding
to the BQ reading of (103) is the following

(106)
Twox(P

R
x (x),PB

x (x))

Threey(P
R
y (y),PB

y (y))

{arrive′(x), rep−of ′(x, y), af−c′(y)}

and it is defined as the Second Order Logics formula

(107)
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∃PR
x , PB

x , PR
y , PB

y [ Twox(P
R
x (x), PB

x (x)) &

Threey(P
R
y (y), PB

y (y)) &

{PB
x [x]}⊆

max
(arrive′(x)) &

{PR
y [y]}⊆

max
(af−c′(y)) &

{PR
x [x], PB

y [y]}⊆
max

(rep−of ′(x, y)) ]

In this formula, PR
x and PB

y are maximal with respect to the predicate
rep−of ′: all persons in PR

x represent all countries in PB
y , and no person

or country can be added without loosing this property. Note that it is not
required that the PR

x ’s elements represent only the PB
y ’s ones: the maximaly

condition considers just the individuals commonly represented.
Then, for example, referring to the model described above, if ‖PR

y ‖ is the set
of all african countries, ‖PB

x ‖ the set of all arriving people, ‖PB
y ‖ ≡ {Egypt,

Morocco, Tunisia} and ‖PR
x ‖ ≡ {r1, r2}, this formula will be true, otherwise

it will be false.
The two linear readings of (103) are shown in (108) and (109) respectively
(the graphical representations of the L formulae are omitted); (108) corre-
sponds to the reading in which two (specific) representatives of three (po-
tentially different) african country arrive, while (109) represents the Inverse
Linking readings of the sentence, in which there are three specific african
countries and, for each of them, two (potentially different) representatives
arrive.

(108)

∃PR
x , PB

x , PR
y , PB

y [ Twox(P
R
x (x), PB

x (x)) &

{PB
x [x]}⊆

max
(arrive′(x)) &

{PR
x [x]}⊆

max
Threey(P

R
y (x, y), PB

y (x, y)) &

{PR
y [x, y]}⊆

max
(af−c′(y)) &

{PB
y [x, y]}⊆

max
(rep−of ′(x, y)) ]
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(109)

∃PR
x , PB

x , PR
y , PB

y [ Threey(P
R
y (y), PB

y (y)) &

{PR
y [y]}⊆

max
(af−c′(y)) &

{PB
y [y]}⊆

max
Twox(P

R
x (y, x), PB

x (y, x)) &

{PB
x [y, x]}⊆

max
(arrive′(x)) &

{PR
x [y, x]}⊆

max
(rep−of ′(x, y)) ]

Note that, in these formulae, as in Sher’s ones, there is no embedding of
a quantifier into another one, i.e. a logical Nested Quantification; on the
contrary, the dependencies between groups of involved entities are triggered
by a maximality condition between a relational variable and a quantifier
instantiated on its arguments, as

{PB
y [y]}⊆

max
Twox(P

R
x (y, x), PB

x (y, x))

that requires, for each y ∈ ‖PB
y ‖, i.e. for each african country, the existence of

a (potentially different) set ‖λx.P
B
x (y, x)‖ including two individuals belonging

to the set ‖λx.P
R
x (y, x)‖, i.e. the set of all representatives of y.

Note also that some relational variables could be substituted by a simpler
one, without changing the truth-conditions of the formula in which it occurs.
For example, (108) can be reduced to an equivalent formula (reported in
(110)) in which PR

y is a unary predicate whose extension must be the set of
all african countries, rather than a binary predicate for which it holds that
‖λy.P

R
y (x, y)‖ must be the set of all african countries for each individual x.

(110)

∃PR
x , PB

x , PR
y , PB

y [ Twox(P
R
x (x), PB

x (x)) &

{PB
x [x]}⊆

max
(arrive′(x)) &

{PR
x [x]}⊆

max
Threey(P

R
y (y), PB

y (x, y)) &

{PR
y [y]}⊆

max
(af−c′(y)) &

{PB
y [x, y]}⊆

max
(rep−of ′(x, y)) ]

However, for homogenity of representation, in this thesis the pair of rela-
tional variables associated with a discourse referent, marked with R and B
respectively, will have the same arity. For this reason, the ⊆

max
’s definition

(def.6.1) requires the set of free variables on the right hand side to be just a
subset of the set of variables enclosed in [. . .] on the left hand side.
By introducing a pair of relational variables for each discourse referent, we
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can easily represent the semantics of the SemDep configurations enabled by
the constraints in def.4.6 (see section 4.3.1), i.e. configurations featuring ei-
ther an Inverse Linking or a Branching Quantification between a discourse
referent x and another discourse referent y in x’s syntactical restriction (as
(111) and (112) respectively).

(111) Twox boys ate ay portion of mostz courses.

∃PR
x , PB

x , PR
y , PB

y , PR
z , PB

z [

Twox(P
R
x (x), PB

x (x)) &

{PR
x [x]}⊆

max
(boy′(x)) &

{PB
x [x]}⊆

max
(Mostz(P

R
z (x, z), PB

z (x, z))) &

{PR
z [x, z]}⊆

max
(course′(z)) &

{PB
z [x, z]}⊆

max
(∃y(P

R
y (x, z, y), PB

y (x, z, y))) &

{PR
y [x, z, y]}⊆

max
(portion′(y) ∧ of ′(y, z)) &

{PB
y [x, z, y]}⊆

max
(ate′(x, y)) ]

x y

Ctx

z

SemDep

(112) Thex students must write any essay about threez poets.

∃PR
x , PB

x , PR
y , PB

y , PR
z , PB

z [

Thex(P
R
x (x), PB

x (x)) &

{PR
x [x]}⊆

max
(student′(x)) &

{PB
x [x]}⊆

max
( ∃y(P

R
y (x, y), PB

y (x, y))) ∧

Threez(P
R
z (x, z), PB

z (x, z)) ) &

{PR
z [x, z]}⊆

max
(poet′(z)) &

{PR
y [x, y], PB

z [x, z]}⊆
max

(essay′(y) ∧ about′(y, z)) &

{PB
y [x, y]}⊆

max
(write′(x, y)) ]

x y

Ctx

z

SemDep

The formula in (111) meets the truth conditions of the corresponding NL
sentence. In fact, ‖PB

y ‖ must be a maximal set of triples (x, z, y) that as-
sociates, to each individual z in the domain, the extension of the predicate
ate′. On the contrary, ‖PR

y ‖ must be a maximal set of triples (x, z, y) that
associates, to each individual x in the domain, the extension of the formula
λyλz.(portion

′(y) ∧ of ′(y, z))1.

1Clearly, as in (108), ‖PB
y ‖ and ‖PR

y ‖ may be reduced to two binary predicates whose
extension coincide with the ones of ate′ and λyλz.(portion′(y) ∧ of ′(y, z)) respectively.
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With these requirements on PB
y and PR

y , ‖PB
z ‖ must be the maximal set

of pairs (x, z) for which it holds that ‖λy.P
B
y (x, z, y)‖ contains at least one

element of ‖λy.P
R
y (x, z, y)‖, i.e. for which it holds that all that has been

eaten by x contains at least a portion of z. Therefore, PB
x is the maximal set

of individuals x for which it holds that ‖λz.P
B
z (x, z)‖ contains most courses.

Finally, if at least two individuals of PB
x are boys, the formula will be true,

otherwise it will be false.
Understanding the truth conditions of the formula in (112) is more complex,
in that the two relational variables PR

y and PB
z are maximized together in

the same maximality condition, i.e.

{PR
y [x, y], PB

z [x, z]}⊆
max

(essay′(y) ∧ about′(y, z))

In order to understand which requirements the maximality condition imposes
on their extensions, it is better to “expand” the ⊆

max
and express the conjunct

in Sher’s style, i.e.

Rx : ∀xyz[(P
R
y (x, y) ∧ PB

z (x, z)) → (essay′(y) ∧ about′(y, z))]∧

Max(〈PR
y , PB

z 〉, Rx)

Now it may be seen that, in order to satisfy the formula, for each individual
x in the domain, the set ‖λy.P

R
y (x, y)‖ has to be a set of essays each of which

talks about all individuals in the set ‖λz.P
B
z (x, z)‖. Furthermore, these two

sets have to be maximal; this implies that PR
y and PB

z are such that for each
individual x in the domain, there is a massive nucleus Y × Z, where Y is
the set of all and only the essays talking about all and only the elements of
Z. It is important to note that this massive nucleus may be different from
individual to individual.
Then, the maximality condition

{PB
x [x]}⊆

max
( Ay(P

R
y (x, y), PB

y (x, y)) ∧ Threez(P
R
z (x, z), PB

z (x, z)) )

is satisfied only if the extension of PB
x is the maximal set of individuals

x for which the massive nucleus Y × Z, associated to x by the previously
discussed maximality condition, is such that all that x must write (i.e. the
set ‖λy.P

B
y (x, y)‖ contains at least one element of Y and Z contains three

poets, i.e. three elements of ‖λz.P
R
z (x, z)‖. Finally, if ‖PB

x ‖ contains at least
the (contextually relevant) students, the formula will be true, otherwise it
will be false.
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6.3 The logics L

This section formalizes the concepts introduced above into a new logics called
“The logics L”. Since L expands the logics L0 presented in the previous chap-
ter, its formalization extends\modifies the one shown in section 5.4.2.
The main difference between L0 and L is that the latter makes use of 2-place
Mostowskian Generalized Quantifiers rather than 1-place Mostowskian Gen-
eralized Quantifiers, and, consequently, its formulae include two relational
variables for each involved quantifier rather than a single one.
Therefore, before presenting the syntax of L, we need to modify three of the
five preliminary definitions given for L0 in section 5.4.2. Instead, a prelimi-
nary definitions imported from L0 without any modification is the definition
of Quantifier Prefix; it is reported below for the sake of convenience. Note
that L does not make use of the definition of cluster of quantifiers; the reason
of this is that, in L it is not always the case that each maximality condition
has to be asserted on all discourse referents belonging to a same cluster.
Therefore, the well formed L formulae, contrary to the L0 ones, are not
defined upon the notion of cluster. I will return on this point in the next
section.

Definition 6.3. [Quantifier Prefix]
A quantifier prefix QP = (q1, q2, . . . , qn, <) is a structure such that:

• Each qi (1 ≤ i ≤ n) has the form Qixi where Qi is a Mostowskian
Generalized Quantifier and xi is an individual variable ranging on a
universe A.

• < is a partial order relation on {q1, q2, . . . , qn}. If qi < qj, we say
that qi is a dependent of qj and that qj is a governor of qi. qi is an
immediate dependent of qj if qi < qj and does not exist any qk such that
qi < qk < qj. Analogously for immediate governors.

• The rank ri of a quantifier qi is the number of quantifiers qm in the
prefix such that qm is a governor of qi.

The definitions of quantifiers used in the logics, and their associated re-
lational variables, are changed into the following ones (concerning 2-place
Mostowskian Generalized Quantifiers, see also section 5.2). Clearly, the use
of the 2-place Mostowskian Generalized Quantifiers extends the expressive
power of the logics, so that L is able to represent all that is possible to
represent in L0.
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Definition 6.4. [Syntax of 2-place Mostowskian Quantifiers]
A 2-place Mostowskian Quantifier is a symbol Q such that, if x is an indi-
vidual variable, and Ψ, Φ are formulae, then Qx(Ψ, Φ) is also a formula.

Definition 6.5. [Semantics of 2-place Mostowskian Quantifiers]
A 2-place Mostowskian Quantifier Q denotes, in every model M with universe
A, a function q taking in input two subsets B and C of A and returning a
truth-value. Furthermore, if there are two models M1, M2 with universe A1,
A2 respectively and four sets B1, B2, C1, C2 such that B1 ⊆ A1, C1 ⊆ A1,
B2 ⊆ A2 and C2 ⊆ A2 and the two structures (A1, (B1, C1)), (A2, (B2, C2))
are isomorphic, then q(B1, C1) = q(B2, C2).

Definition 6.6. [Relational variable]
If QP = ({q1, q2, . . . , qn}, <) is a quantifier prefix, then each qi (1 ≤ i ≤ n)
is associated with

• Two relational variables PR
i and PB

i , whose arity is ri (the rank of qi).

• two terms TR
i = PR

i (xi1 , . . . , xiri
, xi) and TB

i = PB
i (xi1 , . . . , xiri

, xi),
where each xik is a variable associated with one of the governors of
qi. Such governors are ordered according to a total order whose sole
function is to determine the order of the variables xik .

As argued above, contrary to what is done in L0, L formulae assert both
a maximality condition with label IN on the conjunction Φ of predicates
belonging to the body, and, for each quantifier Qx in the prefix, a maximality
condition with label Rx on the conjunction Ψx of predicates belonging to the
restriction of Qx.
The distinction between the predicates belonging to the body and the ones
belonging to the restriction is based upon the information contained in the
Scoped Dependency Graph of the sentence and will be presented, from a
computational point of view, in the next chapter.
Moreover, L features a further level of complexity with respect to L0 in that
the relational variables that have to be maximized on the formulae Φ, Ψ1,
Ψ2, . . ., Ψn are not always the ones associated to the discourse referents on
which no other discourse referent depends.
For example, in the following L0 formula (in which the three clusters are
indicated by dotted circles), the “IN” condition is asserted just in terms of
Pu and Pt, i.e. the relational variables belonging to the final cluster, while Px,
Py, Pz, Pv, and Pw are involved just in the maximality conditions triggering
the dependencies between the quantifiers.
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q1x

q2y

q3z

q4v

q5w

q6u

q7t

Φ

=df ∃Px, Py, Pz, Pw, Pv, Pu[ Cx: q1x(Px(x)) & Cy: q2y(Py(y)) &

Cz\Cv\Cw: {Px[x], Py[y]}⊆
max

(q3z(Pz(x, z)) ∧ q4v(Pv(x, v)) ∧ q5w(Pw(x, y, w))) &

Cu\Ct: {Pz[x, z], Pv[x, v], Pw[x, y, w]}⊆
max

(q6u(Pu(x, z, v, u)) ∧ q7t(Pt(x, y, v, w, t))) &

IN : {Pu[x, z, v, u], Pt[x, y, v, w, t]}⊆
max

(Φ(x, y, z, w, u, t)) ]

On the contrary, in a L formula, the conditions with labels IN,R1, . . . , Rn

can be asserted in terms of relational variables not necessarily associated
with a discourse referent belonging to the final cluster.
For example, in the following reading of sentence (103)

(113) [Twox representatives of [threey African countries]] arrive.

Twox Threey {arrive′(x), rep−of ′(x, y), af−c′(y)}

=df ∃PR
x , PB

x , PR
y , PB

y [ Cx: Twox(P
R
x (x), PB

x (x)) &

IN : {PB
x [x]}⊆

max
(arrive′(x)) &

Cy: {PR
x [x]}⊆

max
Threey(P

R
y (x, y), PB

y (x, y)) &

Ry: {PR
y [x, y]}⊆

max
(af−c′(y)) &

Rx: {PB
y [x, y]}⊆

max
(rep−of ′(x, y)) ]

the IN condition is asserted in terms of PB
x , i.e. one of the relational variables

associated with Twox. On the contrary, the other relational variable acting
as argument of Twox, i.e. PR

x , is involved in the clause with label Cy in order
to trigger the quantifier dependency on Threey. Then, the other inclusion
condition, with label Rx, is asserted with respect to PB

y .
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Analogous considerations hold for the Inverse Linking reading of the sentence,
i.e.

(114) [Twox representatives of [threey African countries]] arrive.

Threey Twox {arrive′(x), rep−of ′(x, y), af−c′(y)}

=df ∃PR
x , PB

x , PR
y , PB

y [ Cy: Threey(P
R
y (y), PB

y (y)) &

IN : {PB
x [y, x]}⊆

max
(arrive′(x)) &

Cx: {PB
y [y]}⊆

max
Twox(P

R
x (y, x), PB

x (y, x)) &

Ry: {PR
y [y]}⊆

max
(af−c′(y)) &

Rx: {PR
x [y, x]}⊆

max
(rep−of ′(x, y)) ]

Also in this case, in fact, there is an inclusion condition, with label Rx, in-
volving a relational variable associated to a quantifier not belonging to the
final cluster.
To summarize, in L it is not always the case that the conditions with label
IN,R1, . . . , Rn are asserted only in terms of relational variables associated
with the discourse referents on which no other discourse referent depends.
In other terms, the relational variables associated with the discourse refer-
ents on which some other discourse referent depends, do not always occur
in the clauses with label C1, . . . , Cn: a dependency from a discourse referent
x to another discourse referent y has to be triggered by at least one of the
relational variables associated to y, i.e. by either PB

y or PR
y , while the other

one can either trigger another dependency or belong to a clause with label
IN,R1, . . . , Rn.
Of course, also the decision about which relational variables are involved in
the C1, . . . , Cn conditions rather than in the IN,R1, . . . , Rn ones depends on
the NL syntactic structure and will be then discussed in the next chapter.
However, the L formalization that will be presented in this chapter just deals
with the syntax of the logics, without taking care of this distinction; in par-
ticular, it assures that the maximality conditions belonging to an L formula
do not contain free variables. This is achieved by making use of the ⊆

max

operator that requires the set of variables occurring in its right hand side to
be a subset of the ones enclosed in [. . .] in its left hand side.
Of course, this requirement does not prevent the construction of formulae
that, though well-formed, make no sense if taken as NL semantic interpre-
tations of a sentence, e.g. a formula in which a relational variable occurs in
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more than one maximality condition or in which both the relational variables
associated to a certain quantifier occur in the same maximality condition.

Definition 6.7. [Syntax of L]
An expression is a wff of L iff it has the following structure:

QP{Φ, Ψ1, . . . , Ψn}

Where QP is a quantifier prefix on quantifiers Q1, . . . , Qn and Φ, Ψ1, . . . , Ψn

are FOL quantifier-free formulae.

The semantics of the formulae in the form QP{Φ, Ψ1, . . . , Ψn} are given in
terms of equivalent formulae in second order logics, according to the following
definition:

Definition 6.8. [Semantics of L]

QP{Φ, Ψ1, . . . , Ψn} =df ∃PR
1

PB
1

. . . PR
n PB

n [C1& . . . &Cn&R1& . . . &Rn&IN ]

Where each Ci (1 ≤ i ≤ n) is defined as follows:

if ri = 0

Ci =df Qixi(T
R
i , TB

i )

else

Ci =df {P1[x11, . . . , x1r1 , x1], . . . , Pm[xm1, . . . , xmrm
, xm]}⊆

max

(Qixi(T
R
i , TB

i ))

Where each Pk (1 ≤ k ≤ m) is one of the PR
1

, PB
1

, . . . , PR
n , PB

n and xkv

(1 ≤ v ≤ rk) are individual variables such that qkv is a governor of qk in
the quantifier prefix, and rk is the rank of Qk. Moreover, qk is an immediate
governor of qi. Finally, according to def.6.6, each TR

i = PR
i (xi1 , . . . , xiri

, xi)

and TB
i = PR

i (xi1 , . . . , xiri
, xi), where each xih (1 ≤ h ≤ ri) is a variable

associated with one of the governors of qi.

the conditions Ri (1 ≤ i ≤ n) and IN are defined as follows:

Ri =df {P1[x11, . . . , x1r1 , x1], . . . , Pm[xm1, . . . , xmrm
, xm]}⊆

max
Ψi

IN =df {P1[x11, . . . , x1r1 , x1], . . . , Pm[xm1, . . . , xmrm
, xm]}⊆

max
Φ

where each Pk (1 ≤ k ≤ m) and each xkv (1 ≤ v ≤ rk) are defined as above.
Finally, it must be remarked that the definition of the ⊆

max
operator (def.6.2)

prevents ill formed maximality conditions in the definition above, in that it
requires the sets of free variables in its right hand side to be a subset of the
set of variables enclosed in square brackets in its left hand side.
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6.4 Future extension: cumulative readings

This section briefly discusses how it may be possible to handle cumulative
readings in L and DTS.
In section 5.4.1, I presented the classification of all non-linear quantifica-
tions proposed by Sher in [Sher, 1990]. This classification simply arises by
generalizing the meta-quantifications occurring in the formulae to be any
quantification.
Among all non-linear quantifications, Sher identified two “extremes”: Com-
plex Dependence non-linear quantification and Independence non-linear quan-
tification.
The former is what is generally taken as Branching Quantification, i.e. a
non-linear quantification on two or more sets of individuals that requires the
existence of a maximal each-all inclusion (i.e. a massive nucleus) in the ex-
tension of the quantified formula. All examples shown above in this chapter
are examples of Complex Dependence non-linear quantification.
On the contrary, Independence is what is generally called cumulative quan-
tification, i.e. a non-linear quantification on two or more sets of individuals in
which each individual in each set makes true the quantified formula together
with at least one individual for each other involved set.
Many NL sentences, as those reported in (115), can be interpreted only via
a formula containing a cumulative quantification

(115) a. Three monkeys ate all our bananas.

b. The Japanese kamikaze hit more than 300 Usa battleships.

c. Many politicians have taken a bribe from the five companies.[Beck
and Sauerland, 2000]

For example, (115.a) describes a situation in which there are three monkeys
and the sum of the sets of bananas they respectively ate is equal to the set
of all our bananas. Analogous considerations hold for (115.b): each involved
kamikaze hit one single involved battleship and each battleship was hit by at
least one kamikaze. Sentence (115.c) is a bit more complex in that it contains
three quantifiers: it describes a situation in which each of the five companies
corrupted a group of politicians by giving a bribe to each of them; the set
of politicians may be different from company to company, provided that the
“cumulation” of all politicians corrupted by at least one of the five companies
constitutes a set of many politicians.
However, despite the evident existence of cumulative readings in Natural
Language, they received very little attention in Underspecification; to my
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knowledge, the only two attempts for taking cumulative readings into ac-
count in an underspecified formalism (UDRT) are [Reyle, 1996] and, recently,
[Chaves, 2005].
In fact, for handling cumulative readings, as well as other types of branch-
ing quantification, in a strictly linear framework, it is necessary to introduce
some complex and unnatural mechanisms; for instance, [Reyle, 1996] makes
use of polyadic quantifications.
On the contrary, the logics L may handle cumulative readings in a straight-
forward fashion, since it considers partial orderings on quantifiers as natural
as linear ones. In fact, on the basis of the classification proposed by Sher,
it seems that it is sufficient to introduce in L a new operator, called, for
instance, ⊆

cum
, and defined as follows

Definition 6.9. [Syntax of ⊆
cum

]
If {P1, . . . , Pn} is a set of L predicates with arity a1, a2, . . . , an respectively,
x11, . . . , x1a1 , . . . , xn1, . . . , xnan

are first order variables and Φ is a well formed
formula in First Order Logics whose free variables are a subset of {x11, . . .,
x1a1, . . ., xn1, . . ., xnan

}, then the formula

{P1[x11, . . . , x1a1 ], . . . , Pn[xn1, . . . , xnan
]}⊆

cum

Φ

is a well formed formula in L

Definition 6.10. [Semantics of ⊆
cum

]
The L formula

{P1[x11, . . . , x1a1 ], . . . , Pn[xn1, . . . , xnan
]}⊆

cum

Φ

is true iff

∀x11,...,x1a1
[(P1(x11, . . . , x1a1) →

∃x21,...,x2a2 ,xn1,...,xnan
[(P2(x21, . . . , x2a2) ∧ . . . ∧ Pn(xn1, . . . , xnan

) ∧ Φ]∧

∀x21,...,x2a2
[(P2(x21, . . . , x2a2) →

∃x11,...,x1a1 ,xn1,...,xnan
[(P1(x11, . . . , x1a1) ∧ . . . ∧ Pn(xn1, . . . , xnan

) ∧ Φ]∧

. . .

∀P ′

1
. . . P ′

n[

∀x11,...,x1a1 ,xn1,...,xnan
[

( (P1(x11, . . . , x1a1) ∧ . . . ∧ Pn(xn1, . . . , xnan
)) →

(P ′

1
(x11, . . . , x1a1) ∧ . . . ∧ P ′

n(xn1, . . . , xnan
))∧

(P ′

1
(x11, . . . , x1a1) ∧ . . . ∧ P ′

n(xn1, . . . , xnan
)) → Φ) ) →
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(P ′

1
(x11, . . . , x1a1) ∧ . . . ∧ P ′

n(xn1, . . . , xnan
)) →

(P1(x11, . . . , x1a1) ∧ . . . ∧ Pn(xn1, . . . , xnan
)) ] ]

By means of the ⊆
cum

operator, then, we can associate to (115.b) the following
L formula

(116)

Thex japanese kamikazes hit more than 300y USA battleships.

∃PR
x , PB

x , PR
y , PB

y [ Thex(P
R
x (x), PB

x (x)) &

MT300y(P
R
y (y), PB

y (y)) &

{PR
x [x]}⊆

max
(jap−kam′(x)) &

{PR
y [y]}⊆

max
(usa−batShip′(y)) &

{PB
x [x], PB

y [y]}⊆
cum

(hit′(x, y)) ]

It is easier to see that the formula captures the right truth-conditions if we
“expand” the ⊆

cum
operator and rewrite the formula in Sher terms, i.e.

(117)

Thex japanese kamikazes hit more than 300y USA battleships.

∃PxPy[ Cx : Thex(JapKam′(x), Px(x)) ∧

Cy : MoreThan300y(UsaBattleship′(y), Py(y)) ∧

IN : ∀x[Px(x) → ∃y[ Py(y) ∧ hit′(x, y)]]∧

∀y[Py(y) → ∃x[ Px(x) ∧ hit′(x, y)]]∧

Max(〈Px, Py〉, 〈IN〉) ]

In fact, this formula makes evident that for each involved kamikaze there
must be at least one battleship that has been hit by him and that for each
involved battleship there must be at least one kamikaze who hit it.
However, although this solution seems to work for basic cases of cumulative
readings, it is not clear how to represents a NL sentence containing both a
cumulative interaction between two or more sets of entities and a standard
semantic dependency among others. For example, how to express the truth-
conditions of a sentence as (115.c), in which the set of politicians and the set
of companies are in cumulative branching quantification but each involved
bribe depends on the pair 〈politician, company〉?
To summarize, in a logical framework that enables branching quantifications,
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as L or DTS, cumulative readings can be in principle handled; however, since
the groups of entities involved in a cumulative quantification may be involved
in other semantic dependencies, it is not immediate to understand how the
several kinds of quantifications may interact to each other. Therefore, devis-
ing such a framework deserves further study.

6.5 Summary

In this chapter, an extension of the logics shown in [Sher, 1997] has been
presented. In particular, the proposed extension, formalized in a new logics
called L, allows to handle the truth-conditions of partially ordered sets of 2-
place Mostowskian Generalized Quantifiers. Therefore, L is able to represents
the semantics of NL sentences containing, in principle, any quantifier, while
Sher’s logics covers just the ones containing numerals as Two, Three, etc.,
in that it only deals with 1-place Mostowskian Generalized Quantifiers.
The main problem faced in achieving the presented extension was represented
by Nested Quantification, in which a quantifier occurs in the syntactical
restriction of another quantifier.
This problems was solved by introducing, in the formulae, two relational
variables for each quantifier, i.e. one for each of its two arguments, and by
asserting maximality conditions on them both.
However, it must be stressed that L simply allows for the representation of
NL sentences containing nested quantifications, but it does not specify how
to computationally obtain them starting from the syntactic structure of those
sentences. The methods to obtain this are presented in the next chapter.
A section discussing the possibility to handle cumulative readings in L and,
therefore, in DTS concludes the chapter.
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Chapter 7

Model theoretic interpretation
of DTS

This final chapter presents a model theoretic interpretation of Dependency
Tree Semantics. This model theoretic interpretation is achieved by defining
an algorithm, called DTStoL, that translates well formed Scoped Depen-
dency Graphs into equivalent L formulae, whose semantics is already well
defined. This has been done both to increase readability, and to allow for
the exploitation of Second Order theorem provers to perform reasoning1.
Furthermore, it must be pointed out that DTStoL, together with the DTS
syntax-semantic interface presented in chapter 3, also provides a further ex-
tension of Sher’s theory; in fact, as discussed in the previous chapter, a big
limit of the latter is that it does not specify how to obtain L formulae start-
ing from the syntactic representation of the sentence. DTStoL and the DTS
syntax-semantic interface fill this gap in that they act as a bridge between a
Dependency Grammar and L.
However, DTStoL is rather complex, in that it builds maximality conditions
by taking into account both the dependencies between involved entities (i.e.
the SemDep arcs) and the subformulae embedding arising from the values
of the function restr.
For this reason, DTStoL will be presented via incremental steps.
Subsection 7.1.1 discusses the relationships between the SemDep function be-
longing to an SDG and the clusters in the quantifier prefix of a corresponding
L formula; moreover, it defines an algorithm to determine the several clusters
on the basis of the SemDep values.

1This is not new in real systems; see, for example, [Bos, 2004], that describes a system in
which DRT well formed structures are translated into First Order Logics (FOL) formulae,
rather than directly interpreted, in order to perform reasoning via standard FOL theorem
provers.
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However, as it will be cleared in subsection 7.1.2, contrary to L0, in which
each maximality condition has to be asserted on the relational variables cor-
responding to all discourse referents belonging to the same cluster, in L the
maximality conditions may be asserted also on a subset of such relational
variables. Consequently, although the partition on clusters is taken into
account in DTStoL, it may be not found also in the resulting L formula,
contrary to what happen in L0. This is the reason why the definition of L
well formed formulae (def.6.7, in the previous chapter) does not rely on the
notion of cluster.
Subsection 7.1.2 distinguishes between two kinds of maximality conditions,
one concerning the predicate-argument relations occurring in the Flat De-
pendency Graph (inclusion conditions) and one the dependencies among dis-
course referents (quantifier conditions); these two kinds of maximality con-
ditions are then analyzed separately.
Section 7.1 reports the final version of DTStoL and formally defines the truth
conditions of a Scoped Dependency Graph in its terms. Finally, section 7.3
concludes the chapter by reporting examples of DTStoL applications.

7.1 Translating DTS into L

In the previous chapter, an extension of the logics L0, proposed by Sher to
interpreter logical structures featuring partial orders on quantifiers, has been
presented. This extension, implemented into a new logics called L, evolves L0

in that it allows for the representation of NL sentences in which a quantifier
occurs in the restriction of another quantifier, i.e. of NL sentences featuring
Nested Quantifications.
Therefore, we are able now to translate any well-formed Scoped Dependency
Graph, satisfying the constraints presented in chapter 4, into an equivalent
L formula.
The next subsections analyze and present possible solutions to achieve these
three subtasks (in the listed order); this will lead to an algorithm, called
DTStoL, able to perform the translation from DTS into L.

7.1.1 Extracting quantifier prefix from SemDep arc

In L0, as discussed in [Sher, 1997], each maximality condition has to be as-
serted on all relational variables belonging to a same cluster. A cluster is a
class of equivalence under the relation of common ‘immediate’ dependence.
Therefore, having a partial order between discourse referents, that can be
described, in L0 or L, by a quantifier prefix or, in DTS, by the values of
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the SemDep function, we can univocally determinate the several clusters of
discourse referents.
This section presents a procedure, called buildClusters, to computational ob-
tain the partition on clusters on the basis of a SemDep function. buildClusters
makes use of another function, called immGov(d, SemDep), that, taken a dis-
course referent d in the SemDep’s domain, returns all immediate governors
of d; immGov(d, SemDep) is simply defined as follows:

Definition 7.1 (immGov).
immGov(d, SemDep), where d is a discourse referents in SemDep’s domain,
returns a subset of SemDep(d):

immGov(d, SemDep) =

if SemDep(d) = {Ctx} then

return {Ctx}

else

return SemDep(d)\ ∪
d′∈SemDep(d)

SemDep(d′)

Clearly, the set of immediate governors of d, except in case d is directly linked
to Ctx, is the set of all discourse referents on which d depends (both directly
and transitively), i.e. SemDep(d), minus the discourse referents on which
at least one element of SemDep(d) also depends, i.e. minus those discourse
referents on which d transitively depends.
Now we are able to define buildClusters; this function takes as input SemDep

and its domain D and returns a set of pairs. Each pair is in the form 〈cl, id〉,
where cl is a cluster, i.e. a class of equivalence under the relation of common
immediate dependence, and id the set of all immediate dependents of some
elements in cl; id is another cluster except in case cl is the smallest cluster;
in this case, id is the empty set.
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Definition 7.2 (buildClusters).
buildClusters(D, SemDep), where D is the set of all discourse referents in
SemDep’s domain, returns a set of pairs 〈cl, id〉, where cl is a cluster of D
and id is the set of all immediate dependents of some element in cl; id is
another cluster except in case cl is the smallest cluster; in this case, id is the
empty set. The clusters form a partition of D. The returned set of pairs is
built according to the following instructions:

buildClusters(D, SemDep) =

- set Clusters = Ø

- for each d ∈ D do

- set newGov = immGov(d, SemDep)

- if newGov 6= {Ctx} then

- if ∃ 〈cl, id〉 ∈ Clusters such that (cl ∩ newGov 6= Ø) then

- remove 〈cl, id〉 from Clusters

- set cl = cl ∪ newGov

- set id = id ∪ {d}

- add 〈cl, id〉 to Clusters

else

- add 〈newGov, {d}〉 to Clusters

- set smallestCluster = D \ ∪
〈cl, id〉 ∈ Clusters

cl

- add 〈smallestCluster, Ø〉 to Clusters

- return Clusters

In order to identify the correct clusters, buildClusters, for each discourse
referent in D, computes the set of its immediate governors. For example, as
exemplified in the figure below, let {d1, . . . , dm} be the set of all discourse ref-
erents D and let {di1, . . . , dini

}, for each i = 1..m, be the set of all immediate
governors of di.
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{d11, d12, . . . d1n1} {d21, d22, . . . d1n2} {dm1, dm2, . . . dmnm
}

d1 d2 dm
. . .

. . .

The discourse referents di1, . . . , dini
have to belong to the same clusters, in

that they share a common dependent, i.e. di. However, it could also hap-
pen that a discourse referent d′ belongs to two differents sets of immediate
governors {di1, . . . , dini

} and {dj1, . . . , djnj
}, with i 6= j; for example, in the

figure below, w belongs both to the set of immediate governors of x and the
set of immediate governors of y

z h w

x

w v k

y

In such a case, the discourse referents in the two sets of immediate governors
must belong to a same cluster; concerning the example under exam, the
discourse referents z, h, w, v, k have to belong to a same cluster.
Therefore, each set of immediate governors found by buildClusters is added
to the family of sets that will be returned (i.e. the content of the variable
Clusters) unless there is already a set cl, in a pair 〈cl, id〉 previously added
to Clusters, that shares some elements with it. In this case, the set of
immediate governors do not constitute a new cluster, but its elements are
simply added to cl.
Nevertheless, this criterion finds all clusters but one; the last missing cluster
is the smallest one, i.e. the cluster composed by all discourse referents that
have no dependents at all. These discourse referents are never considered
during the for cycle iterations in that they are not immediate governors of
anyone. However, the smallest clusters can be easily found after the for cycle
by taking all discourse referents in D that do not belong to any cluster in
Clusters. Examples of buildClusters applications are provided below.

7.1.2 Extracting maximality conditions from a Scoped
Dependency Graph

Having identified the clusters, we can now set up the maximality condi-
tions that constitute the L formula equivalent to a given Scoped Dependency
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Graph.
In L0, as discussed in [Sher, 1997], the relational variables corresponding to
the discourse referents belonging to a same cluster have to be maximized
together on a same clause. One of these clauses is a conjunction of predicates
and is inserted into a maximality condition called inclusion condition (with
label IN), while all other clauses are conjunctions of quantifiers instantiated
on their corresponding relational variables and are inserted into maximal-
ity conditions called quantifier conditions (with label Cd1\Cd2 . . . \Cdn

where
d1, d2, . . . , dn are all discourse referents whose relational variables are involved
in the conjunction).
For example, the following L0 formula (in which clusters are marked by means
of dotted circles), that includes a quantifier prefix involving discourse refer-
ents x, y, z, v, w, u, and t and a conjunction of predicates Φ,

q1x

q2y

q3z

q4v

q5w

q6u

q7t

Φ

is equivalent to the second order formula

∃Px, Py, Pz, Pv, Pw, Pu, Pt[

Cx: q1x(Px(x)) & Cy: q2y(Py(y)) &

Cz\Cv\Cw: {Px[x], Py[y]}⊆
max

(q3z(Pz(x, z)) ∧ q4v(Pv(x, v)) ∧ q5w(Pw(x, y, w))) &

Cu\Ct: {Pz[x, z], Pv[x, v], Pw[x, y, w]}⊆
max

(q6u(Pu(x, z, v, u)) ∧ q7t(Pt(x, y, z, v, w, t))) &

IN : {Pu[x, z, v, u], Pt[x, y, z, v, w, t]}⊆
max

Φ ]

In the latter, the IN condition, i.e. the only clause involving predicates
relations, is asserted on the relational variable associated with the discourse
referents in the smallest cluster, i.e. u and t. On the contrary, the other
maximality conditions are quantifier conditions asserted on the relational
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variables associated with all discourse referents in a same cluster C and the
conjunction of quantifier corresponding to all discourse referents immediatly
depending on some elements of C, i.e. all discourse referents belonging to
the “subsequent” cluster.
Setting up an L formula on the basis of the cluster partition is much more
complex in that L introduces two further problems

- There are several conjunctions of predicates, rather than a single one,
each of which has to be included into a different inclusion condition;
with respect to a Scoped Dependency Graph, all but one of these con-
junctions are obtained by conjoining all predicats belonging to a restr

value, while the last one by conjoining all predicats not belonging to
any of these values.

- Each discourse referent d is associated with two relational variables, PR
d

and PB
d ; the former refers to the restriction of d while the latter refers

to its body.

Consequently, in L it is not true that the relational variables associated to
all discourse referents in a same cluster have to be maximized together; in
fact, taken a discourse referent d, its two associated relational variables, i.e.
PR

d and PB
d , may be inserted into two different maximality conditions2.

Therefore, it is clear that, contrary to L0, in L each cluster of quantifier can
be associated with two or more maximality conditions.
Moreover, will become clear below, the set of maximality conditions associ-
ated with a cluster may include both inclusion and quantifier conditions.

Inclusion conditions

The inclusion conditions are maximality conditions in the form

{P1, . . . , Pn}⊆
max

Φ

where P1, . . . , Pn is a set of (instantiated) relational variables and Φ is a
conjunction of predicates.
As said above, in L0 there is just one of such conditions: the “IN” condition,
in which P1, . . . , Pn is the set of all relational variables associated with the
discourse referents in the smallest cluster and Φ is the conjunction of all
predicates occurring in the formula.
On the contrary, in L, there are |D| + 1 inclusion conditions, where D is

2Actually, this is precisely what has to be done, because, as pointed out above, an L

formula including a maximality condition asserted on both PR
d and PB

d makes no sense if
taken as an interpretation of a NL sentence.
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the set of all discourse referents. As pointed out above, with respect to a
Scoped Dependency Graph, the first |D| conjunctions, to be inserted in |D|
corresponding inclusion conditions, are obtained by conjoining all predicates
occurring in restr(d), for each d ∈ D, while the last one is obtained by
conjoining all predicates not belonging to any restr value.
In order to obtain these conjunctions starting from a Scoped Dependency
Graphs, two useful functional operators are introduced: ∗ and body. The
former applies to a Flat Dependency Graph and returns the conjunction of
all predicate-argument relations in it, while the latter indicates the subgraph
of all predicate-argument relations in the Flat Dependency Graph that do
not belong to any restr’s value. These two terms are formally defined as
follows:

- If Gf is a Flat Dependency Graph, G∗

f is the SOL formula corresponding
to the conjunction of all terms Ti, such that Ti=P (d1, . . . dk) iff Gf

contains the nodes np, nd1 , . . ., ndk
, where nd1 , . . ., ndk

are all nodes
linked to np in A and f(np) = P ∈ pred, f(nd1) = d1 ∈ D . . . ,
f(ndk

) = dk ∈ D.

- If Gs = 〈Gf , Ctx, Q, quant, restr, SemDep〉 is a Scoped Dependency Graph,
body(Gs) is the subgraph of Gf that contains all and only the predicate-
argument relations that do not belong to restr(d) for any d ∈ D. In all
examples presented in this paper, this subgraph is made up just by the
predicate denoted by the main verb of the sentence instantiated on the
discourse referents corresponding to the verbal dependents.

Example of applications of the two functional operators just introduced are
provided below.
Once we have identified the conjunctions to be inserted in the ⊆

max
’s right

hand sides, we need a criterion to identify also the discourse referents whose
relational variables have to be inserted in the ⊆

max
’s left hand sides.

In L0, we already know which are the discourse referents involved in its
single inclusion condition: all those belonging to the smallest cluster. On
the contrary, in L, not all inclusion conditions involve discourse referents
belonging to the smallest cluster only. For example, consider the following
Scoped Dependency Graph Gs
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(118)

Twox [representatives of [Threey african countries]] arrive.

rep’

x

1 21

arrive’

1

of’

Restr(x)

2

y

Restr(y)

y

Quant(y)= Three

Quant(x)= Two

y

1

af−c’

Flat Dependency Graph

1

af−c’rep’

x

1 1

of’

And the two disambiguations reported below

(119)

x

y

Ctx

x

y

Ctxa) b)

As discussed in chapter 6, the truth conditions of the inverse linking reading
of the sentence under exam, i.e. (119.a), are handled by the following L
formula:

(120)

∃PR
x , PB

x , PR
y , PB

y [ Threey(P
R
y (y), PB

y (y)) &

{PR
y [y]}⊆

max
(af−c′(y)) &

{PB
y [y]}⊆

max
(Twox(P

R
x (y, x), PB

x (y, x))) &

{PR
x [y, x]}⊆

max
(rep′(x) ∧ of ′(x, y)) &

{PB
x [y, x]}⊆

max
(arrive′(x)) ]

This formula contains three inclusion conditions, i.e.

- {PR
y [y]}⊆

max
(af−c′(y))

- {PR
x [y, x]}⊆

max
(rep′(x) ∧ of ′(x, y))

- {PB
x [y, x]}⊆

max
(arrive′(x))

161



Nevertheless, note that the first of these three conditions involves a relational
variables associated with the discourse referents y, that does not belong to
the smallest cluster. In other words, as highlighted by the following schema,
in which, as usual, the clusters of quantifiers are marked by dotted circles

(121)

xy body*(Gs)

restr*(x)restr*(y)

body*(Gs) = arrive’(x)

restr*(x) = rep’(x) ∧ of’(x, y)

restr*(y) = af−c’(y)

PR
y PR

x

PB
y PB

x

the conjunction of predicates restr*(y) is maximized with respect to PR
y , i.e.

one of the relational variables associated with y. The other relational vari-
able associated with y, i.e. PB

y , is used then to trigger the dependency from
x to y, as it is done in L0.
Analogous considerations hold for the other linear reading of (118), i.e.
(119.b), whose L formula is

(122)

∃PR
x , PB

x , PR
y , PB

y [ Twox(P
R
x (x), PB

x (x)) &

{PB
x [x]}⊆

max
(arrive′(x)) &

{PR
x [x]}⊆

max
(Threey(P

R
y (x, y), PB

y (x, y))) &

{PR
y [x, y]}⊆

max
(af−c′(y)) &

{PB
y [x, y]}⊆

max
(rep′(x) ∧ of ′(x, y)) ]

This formula contains the following inclusion conditions

- {PB
x [x]}⊆

max
(arrive′(x))

- {PR
y [x, y]}⊆

max
(af−c′(y))

- {PB
y [x, y]}⊆

max
(rep′(x) ∧ of ′(x, y))

But only the last two are asserted in terms of the discourse referent constitut-
ing the smallest cluster, i.e. y, as depicted by the following representation3

3The analysis of the third interpretation of the sentence, i.e. the Branching Quantifier
reading, is not shown in that it is not interesting for the current discussion; in fact, if
both discourse referents are linked to Ctx, they both belong to the smallest cluster and,
obviously, all inclusion conditions are asserted just in their terms.
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(123)

yx restr*(x)

restr*(y)body*(Gs)

body*(Gs) = arrive’(x)

restr*(y) = af−c’(y)

PB
x PR

y

PR
x PB

x

restr*(x) = rep’(x) ∧ of’(x, y)

As final complex example, consider the following Scoped Dependency Graph,
whose SemDep function establishes three clusters.

Restr(x)

Quant(y)= Two

Quant(x)= ∀

x

1

Restr(z)

11

failed’

teacher’

Quant(z)= < 1

2

x y

2

1

stud’

1

study’

1

11 2

Flat Dependency Graph

topic’

2

z

1

of’
1

w
2

program’

1

teacher’

z

topic’ of’

2

Restr(w)

1

Restr(y)

11 2

2

z

stud’

program’

w

study’

w

y

Quant(w)= The

x

y

Ctx

SemDep

w

z

However, three of the five conjunctions of predicates do not involve z, i.e.
the only discourse referent in the smallest cluster, and therefore have to be
maximized with respect to the relational variables associated with discourse
referents belonging to other clusters.
In particular, it is clear that the maximality conditions constituting the final
L formula have to be set up according to the following representation
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y
x

restr*(x)

restr*(w)

body*(Gs)

body*(Gs) = failed’(x, y)

restr*(x) = teacher’(x)

restr*(y) = stud’(y) ∧ study’(y, z)

w

z

restr*(z)

restr*(y)

restr*(z) = topic’(z) ∧ of’(z, w)

restr*(w) = program’(w)

from which we can derive the following partial inclusion conditions (they are
partial in that the apex on the relational variables, i.e. R rather than B, is
left, up to this point, underspecified)

- {P ?

x [x]}⊆
max

(teacher′(x))

- {P ?

w[x,w]}⊆
max

(program′(w))

- {P ?

y [x, y]}⊆
max

(failed′(x, y))

- {P ?

z [x, y, w, z]}⊆
max

(topic′(z) ∧ of(z, w))

- {P ?

z [x, y, w, z]}⊆
max

(stud′(y) ∧ study(y, z))

In order to build an inclusion condition involving a certain conjunction of
predicates Φ, it is necessary to instantiate Φ in the minimum quantifier scope
in which all variables occurring in Φ are bound. Of course, this is reasonable,
since no variable can occur outside the scope of its quantifier and, intuitively,
there is no reason to move a basic formula inside the scope of a quantifier
not involving its variables. With respect to a partial order, this amounts to
set up a maximality condition in the form

{P ?

d1
[~d1, d1], . . . , P

?

dn
[ ~dn, dn]}⊆

max
Φ

where {d1, . . . , dn} is the minimun set of discourse referents such that the
union of {d1, . . . , dn} and the set of discourse referents on which some di ∈
{d1, . . . , dn} depends covers the set of all discourse referents occurring in Φ.

Furthermore, ~d denotes the sequence of all discourse referents on which d
depends on. It is formally defined as follows:
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If d ∈ D, ~d is a sequence d1, . . . , dn, where {d1, . . . , dn} ≡ SemDep(d) \

{Ctx}. Each occurrence of ~d always gives us a sequence in the same

order. If SemDep(d) = {Ctx}, ~d is clearly an empty sequence.

Therefore, concerning the previous example, we get P ?

z [~z, z] = P ?

z [x, y, w, z]
and P ?

y [~y, y] = P ?

y [x, y].
In order to identify, for each conjunction of predicates, the corresponding
minimun set of discourse referents that satisfies the constraint just discussed,
it is sufficient to take the set DΦ of all discourse referents occurring in the
conjunction and remove all the ones that precede some element of DΦ in the
partial order. Concerning the previous example, body*(Gs) contains the dis-
course referent x and y; however, since y depends on x, just the former has to
be involved in the inclusion condition associated with body(Gs). Analogously,
restr*(z) contains y and z, but only z has to be involved in its inclusion con-
dition.
In the light of this, we are able now to define a procedure, called build-
InclusionConditions, that takes in input a Scoped Dependency Graph and
returns the conjunction of all inclusion conditions of the equivalent L for-
mula. buildInclusionConditions makes use of a function D(Φ) that takes in
input a conjunction of predicates Φ and returns the set of all discourse ref-
erents occurring in Φ; for istance, concerning the previous example, we get
D(body*(Gs)) = {x, y} and D(restr*(y)) = {y, z}

Definition 7.3 (buildInclusionConditions).
buildInclusionConditions(Gs), where Gs = 〈Gf , Ctx, Q, quant, restr, SemDep〉)
is a Scoped Dependency Graph, returns an conjunction of inclusion condi-
tions

buildInclusionConditions(Gs) =

- set InclConds=true

- set Conjs = {〈Ctx, body*(Gs)〉, 〈d1, restr*(d1)〉, . . . , 〈dn, restr*(dn)〉},
where {d1, . . . , dn} ≡ D.

- for each 〈dc, conj〉 ∈ Conjs do

- set DrToMaximize = D(conj) \ ( ∪
d ∈ D(conj)

SemDep(d) )

- set InclConds = InclConds∧

buildLHS(DRToBeMax ∩ {dc}, DRToBeMax \ {dc}) ⊆
max

conj*

- return InclConds
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This function makes use of the following two variables:

- Conjs, that contains the set of all pairs 〈d, restr∗(d)〉, for each d ∈ D,
and the pair 〈Ctx, body*(Gs)〉. Conjs keeps track of all conjunctions
of predicates that have to be maximized into an inclusion condition.

- DrToMaximize, that contains, for each inclusion condition, the set of
all discourse referent whose relational variables have to be maximized
in the ⊆

max
’s left hand side. As said above, for each conjunction conj,

DrToMaximize must be equal to the set of all discourse referents
occurring in conj, i.e. D(conj), minus the ones on which some discourse
referent in D(conj) depend.

buildInclusionConditions invokes a subprocedure (buildLHS) that builds
the ⊆

max
’s left hand side. This procedure takes two parameters in order to dis-

criminate whether the relational variables associated with a discourse referent
in DrToMaximize, and that has to be asserted in the inclusion condition,
must be the one with apex R or the one with apex B: the first parameter
of buildLHS contains all discourse referents whose relational variables with
apex R must be included in the ⊆

max
’s left hand side, while the second one

all the ones whose relational variables with apex B must be included in it.
buildLHS is formally defined below.
Note that if dc, i.e. the discourse referent in 〈dc, conj〉 is in DRToMaximize,
then conj is restr*(dc) and PR

dc
is the only relational variable with apex R

that must be included in the ⊆
max

’s left hand side.

Definition 7.4 (buildLHS).
buildLHS(Dr, Db), where Dr and Db are sets of discourse referents, returns
a set of instantiated relational variables according:

buildLHS(Dr, Db)

- set RelV ars=Ø

- for each d ∈ Dr do

- set RelV ars = RelV ars ∪ {PR
d [~d, d]}

- for each d ∈ Db do

- set RelV ars = RelV ars ∪ {PB
d [~d, d]}

- return RelV ars
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Finally, note that, in order to assert the inclusion conditions, it is not
actually required to know which are the clusters of quantifiers; therefore,
buildInclusionConditions does not need to invoke the function buildClusters
previously introduced.

Quantifier conditions

Quantifiers conditions are in the form:

{P ?

d1
[~d1, d1], . . . , P

?

dn
[ ~dn, dn]}⊆

max

( quant(d11)(P
R
d11

( ~d11, d11), P
B
d11

( ~d11, d11))∧

. . .

quant(d1m)(PR
d1m

( ~d1m, d1m), PB
d1m

( ~d1m, d1m)) )

Where {d1, . . . , dn, d11, . . . , d1m} is a set of discourse referents such that each
d′ ∈ {d11, . . . , d1m} immediatly depends on some d ∈ {d1, . . . , dn}.
In L0, once we know the partition into cluster, we already know also the
quantifier conditions to be asserted; in fact, taken two clusters C1 and C2,
such that C2 contains all discourse referents immediatly depending on some
discourse referent in C1, the quantifier condition is immediatly found by
instantiating ⊆

max
between the relational variable associated with all discourse

referents in C1 and the quantifiers associated with all discourse referents in
C2. For example, taking C1 and C2 as indicated in the following figure

v

w

k

x

y

z

C1 C2

we can immediatly assert the following quantifier condition

{Px[~x, x], Py[~y, y], Pz[~z, z]}⊆
max

( quant(v)(Pv(~v, v)) ∧ quant(w)(Pw(~w,w)) ∧ quant(k)(Pk(~k, k)) )

On the contrary, in L, since each discourse referent is associated to two
relational variables rather than a single one, identifying the cluster partition
is no longer sufficient to identify also the correct quantifier conditions. In
fact it may be the case that the two relational variables associated with a
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discourse referent in C1 are maximized with respect two differents subsets of
C2; in other words, it may be the case that two or more quantifier conditions,
rather than a single one, can arise from the interaction between C1 and C2.
An example of such a case is the L formula corresponding to the Scoped
Dependency Graph in fig.7.1; this Scoped Dependency Graph denotes an
interpretation of the sentence in which every representative that belongs to
a potentially different company saw a potentially different set of samples.

Restr(x)

Quant(y)= ∃

Quant(x)= ∀

Restr(z)

Restr(y)

saw’

rep’

Quant(z)= Most

x

1 2

z

1

samp’

1

11 2

of’

rep’

x

1

y

y

comp’

1

z

samp’

1

11 2

of’

ycomp’ 1

x

y

Ctx

z

SemDepFlat Dependency Graph

Figure 7.1: Available Scoped Dependency Graph for the sentence
Every representative of a company saw most samples

The SemDep’s values in fig.7.1 describes two clusters: {x} and, the small-
est cluster, {y, z}. The L formula that has to correspond to this Scoped
Dependency Graph is reported in (124)

(124)

∃PR
x , PB

x , PR
y , PB

y , PR
z , PB

z [ ∀x(P
R
x (x), PB

x (x)) &

{PR
x [x]}⊆

max
(∃y(P

R
y (x, y), PB

y (x, y))) &

{PB
x [x]}⊆

max
(Mostz(P

R
z (x, z), PB

z (x, z))) &

{PR
y [x, y]}⊆

max
(comp′(y)) &

{PB
y [x, y]}⊆

max
(rep′(y) ∧ of ′(x, y)) &

{PR
z [x, z]}⊆

max
(samp′(z)) &

{PB
z [x, z]}⊆

max
(saw′(x, z)) ]

in this formula, there is not a single quantifier condition in the form

{P ?

x [x]}⊆
max

(∃y(P
R
y (x, y), PB

y (x, y)) & Mostz(P
R
z (x, z), PB

z (x, z)))

168



as an attempt to follow what is done in L0 would suggest, but the two dif-
ferent quantifier conditions

{PR
x [x]}⊆

max
(∃y(P

R
y (x, y), PB

y (x, y))) &

{PB
x [x]}⊆

max
(Mostz(P

R
z (x, z), PB

z (x, z)))

In fact, PR
x has to be the maximal set of individuals xr such that there is

some company represented by xr (independently by the fact that xr saw a
set of most samples), while PB

x has to be the maximal set of individuals xb

such that there is a set of most samples he saw (independently by the fact
that xb belongs to some company).
In other words, in this example, y just affects the restriction of x, while z
just its body; therefore, the former has to affect just the maximization of
PR

y , while the latter just the maximization of PB
y .

In the light of this, once we obtain, via an invokation of buildClusters, the set
{Cl1, . . . , Clm} of of clusters described by SemDep, together with the set of
all immediate dependents of their elements, i.e. {Id1, . . . , Idm} respectively,
we have still to understand which immediate dominance relations existing
between the elements of Cli and those of Idi, i = 1..m, contribute to the
restriction of the governor rather than to its body.
As depicted by the following figure,

v

w

k

x

y

z

C1 C2

t

D(restr*(y))

If a discourse referent t, depending on w, belongs to D(restr*(y)), or perhaps
w itself belongs to D(restr*(y))), it is clear that the immediate dependency
relation from w to y has to be handled into a quantifier condition including
PR

y [~y, y] in the ⊆
max

’s left hand side, and quant(w)(PR
w (~w,w), PB

w (~w,w)) in the
⊆
max

’s right hand side.
In fact, in such a case, the immediate dependency relation contributes to
identify the set ‖PR

y ‖, i.e. the restriction of y, rather than ‖PB
y ‖, i.e. the

body of y.
Of course, since w also depends on z, besides PR

y it is necessary to include,

in the ⊆
max

’s left hand side, also a relational variable of z: PB
z or PR

z .
Including one of these two variables or them both leads to a syntactically
well-formed L formula; nevertheless, it is easy to see that the restriction of
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a discourse referent must be maximized into a maximality condition without
any other restriction. In other words, the ⊆

max
’s left hand side of a maximality

condition cannot contain more than one variable referring to the restriction
of a discourse referent (with apex R). With respect to the previous example,
this amounts to say that PR

y and PR
z cannot be inserted in the same maxi-

mality condition, so the only right choice is PB
z .

More in general, in order to build L formulae denoting proper NL readings,
once we understand that a certain maximality condition Mc involves a re-
lational variable PR

d , we can deduct that all other relational variables to be
also involved in Mc must have apex B, i.e. they must refer to the body of
their associated discourse referents.
In the light of these consideration, we can get all quantifier conditions in the
L formula equivalent to a Scoped Dependency Graph by setting up a func-
tion, say buildQuantifierConditions, that, for each pair of clusters 〈cl, id〉,
such that id is the set of all immediate dependents of the elements in cl,
checks if there is a subset of id {d′

1
, . . . , d′

m} contributing to the restriction
of some discourse referent d ∈ cl. In such a case, it identifies the set of all
immediate governors of d′

1
, . . . , d′

m (clearly, this will be a set {d, d1, . . . , dn}
included in cl) and builds a quantifier condition in the form

{PR
d [~d, d], PB

d1
[~d1, d1] . . . , P

B
dn

[ ~dn, dn]}⊆
max

( quant(d′

1
)(PR

d′1
(~d′

1
, d′

1
), PB

d′1
(~d′

1
, d′

1
))∧

. . .

quant(d′

m)(PR
d′m

( ~d′
m, d′

m), PB
d′m

( ~d′
m, d′

m)) )

finally, we need to assert a final quantifier condition triggering the immediate
dependencies from all discourse referents in id that do not contribute to any
restriction of the ones in cl to their immediate governors. Clearly, all the
relational variables associated with the latter, to be included in the ⊆

max
’s left

hand side, will have apex B.
The only exception to this rule is when cl is the smallest cluster; in this case,
id is the empty set and no quantifier condition arises.
The function buildQuantifierConditions is formally defined as follows
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Definition 7.5 (buildQuantifierConditions).
buildQuantifierConditions(Gs), where Gs = 〈Gf , Ctx, Q, quant, restr, SemDep〉)
is a Scoped Dependency Graph, returns an conjunction of quantifier condi-
tions:

buildQuantifierConditions(Gs) =

- set QuantConds = ∧
d ∈ NG

quant(d)(PR
d (d), PB

d (d)), where NG = {d such

that SemDep(d) = {Ctx}}

- set Clusters = buildClusters(D, SemDep)

- set Temp = Ø

- for each 〈cl, id〉 ∈ Clusters do

- if id 6= Ø then

- for each d ∈ cl do

- set DRHS = id ∩ (D(restr(d)) ∪ ∪
d′ ∈ D(restr(d))

SemDep(d′))

- set Temp = Temp ∪ DRHS

- if DRHS 6= Ø then

- set RelV arB = ( ∪
d′ ∈ DRHS

immGov(d′, SemDep)) \ {d}

- set QuantConds = QuantConds∧

buildLHS({d}, RelV arB) ⊆
max

∧
d′ ∈ DRHS

quant(d′)(PR
d′ (

~d′, d′), PB
d′ (

~d′, d′))

- set DRHS = id \ Temp

- if DRHS 6= Ø then

- set RelV arB = ( ∪
d′ ∈ DRHS

immGov(d′, SemDep))

- set QuantConds = QuantConds∧

buildLHS({}, RelV arB) ⊆
max

∧
d′ ∈ DRHS

quant(d′)(PR
d′ (

~d′, d′), PB
d′ (

~d′, d′))

- return QuantConds
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This function makes use of the following three variables:

- QuantConds, that (incrementally) contains the conjunction of all quan-
tifier conditions; this variable is initialized to the conjunction of all
instantiated quantifiers associated with the discourse referents directly
linked to Ctx; in fact, this condition does not belong to any quantifier
condition.

- DRHS contains all discourse referents such that the conjunction of all
their istantiated quantifiers constitues the ⊆

max
’s right hand side of a

quantifier condition. As said above, DRHS may correspond to the set
of all discourse referents in id that contributes to the restriction of
some discourse referent in cl, or to all discourse referents that do not
contribute to any of these restrictions.

- RelV arB, that contains all discourse referents whose variables with
apex B have to be inserted in the ⊆

max
’s right hand side. As said above,

these discourse referents are the immediate governors of those in DRHS

(less the discourse referent d, if the ones in DRHS contributes to restr(d))

Finally, note that the algorithm can be improved a little by removing the
instruction

if id 6= Ø then

checking that cl is not the smallest cluster, on condition that buildClusters
does not insert in its return values the pair 〈smallestCluster, Ø〉. This is
precisely what will be done in the last version of the algorithm presented in
the next section.

7.2 An algorithm for translating Scoped De-

pendency Graphs into L formulae

In this section, the truth-conditions of a well-formed Scoped Dependency
Graph are formally defined in terms of an algorith, called DTStoL, that
builds the conjunctions of all maximality conditions corresponding to the
Scoped Dependency Graph. DTStoL simply invokes the functions presented
above; for the sake of readability, the formal definitions of these functions
and of any term they make use of are also reported here
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Definition 7.6 (DTS model theoretic interpretation).
A Scoped Dependency Graph Gs = 〈Gf , Ctx, Q, quant, restr, SemDep〉) is logi-
cally equivalent to the L formula

∃PR
d1

, PB
d1

. . . PR
dn

, PB
dn

[DTStoL(Gs)]

where {d1 . . . dn} ≡ D and DTStoL satisfies the definition below.

Definition 7.7 (DTStoL).
DTStoL(Gs), where Gs = 〈Gf , Ctx, Q, quant, restr, SemDep〉) is a Scoped De-
pendency Graph, returns a conjunction of maximality conditions:

DTStoL(Gs) =

return buildInclusionConditions(Gs) ∧ buildQuantifierConditions(Gs)

where buildInclusionConditions and buildQuantifierConditions satisfy the
definitions below

Definition 7.8 (buildInclusionConditions).
buildInclusionConditions(Gs), where Gs = 〈Gf , Ctx, Q, quant, restr, SemDep〉)
is a Scoped Dependency Graph, returns an conjunction of inclusion condi-
tions:

buildInclusionConditions(Gs) =

- set InclConds=true

- set Conjs = {〈Ctx, body*(Gs)〉, 〈d1, restr*(d1)〉, . . . , 〈dn, restr*(dn)〉},
where {d1, . . . , dn} ≡ D.

- for each 〈dc, conj〉 ∈ Conjs do

- set DrToMaximize = D(conj) \ ( ∪
d ∈ D(conj)

SemDep(d) )

- set InclConds = InclConds∧

buildLHS(DRToBeMax ∩ {dc}, DRToBeMax \ {dc}) ⊆
max

conj*

- return InclConds

173



Definition 7.9 (buildQuantifierConditions).
buildQuantifierConditions(Gs), where Gs = 〈Gf , Ctx, Q, quant, restr, SemDep〉)
is a Scoped Dependency Graph, returns an conjunction of quantifier condi-
tions:

buildQuantifierConditions(Gs) =

- set QuantConds = ∧
d ∈ NG

quant(d)(PR
d (d), PB

d (d)), where NG = {d such

that SemDep(d) = {Ctx}}

- set Clusters = buildClusters(D, SemDep)

- set Temp = Ø

- for each 〈cl, id〉 ∈ Clusters do

- for each d ∈ cl do

- set DRHS = id ∩ (D(restr(d)) ∪ ∪
d′ ∈ D(restr(d))

SemDep(d′))

- set Temp = Temp ∪ DRHS

- if DRHS 6= Ø then

- set RelV arB = ( ∪
d′ ∈ DRHS

immGov(d′, SemDep)) \ {d}

- set QuantConds = QuantConds∧

buildLHS({d}, RelV arB) ⊆
max

∧
d′ ∈ DRHS

quant(d′)(PR
d′ (

~d′, d′), PB
d′ (

~d′, d′))

- set DRHS = id \ Temp

- if DRHS 6= Ø then

- set RelV arB = ( ∪
d′ ∈ DRHS

immGov(d′, SemDep))

- set QuantConds = QuantConds∧

buildLHS({}, RelV arB) ⊆
max

∧
d′ ∈ DRHS

quant(d′)(PR
d′ (

~d′, d′), PB
d′ (

~d′, d′))

- return QuantConds
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buildInclusionConditions and buildQuantifierConditions invoke the func-
tions buildClusters, immGov, and buildLHS defined as follows:

Definition 7.10 (buildClusters).
buildClusters(D, SemDep), where D is the set of all discourse referents in
SemDep’s domain, returns a set of pairs 〈cl, id〉, where cl is a cluster of
D and id is the set of all immediate dependents of some element in cl; id
is another cluster except in case cl is the smallest cluster; in this case, id
is the empty set. All clusters form a partition of D, i.e. a family of sets
{Cl1, . . . Clm} such that Cli ∩ Clj = Ø for each i, j = 1 . . . m, i 6= j. The
returned set of pairs is built according to the following instructions:

buildClusters(D, SemDep) =

- set Clusters = Ø

- for each d ∈ D do

- set newGov = immGov(d, SemDep)

- if newGov 6= {Ctx} then

- if ∃ 〈cl, id〉 ∈ Clusters such that (cl ∩ newGov 6= Ø) then

- remove 〈cl, id〉 from Clusters

- set cl = cl ∪ newGov

- set id = id ∪ {d}

- add 〈cl, id〉 to Clusters

else

- add 〈newGov, {d}〉 to Clusters

- return Clusters
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Definition 7.11 (immGov).
immGov(d, SemDep), where d is a discourse referents in SemDep’s domain,
returns a subset of SemDep/(d):

immGov(d, SemDep) =

- if SemDep(d) = {Ctx} then

- return {Ctx}

- else

- return SemDep(d)\ ∪
d′∈SemDep(d)

SemDep(d′)

Definition 7.12 (buildLHS).
buildLHS(Dr, Db), where Dr and Db are sets of discourse referents, returns
a set of instantiated relational variables:

buildLHS(Dr, Db)

- set RelV ars=Ø

- for each d ∈ Dr do

- set RelV ars = RelV ars ∪ {PR
d [~d, d]}

- for each d ∈ Db do

- set RelV ars = RelV ars ∪ {PB
d [~d, d]}

- return RelV ars

Besides the functions presented above, we also need to define some additional
functional terms. Clearly, also these terms can be defined by means of an
algorithm; however, the following simple formal definitions are preferred

- If Gf is an Flat Dependency Graph, G∗

f is the SOL formula corre-
sponding to the conjunction of all terms Ti, such that Ti=P (d1, . . . dk)
iff Gf contains the nodes np, nd1 , . . ., ndk

, where nd1 , . . ., ndk
are all

nodes linked to np in A and f(np) = P ∈ pred, f(nd1) = d1 ∈ D . . . ,
f(ndk

) = dk ∈ D.
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- If Gs = 〈Gf , Ctx, Q, quant, restr, SemDep〉 is a Scoped Dependency Graph,
body(Gs) is the subgraph of Gf that contains all and only the predicate-
argument relations that do not belong to restr(d) for any d ∈ D. In all
examples presented in this paper, this subgraph is made up just by the
predicate denoted by the main verb of the sentence instantiated on the
discourse referents corresponding to the verbal dependents.

- If Φ is a SOL formula, D(Φ) denotes the set of all discourse referents
occurring in Φ.

7.3 Examples

In this final section, ten examples of DTStoL applications are reported. Each
example below consists of three parts:

- A NL sentence and the fully Underspecified Scoped Dependency Graph
Gu representing its ambiguous meaning (the graphical representation
of the SkDep function is omitted).

- One or more istantiations of SemDep, i.e. one or more possible disam-
biguations of Gu.

- An L formula equivalent to the Scoped Dependency Graph obtained by
substituting one of the SemDep instantiations under exam to the func-
tion SkDep in Gu; this L formula is clearly calculated by applying the
DTS model theoretic interpretation as defined in the previous section.

- A description of the requirements that the maximality conditions in
the L formula impose to the relational variables involved.

Example 1

Twox students study threey theorems.

x

Quant(y)= ThreeQuant(x)= Two

study’

stud’

1

1 2

y

theor’

1

Restr(x)

x

1

Restr(y)

stud’ theor’

1

y
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x y

Ctx

SemDepa)

x y

Ctx

SemDepb)

The L formula equivalent to the Scoped Dependency Graph having the
SemDep in (a) is:

∃PR
x , PB

x , PR
y , PB

y [

Twox(P
R
x (x), PB

x (x)) & Threey(P
R
y (y), PB

y (y)) &

{PR
x [x]}⊆

max
(stud′(x)) & {PR

y [y]}⊆
max

(teor′(y)) &

{PB
x [x], PB

y [y]}⊆
max

(study′(x, y)) ]

This formula, that handles the Branching Quantifier reading of the sentence,
imposes the following constraints on the involved relational variables:

• ‖PR
x ‖ and ‖PR

y ‖ must be, respectively, the set of all students and all
theorems in the domain.

• ‖PB
x ×PB

y ‖ must be a maximal cartesian product such that ‖PB
y ‖ is the

set of all individuals commonly studied by those in ‖PB
x ‖ and ‖PB

x ‖ is
the set of all individuals studying each element of ‖PB

y ‖.

Therefore, if ‖PB
x ‖ contains at least two elements of ‖PR

x ‖ and ‖PB
y ‖ at least

three elements of ‖PR
y ‖, the formula will be true, otherwise it will be false.

On the contrary, the L formula equivalent to the Scoped Dependency Graph
having the SemDep in (b) is:

∃PR
x , PB

x , PR
y , PB

y [

Twox(P
R
x (x), PB

x (x)) &

{PR
x [x]}⊆

max
(stud′(x)) &

{PB
x [x]}⊆

max
(Threey(P

R
y (x, y), PB

y (x, y))) &

{PR
y [x, y]}⊆

max
(teor′(y)) &

{PB
y [x, y]}⊆

max
(study′(x, y)) ]

This formula, that handles one of the two linear readings of the sentence,
imposes the following constraints on the involved relational variables:
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• ‖PR
x ‖ must be the set of all students in the domain.

• ‖PR
y ‖ must be the set of pairs such that, for each x in the domain,

‖λy.P
R
y (x, y)‖ is the set of all theorems in the domain.

• ‖PB
y ‖ must be the extension of the predicate study′.

• ‖PB
x ‖ must be the set of all individuals x such that all that x studies

(i.e. ‖λy.P
B
y (x, y)‖) contains at least three elements of ‖λy.P

R
y (x, y)‖,

i.e. at least three theorems.

Therefore, if ‖PB
x ‖ contains at least two elements of ‖PR

x ‖, i.e. if at least
two individuals, that study three potentially different theorems each, are
students, the formula is true, otherwise it is false.

Example 2

Fewx men inserted ay coin in everyz coffee machine.

Restr(x)

Quant(y)= ∃Quant(x)= Few

x

1

Restr(y)

1
11

inserted’

man’
Quant(z)= ∀

x y

32

z

1

coin’

1

coffeeMac’

1

Flat Dependency Graph

man’ coin’

y

Restr(z)

1

coffeeMac’

z

x y

Ctx

SemDep

z

The L formula equivalent to the Scoped Dependency Graph having the re-
ported SemDep is:

∃PR
x , PB

x , PR
y , PB

y , PR
z , PB

z [

Fewx(P
R
x (x), PB

x (x)) & ∀z(P
R
z (z), PB

z (z)) &

{PR
x [x]}⊆

max
(man′(x)) & {PR

z [z]}⊆
max

(coffeeMac′(z)) &

{PB
x [x], PB

z [z]}⊆
max

(∃y(P
R
y (x, z, y), PB

y (x, z, y)) &

{PR
y [x, z, y]}⊆

max
(coin′(y)) & {PB

y [x, z, y]}⊆
max

(inserted′(x, y, z)) ]
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This formula imposes the following constraints on the involved relational
variables:

• ‖PR
x ‖ and ‖PR

z ‖ must be, respectively, the set of all men and all coffee
machines in the domain.

• ‖PR
y ‖ must be the set of triples such that, for each x, z in the domain,

‖λy.P
R
y (x, z, y)‖ is the set of all coins in the domain.

• ‖PB
y ‖ must be the extension of the predicate inserted′.

• ‖PB
x × PB

z ‖ must be a maximal cartesian product such that all and
only the individuals in ‖PB

x ‖ inserted a (potentially different) coin in
all and only the individuals in ‖PB

z ‖.

Therefore, if ‖PB
x ‖ contains few elements of ‖PR

x ‖, i.e. few men, and ‖PB
z ‖

all elements of ‖PR
z ‖, i.e. all coffee machines, the formula is true, otherwise

it is false.

Example 3

Twox representatives of threey african countries arrive.

rep’

x

1 21

arrive’

1

of’

Restr(x)

2

y

Restr(y)

y

Quant(y)= Three

Quant(x)= Two

y

1

af−c’

Flat Dependency Graph

1

af−c’rep’

x

1 1

of’

x

y

Ctx

x

y

Ctxa) b)

x

y

Ctx
c)

y

Ctx

The L formula equivalent to the Scoped Dependency Graph having the
SemDep in (a) is:
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∃PR
x , PB

x , PR
y , PB

y [

Twox(P
R
x (x), PB

x (x)) & Threey(P
R
y (y), PB

y (y)) &

{PB
x [x]}⊆

max
(arrive′(x)) & {PR

y [y]}⊆
max

(af−c′(y)) &

{PR
x [x], PB

y [y]}⊆
max

(rep′(x) ∧ of ′(x, y)) ]

This formula, that handles the Branching Quantifier reading of the sentence,
imposes the following constraints on the involved relational variables:

• ‖PB
x ‖ and ‖PR

y ‖ must be, respectively, the set of all arriving individuals
and all african countries in the domain.

• ‖PR
x × PB

y ‖ must be a maximal cartesian product such that all and
only the individuals in ‖PR

x ‖ represent all and only the individuals in
‖PB

y ‖.

Therefore, if at least two elements in ‖PR
x ‖ belong also to ‖PB

x ‖, i.e. they
arrive, and at least three elements in ‖PB

y ‖ are african countries, i.e. they
belong also to ‖PR

y ‖, the formula is true, otherwise it is false.

On the contrary, the L formula equivalent to the Scoped Dependency Graph
having the SemDep in (b) is:

∃PR
x , PB

x , PR
y , PB

y [

Twox(P
R
x (x), PB

x (x)) &

{PB
x [x]}⊆

max
(arrive′(x)) &

{PR
y [x, y]}⊆

max
(af−c′(y)) &

{PR
y [x, y]}⊆

max
(rep′(x) ∧ of ′(x, y)) &

{PR
x [x]}⊆

max
(Threey(P

R
y (x, y), PB

y (x, y))) ]

This formula imposes the following constraints on the involved relational
variables:

• ‖PB
x ‖ must be the set of all arriving individuals.

• ‖PR
y ‖ must be the set of pairs such that, for each x in the domain,

‖λy.P
R
y (x, y)‖ is the set of all african countries.

• ‖PB
y ‖ must be the set of pairs such that, for each x in the domain,

‖λy.P
R
y (x, y)‖ is the set of all individuals represented by x.
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• ‖PR
x ‖ must be the set of all individuals x for which the set of all that

is represented by x contains at least three potentially different african
countries.

Therefore, if at least two elements in ‖PR
x ‖ belong also to ‖PB

x ‖, i.e. they
arrive, the formula is true, otherwise it is false.

Finally, the L formula equivalent to the Scoped Dependency Graph having
the SemDep in (c) is:

∃PR
x , PB

x , PR
y , PB

y [

Threey(P
R
y (y), PB

y (y)) &

{PR
y [y]}⊆

max
(af−c′(y)) &

{PR
y [x]}⊆

max
(Twox(P

R
x (y, x), PB

x (y, x))) &

{PR
x [y, x]}⊆

max
(rep′(x) ∧ of ′(x, y)) &

{PB
x [y, x]}⊆

max
(arrive′(x)) ]

This formula, that handles the Inverse Linking reading of the sentence, im-
poses the following constraints on the involved relational variables:

• ‖PR
y ‖ must be the set of all african countries in the domain.

• ‖PR
x ‖ must be the set of pairs such that, for each y in the domain,

‖λx.P
R
x (y, x)‖ is the set of all representatives of y.

• ‖PB
x ‖ must be the set of pairs such that, for each y in the domain,

‖λx.P
B
x (y, x)‖ is the set of all arriving individuals.

• ‖PB
y ‖ must be the set of all individuals y such that there are at least

two representatives of y that arrive.

Therefore, if at least three elements in ‖PB
y ‖ belong also to ‖PR

y ‖, i.e. they
are african countries, the formula is true, otherwise it is false.

Example 4

Twox boys ate ay portion of mostz courses.
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Restr(x)

Quant(y)= ∃

Quant(x)= Two

x

1

Restr(z)

111

ate’

boy’

Quant(z)= Most

x y

2 11 2

z

of’

1

portion’

1
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1

z

boy’ course’

11 2

z
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1

y

Restr(y)Flat Dependency Graph

x y

Ctx

z

SemDepa)

x y

Ctx

z

b) SemDep

The L formula equivalent to the Scoped Dependency Graph having the
SemDep in (a) is:

∃PR
x , PB

x , PR
y , PB

y , PR
z , PB

z [

Twox(P
R
x (x), PB

x (x)) &

{PR
x [x]}⊆

max
(boy′(x)) &

{PB
x [x]}⊆

max
(Mostz(P

R
z (x, z), PB

z (x, z))) &

{PR
z [x, z]}⊆

max
(course′(z)) &

{PB
z [x, z]}⊆

max
(∃y(P

R
y (x, z, y), PB

y (x, z, y))) &

{PR
y [x, z, y]}⊆

max
(portion′(y) ∧ of ′(y, z)) &

{PB
y [x, z, y]}⊆

max
(ate′(x, y)) ]

This formula imposes the following constraints on the involved relational
variables:

• ‖PR
x ‖ must be the set of all boys in the domain.

• ‖PR
y ‖ must be the set of triples such that, for each x, z in the domain,

‖λy.P
R
y (x, z, y)‖ is the set of all portions of z.

• ‖PB
y ‖ must be the set of triples such that, for each x, z in the domain,

‖λy.P
B
y (x, z, y)‖ is the extension of the predicate ate′.
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• ‖PR
z ‖ must be the set of pairs such that, for each x in the domain,

‖λz.P
R
z (x, z)‖ is the set of all courses (of the menu) in the domain.

• ‖PB
z ‖ must be the set of pairs 〈x, z〉 such that all that has been eaten

by x (i.e. ‖λy.P
B
y (x, z, y)‖) contains at least a portion of z (i.e. an

element of ‖λy.P
R
y (x, z, y)‖).

• ‖PB
x ‖ must be the set of all individuals x such that most individuals of

which x ate at least a portion (i.e. ‖λz.P
B
x (x, z)‖) also belong to the

set of courses (i.e. to ‖λz.P
R
z (x, z)‖).

Therefore, if ‖PB
x ‖ contains at least two elements of ‖PR

x ‖, i.e. two boys, the
formula is true, otherwise it is false.

On the contrary, the L formula equivalent to the Scoped Dependency Graph
having the SemDep in (b) is:

∃PR
x , PB

x , PR
y , PB

y , PR
z , PB

z [

Twox(P
R
x (x), PB

x (x)) & Mostz(P
R
z (z), PB

z (z)) &

{PR
x [x]}⊆

max
(boy′(x)) &

{PR
z [z]}⊆

max
(course′(z)) &

{PB
x [x], PB

z [z]}⊆
max

(∃y(P
R
y (x, z, y), PB

y (x, z, y))) &

{PR
y [x, z, y]}⊆

max
(portion′(y) ∧ of ′(y, z)) &

{PB
y [x, z, y]}⊆

max
(ate′(x, y)) ]

This formula imposes the following constraints on the involved relational
variables:

• ‖PR
x ‖ must be the set of all boys in the domain.

• ‖PR
z ‖ must be the set of all courses (of the menu) in the domain.

• ‖PR
y ‖ must be the set of triples such that, for each x, z in the domain,

‖λy.P
R
y (x, z, y)‖ is the set of all portions of z.

• ‖PB
y ‖ must be the set of triples such that, for each x, z in the domain,

‖λy.P
B
y (x, z, y)‖ is the set of all that has been eaten by x.

• ‖PB
x × PB

z ‖ must be a maximal cartesian product such that all and
only the individuals in ‖PB

x ‖ ate a (potentially different) portion of all
and only the individuals in ‖PB

z ‖.
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Therefore, if ‖PB
x ‖ contains at least two elements of ‖PR

x ‖, i.e. two boys, and
‖PB

z ‖ all elements of ‖PR
z ‖, i.e. all courses, the formula is true, otherwise it

is false.

Example 5

Twox boys visited ay museum in everyz region of Italyw.

Restr(x)

Quant(y)= ∃

Quant(x)= Two

x

1
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11
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x y
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z

of’

1
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11 2

z
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y
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1 2

w
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1

in’

Flat Dependency Graph

1

Restr(z)

z

2

w

1

in’

w

ιItaly’

Quant(w)= Pn
region’

x y

Ctx

z

SemDep

w

The L formula equivalent to the Scoped Dependency Graph having the re-
ported SemDep is:
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∃PR
x , PB

x , PR
y , PB

y , PR
z , PB

z , PR
w , PB

w [

Twox(P
R
x (x), PB

x (x)) & ∀z(P
R
z (z), PB

z (z)) & Pnw(PR
w (w), PB

w (w)) &

{PR
x [x]}⊆

max
(boy′(x)) & {PR

w [w]}⊆
max

(ιItaly′(w)) &

{PR
z [z], PB

w [w]}⊆
max

(region′(z) ∧ in′(z, w)) &

{PB
z [z]}⊆

max
(∃y(P

R
y (z, y), PB

y (z, y))) &

{PR
y [z, y]}⊆

max
(museum′(y) ∧ of ′(y, z)) &

{PB
x [x], PB

y [z, y]}⊆
max

(visited′(x, y)) ]

This formula imposes the following constraints on the involved relational
variables:

• ‖PR
x ‖, ‖PR

w ‖ must be, respectively, the set of all boys in the domain
and the singleton containing the individual referring to Italy, i.e. the
only individual satisfying the predicate ιItaly.

• ‖PR
z ‖ must be the set of all common regions of the elements in ‖PB

w ‖;
since this set contains just the individual referring to Italy, ‖PR

z ‖ must
be the set of all italian regions.

• ‖PR
y ‖ must be the set of pairs such that, for each z in the domain,

‖λy.P
R
y (z, y)‖ is the set of all museums in z.

• ‖PB
x × PB

y ‖ must be a maximal cartesian product such that, for each
z in the domain, all and only the individuals in ‖PB

x ‖ visited all and
only the individuals in ‖λy.P

B
y (z, y)‖; in other words, let Y be the set

of all that has been commonly visited by all and only the individual in
‖PB

x ‖; then it holds that ∀z∀y[Y (y) ↔ PB
y (z, y)].

• ‖PB
z ‖ must be the set of all individuals z such that the set of all that

has been commonly visited by the elements in ‖PB
x ‖, i.e. Y as defined

above, contains at least a museum in z, i.e. ‖λy.P
B
y (z, y)‖.

Therefore, if ‖PB
z ‖ contains all italian regions, i.e. all elements in ‖PR

z ‖,
and ‖PB

x ‖ contains two boys, i.e. two elements in ‖PR
x ‖, the formula is true,

otherwise it is false.

Example 6

There are twox soldiers in front of they main door of eachz building.
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Restr(x)

Quant(y)= The

Quant(x)= Two

x

1
11
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Quant(z)= ∀

x y

2 1 2

z

of’
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y

Restr(y)Flat Dependency Graph Restr(z)

z
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1
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x y
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z
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The L formula equivalent to the Scoped Dependency Graph having the re-
ported SemDep is:

∃PR
x , PB

x , PR
y , PB

y , PR
z , PB

z [

∀z(P
R
z (z), PB

z (z)) &

{PR
z [z]}⊆

max
(building′(z)) &

{PB
x [z, x]}⊆

max
∃y(P

R
y (z, y), PB

y (z, y)) ∧ Twox(P
R
x (z, x), PB

x (z, x))) &

{PR
x [z, x]}⊆

max
(soldier′(x)) &

{PR
y [z, y]}⊆

max
(door′(y) ∧ of ′(y, z)) &

{PB
x [z, x], PB

y [z, y]}⊆
max

(be−infront′(x, y)) ]

This formula imposes the following constraints on the involved relational
variables:

• ‖PR
z ‖ must be the set of all buildings in the domain.

• ‖PR
y ‖ must be the set of pairs such that, for each z in the domain,

‖λy.P
R
y (z, y)‖ is the set of all main doors of z.

• ‖PR
x ‖ must be the set of pairs such that, for each z in the domain,

‖λx.P
R
x (z, x)‖ is the set of all soldiers in the domain.
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• ‖PB
x ×PB

y ‖ must be a set of tuples such that for each z in the domain,
‖λx.P

B
x (z, x)×λy.P

B
y (z, y)‖ is a maximal cartesian product such that all

and only the individuals in ‖λx.P
B
x (z, x)‖ are in front of all and only the

individuals in ‖λy.P
B
y (z, y)‖. Note that this maximal cartesian product

can be different for each z.

• ‖PB
z ‖ must be the set of all individuals z such that the maximal carte-

sian product ‖λx.P
B
x (z, x)×λy.P

B
y (z, y)‖ associated to it, by the inclu-

sion condition discussed above, is such that ‖λy.P
B
y (z, y)‖ contains the

main door of z, i.e. an element of ‖λy.P
R
y (z, y)‖ and ‖λx.P

B
x (z, x)‖ at

least two soldiers, i.e. two elements of ‖λx.P
R
x (z, x)‖.

Therefore, if ‖PB
z ‖ contains all buildings, i.e. all elements of ‖PR

z ‖, the for-
mula is true, otherwise it is false.

Example 7

Everyx representative of ay company saw mostz samples

Restr(x)

Quant(y)= ∃

Quant(x)= ∀

Restr(z)

Restr(y)
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x

y

Ctx

z
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The L formula equivalent to the Scoped Dependency Graph having the re-
ported SemDep is:
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∃PR
x , PB

x , PR
y , PB

y , PR
z , PB

z [

∀x(P
R
x (x), PB

x (x)) &

{PR
x [x]}⊆

max
(∃y(P

R
y (x, y), PB

y (x, y))) &

{PB
x [x]}⊆

max
(Mostz(P

R
z (x, z), PB

z (x, z))) &

{PR
y [x, y]}⊆

max
(comp′(y)) &

{PB
y [x, y]}⊆

max
(rep′(y) ∧ of ′(x, y)) &

{PR
z [x, z]}⊆

max
(samp′(z)) &

{PB
z [x, z]}⊆

max
(saw′(x, z)) ]

This formula imposes the following constraints on the involved relational
variables:

• ‖PR
z ‖ must be the set of pairs such that, for each x in the domain,

‖λz.P
R
z (x, z)‖ is the set of all samples in the domain.

• ‖PB
z ‖ must be the set of pairs such that, for each x in the domain,

‖λz.P
B
z (x, z)‖ is the set of all that has been seen by x.

• ‖PR
y ‖ must be the set of pairs such that, for each x in the domain,

‖λy.P
B
y (x, y)‖ is the set of all companies.

• ‖PB
y ‖ must be the set of pairs such that, for each x in the domain,

‖λy.P
R
y (x, y)‖ is the set of all that x represents.

• ‖PR
x ‖ must be the set of all individuals x such that all that x represents,

i.e. ‖λy.P
B
y (x, y)‖ contains at least a company, i.e. an element of

‖λy.P
R
y (x, y)‖.

• ‖PB
x ‖ must be the set of all individuals x such that all that has been

seen by x, i.e. ‖λz.P
B
z (x, z)‖ contains most samples, i.e. most elements

of ‖λz.P
R
z (x, z)‖.

Therefore, if ‖PB
x ‖ contains all elements of ‖PR

x ‖, i.e. all representative of a
(potentially different) company, the formula will be true, otherwise it will be
false.
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Example 8

Twox representative of they students of thez universities of Massachussetw
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The L formula equivalent to the Scoped Dependency Graph having the re-
ported SemDep is:
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∃PR
x , PB

x , PR
y , PB

y , PR
z , PB

z , PR
w , PB

w [

Twox(P
R
x (x), PB

x (x)) & Thez(P
R
z (z), PB

z (z)) & Pnw(PR
w (w), PB

w (w)) &

{PR
w [w]}⊆

max
(ιMassachusset′(w)) &

{PR
z [z], PB

w [w]}⊆
max

(university′(z) ∧ in′(z, w)) &

{PB
z [z]}⊆

max
(They(P

R
y (z, y), PB

y (z, y))) &

{PR
y [z, y]}⊆

max
(student′(y) ∧ enrolled−in′(y, z)) &

{PR
x [x], PB

y [z, y]}⊆
max

(representative′(y) ∧ of ′(x, y)) &

{PB
x [x]}⊆

max
(arrive′(x)) ]

This formula imposes the following constraints on the involved relational
variables:

• ‖PB
x ‖, ‖PR

w ‖ must be, respectively, the set of all arriving people in
the domain and the singleton containing the individual referring to
Massachusset.

• ‖PR
z ‖ must be the set of all common universities of the elements in

‖PB
w ‖; since this set contains just the individual referring to Massachus-

set, ‖PR
z ‖ must be the set of all universities of Massachusset.

• ‖PR
y ‖ must be the set of pairs such that, for each z in the domain,

‖λy.P
R
y (z, y)‖ is the set of all students enrolled in z.

• ‖PR
x ×PB

y ‖ must be a maximal cartesian product such that, for each z
in the domain, all and only the individuals in ‖PB

x ‖ represents all and
only the individuals in ‖λy.P

B
y (z, y)‖; in other words, let Y be the set

of all that is commonly represented by all and only the individual in
‖PB

x ‖; then it holds that ∀z∀y[Y (y) ↔ PB
y (z, y)].

• ‖PB
z ‖ must be the set of all individuals z such that the set of all that

has been commonly represented by the elements in ‖PB
x ‖, i.e. Y as

defined above, contains the students enrolled in z, i.e. ‖λy.P
R
y (z, y)‖.

Therefore, if ‖PB
z ‖ contains all universities of Massachusset, i.e. all elements

in ‖PR
z ‖, and at least two elements of ‖PR

x ‖ arrive, i.e. they belong also to
‖PB

x ‖, the formula is true, otherwise it is false.
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Example 9

Everyx teacher failed twoy students that study less than halfz of
the topics in thew program.
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The L formula equivalent to the Scoped Dependency Graph having the re-
ported SemDep is:

∃PR
x , PB

x , PR
y , PB

y , PR
z , PB

z , PR
w , PB

w [

∀x(P
R
x (x), PB

x (x)) &

{PR
x [x]}⊆

max
(teacher′(x)) &

{PB
x [x]}⊆

max
(Thew(PR

w (x,w), PB
w (x,w))∧ Twoy(P

R
y (x, y), PB

y (x, y))) &

{PR
w [x,w]}⊆

max
(program′(w)) &

{PB
y [x, y]}⊆

max
(failed′(x, y)) &

{PR
y [x, y], PB

w [x,w]}⊆
max

(< 1

2 z
(PR

z (x,w, y, z), PB
z (x,w, y, z))) &

{PR
z [x,w, y, z]}⊆

max
(topic′(z) ∧ of ′(w, z)) &

{PB
z [x,w, y, z]}⊆

max
(stud′(y) ∧ study′(y, z)) ]
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This formula imposes the following constraints on the involved relational
variables:

• ‖PR
x ‖ must be the set of all teachers in the domain.

• ‖PR
z ‖ must be the set of all tuples 〈x,w, y, z〉 such that for each x,w, y

in the domain, ‖λz.P
R
z (x,w, y, z)‖ must be the set of all topics of w.

• ‖PB
y ‖ must be the set of pairs such that, for each x in the domain,

‖λy.P
B
y (x, y)‖ is the set of all individuals failed by x.

• ‖PR
w ‖ must be the set of pairs such that, for each x in the domain,

‖λw.PR
w (x,w)‖ is the set of all programs of x.

• ‖PB
z ‖ must be the set of all tuples 〈x,w, y, z〉 such that for each x,w

in the domain, ‖λyλz.P
B
z (x,w, y, z)‖ must be the set of all pairs 〈y, z〉

such that y is a student and z an individual studied by y.

• ‖PR
y × PB

w ‖ must be a set of tuples 〈x, y, x, w〉 such that for each x,w
in the domain, ‖λy.P

R
y (x, y)‖ is the set of all and only the students

y such that all that they study (i.e. ‖λz.P
B
z (x,w, y, z)‖) contains less

than half of the topics of w (i.e. less than half of the elements in
‖λz.P

R
z (x,w, y, z)‖).

• ‖PB
x ‖ must be the set of all individuals x such that the set ‖λw.PB

w (x,w)‖
contains the contextually relevant program of x (i.e. an element of
‖λw.PR

w (x,w)‖) and all individuals failed by x (i.e. ‖λy.P
B
y (x, y)‖)

contains at least two students that study less than half of the topics in
the program of x (i.e. at least two elements of ‖λy.P

R
y (x, y)‖).

Therefore, if ‖PB
x ‖ contains all teachers, i.e. all elements in ‖PR

x ‖, the for-
mula is true, otherwise it is false.

Example 10

There were always twox students of mine in oney of the first tenz places
of thew classification of eachv exam held in thisk school.
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The L formula equivalent to the Scoped Dependency Graph having the re-
ported SemDep is:

∃PR
x , PB

x , PR
y , PB

y , PR
z , PB

z , PR
w , PB

w , PR
v , PB

v , PR
k , PB

k [

Thisk(P
R
k (k), PB

k (k)) &

{PR
k [k]}⊆

max
(school′(k)) &

{PB
k [k]}⊆

max
(∀v(P

R
v (k, v), PB

v (k, v))) &

{PR
v [k, v]}⊆

max
(exam′(v) ∧ held′(v, k)) &

{PB
v [k, v]}⊆

max
(Thew(PR

w (k, v, w), PB
w (k, v, w))) &

{PR
w [k, v, w]}⊆

max
(classification−of ′(w, v)) &

{PB
w [k, v, w]}⊆

max
( TheF10z(P

R
z (k, v, w, z), PB

z (k, v, w, z))∧

Twox(P
R
x (k, v, w, x), PB

x (k, v, w, x)) ) &

{PR
z [k, v, w, z]}⊆

max
(place−of ′(z, w)) &

{PR
x [k, v, w, x]}⊆

max
(myStud′(x)) &

{PB
x [k, v, w, x]}⊆

max
(∃y(P

R
y (k, v, w, x, y), PB

y (k, v, w, x, y))) &

{PR
y [k, v, w, x, y], PB

z [k, v, w, z]}⊆
max

(∈(y, z)) &

{PB
y [k, v, w, x, y]}⊆

max
(be−in′(x, y)) ]
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This formula imposes the following constraints on the involved relational
variables:

• ‖PR
k ‖ must be the set of all schools in the domain.

• ‖PB
y ‖ must be the set of all tuples 〈k, v, w, x, y〉 such that for each

k, v, w in the domain ‖λx.λy.P
B
y (k, v, w, x, y)‖ is the extention of the

predicate be−in′.

• ‖PR
y ×PB

z ‖ must be a set of tuples 〈k, v, w, x, y, k, v, w, z〉 such that for
each k, v, w, x in the domain, ‖λy.P

R
y (k, v, w, x, y)‖ is the set of all and

only the individuals belonging to the set ‖λz.P
B
z (k, v, w, z)‖; in other

words, the set two sets have to be coincide, i.e. they both must be a
set of individuals A(k, v, w). This means that the inclusion condition
under exam associates, to each tuple 〈k, v, w, x〉 of individuals in the
domain, a set A(k, v, w). Note that A(k, v, w) may be any set; in fact,
just the elements of A(k, v, w) are all and only the elements included
in itself.

• ‖PR
x ‖ must be the set of all tuples 〈k, v, w, x〉 such that for each k, v, w

in the domain ‖λx.P
R
x (k, v, w, x)‖ is the set of all the students of mine.

• ‖PB
x ‖ must be the set of all tuples 〈k, v, w, x〉 such that for each k, v, w

in the domain ‖λx.P
B
x (k, v, w, x)‖ is the set of all individuals x that

“be−in” one of the individuals of the set A(k, v, w), as defined above, i.e.
all individuals x that are in one of the individuals in ‖λy.P

B
y (k, v, w, x, y)‖.

• ‖PR
z ‖ must be the set of all tuples 〈k, v, w, z〉 such that for each k, v, w

in the domain, ‖λz.P
R
z (k, v, w, z)‖ is the set of all places of w.

• ‖PR
w ‖ must be the set of all tuples 〈k, v, w〉 such that, for each k, w in

the domain, ‖λw.PR
w (k, v, w)‖ is the set of all classifications of v.

• ‖PB
w ‖ must be the set of all tuples 〈k, v, w〉 such that the set A(k, v, w),

as defined above, is the set of the first ten places of w, and the set of
all individuals that are in some of them contains at least two students
of mine.

• ‖PR
v ‖ must be the set of all pairs 〈k, v〉 such that for each k in the

domain, ‖λv.P
R
v (k, v)‖ is the set of all exams held in k.

• ‖PB
v ‖ must be the set of all pairs 〈k, v〉 such that for each k in the

domain, ‖λv.P
B
v (k, v)‖ is the set of all individuals v such that the set
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of all individuals such that at least two (potentially different) students
of mine are (each) in one of its ten places, i.e. ‖λw.PB

w (k, v, w)‖, is the
classification of v.

• ‖PB
k ‖ must be the set of all individuals k such that the set of individuals

‖λv.P
B
v (k, v)‖, i.e. the set of all individuals v such that at least two

(potentially different) students of mine are (each) in one of the ten
places of the classification of v, contains all exams held in k.

Therefore, if ‖PB
k ‖ is the set containing “this” contextually relevant school,

the formula is true, otherwise it is false.

7.4 Summary

In this chapter, a model theoretic interpretation of Dependency Tree Seman-
tics has been presented. In particular, the chapter presents an algorithm,
called DTStoL, translating well-formed Scoped Dependency Graphs into
equivalent L formulae, where L is the extension of the Sher’s logics pre-
sented in the previous chapter.
This algorithm completes the definition of Dependency Tree Semantics as
a semantic formalism able to represent semantic knowledge starting from a
dependency tree, through a management of underspecification on quantifier
scope, until the thruth conditions of the chosen disambiguation.
DTStoL invokes two subfunctions: buildInclusionConditions and buildQuan-
tifierConditions that, on the basis of the information contained in the Scoped
Dependency Graph, respectively set up all the inclusion and the quantifier
conditions of the equivalent L formula. This formula is basically the con-
junction of all these conditions.
The construction of these two kinds of maximality conditions has been main-
tained separated in that they are based upon different criteria. Several ex-
amples of DTStoL applications conclude the chapter.
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Conclusion

This thesis has defined Dependency Tree Semantics (DTS), a new logical
formalism able to underspecify the possible interpretation of NL sentences
containing more than one quantifier.
As it has been highlighted in chapter 1, the definition of semantic under-
specified formalisms, like DTS, is of paramount importance in NLP. In fact,
pure semantic ambiguities, as Quantifier Scope ambiguities, are troublesome
for the Principle of Compositionality since they establish an 1:n correspon-
dence between NL syntax and NL meaning, i.e. each syntactic representation
may correspond to several logical (unambiguous) representations; an under-
specified formalism allows to encapsulate such ambiguities and, therefore, to
preserve compositionality.
Furthermore, in order to get the correct disambiguation, it is generally neces-
sary to inspect the context in which the sentence is uttered; however, in many
cases, this context is not completely accessible during the analysis of the sen-
tence. Therefore, it is necessary to delay to choice of the correct scope until
all knowledge needed to disambiguate is available. Again, an underspecified
formalism represents a flexible solution to this problem in that it allows to
maintain, in a compact way, all possible interpretations of a sentence.
In the literature, several underspecified formalisms have been defined. In
chapter 1, it has been argued that they can be classified into two main ap-
proaches: enumerative approach and constraint-based approach.
The former aims to build a partial formula containing ambiguos terms; these
terms can be solved afterwards in order to extract all possible readings of the
sentence. On the contrary, the latter aims to identify all unambiguos pieces
of formula and to assert constraints on the ways they can be glued together.
In the enumerative approach it is rather easy to define a compositional syntax
semantic interface, in that the partial formula simply deals with predicate-
argument relations, and leaves to a subsequent module the choice of the
correct scope. Nevertheless, it is more complex to manage partial disam-
biguations, in that the ambiguos terms are sequentially solved one by one
and it is difficult to assert constraints on this sequence.
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On the contrary, a constraint based approach allows for a suitable man-
agement of partial knowledge in order to monotonically reduce the set of
available readings, in that it enables the assertion of fine-grained dominance
relations, independent of each other, that constrain the way in which pieces
must be linked together. Nevertheless, some of these constraints arise from
the syntactic structure of the sentence; hence, the syntax semantic interface
turns out to be more complex, in that it must take them into account.
However, despite these different techniques, the two approaches share a com-
mon methodology: both approaches defines a kind of metalanguage that,
combined with a non ambiguous object language, as standard First Order
Logics or Discourse Representation Theory, creates an underspecified ver-
sion of it. However, it is important to note that the object language and
the metalanguage are basically independent of each other: after the disam-
biguation task, the terms in the metalanguage, that could be ambiguous
terms (as in the enumerative approach) or dominance relations (as in the
constraint-based approach), may, in principle, disappear, and a formula in
the object language can be instantiated and model-theoretically interpreted
via the truth-conditions of the latter.
Dependency Tree Semantics does not share this common methodology in
that it does not distinguish between the metalanguage and the object lan-
guage. In other words, starting from a fully underspecified DTS represen-
tation, that is called Underspecified Scoped Dependency Graph, we perform
disambiguation by adding terms, called SkDep or SemDep arcs, to the Un-
derspecified Scoped Dependency Graph until we obtain a fully specified DTS
representation, that is called Scoped Dependency Graph and that can be
model-theoretically interpreted (although, in this thesis, chapter 7, the model
theoretic interpretation of a Scoped Dependency Graph has been shown in
terms of a translation in Second Order Logics). In other words, the SemDep
arcs added during the disambiguation do not disappear, but contribute to
the truth conditions of the final non ambiguous structure.
The key idea of DTS, presented in chapter 2, is to achieve disambiguation
by explicitly showing the dependencies between involved entities. In other
words, Dependency Tree Semantics defines a new third approach to Under-
specification in that it imports the same concepts lying behind the well-known
Skolem theory defined in First Order Logics.
The Underspecified Scoped Dependency Graphs are based on another graph
G, called Flat Dependency Graph, that represents the predicate-argument
relations, without any quantification. The nodes of G are either predicates
or discourse referents; each arc connects a predicate with a discourse referent
and is labelled with the number of the argument position. Each discourse
referent is also associated, by means of suitable functions, with a quantifier
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and a restriction, i.e. a subgraph of G. Intuitively, the restriction of a dis-
course referent x is the subgraph that includes all the nodes that contribute
to the identification of the individuals referred by x.
As shown in chapter 3, such a fully underspecified structure can be obtained
in a easy compositional way starting from a Dependency Tree (for this reason,
the formalisms has been called “Dependency Tree Semantics”); with respect
to the syntax semantic interface, then, DTS is rather close to an enumerative
approach, in that it does not need to assert initial constraints on the scope
of the involved quantifiers.
As pointed out above, the Underspecified Scoped Dependency Graph can be
disambiguated by adding dependencies between involved entities, that are
represented by particular arcs between discourse referents. There are two
type of arcs: SkDep arcs, denoting partial dependencies, and SemDep arcs,
denoting final dependencies. As discussed in chapter 4, they can be inserted
in an incremental way in order to handle partial disambiguations, as it is
done in a constraint based approach.
One of the main advantages obtained in DTS is the possibility to repre-
sent the so-called Branching Quantifier readings. These readings are not
taken into account in (the object language of) most recent underspecified for-
malisms. The reason of this is perhaps that their actual existence in NL has
not been completely accepted by the linguistic community. The motivations
for considering Branching Quantifier readings as autonomous interpretations
of the sentence, worth an explicit representation, are reported in chapter 5.
That chapter presents also main results about the model-theoretic interpreta-
tion of Branching Quantifier structures. In particular, it focuses on the work
of Sher, that proposes to interpret Branching Quantification by asserting
particular conditions in Second Order Logics called Maximality Conditions.
However, the proposal of Sher has some limitations. First, it does not provide
rules to represent sentences featuring Nested Quantifications, i.e. sentences
containing quantifiers nested into the syntactical restriction of other quanti-
fiers. Second, it does not provide rules to obtain the maximality conditions
starting from a syntactic representation of the sentence, i.e. no interface with
a NL grammar is defined.
In chapter 6, an extension of the Sher’s work, solving the first of these prob-
lems, is presented. This extension represents another contribution of this
thesis.
Finally, chapter 7 presentes an algorithm that translates Scoped Dependency
Graphs into formulae of this extended logics. This algorithm provides a
model-theoretic interpretation of DTS, and, together with the DTS syntax-
semantic interface presented in chapter 3, solves the second limitation of
Sher’s logics, in that it defines a syntax semantic interface between this log-
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ics and a Dependency Grammar.
To summarize, Dependency Tree Semantics defines a new approach to un-
derspecification that achieves the following two advantages with respect to
other current proposals in the literature

• From a linguistic point of view, it covers Branching Quantifier readings.

• From a computational point of view, it has an easy syntax-semantics
interface and it licenses partial disambiguations.

Finally, the analysis of Branching Quantification, that has been necessary
in order to define the model-theoretic interpretation of Dependency Tree
Semantics, led to an extension of the logics of Sher, able to represent the
logical structure of NL sentences featuring Nested Quantification.
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