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Chapter 1

Introduction

Performance evaluation is a systematic quantitative approach to analyse
the performance of systems. The definition of performance depends on the
requirements that a system needs to satisfy. For instance, the term per-
formance can refer to response time, throughput or reliability of a system.
Instead, for real time systems or reactive systems, it can refer to the time
required to respond to external events. Performance evaluation includes
model analysis to determine the quality level of the service provided by a
system and its resource requirements.

Model analysis is a formal method used in performance evaluation. The
main idea of the method is to represent only the most relevant features of
a system by a model. The features are chosen with respect to the kind
of systems and performances under investigation. The definition of the
model is then followed by its analysis to compute quantitative performance
of interest.

The main characteristic of distributed systems is that they consist of a
set of autonomous interacting components. The evolution of such systems
is the result of interactions among different parts of the system. Moreover,
the components are geographically distributed and their locations is often
a relevant information to capture the behaviour of the system.

For example, a wireless communication network is a collection of nodes,
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2 CHAPTER 1. INTRODUCTION

located in some domain, which can communicate each other by a wireless
connection. However, nodes separated by great distances cannot directly
communicate due to the limited range of their transmission devices. In such
case, nodes communicate indirectly using other nodes as intermediaries, i.e.
the sender node transmits data packets to the intermediary node which, in
turn, forwards them to the receiver node. Therefore, the routing of the
packets depends on the relative distance between nodes. For such reasons,
a model analysis of routing algorithms in wireless networks needs to take
in account the position of the nodes.

Geographic interdependency in critical infrastructures is another phe-
nomenon where the locations of components is a relevant information. The
components of two infrastructures are geographically interdependent, if the
presence of a local environmental event can cause a state change in the in-
volved components of both infrastructures. For instance, a geographic in-
terdependency can happen when the elements are in close spatial proximity.
Due to this proximity, events such as an explosion could create correlated
changes in the geographically interdependent components.

The above examples show two different spatial dependency. In the first
case, the behaviour of a component depends on its location: a node in a
wireless network decides to communicate to another one with respect to
their relative distance. In the second case, the effect of an external event
depends on the location of the involved components. To analyse these types
of spatial dependencies, specific models and methods needs to be defined.

1.1 Objectives and approach

The objective of the thesis is to provide formalisms and analysis techniques
suitable to describe and to investigate systems composed by interacting
objects in which the location of components is a relevant information in
order to understand the behaviour of the system.

The performance modelling and analysis of systems composed by in-
teracting objects has been mainly faced in the literature by resorting to
the superposition of interacting Markov chains or to fluid models. In the
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first case, the analysis of the system requires the generation of the global
state space, defined as the Cartesian product of the state spaces of the indi-
vidual interacting objects. The symmetry properties often included in the
system definition, allow to apply lumping techniques and to produce the
global transition rate matrix by means of tensor algebra operators applied
to the local matrices. In [85], the local entity is called automaton and it is
represented as a discrete or continuous Markov chain.

The Stochastic Automata Network (SAN) is a system composed by in-
teracting automata. The global behaviour of the system is defined over a
global state space that is the Cartesian product of the state spaces of the
individual automata. The exponential explosion of the global state space
is mitigated by resorting to tensor algebra operators for the definition of
the global infinitesimal generator [14]. Process algebra provides a formal
apparatus for reasoning about structure and behaviour of systems in a
compositional way. Several formalisms based on process algebra have been
proposed in the literature, for instance: Interactive Markov Chain [61],
Performance Evaluation Process Algebra (PEPA) [64], Extended Marko-
vian Process Algebra (ENPA) [17]; also Generalized Stochastic Petri Nets
(GSPNs) [46] have been analysed as stochastic processes generated by the
composition of stochastic automata.

Fluid models [67, 55] are another approach to overcome the state space
explosion. In such models the global state space includes both discrete
and continuous parts. Only the discrete part needs to be explicitly stored,
whereas the continuous one is expressed as a set of functions, therefore
significantly reducing the memory requirements. Fluid models are able to
capture the global behaviour of a complex system of interacting objects
but without representing the local behaviour of each component. Moreover
both superposition of interacting Markov chains and fluid models do not
consider the locations of the components.

The solution proposed in the thesis is to represent explicitly the be-
haviour of local components with a state space method, their positions are
modelled as the realisation of spatial point processes and their interactions
are approximated by a localised mean field technique. Individual compo-
nents are described by a continuous time Markov chain enriched with the
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informations needed to model their interactions. The set of transitions in
the chain is divided in two classes: local and induced. Local transitions in-
volve only the single component, whereas induced transitions depend also
on interactions with other components. Component’s positions are de-
scribed by a random spatial model in an Euclidean plane or space and are
analysed in a probabilistic context. The mean field method [81] considers a
particular tagged entity, and replaces all the interactions with the other en-
tities with an average interaction. To preserve spatial dependencies among
components, the effect of the average interaction is computed taking into
account the spatial localisation of the components. In this way, at the same
time the individuality of each entity is preserved and its interactions with
the whole system depend on its position.

1.2 Original contributions

The Interacting Markovian Agents formalism was first presented in [53]
where all agents exhibit the same behaviour and they exchange only a
single type of message. It was used to study performability measures of a
sensor network.

The original contribution of the thesis includes several extensions to the
formalism. In particular, the contributions are:

• The definition of behaviour class (see Section 6.1) which allows agents
to act differently according to their classes. It was published in [27].

• The definition of message type (see Section 6.2 ) which allows agents
interact in different way according to the type of message exchanged.
It was published in [35].

• The definition of position dependent behavior (see Section 6.3 ) which
allows agents to behave in different way according to their location.
It was published in [35, 36].

• The definition of mobile agents (see Chapter 7). It was published in
[19].
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The application of the formalism to several case studies. In particular:

• An enhanced model of sensors network where sensor nodes implement
different on-off policies to rule the active-sleep cycle of the battery [54]
(see Chapter 8).

• Outdoor flame propagation in presence of grass or bushes in the en-
vironment [36] (see Chapter 9).

• Earthquake propagation in a non-homogeneous soil (see Chapter 10)[35].

• The analysis of risk of collisions in road tunnels [19] (see Chapter 11).

• The analysis of a swarm intelligence based wireless routing algorithm
[27] (see Chapter 12). In this work, we also try to validate the results
obtained by the model by comparison with simulative ones.

1.3 Thesis structure

This work is divided in two parts: theory and case studies. The first part
starts from Chapter 2 with a summary of basic concepts and definitions,
used in the rest of the thesis, about stochastic processes and the mean field
technique. In Chapter 3, we review the major contributions proposed in
the literature about the techniques to prevent the state explosion problem
and to consider spatial interactions among objects. Chapter 4 introduces
the main topic of the thesis, the interacting Markovian agents formalism.
In particular, we first describe its main characteristics in an informal way,
then we proceed to present in detail its definition and how the models
expressed in such formalism can be analysed. Chapter 5 describes numerical
techniques based on an explicit discretization to analyse the models. In
Chapter 6, we illustrate some variants on the basic formalism to represent
systems composed of non homogeneous entities, or that interact in different
ways, or in which the components behaviour depends on their locations .
Chapter 7 presents another variant in which the components can move.

The second part of the thesis presents several applications of the inter-
acting Markovian agents formalism to the study of different type of systems.
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In Chapter 8, we present a study of the battery consumption in wireless
sensor networks with battery preserving policies. In Chapter 9 and Chap-
ter 10, we analyse the propagation of two different critical phenomena, fire
and earthquake, respectively. In Chapter 11, we propose a model used
to analyse the risk of collisions in road tunnel. Chapter 12 illustrates the
analysis of a routing algorithm for wireless sensor networks based on swarm
intelligence.



Part I

Theory
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Chapter 2

Background

In this chapter we introduce particular classes of stochastic processes used
to describe phenomena that change randomly as time progresses. In the
area of performance evaluation, stochastic processes are widely used to
model and analyse several types of computer and communication systems.
We assume a basic knowledge of the theory of probability including its def-
initions, axioms, the notions of conditional probability, independent events
and random variables. In Section 2.1, we focus on Poisson processes,
Markov chains and spatial Poisson processes. Moreover, in this chapter
we propose in Section 2.2 a general schema to illustrate the main ideas
of the mean field technique. Stochastic processes together with mean field
technique are the basis requirements for the understanding of later chapters.

2.1 Stochastic process

A family of random variables indexed by a parameter is known as a stochas-
tic process [99].

Definition 2.1.1 Stochastic Process. A stochastic process is a family of
random variable {X(t)|t ∈ T}, defined on a given probability space, indexed
by the parameter t, where t varies over an index set T .

9
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The parameter t usually represents time. Each value assumed by the
random variable (r.v.) X(t) is called state. The set of all possible values is
called state space of the process and it will be denoted by S. The state space
can be discrete or continuous. In the former case, the stochastic process
is called discrete-state process or a chain, in such case the state space is
assumed to be the natural set N. Alternatively, we have a continuous-
state process, if the state space is continuous. A similar classification can
be obtained with respect to index set T : if it is discrete, then we have
a discrete time-parameter process, otherwise we have a continuous time-
parameter process. In the rest of the chapter, we focus on discrete-state
continuous time-parameter processes.

2.1.1 Poisson process

The Poisson process is a discrete-state, continuous time-parameter process.
It counts the number of events occurring during the time interval (0, t]. The
events may represent, for instance:

• the number of job arrivals to a computer system;

• the number of incoming messages to a network system.

The Poisson process can be seen as a renewal counting process with
an underlying exponential distribution [99]. The exponential distribution,
also called negative exponential distribution, has the following distribution
function:

F (x) =





1− e−λx if x ≥ 0,

0 otherwise.
(2.1)

and it has density function:

f(x) =





λe−λx if x ≥ 0,

0 otherwise.
(2.2)

The parameter λ is called the rate or intensity of the distribution. We
denote an exponential distribution with rate λ as Exp(λ). In statistical
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model the exponential distribution is one of the most significant and widely
used distributions. It possesses several important statistical properties and
shows great mathematical tractability. One of its fundamental feature is
the so-called memory-less or Markov property :

P (t < X ≤ y + t)

P (X ≥ t)
= P (X ≤ y) = P (0 < X ≤ y). (2.3)

The Poisson process can be defined as follows: suppose that events
occurring successively in time are independent and identically distributed
according to an exponential distribution Exp(λ). Let the number of events
in the interval (0, t] be denoted by N(t). Then, the stochastic process
{N(t)|t ≥ 0} is a Poisson process with rate λ.

An equivalent definition of the Poisson process is as follows: as before,
the number of events in the interval (0, t] is denoted by N(t). We define
the event A as the occurrence of exactly one event in the interval [t, t + h],
the event B and C, respectively, as the occurrence of none or more than
one events in the same interval. Let P (A) = p(h), P (B) = q(h), and
P (C) = ǫ(h). N(t) is a Poisson process, if the following conditions are
satisfied:

1. N(0) = 0.

2. Events occurring in non-overlapping intervals of time are mutually
independent.

3. Probabilities p(h), q(h), and ǫ(h) depend only on the length of the
interval h not on the time origin t.

4. For some sufficiently small values of h, we can write (for some positive
constant λ):

• p(h)= P[one event in the time interval (t,t+h]] = λh + o(h) 1,

1o(h) means any function of h that approaches zero faster than h:

lim
h→0

o(h)

h
(2.4)
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• q(h)= P[no event in the interval (t,t+h]] = 1− λh + o(h),

• ǫ(h)= P[more than one event in the interval (t,t+h]] = o(h).

In [99], the equivalence between these alternative definitions of the Poisson
process is demonstrated.

The Poisson process satisfies the following properties:

• Superposition. The superposition of two Poisson processes with in-
tensities λ1 and λ2 yields a Poisson process with intensity λ = λ1+λ2.

• Random split. If a Poisson process with intensity λ is randomly split
into two sub-processes with probabilities p1 and p2, where p1+p2 = 1,
then the resulting processes are independent Poisson processes with
intensities p1λ and p2λ.

• Random selection. If a random selection is made from a Poisson
process with intensity λ such that each arrival is selected with proba-
bility p, independently of the others, the resulting process is a Poisson
process with intensity pλ.

2.1.2 Spatial Poisson process

The spatial Poisson process [42] is the analog of the Poisson process where
the time is substituted by the area parameter. A spatial Poisson process is
then the realisation of a stochastic number of points, placed randomly in
an area, independently of each other, according to some distribution.

Let us consider a square of unit area and subdivided into N parts each
of them with area 1/N . For each small subarea, we define the following
probabilities:

• p= P[one individual in the area] = λ/N + o(N−2),

• q= P[no individual in the area] = 1− λ/N + o(N−2),

• ǫ= P[more than one individual in the area] = o(N−2).
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The number of individuals X in the square follows the binomial distribution:

P [X = x] =

(
N

x

)
pxqN−x , x = 0, 1, ...N. (2.5)

If we consider N → +∞ and set Np fixed with Np = λ, then the
probability distribution in the limit becomes:

P [X = x] =
e−λλx

x!
, x = 0, 1, ..., (2.6)

which is a Poisson distribution with intensity λ.
Let the number of individuals in an area A be denoted by N(A). Then,

the stochastic process Φ={N(A)||A| ≥ 0} is a spatial Poisson process with
rate λ|A|, where |A| denotes the size of the area |A|.

The Spatial Poisson process satisfies the following properties:

• Superposition. The superposition of two spatial Poisson processes
with intensities λ1 and λ2 is a spatial Poisson process with intensity
λ = λ1 + λ2.

• Thinning. It is the spatial analog of the random selection in Poisson
processes. Consider a function p : R

d → [0; 1] and a spatial Poisson
process Φ. The thinning of Φ with the function p(·) is defined:

Φp =
∑

k

δkǫxk
, (2.7)

where the random variables {δk} are independent given Φ with p(xk) =
P [δk = 1|Φ] = 1−P [δk = 0|Φ] and ǫxk

= 1, if in xk there is an individ-
ual, 0 otherwise. Less formally, Φp is obtained from Φ by randomly
and independently removing some fraction of individuals according
to p(·). The thinning of a spatial Poisson process of intensity λ with
probability p yields a spatial Poisson process Φp with intensity pλ.

• For every finite collection {A1, A2, ..., An} of disjoint subsets of S,
N(A1), N(A2), ..., N(An) are independent.
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2.1.3 Continuous-time Markov chain

Definition 2.1.2 Markov Process. A stochastic process {X(t)|t ∈ T} is a
Markov Process if, for any t0 < t1 < t2 < · · · < tn < t, the conditional dis-
tribution of X(t) for given values of X(t0), X(t1), X(t2), · · · , X(tn) depends
only on X(tn); that is:

P [X(t) ≤ x | X(tn) = xn, X(tn−1) = xn−1, ..., X(t0) = x0]
= P [X(t) ≤ x|X(tn) = xn].

(2.8)

The behaviour of the process is characterised by:

• the distribution of the initial state of the system provided by P [X(t0) =
k], k=0,1,... .

• The transition probabilities:

pij(v, t) = P [X(t) = j|X(v) = i] , for o ≤ v ≤ t and i, j = 0, 1, 2...,
(2.9)

note that we define pij(t, t) = 1, if and only if i = j.

Definition 2.1.3 A Markov chain is time-homogeneous, if pij(v, t) de-
pends only on the time difference (t− v).

In this case, we can rewrite the transition probabilities as follows:

pij(t) = P [X(t + u) = j|X(u) = i] , for any u ≥ 0. (2.10)

Furthermore, let us denote the state probabilities as:

Pj(t) = P [X(t) = j] , for j = 0, 1, 2..., t ≥ 0. (2.11)

We have that: ∑

j

Pj(t) = 1, (2.12)

for each t ≥ 0 because at any time the process must be in some state.



2.2. MEAN FIELD TECHNIQUE 15

Under certain regularity conditions, for each j, we can define a non-
negative continuous function qj as:

qj = lim
h→0

pjj(t, t)− pjj(t, t + h)

h
= lim

k→0

1− pjj(t, t + h)

h
. (2.13)

Similarly, for each i and j (j 6= i), qij is defined by:

qij = lim
h→0

pij(t, t + h)− pij(t, t)

h
= lim

k→0

pij(t, t + h)

h
. (2.14)

The transition probabilities satisfy the following differential equation
which is known as the Kolmogorov’s forward equation:

∂pij(t)

∂t
= [

∑

k 6=j

pik(t)qkj ]− pij(t)qj , (2.15)

a similar equation can be derived also for the state probabilities Pj(t):

∂Pj(t)

∂t
= [

∑

i6=j

Pi(t)qij ]− Pj(t)qj . (2.16)

For a time-homogeneous Markov chain, the transition rate matrix Q is
defined so that its diagonal entries are given by −qi and the element (i, j)
is given by qij(i 6= j). In such case, the forward Kolmogorov equation can
be written as:

dP(t)

dt
= P(t)Q, (2.17)

with the initial condition P(0) = I, the identity matrix.

2.2 Mean field technique

In this section, we briefly introduce the main idea of the mean field tech-
nique applied to the analysis of large scale stochastic systems. We present
a general schema of the technique as proposed in [16].
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We assume that a system is represented as a collection of N elements,
for simplicity all of them share the same state space S = {0, 1, 2, ...}. For
each element i, we denote σi(t) ∈ S its state at time t. The knowledge of the
state variable of all elements in the system defines the macro-state to which
the whole system belongs. In other words, we can denote a particular con-
figuration of the system at time t by the set σ(t) = (σ1(t), σ2(t), ..., σN (t)),
where the index i = 1, ..., N runs over all the elements of the system of size
N . A passage of state in one of its elements implies a state transition in
the whole system. We denote a transition in the system as σa → σb, where
the superscripts a and b represent two different configurations.

The stochastic behaviour of the system is characterised by Kolmogorov’s
equation:

∂Pσ(t)

∂t
= [

∑

σ′ 6=σ

Pσ′(t)qσ′σ]− Pσ(t)qσσ, (2.18)

where the sum runs over all possible configurations σ′. The complete so-
lution of Equation 2.18 is rarely achievable, even for simple dynamic pro-
cesses, therefore suitable assumptions and approximations are needed in
order to compute it. A first step is to focus only on specific quantities
of interest, which are captured by defining a projection function. For in-
stance, in the application of mean field to performance evaluation problems,
a typical and widespread used projection function is:

Nx(t) =
∑

σ

∑

i

δσi,xPσ(t), (2.19)

where δσi,x is the Kronecker function which is 1 if the node i is in state x,
0 otherwise. The function Nx(t) computes the average number of elements
in state x at time t. However, in many cases, also this simplification is
not enough to obtain a solution of Equation 2.18. A further approximation
is based on the homogeneous hypothesis also called mean field theory. It
assumes that the system is homogeneous and no relevant correlations ex-
ist between different elements, more precisely the homogeneous hypothesis
assumes that two conditions are satisfied:

• (HH1) all elements of the system behave in the same way;
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• (HH2) each of them is subjected to a set of interactions that can be
approximated by an average interaction due to the whole system.

For a given element i, the probability to be in a given state x is denoted
by Pσi

(t) and it is independent of i. Moreover, the probability of any
configuration of the whole system is the product of the state probabilities
of its components:

Pσ(t) =
∏

i

Pσi
(t), (2.20)

where the product runs over all elements i of the system. Note that Equa-
tion 2.20 is a strong assumption because it neglects all correlations between
elements i. Together, the homogeneous hypothesis and the application of
the projection function allow to solve a simplified version of Equation 2.18:

∂Nx(t)

∂t
= Fx(N0, N1, ..., N|S|), (2.21)

where index x = 0, 1, ...|S| runs over all the elements of state space S.
The form of the functions Fx depends on the type of interaction between
elements, the transition rates and the number of micro-states.
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Chapter 3

State of the art

In this chapter we review the major contributions proposed in the literature
about the main research topic of this thesis. We discuss the state explosion
problem and techniques to prevent it. In particular, among them, we focus
on the mean field method. Moreover, we illustrate approaches used to take
into account spatial dependencies between system components.

This chapter is divided in two sections: in Section 3.1 we explain the
application of space-state exploration methods to the performance evalua-
tion of systems and the major drawback of these methods, i.e. the state
explosion problem. In Subsection 3.1.1 and Subsection 3.1.2, we review the
main general approaches proposed to overcome the state explosion problem,
namely the largeness tolerance and largeness avoidance methods. Finally
in Section 3.2, we review formalisms or theories which integrate in their
definitions notions of spatial locations and dependencies.

3.1 State space explosion

Performance evaluation of real systems requires to model increasingly large
systems composed of hundreds or thousands of components. These com-
plex systems frequently appear in different domains like biology, economics,
physics, computer and communication systems. One of the approaches used
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in the stochastic analysis of these systems relies on the construction of the
space state to compute the required performance indeces. The main idea of
the state-space method is to represent dynamic behaviour as a sequence of
transitions between the different states in which a system can be. The enu-
meration of all possible states and the transitions among them composes
the state-space of the system.

Historically, state-space methods have been explored in the context of
mathematical models such as CTMCs (see Section 2.1.3) [102, 95]. All the
desired performance measures are computed from the stationary and tran-
sient distribution of the CTMC. The stationary distribution is obtained by
solving a set of linear equations, whereas the transient distribution is ob-
tained by solving the Kolmogorov’s differential equations or also by solving
a linear system [57]. In both cases, the solution complexity depends on the
state-space size.

The specification by hand of a real system through a CTMC model is a
complex and error-prone process, therefore CTMC are rarely used directly
to describe a system. Many high-level description languages have been
proposed to fill the gap between system design and CTMC specification.
They include, for example, different type of stochastic Petri nets [2, 40, 3],
stochastic process algebras [62] and interactive Markov chains [65].

High-level models can be classified as parametric or compositional (in-
teractive) models. A parametric model is characterised by a basic structure
and by a parametric initial state. Given a value of the parametric initial
state, the corresponding CTMC associated to the high-level model can be
defined. For instance, a GSPN model [3] follows this approach: the GSPN
model includes a parametric initial state described by a parametric ini-
tial marking. The GSPN model represents a set of systems, then fixing the
value for the initial marking allows to represent a specific system, also called
GSPN system, in the set. In turn, from the GSPN system it is possible to
derive uniquely the underlying CTMC model.

In compositional models, the system is represented by several composed
sub-models. In order to compose the sub-models, a set of compositional
operators are defined. The model of the whole system is the result of the
composition of the sub-models. Examples of this approach can be found in
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stochastic process algebras [62] and interactive Markov chains [65].

The success and consequent wide use of such high-level description lan-
guages have allowed to describe in a compact way complex systems with
extremely large state-spaces. The complexity of the solution of finite-state
models grows exponentially with the complexity of the model dimension.
As a result, the numerical solution of such systems is very costly or, in some
cases, even intractable. In the literature this is known as the state space
explosion problem and a large amount of work is devoted to avoid or mit-
igate it [84]. Two general approaches for dealing with the state explosion
problem have been proposed: largeness tolerance or largeness avoidance
techniques.

3.1.1 Largeness tolerance

In the largeness tolerance methods, specific data structures and/or compact
representations are used to store efficiently the space-state of the model,
the infinitesimal generator of the underlying CTMC and its probability
vector. Moreover, a set of algorithms are designed to manipulate these
data structures.

To improve the efficiency of discrete-state system analysis, several vari-
ants of decision diagram have been proposed in the literature. The most
widely used are the binary decision diagrams (BDDs) [28] which allow to
represent in a compact way boolean functions of the form f : B

n → B,
for some finite n ∈ N. BDDs are directed acyclic graphs in which paths
code the different values of the function f . In particular, they can be also
exploited to code the state-space of a discrete-state model. The techniques
that encode state space by decision diagrams are called symbolic state-
space explorations. Note that the term BDDs usually refers more precisely
to reduced [28] and ordered [29] BDDs (ROBDD), or canonical BDDs. The
ROBDDs are particularly important because some useful operations, such
as testing equivalence between BDDs, can be done in constant time. Sev-
eral variants of BDD are proposed in the literature: multi value decision
diagrams (MDDs) [26], multi terminal BDDs (MTBDDs) [51], edge val-
ued BDDs (EVBDDs) [41], matrix diagrams (MxDs)[78] and data decision
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diagrams (DDDs) [50]. Note that matrix diagrams allow to describe the
infinitesimal generator of the CTMC underlying a model. The size of de-
cision diagrams can be exponentially affected by the ordering of the state
variables, moreover finding an optimal variable order is known to be a NP-
problem [22], thus several heuristics have been proposed.

Another approach to store efficiently the infinitesimal generator is based
on the use of Kronecker operators. One of the first attempt in such direction
was done by Plateau [85], the main idea is to represent the generator matrix
as a composition of a set of relative small sub-matrices. Only the sub-
matrices are stored explicitly in the memory, whereas the generator matrix
is implicitly represented as a mathematical expression based on Kronecker
operators.

In order to reduce memory requirements, also probabilistic algorithms
have been used. Probabilistic methods use hashing techniques to reduce
the amount of memory required to store states. However these techniques
introduce the risk that two different states shared the same hash value. In
such case an uncorrect result, i.e. erroneous identification or omission of
states, is possible. Therefore, it is necessary to quantificate such risk and,
more importantly, to reduce it to an acceptable level. Examples of such
approach are Holzmann’s bit-state hashing [], Wolper and Leroy’s Hash
compaction [] and dynamic probabilistic state space generation [72, 71].

3.1.2 Largeness avoidance

The main idea of the largeness avoidance methods is to build only a reduced
state-space of the model so that a large state-space is not generated. State
truncation methods [37], hierarchical model [89] and fixed point iteration
[98, 77] are examples of largeness avoidance techniques.

Other techniques are based on lumpability: a CTMC is lumpable, if
an equivalence relation (i.e. a mapping between a set of state and a sin-
gle lumped state) exists, such that the Markov property is preserved in
the lumped model. Moreover, the desired performance indexes can be ob-
tained from the lumped model. Starting from the latter, it is possible to
compute exact values of the performance indexes for the larger original
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CTMC. Lumping can be applied at state level or at model level.
A state level lumping technique is done at the CTMC level, therefore it

can generate the optimal lumped CTMC, i.e. the coarsest. This technique
performs efficiently only on sparse matrix representation of the CTMC,
therefore its main drawback is huge memory requirements for large CTMC.
In [30], the authors proposed a state-level lumping algorithm with O(m n)
time complexity and O(m + n) space complexity for computing the opti-
mal lumping, where n and m are the number of states and the number of
transitions, respectively.

A model level lumping technique operates on high-level description
model. Starting from the high-level model, the lumped CTMC is generated
directly without building the unlumped one. The equivalence relation is de-
fined implicitly by the high-level formalism. Example of this approach can
be found in a coloured extension of GSPNs called stochastic well-formed
nets (SWNs) [39] and replicate/join operators in stochastic activity net-
works (SANs) [91]. An approach similar to lumping is aggregation [21, 76].
The main difference between them is that the solution of the aggregated
CTMC gives approximate results (with or without bounds) on the original
CTMC, whereas the lumped CTMC provides exact results.

Fluid or hybrid models represent a system as a set of two different types
of variables: the discrete and the continuous variables. Therefore, the state-
space of a fluid model is composed of two parts: the discrete parts focus
only on the changing of values of the discrete variables, whereas the contin-
uous parts describe only the variations of the continuous variables. Usually
to solve a hybrid model, only the discrete part of the state-space needs to be
stored in memory explicitly, the continuous part is represented as a set of
mathematical functions and the variations of the continuous variables can
be described by a system of differential equations. This approach allows to
reduce the memory requirements necessary to store the state-space, there-
fore preventing the state space explosion. To describe fluid models, several
formalisms have been proposed in the literature: fluid stochastic Petri nets
(FPSNs) [100, 67], second order FSPN [56, 107, 105, 106], continuous and
Hybrid PN [7] are all evolutions of PNs. They include both discrete and
continuous variables described by discrete and continuous places, respec-
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tively. In fluid diffusion model [8, 49, 93], instead, continuous variables are
introduced as a fluid approximation of queues and buffers.

Mean field techniques

The mean field analysis [81] was first developed in physics to model the dy-
namic behaviour of a system of interacting particles like in a gas or plasma.
The main idea of this method is to assume all entities that compose a sys-
tem indistinguishable, then consider a random tagged one and approximate
its interactions with others entities with an average or effective interaction.
This reduces a multi-body problem into an effective one-body problem. As
the number of entities increases, the behaviour of this stochastic model can
be approximated by a deterministic one which can be obtained by solving
the so-called mean field equation.

In the last years mean field analysis has found application also in the
area of performance evaluation [25, 63, 20]. The authors of [25] consider a
model for interacting objects where the evolution of each object is given by
a Discrete Time Markov Chain with finite state space and show that the
occupancy measure of the system converges to a deterministic dynamical
system when the number of objects is large. In [63] the author applies
a similar approach to the stochastic process algebra PEPA to analyze a
system as a set of coupled ordinary differential equations and compares the
results of this analysis with the classical methods. In the former work, the
interacting objects are formulated as discrete time Markov chains, while
[63, 20, 33, 32, 24, 23, 58, 59] the authors take in consideration continuous
time Markov models. This technique has been also applied to model many
applications in the area of network communication like TCP connections
[12], HTTP flows [10] and bandwidth sharing in file transfer [73].

3.2 Spatial dimension in performance evaluation

Cellular automata (CA) [79] is a simple model of a spatially extended de-
centralized system composed of a set of individual components (cells). The
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communication between cells is limited to local interaction. Each individ-
ual can be in a state which changes over time depending on the states of its
local neighbours and on simple rules. Historically, CA is first proposed as
a parallel computation model by von Neumann who demonstrates that CA
can be universal, i.e. can execute any computable function like a Turing
machine.

In the area of performance evaluation, applications of CA can be found
in biomedic [94], ecology [52, 48] and geology [69]. All CA models are
usually studied running several simulations of the CA, starting from differ-
ent initial states and computing the desired performance indexes. Instead,
probabilistic cellular automata (PCA) [18, 104, 70, 97] can be mapped to a
stationary Markov chain and can be analysed by solving the Kolmogorov’s
equation. Moreover, the mean field technique has been recently used to
analyse PCA [13, 31, 47].

Stochastic geometry is a branch of probability theory which is par-
ticularly suitable to model objects randomly scattered on a plane or on a
multi-dimensional volume. It is strongly related with the theory of stochas-
tic point processes [45]. The location of the objects is given by the real-
isation of some stochastic point process. Stochastic geometry theory has
been applied in several area such as image processing [109], soil physics and
recently performance evaluation of communication networks [11].
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Chapter 4

Interacting Markovian

agents model

In this chapter, we introduce the central topic of the thesis, the interactive
Markovian Agents Model (MAM). The Markovian agents formalism in-
cludes several variants, in this chapter we illustrate the simplest one, called
Basic Model. Extensions of the formalism can be found in Chapter 6 and
Chapter 7. We present the description of the main features of the Basic
Model in Section 4.1 by an illustrative example of its application to a sim-
plified sensor network system. Then, in Section 4.2, we illustrate the Basic
Model explaining in detail the elements of its formal definition. Finally, we
present the analysis of the MAM in Section 4.3. The application of such a
model on a study of a wireless sensor network can be found in Chapter 8.

4.1 Informal description

The interacting Markovian Agents Model represents a system as a collec-
tion of agents spread over a geographical space. We will call each agent
with the term Markovian Agent (MA). Each MA is described by a finite
state model where two types of transitions can happen: local transitions
represent changes in the agent state due to information perceived on its

27
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local environment, whereas induced transitions model changes influenced
by interactions with other MAs. The interactions between MAs are mod-
elled through an asynchronous message exchanging paradigm: whenever a
local transition occurs, an MA can send a message to its neighbours and
the agent that perceives it can ignore or accept it, in this second case the
accepting agent changes its state performing an induced transition. The
final behaviour of an agent is therefore determined by its local model and
by the interaction with the other agents.

As an illustrative example used throughout the chapter to present the
MAM framework, we describe a wireless sensor network with a central base
station.

Example 4.1.1 Let us consider Wireless Sensor Networks (WSN) com-
posed by a multitude of tiny sensor nodes with limited computation, com-
munication, and power capabilities. Sensor nodes collect measures of phys-
ical parameters and transmit them to a sink node. In a WSN, sensors are
distributed in a continuous finite region and they receive stimuli from the
environment that are transferred to the sink directly or by means of inter-
mediate sensors.

Assuming we model only the sensor nodes, all of them behave in the
same way: they periodically sample their local environment and send data
messages about monitored area to their neighbours. Sensors can buffer an
accepted message by increasing the queue length by one, while the trans-
mission of a buffered message decreases the queue length. The behaviour
of the node sensors is described in detail in Algorithm 1. We define:

• T1, the duration of the time interval between two consecutive sam-
plings of the environment;

• T2, the time interval between two forwardings of the buffered mes-
sages;

• q, the actual size of the message buffer.

Note that a stimulus directly sampled from the environment generates
an immediate message without increasing the buffer count.
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Algorithm 1 Sensor nodes
1: q ← 0
2: setT imer(T1) // Sampling Time Interval
3: setT imer(T2) // Forwarding Time Interval
4: loop

5: e← waitForEvent()
6: if e = MESSAGE RECEIV ED then

7: push(getDataReceived(e))
8: q + +
9: else if e = TIMER EXPIRED then

10: t← getT imer()
11: if t = T1 then

12: d← sampleEnvironment()
13: sendBroadcast(d)
14: else {t = T2}
15: d← pop()
16: q −−
17: sendBroadcast(d)
18: end if

19: end if

20: end loop

In this example, we can distinguish a characteristic of the interactive
agent paradigm: the presence of two types of actions. In lines 12-13, the
sampling of the environment and the successive broadcasting of the data
message is a local transition because it does not depend on interactions
with other sensors. Whereas in line 7-8, the reception of a message sent by
other agents is an induced transition because it depends on interactions.

The dynamic of Example 4.1.1 can be modelled by a CTMC that en-
codes the actual buffer size as a state variable. Assuming a finite buffer
with maximum size of b messages, the set of states is S = {0, 1, ..., b}.
The actual size of the buffer is incremented by one whenever the sensor
receives a message, and decremented by one whenever the sensor forwards
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a buffered message. As previously stated, the immediate message due to
local sampling is not buffered, therefore the buffer size does not change.

According to a widely used approach [3, 62], a random delay with neg-
ative exponential distribution is associated to each local transition. Two
exponential distributions with rates λF = 1/T2 and λS = 1/T1 are asso-
ciated to the forwarding of buffered messages and to the sampling action,
respectively.

The corresponding model is shown in Figure 4.1. It distinguishes be-
tween the two types of transitions. Continuous arrows represent local state
transitions, during such transitions, messages may be generated, as repre-
sented by the dotted arrows starting from a transition arc. The self loop
of rate λS is common to each state i because sampling is independent on
the actual buffer size. The continuous arc from state i to state i− 1 of the
forwarding action has a rate λF . The dotted arc from state i to state i + 1
means that the acceptance of a received message increases the buffer count
by one. Dashed arrows that connect states represent induced transitions
caused by the acceptance of an incoming message.

In the Example 4.1.1, we assume that sensors are spread in a circular
area of radius h. To represent this scenario, a function called spatial density
function allows to define in an abstract way the distribution of agents in
the geographical area. We can imagine that agents are spread on a liquid
substance which covers the whole circular area. The identity of the agents is
lost, but their spatial distribution is preserved through the spatial density
function. In physics the formal definition of density is mass per unit of

b-1 b0 1 2

λF λF

λS

λF

λS λS λS λS

Figure 4.1: Sensor model .
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volume, following a similar idea we can define the spatial density as the
number of agents per unit of volume. In the Example 4.1.1, we assume
that sensors are homogeneously distributed on the circular area, i.e. the
same expected number of agents belong to zones of equal area. In such
case, the spatial density function is constant.

The power of a message issued by a node sensor decays as the square
root of the distance. Since we are looking at the perception capability, we
can assume that a maximum distance dmax exists at which the signal has
enough power to be received. If we define the node position by a vector v,
a node in position v is able to perceive a message from a node in position
v′ if the distance dist(v− v′) < dmax. The perception capability of agents
is defined by the perception function. The perception function u(·) rules
the message exchanging between agents. To model that a node in position
v can perceive a message from a node in position v′, we set the value of
u(v,v′) equal to 1. In the example, the perception function depends only
on the distance δ = dist(v − v′), therefore it can be defined as:

u(v,v′) =





1 δ ≤ d

0 δ > d
(4.1)

The approach of the MAM to represent interactive agents system is
hybrid: the agent behaviour is modelled by a state-space method to preserve
its detailed dynamics, instead their interactions are modelled by a fluid
approximation coupled with a mean field technique to preserve the global
behaviour of the whole system. As a result of this choice, local and induced
behaviours are modelled and analysed in different ways.

4.2 Formal definition

According to [88], ”an agent is anything that can be viewed as perceiving
its environment through sensors and acting upon that environment through
actuators”.

The agent’s behaviour is described by the agent function that maps any
given perception to an action. An MA selects its actions based only on the
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current state and the current perception, ignoring the rest of the perception
history. An agent which performs only local transitions can be described
by a finite homogeneous Continuous Time Markov Chain(CTMC), however
this model needs to be enriched to account for induced transitions due to
agent interactions. The final behaviour of an MA interacting with other
MAs can be described by a non-homogeneous CTMC. The MAs are spread
over a fixed geographic area whose space can be considered either discrete
or continuous. In each discrete node or in each continuous volume the
agent population is distributed according to a spatial distribution of known
density. Their interactions are defined by a function, called perception
function, that rules the reception of messages by other agents and depends
on the spatial distribution of the MAs and their current states. A MA
model in which all the agents have the same behaviour is called the Basic
Model [54].

Definition 4.2.1 The MA Basic Model is defined by a 4-tuple:

MAM = {MA,V, ρ, u} (4.2)

where:

MA is the set of agents.

V is the space where agents belong.

ρ(v) : V → R
+ is the spatial agent density function.

u : V × N× V × N→ R
∗ is the perception function.

The finite space V over which Markovian Agents are spread can be
either continuous or discrete. In case of a discrete space, V = {v1, . . . , vb}
is a set of b positions. In case of a continuous space, V ⊂ R

d, where d is
an integer number representing the dimension of the space. For a discrete
space, d = 0.

The behaviour of each agent is modelled by a state-space method, the
main idea of this approach is to represent dynamic behaviour as a sequence
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of transitions between the different states in which a system can be. The
enumeration of all possible states and the transitions among them com-
prise the state-space of the system. Historically, state-space methods have
been explored in the context of mathematical models such as CTMC (see
Section 2.1.3). In the Basic Model, all agents have the same behaviour,
therefore they can be represented by a single extended CTMC characterised
by its infinitesimal generator Q, that adds the capability of sending and
receiving messages.

Agents are defined by the 6-tuple:

Definition 4.2.2

MA = {S, π0,Q,Λ,G,A} (4.3)

where:

S = {1...n} is the set of possible states of the agent.

π0 = [qi] is a probability vector of size n which represents the initial state
probability distribution on the set of states S.

Q = [qij ] with i, j ∈ S is the n × n infinitesimal generator matrix of a
continuous time Markov chain that describes the local behaviour of
the agent.

Λ = [λi], is a vector whose components represent the finite rate of self-
jump, that is the rate at which the Markov chain reenters the same
state.

G = [gij ] is a n×n matrix, that describes the generation probability of the
messages.

A = [aij ] is a n × n matrix, that describes the acceptance probability of
the messages.

The entry qij of matrix Q is the rate of the transition from state i to
state j, we have that qii = −∑n

j 6=i qij . Each element gij represents the
probability that a message is sent when a transition from state i to state
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j occurs. An agent in state i can ignore an incoming message from other
agents with probability aii, or can accept it, and consequently go to state
j, with probability aij . We have that:

n∑

j=1

aij = 1, ∀1 ≤ i ≤ n. (4.4)

Notice that we explicitly include the possibility of self-loops in the
CTMC and define λi as the rate at which the CTMC makes a jump enter-
ing the same state. While resident in a state or during a transition an MA
can generate a message. A message generated in a state can be viewed as
a message generated during a self-loop.

We now discuss another distinctive feature of the interactive agents
paradigm: autonomy [103]. Consider an interaction between two agents i
and j: if agent i requests an agent j to execute some action and it is not
granted that j will execute the action, then agent j is said to be autonomous.
An extended discussion about autonomy is in Section 6.4. To demonstrate
how the model is suited to represent autonomous behaviour, the illustrative
example needs to be slightly modified.

Example 4.2.3 We assume that the WSN adapts a strategy to prevent con-
gestion phenomenon: each sensor node has the capability to reject incoming
messages from other nodes. The rejection of messages avoids overflowing
the buffer capacity of the node and it exploits only local information: a
node rejects messages whenever the actual size of its buffer is greater than
a critical value chosen at design phase.

To model an autonomous behaviour, the CTMC is enriched by adding
to local transitions the probabilities of sending messages, and to induced
transitions the probabilities of accepting messages. Matrix G describes
the probability that an agent, jumping from state i to state j, generates a
message. The elements of G must respect the restriction

∑
j gij ≤ 1,∀i to

ensure that during a transition an agent can generate at most one message.
Matrix A describes the accepting probability: a message is dropped with
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Figure 4.2: Sensor model with messages rejection.
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Figure 4.3: A representation of a Markovian Agent.

probability aii, and it is accepted with probability 1 − aii. In the latter
case, the agent immediately jumps to state j (j 6= i) with probability aij ,
and

∑
j 6=i aij = 1− aii, ∀i. This implies that rows of matrix A sum to 1.

In Figure 4.2 the MA of the Example 4.2.3 is represented.

Figure 4.3 gives a visual representation of a general MA. Continuous
arrows represent local state transitions governed by the infinitesimal gener-
ator Q of the Markov Chain. During such transitions of rate qij , messages
can be generated, as represented by the dotted arrows starting from a
transition arc whose label represents the generation probability gij . The
presence of a dotted arrow means that gij > 0. Dashed arrows that con-
nect states represent induced transitions caused by the acceptance of an
incoming message, in such case we have that aij > 0.
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4.2.1 Interactions by mean field

The model assumes the presence in the system of a population of agents
scattered in the geographical space. In such case, using the state-space
method to represent the interactions between them does not provide an
efficient solution because of the well-known state space explosion problem.
Therefore a mean field technique is used as an alternative solution. The
main idea of the mean field technique is to focus on one particular tagged
entity and to replace all interactions with the other entities with an aver-
age interaction. The reduction of a multi-body problem into an effective
one-body problem makes the solution easier, while at the same time takes
into account the contribution of an averaged interdependence of the whole
system on the specific entity.

This approach was presented in [20] where it was proposed to analyse
several dependent policies for Markovian queues, however our work differs
from [20] because it includes both temporal and localised spatial dependen-
cies. A naive application of the mean field technique does not preserve spa-
tial dependencies because all the interactions with other agents are treated
independently on their spatial position. To consider spatial dependencies,
the average effect of the interactions is computed by a scaled or weighted
integration. The weights are provided by a function called perception func-
tion which takes into account the spatial arrangement of the agents. In the
following we will present in detail the abstraction process arising from the
mean field technique.

Let us assume that we have N identical discrete finite-state agents scat-
tered on a geographical space V. They are represented in the form of a
CTMC: the state transitions of the CTMCs might depend on the current
state of all entities, but cannot depend on the past history of the process.
The agents are identified by their position v ∈ V and their state at time t is
denoted by X(v, t). Furthermore we assume, as an essential property, that
all the entities are identical and indistinguishable. With this assumption,
the behaviour of agent i does not depend directly on the particular state
of a generic agent j, but it may depend on the global number of entities
in each position and state. We define N(A, t) the number of agents in the
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spatial area A ⊆ V , and Ns(A, t) the number of agents in the spatial area
A in state s, we have that N(A, t) =

∑
s∈S Ns(A, t). Finally, we define the

spatial state density which takes into account the density of the agents in
a particular state s located in position v.

Definition 4.2.4 The spatial state density ρs : V × T → R
∗ is a function

that satisfies the following equation:

Ns(A, t) =

∫

A

ρs(v, t)dv (4.5)

where R
∗ = R ∪ {0} is the set of non-negative real numbers.

Notice that the spatial state density is a particular instantiation of the
projection function which is part of the mean field general schema presented
in Section 2.2.

We can compute also the spatial density of the agents located in position
v independently of their state as:

ρ(v, t) =
∑

s∈S

ρs(v, t) (4.6)

We have that:

N(A, t) =
∑

s∈S Ns(A, t)
=

∑
s∈S

∫
A

ρs(v, t)dv
=

∫
A

∑
s∈S ρs(v, t)dv

=
∫
A

ρ(v, t)dv

(4.7)

During an interval time, the state density ρs(v, t) can change for two
reasons:

• the agents change their state due to a local or induced transition;

• the agents density ρ(v, t) changes due to a movement of the agents.
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In a Static Markovian Agent Model, we assume that the spatial density ρ(v)
remains constant, hence we have ρ(v) =

∑
i ρi(v). In a Dynamic Markovian

Agent Model the spatial density ρ(v, t) can change with the passage of time.
The Dynamic Markovian Agent Model including its definition and analysis
is described in Chapter 7.

As a result of Equation 4.6, the spatial density function summarises the
information about agents abstracting away from:

• their individuality, due to the passage from X(v, t) to Ns(A, t);

• their exact number, due to the passage from Ns(A, t) to ρs(A, t).

However, it preserves the information about their distribution on the space
V.

As previously stated, the interactions are modelled by a message ex-
changing paradigm. The effects of message exchanging is ruled by the
perception function.

Definition 4.2.5 The perception function u : V×N×V×N→ R
∗ provides

the scaling factor on the interaction between a pair of sender and receiver
agents. The value u(v, s,v′, s′) represents the scaling factor between the
receiver agent in position v at state s and the sending agent in position v′

at state s′.

If we consider integer scaling factor only, the effect of the perception
function can be explained in the following way: an agent in state s′ and
position v′, for each local transition, sends to the agent in state s and
position v a number of messages equals to u(v, s, v′,v′).

The perception function provides different effects with respect to the
values that it assumes:

• Inhibition (u(·) = 0): a null values of u(v, s, v′,v′) means that the
agent v in state s does not interact with agent v′ in state s′.

• Attenuation (0 < u(·) ≤ 1): it means that only a fraction of sent
messages reaches the receiver agent. In a probabilistic interpretation,
each message arrives with a probability equal to u(·).
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• Amplification (u(·) > 1): the number of sent messages is multiplied
by u(·).

We can define a notion of neighbourhood based on interactions: an agent
is neighbour of another, if the first can interact with the latter. Therefore,
the perception function implicitly defines a notion of neighbourhood.

Definition 4.2.6 An agent in position v perceives an agent in position v′

if:
∃s, s′ ∈ S.u(v, s, v′,v′) > 0 (4.8)

The agent v′ is called a neighbour of the agent v, if it is perceived by the
latter. The neighbours set N (v) ⊆ V of an agent in position v is defined
as:

N (v) = {v′|∃s, s′ ∈ S.u(v, s, v′,v′) > 0} (4.9)

The definition of the perception function is quite general, since it takes
into account the relative positions of the emitting and receiving agents but
also the state from which the message has been emitted and the state in
which the message has been received. Each agent in each state s can distin-
guish the state s′ in which the message was issued and take the correspond-
ing action. The perception function depends on both position and state of
the sender and receiver agent. It does not depend directly on time, however
it depends indirectly because states change randomly as time progresses.

4.3 Markovian agents analysis

An MAM can be analysed solving a set of coupled ordinary differential
equations. In this section we describe how to perform the quantitative
analysis of a Static Markovian model, we postpone the description of the
analysis of a Dynamic Markovian model to Section 7.2. Since in a Static
Markovian model, we assume that the total density of agents in position v

remains constant over time, we have that:

n∑

i=1

ρi(t,v) = ρ(v) , ∀t ≥ 0. (4.10)
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We collect the state densities into a vector ρ(v, t) = [ρi(v, t)] and we
are interested in computing the transient evolution of ρ(v, t).

In the following analysis, we assume that the homogeneous hypothe-
sis (see Section 2.2) holds. Due to condition (HH1) of the homogeneous
hypothesis, all agents behave in the same way, but they are subjected to
different interactions depending on the effect of the perception function,
which in turn depends on both agent position and state. The interactions
have an effect on the agent behaviour because they can elicit a passage of
state on the agents, therefore it is not possible to exploit condition (HH1)
to simplify the analysis of the whole agent behaviour. However by the
model definition, local transitions do not depend on the external interac-
tions. Therefore the analysis of the behaviour of local transitions can profit
of condition (HH1). Also the message generation can benefit of the condi-
tion because it depends only on local transition, i.e. a message is generated
only due to a local transition. Hence, we start by defining βj as the total
rate at which messages are generated by an agent in state j:

βj = λj gjj +
∑

k 6=j

qjk gjk. (4.11)

In Equation 4.11, the first term in the r.h.s. gives the rate to emit a message
with probability gjj when the MA sojourns in the state j (λj); similarly the
sum in the second term is introduced to accumulate the rates qjk to emit a
message with probability gjk each time the MA changes its state from j to
a different state k.

To compute the rate of messages received by an agent, we can exploit
condition (HH2) of the homogeneous hypothesis which states that a set of
interactions can be approximated by an average interaction. The rate βj

can be used to compute γii(t,v), the total rate of messages received by an
agent in state i at position v at time t. Let us consider an infinitesimal
area dv′ where ρj(t,v

′)dv′ agents currently in the state j exist; all together
they send messages at rate βjρj(t,v

′)dv′ from that state.
Considering that a generic agent in position v, when in state i, receives

just a portion of messages from the agents in state j located in v′, as spec-
ified from the perception function u(·), the total rate of received messages
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is:
u(v, i,v′, j)βjρj(t,v

′)dv′.

This quantity estimates the received message rate from agents which are
in a given state j from position v′; summing all the contributions deriving
from all the states, and integrating on all the area V, the total rate of
received messages is obtained:

γii(t,v) =

∫

V

n∑

j=1

u(v, i,v′, j)βjρj(t,v
′)dv′. (4.12)

We collect the rates (4.12) in a diagonal matrix Γ(t,v) = diag(γii(t,v)).
We can use matrix Γ(t,v) combined with matrix Q to characterise the
stochastic process that describes the transient behaviour of an agent. This
matrix can be used to compute K(t,v), the infinitesimal generator of an
agent in position v at time t:

K(t,v) = Q + Γ(t,v) [A− I] , (4.13)

where the first term in the r.h.s. is the local transition rate matrix and the
second term is the matrix containing the interaction induced rates.

The evolution of the entire model can be studied by solving for each
position v the following ordinary differential equations:





ρ(0,v) = ρ(v)π0

∂ρ(t,v)

∂t
= ρ(t,v)K(t,v).

(4.14)

From the density of agents in each state, we can compute the probability
of finding an agent at time t in position v in state i as:

πi(t,v) =
ρi(t,v)

ρ(v)
, (4.15)

and we collect all the terms in a vector π(t,v) = [πi(t,v)]. Equation 4.15
combined with Equation 4.10 provides the standard normalisation condition
for the probability vector.
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Some observations on the previous steps are needed in order to clearly
understand the analysis:

1. The computation of the integral in Equation 4.12 by partitioning the
area V in several infinitesimal areas dv′ works only if, for all bounded
mutually disjoint areas Ak ⊆ V, k = 0, 1, ..., the spatial density of
agents in Ai is independent on the spatial density of all other area
Aj , i 6= j. This condition is satisfied, if the spatial density follows a
spatial Poisson distribution (see Section 2.1.2).

2. Equation 4.12 is the result of the application of the condition (HH2) in
a spatial context where the average effect is computed on all the area
V. To preserve spatial dependencies between agents behaviour, the
perception function modulates the resulting interaction mean field.

3. In the analysis, the time between the generation of a message and
its reception is assumed to be negligible with respect to the duration
of local and induced transitions. Indeed, the message exchanging is
necessary only to describe in an explicit way spatial dependencies
occurring between agents.

4. Equation 4.15 holds only if, in each position v, the sojourn in a given
state of the agents and their presence in v are independent events.



Chapter 5

Numerical Analysis

5.1 Finite difference methods

The approach of finite difference methods for solving an ordinary differential
equation (ODE) is to transform a calculus problem into an algebra problem
by:

• Discretizing the continuous physical domain to a discrete finite dif-
ference grid.

• Approximating the exact derivatives in the initial-value ODE by al-
gebraic finite difference approximations (FDAs).

• Substituting the FDAs into the ODE to obtain an algebraic finite
difference equation.

• Solving the resulting algebraic difference equation.

In our case, Equation 4.14 is solved by discretization of both the space V
and the time interval solution using conventional discretization techniques.

Equation 4.14 is solved for every point v of the continuous space V.
A typical approach consists in partitioning the space into N cells of equal
area. In each cell the solution is assumed to be constant. In this case, the
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equation is solved separately for every cell. The values of the matrix K are
computed from Equation 4.13: the values of matrices Q and A are fixed
and provided by the definition of the model, whereas the values of Γ need to
be computed for each time interval because they depend on the parameter
t. To compute the values of Γ, the continuous integral in Equation 4.12 is
replaced by a summation over all the N cells:

γii(t, vl) =
N∑

k=0

n∑

j=1

u(vl, i, vk, j)βjρj(t, vk)|vk|, (5.1)

where the discretized cells vl and vk replace the vectors v and v′ in Equa-
tion 4.12, respectively; and |vk| denotes the area of the cell vk.

The interval solution is discretized on a discrete point set {tw|w =
0, 1, ..., W}, where ∆t = (tW − t0)/W is the step-length between the points.
The partial derivative in Equation 4.14 is then approximated by a finite
difference in each point set tw. More formally, a general first-order ordinary
differential equation: 




y(t0) = y0

∂y(t)
∂t

= f(t,y)

(5.2)

can be approximated by replacing the partial derivative with a finite dif-
ference. Note that, in our case, y(t) ≡ ρ(t,v) and f(t,y) ≡ K(t,v). In
explicit methods the value of f(·) is computed at current point tw, and we
obtain Equation 5.3. In implicit methods the value of f(·) is computed at
next point tw+1 = tw + ∆t (Equation 5.4).





y(t0) = y0

y(tw+∆t)−y(tw)
∆t

= f(tw,y)

(5.3)

.





y(t0) = y0

y(tw+∆t)−y(tw)
∆t

= f(tw + ∆t,y)

(5.4)

.
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5.1.1 Euler explicit method

Approximating Equation 4.14 by an explicit method yields:

ρ(t + ∆t,v)− ρ(tw,v)

∆t
≈ ρ(tw,v)K(tw,v). (5.5)

Multiplying by ∆t and reordering terms:

ρ(tw + ∆t,v) = ρ(tw,v) [I + K(tw,v)∆t] . (5.6)

Assuming at t0 = 0 the initial condition in Equation 4.14, the solution
vector ρ(tw + ∆t,v) is computed directly from Equation 5.6 starting from
ρ(t0,v).

5.1.2 Euler implicit method

We approximate Equation 4.14 by an implicit method and obtain:

ρ(tw + ∆t,v)− ρ(tw,v)

∆t
≈ ρ(tw + ∆t,v)K(tw + ∆t,v). (5.7)

Multiplying by ∆t and reordering terms, we obtain:

ρ(tw + ∆t,v) [I−K(tw + ∆t,v)∆t] = ρ(tw,v). (5.8)

Note that the solution approximation at the next point tw + ∆t is not
defined as an explicit formula, but as the solution of an algebraic equation.
To overcome this problem, we can evaluate Equation 5.8 by a fixed point
iteration. For each interval tw, we calculate a sequence of approximations
ρ

0(tw + ∆t,v), ρ
1(tw + ∆t,v), ..., using the following formula:





ρ
0(tw + ∆t,v) = ρ(tw,v)

ρ
i+1(tw + ∆t, v )

= ρ(tw,v) + ρ
i(tw + ∆t,v)K(tw + ∆t,v)∆t.

(5.9)

We assume that the sequence converges within a given tolerance ǫ, if |ρi+1(tw+
∆t,v)− ρ

i(tw + ∆t,v)| < ǫ. In such case, we take ρ
i+1(tw + ∆t,v) as the

computed value of ρ(tw + ∆t,v) and iterate to the next point.
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5.1.3 TR-BDF2

The general linear multi-step method with step length ∆t can be written
as:

k∑

j=0

αjyi+j = ∆t
k∑

j=0

βjfi+j ,

where αj and βj are constants, αj and βj are not both zero, αk = 1, and
fi ≡ f(ti, yi). A method is explicit if βk = 0, implicit otherwise.

The TR-BDF2 [15] is a multi-step method which combines the trapezoid
rule (TR) with the second order Backward’s Difference (BDF2).

The TR method from ti to ti+1 uses the following formula:

2yi+1 −∆tfi+1 = 2yi + ∆tfi.

The TR-BDF2 starts by computing, with TR method, a step from ti
to ti + γ∆t, where γ ∈ [0; 1] is a constant. Then, to step from ti + γ∆t to
ii+1, the following formula is used:

(2− γ)yi+1 − (1− γ)∆tfi+1 = γ−1yi+γ − γ−1(1− γ)2yi.

The application of this method to Equation 4.14 yields, for the TR step:

2ρ(t + ∆t,v)−∆tK(t + ∆t,v) = 2ρ(t,v) + ∆tK(t,v),

and for the BDF2 step:

(2−γ)ρ(t+∆t,v)−(1−γ)∆tK(t+∆t,v) = γ−1
ρ(t+γ∆t,v)−γ−1(1−γ)2ρ(t,v).

Both the TR and BDF2 are implicit methods which can be solved by
the fixed point approach illustrated in Section 5.1.2.

5.1.4 Complexity

Let 0 − TW be the time interval in which the solution equation is com-
puted and T∆ = TW /∆t the number of the discrete time points. Further,
denote by n the state space dimension of MAs. With these notations, the
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time complexity of the solution algorithm turns out to be O(T∆N2n2),
and can be evaluated as follows: equation (4.14) iterates T∆N times the
computation of the K(t,v) matrix which in turn requires computations of
the Γ(t,v) matrix whose complexity is O(Nn). Hence, the computation
of K(t,v) has a complexity of O(Nn) and represents the most expensive
step in the procedure, because it considers all possible interactions among
agents, and positions. However, the definition of the perception function
can, in most practical applications, confine the interaction of each MA to
a limited number of neighbour MAs, thus significantly reducing the com-
plexity of this step.

The storage complexity may be limited by virtue of the implemented
iterative numerical technique in (Equation 5.9) that allows to compute all
the needed quantities (vectors and matrices) at each iteration step. The size
of the final computed vector ρ(t,v) that must be stored at each iteration
step (old and new value) is O(Nn).
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Chapter 6

Model extensions

In this chapter we propose several extensions to the basic model of MAM
presented in Chapter 4, we present the extensions in an incremental way.
In Chapter 4, we started to define a model composed by agents with the
same behaviour which interact by exchanging a single type of messages.
This model allows to represent distributed systems composed by homo-
geneous entities interacting in a unique way. In Section 6.1, we include
the capability of defining several classes of agents then, in Section 6.2,
also several types of messages. These additional features allow to describe
heterogeneous distributed systems exhibiting complex interactions like in
communication protocols, as shown in the application of the model to a
swarm-based protocol (see Chapter 12). Then, in Section 6.3, we illustrate
the characteristics of a variant, called spatially dependent agents model,
where behaviour of agents depend on their position. Finally, in Section 6.4
we review some features of both multi-agent systems and environments in
which such systems operate.

6.1 Multi class agents

The development of a model based on an interactive agent paradigm needs
a collection of roles and relationships which governs agent behaviour, and
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protocols which govern message exchanging. All multi-agent systems pos-
sess some or all of these characteristics and therefore all have some form
of organisation [66]. For our purpose, we classify these organisations based
on the behaviour of its agents, in particular we consider the behaviour
due to both the reception of local percepts and the interaction with other
agents. Whenever in presence of the same local perceptions and interac-
tion requests, all agents react in the same way, we have a uniform behaviour
system.

With respect to our classification, the simplest distributed system is
composed by a collection of homogeneous entities interacting in a unique
way. Such systems can be represented by the Basic Model introduced in
Section 4.2 in which agents have the same behaviour and they interact
by exchanging a single type of messages. The Basic Model can represent
systems composed by agents with the same behaviour, however a great
number of systems are composed of entities which behave differently from
each other. A complex system includes components with different roles and
objectives that acts in distinct way in order to satisfy them. Although it
is possible to represent these systems using a single monolithic model, an
alternative approach is to resort to an higher level definition based on the
concept of behaviour class or simply class. We include in the definition of
a MA model a set of behaviour classes, each of them describes a different
agent behaviour.

A multi-class agents model [27] is described by a tuple:

MSMAM = {C,MA,V, Υ, u} (6.1)

where:

C = {1 . . . C} is a set of classes of agents.

MA is a set of agents.

V is the finite space over which Markovian Agents are spread.

Υ = {ρc} is the set of spatial agent density functions.
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u : V × C × N× V × C × N→ R
∗ is the perception function.

Both the spatial density function and the perception function depend
on the class index c, therefore agents belonging to the same class are dis-
tributed according to the same spatial density function and interact in the
same way. We assume that the agents of class c are distributed over the
space V following a spatial Poisson process of finite parameter ρc(v). That
is, the number of agents of class c in a finite area A ⊆ V is distributed
according to a Poisson distribution Pois(

∫
A

ρc(v)dv).

The definition of the perception function is extended to take into ac-
count the interactions between agents of different classes. The perception
function: u : V ×C ×N×V ×C ×N→ R

∗ is defined such that the values of
u(v, c, i,v′, c′, i′) represent the scaling factor between an agent of class c, in
position v, and in state i,and an agent of class c′ in position v′ in state i′.

Each agent a ∈MA belongs to a class c ∈ C. We denote nc, with c ∈ C,
the number of states of agent of class c. To each class c corresponds a tuple
MAc:

Definition 6.1.1

MAc = {Sc, πc
0,Q

c, Λc, Gc, Ac} (6.2)

where:

Sc = {1...nc} is the set of possible states of the agent.

πc
0 is a probability vector of size nc which represents the initial state dis-

tribution of the agent.

Qc = [qc
ij ] with i, j ∈ Sc is the nc × nc infinitesimal generator matrix of a

continuous time Markov chain.

Λc = [λc
i ], is a vector whose components represent the finite rate of self-

jump, that is the rate at which the Markov chain reenters the same
state.
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Gc = [gc
ij ] is a nc × nc matrix, that describes the generation probability of

the messages.

Ac = [ac
ij ] is a nc × nc matrix, that describes the acceptance probability of

the messages.

The behaviour of MAs is completely characterised by the MAc tuple,
hence agents belonging to the same class share not only the same local
behaviour, i.e. space-state and generator matrix, but also the same induced
behaviour, i.e. generation and acceptance matrices.

6.2 Multi-class agents, multi-type messages

Usually in complex protocols the messages include an operation code that
specify its type, for instance a request of information, or a command issued
to the receiver agent. According to the type of the received message and the
prescription of the protocol, the receiver can react to the reception of the
message in different ways: a request of information usually is followed by the
transmission of data, a reception of a command is followed by deliberation
of the receiver on the command and, eventually, its execution. In order to
describe such behaviour, the MA model definition needs to be extended by
addition of multiple types of messages.

A multi-class agents, multi-type message model M2MAM is defined by
the tuple:

M2MAM = {C,MA,M,V, Υ,U} (6.3)

where:

C = {1 . . . C} is a set of classes of agents.

MA is a set of agents.

M = {1 . . .M} is a set of types of messages. Each agent can send to, or
receive from other agents, messages of type m ∈M.

V is the finite space over which Markovian Agents are spread.
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Υ = {ρc} is the set of spatial agent density functions.

U = {um} is the set of perception functions, where each element is defined
as um : V × C × N× V × C × N→ R

∗.

Each agent is defined by the tuple:

M2MAc = {Sc, πc
0,Q

c,Λc,Gc(m),Ac(m)} (6.4)

Where:

Qc = [qc
ij | is the nc × nc infinitesimal generator matrix of a continuous

time Markov chain of agents of class c.

Λc = [λc
i |, is a vector whose components represent the finite rate of self-

jump, that is the rate at which the Markov chain reenters the same
state for agents of class c.

Gc(m) = [gc
ij(m)| is a nc×nc matrix, that describes the generation prob-

ability of messages of type m for agents of class c.

Ac(m) = [ac
ij(m)| is a nc×nc matrix, that describes the acceptance prob-

ability of messages of type m for agents of class c.

Qc is the infinitesimal generator of an ordinary CTMC, whose entry qc
ij

represents the transition rate from state i to state j, with qc
ii = −∑nc

j 6=i q
c
ij .

Each element gc
ij(m) ∈ G, represents the probability that a message of

type m is generated when a transition from state i to j occurs in agents of
class c . We have that:

M∑

m=1

gc
ij(m) ≤ 1, ∀c, i, j. (6.5)

This last condition means that during a transition an agent can generate
zero or more messages of different type.

Figure 6.1 gives a visual representation of a M2 MA. Multiple dotted
arrows can start from a single local transition. To each of them is associated
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Figure 6.1: A representation of a M2 Markovian Agent.

a label that indicates which type of message is generated. Also induced
transitions are labelled by a type of message meaning that the transition
is possible due the acceptance of a specific type of message. Note that we
choose to drop in the visual representation the generation and acceptance
probability label. We leave to the modeller the choice of which labels to
include in the visual representation of a M2 MA.

6.2.1 M
2
MAM analysis

As in the Basic model also an M2MAM model can be analysed solving
a set of coupled ordinary differential equations. The analysis follows the
same steps described in Section 4.3, but the notation and some equations
are modified to include the new features of the model.

Let us call ρc
i (t,v) the density of agents of class c, in state i, and located

in position v at time t. Since we assume that the total density of agents in
position v remains constant over the time, we have that:

nc∑

i=1

ρc
i (t,v) = ρc(v) , ∀t ≥ 0. (6.6)
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We collect the state densities into a vector ρ
c(t,v) = |ρc

i (t,v)| and we
are interested in computing the transient evolution of ρ

c(t,v).
We start by defining βc

j (m) as the total rate at which messages of type
m are generated by an agent of class c in state j:

βc
j (m) = λc

j gc
jj(m) +

∑

k 6=j

qc
jk gc

jk(m). (6.7)

In Equation 6.7, the first term of the sum gives the rate to emit a message
when the MA remains in the state j (λj) with probability gc

jj(m); similarly
the second term is introduced to accumulate the rates qc

jk to emit a message
each time the MA changes its state from j to a different state k, with
probability gc

jk(m).
The rate βc

j (m) can be used to compute the total rate of messages of
type m received by an agent of class c in state i at position v at time
t, γc

ii(t,v, m). Let us consider an infinitesimal area dv′ where ρc′

j (t,v′)dv′

class c′ agents currently in the state j exist; all together they send messages
of type m at rate βc′

j (m)ρc′

j (t,v′)dv′ from that state. Considering that a
generic class c agent in position v, when in state i, receives just a portion
of messages from the class c′ agents in state j located in v′, as specified
from the perception function u(), the total rate of received messages is:

um(v, c, i,v′, c′, j)βc′

j (m)ρc′

j (t,v′)dv′.

This quantity estimates the received message rate from a specific class of
agents c′ which are in a particular state j from position v′; summing all the
contributions deriving from all the states and all the class of agents, and
integrating on all the area V the total rate of received message is obtained:

γc
ii(t,v,m) =

∫

V

C∑

c′=1

nc′∑

j=1

um(v, c, i,v′, c′, j)βc′

j (m)ρc′

j (t,v′)dv′ (6.8)

We can collect the rates in Equation 6.8 in a diagonal matrix Γc(t,v,m) =
diag(γc

ii(t,v,m)). This matrix can be used to compute Kc(t,v), the infinitesimal
generator of an agent of class c in position v at time t:

Kc(t,v) = Qc +
∑

m

Γc(t,v,m) [Ac(m)− I] , (6.9)
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where the first term in the r.h.s. is the local transition rate matrix and the second
term the matrix containing the interaction induced rates.

The evolution of the entire model can be studied by solving ∀v, c the following
ordinary differential equations:





ρ
c(0,v) = ρc(v)πc

0

dρ
c(t,v)

dt
= ρ

c(t,v)Kc(t,v).

(6.10)

From the density of agents in each state, we can compute the probability of finding
an agent of class c at time t in position v in state i as:

πc
i (t,v) =

ρc
i (t,v)

ρc(v)
, (6.11)

and we collect all the terms in a vector π
c(t,v) = |πc

i (t,v)|. Equation 6.11 com-
bined with Equation 6.6 provides the standard normalization condition for the
probability vector. Equation 6.10 can be solved by the solution techniques illus-
trated in Chapter 5.

6.3 Spatially dependent agents

The MA definition in the Basic Model of Section 4.2 and its extensions in Sec-
tion 6.1 and Section 6.2 can describe an heterogeneous system exhibiting complex
interactions. Note that the behaviour of the components of such system only de-
pends on their class, not on their location. However, the capability to represent
also spatially dependent agents, i.e. agents behaving differently according to their
positions, can be useful to model in detail the spatial propagation of a phenomenon
in an inhomogeneous medium.

The approach is: to divide the inhomogeneous medium in parts, to represent
the local characteristics of the medium in each part by a single MA and to model
the propagation of the phenomenon in the medium by the diffusion of messages
through MAs. If the behaviour of MAs is spatially dependent, then the attitude to
diffuse messages depends on the position, therefore also the propagation depends
on it. Examples of such approach is in Chapter 9 and Chapter 10.

The definition of a spatial dependent agents is as follows:

Definition 6.3.1

MA = {S, π0,Q(v),Λ(v), G(v), A(v)}, (6.12)
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where each element of the tuple has the same meaning of Definition 4.3, but the
parameters of the MA depend on the position v of the cell in which the MA itself
resides. Note also that the state-space S does not depend on v. Indeed, in such
definition it is possible to describe a completely different behaviour between agents
belonging to different positions. However, we prefer to preserve the agent struc-
ture in different positions, and to limit the spatial dependency on the stochastic
behaviour of the agent. More precisely, the null values of the matrices Q(v) should
be the same independently of the position v, whereas the non-null ones depend on
v.

The numerical analysis of the model with spatial dependent agents does not
differ significantly from the analysis of the other MA model variants. It is only
necessary to evaluate in Equation 4.10-4.14 the matrices Q, G, A and the vector
Λ as a function of v.

6.4 Why agents?

The following definition of agent can be found in [88]: ”an agent is anything that
can be viewed as perceiving its environment through sensors and acting upon
that environment through actuators”. The term perceptions refers to the agents
perceptual inputs at any given instant, the complete perceptual history is called
the perception sequence. A possible approach to describe the agent behaviour is
to list the action it takes in response to each percepts sequence. Such list is called
the agent function, it maps any given percepts sequence to an action that the
agent can perform. Clearly, its explicit creation is feasible only for a very limited
number of simple agents, however it is possible to define a compact representation
of the mapping using for instance a finite-state model. Note that even if the
agent function is defined as a mapping from percepts sequence to action, the agent
receives only a single percept at time, therefore is up to the agent to rebuild the
whole percepts history in memory. In some cases, storing the percepts sequence
is not needed, and in complex domains it is even infeasible. Resorting to a finite-
state model to build the percepts history from successive percepts inputs is often
an effective solution to represent the agent behaviour [108].

For this reasons, in the MAM framework, the solution of modelling individuals
as MA appears also suitable to represent agent systems. The two types of inter-
action that an agent can perform, perceiving and acting, are modelled as message
exchanging. Perceiving is represented by a reception of an incoming message due
to an induced transition, whereas acting is represented by a sending a message to
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the environment due to a local transition. Both types of transition can elicit a
change in the internal state of the agent to compute in an incremental way the
mapping between percepts sequence and response action.

An agent usually operates in environments containing other agents. A multi-
agent system is composed by several agents interacting with each other through
communication. Multi-agent environments includes the following characteristics:

• they provide an infrastructure specifying interaction protocols;

• they are typically not centralised;

• they contain agents which are autonomous and distributed, and may be
self-interested or cooperative.

Note that, in a multi-agent system, the environment of a specific agent includes
all the other agents in the system and their request of interactions.

In the agent literature the concept of autonomy is defined with respect to two
different points of view: the internal and external ones [80].

1. Internal. It is adapted in the analysis and formalisation of individual agents.
For instance in [88], ”a system is autonomous to the extent that its be-
haviour is determined by its own experience”. In other words, an agent is
autonomous, if the choice of its actions is based on both a priori built-in
knowledge and the experience built during its life in the environment. This
definition requires to the agent the ability to learn from its own experience.

2. External. It does not prescribe anything to the single agent, instead requires
that other agents cannot be controlled/influenced directly. In other words,
agents behaviour cannot be imposed by any other agent. This second def-
inition is also called ”collaboration autonomy” [103] and is adapted in the
design and study of multi-agent systems.

The MA can be called autonomous with respect to Definition 2. In particular,
the presence of matrix A of the acceptance probabilities allows the agent to accept
(aii 6= 0) or to refuse (aii = 0) a request of interaction from any other agent.

In many cases a centralised approach is impossible, because the systems and
data belong to independent organisations. The information involved is necessarily
distributed, and it resides in information systems that are large and complex in
several senses:

• they can be geographically distributed,

• they can have many components,
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• they can have a huge content, both in the number of concepts and in the
amount of data about each concept.

The MAM framework is specifically designed to represent a population of
agents geographically distributed in an environment. The spatial density func-
tion allows to define, in an abstract way, the distribution of the agents without
considering their specific location. Moreover, the perception function is expressive
enough to capture spatial dependencies between agents behaviour.

By definition agents operate inside an environment. The quality of agent
actions, therefore, depends on the kind of environment in which agents operate.
Some characteristics of the environment are:

• Accessible/inaccessible. If the sensors of the agents can detect all the rele-
vant information about the environment, then the environment is accessible,
otherwise it is inaccessible. In an accessible environment, agents need not
to maintain an internal representation of the external world.

• Deterministic/non deterministic. If the evolution of the environment is com-
pletely determined by the current state and by the action performed by the
agent, then the environment is deterministic, otherwise it is non determin-
istic.

• Static/dynamic. If the environment can change while agent is deliberating,
then the environment is dynamic, otherwise it is static.

• Discrete/continuous. If a limited number of distinct percepts and actions
exists, then the environment is discrete, otherwise it is continuous.

The hardest case to represent is inaccessible, dynamic and continuous. In the
MAM framework, it is possible to describe an inaccessible, dynamic and discrete
environment. An MA can cope with an inaccessible environment because its states
can be exploited to keep track of the current state of the external world. All the
relevant information about the environment current state, which are not contin-
uously accessible by the agent sensors, can be coded, after their acquisition, in a
distinct state of the agent. The stochastic nature of the MAM is clearly suited to
describe a non deterministic environment, because both the incoming percepts and
the effects of the actions on the environment are described by probabilities. The
environment can be dynamic because percepts, actions and state change of other
agents are represented by transitions which can be in concurrency. Furthermore in
the dynamic Markovian agents model (see Chapter 7), also the spatial distribution
of agents in the geographical space can evolve with the passage of time. Finally,
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the MAM framework includes a finite-state model of the agent behaviour with a
finite number of transitions, therefore it is possible to describe only discrete envi-
ronment. However, a classical solution is to represent a continuous environment
by ad-hoc discretization of percepts and actions.



Chapter 7

Dynamic Markovian Agent

A Dynamic MA is an MA that can move in the space and whose movement is
determined by its position and speed. In a system of interacting DMAs, the
density of agents changes in time and in space according to the mobility properties
of the agents. In Section 7.1 we illustrate the definitions necessary to represent
the agent movements. The agent density variation in time and space is ruled
by a system of partial differential equations presented in Section 7.2; the set of
partial differential equations are solved by an upwind semi-discretization technique
presented in Section 7.2. The application of the model to collision risk analysis in
road tunnels can be found in Chapter 11.

7.1 Model

In [35], we introduce a Markovian Agent as an entity that can evolve according
to a CTMC, and can communicate by emitting messages belonging to M different
types. To simplify the description of the model, we assume a single class, i.e.
c = 1, of spatially dependent agents sending multiple type of messages. Following
and extending the definition given in [54, 35] a Dynamic Markovian Agent DMA
[19], is a tuple:

DMA(v) = {S,Q(v),Λ(v),G(v,m),A(v,m),Wd(v)}, (7.1)

where:

S = {s0, . . . , sn−1} is the set of the states of a continuous Markov chain.

61
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Q(v) = [qij(v)| is the n×n infinitesimal generator matrix of the continuous time
Markov chain of the agent located at v whose entries qij(v) represent the
transition rates from state i to state j, with qii(v) = −∑n

j 6=i qij(v).

Λ(v) = [λi(v)|, is a n-dimensional vector whose components represent the finite
rate of self-jumps of the continuous time Markov chain of the agent located
at v (the rate at which the Markov chain reenters the same state).

G(v,m) = [gij(v,m)| is a set of M matrices of dimension n×n, that describe the
probability of generating a message of type m (m = 1, 2, . . . , M) during a
transition of the agent from state i to state j. Each entry gij(v,m) represents
the probability that a message of class m is generated in a DMA located at
v when a transition from state i to j occurs. We have that:

M∑

m=1

gij(v,m) ≤ 1, ∀1 ≤ i, j ≤ n. (7.2)

As in the static model, from the above definitions, we can compute the rate
βi(v,m) at which messages of class m are produced in state i in location v:

βi(v,m) = λi(v) gii(v,m) +
∑

j 6=i

qij(v) gij(v,m). (7.3)

A(v,m) = [aij(v,m)| is a set of M matrices of dimension n × n, that describe
the probability of accepting a message of class m. In particular, a DMA
in state i at position v has a probability aii(v,m) of ignoring an arriving
message of class m and a probability 1 − aii(v,m) of accepting it. An
accepted message m induces an immediate state change toward state j with
probability aij(v,m). We have that:

n∑

j=1

aij(v,m) = 1, ∀1 ≤ i ≤ n,∀m. (7.4)

Wd(v) = diag(wd
ii(v)) is a set of d drift diagonal (n×n) matrices describing the

speed of the agent as function of its state. Each entry wii(v) is the d−th
component of the speed of the agent in state i and is given by:

wd
ii(v) =

d (v)d

dt
. (7.5)
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When the d−th speed component in state i is constant over the space, we
simply write wd

ii.

In order to consider motion, we must have d ≥ 1 (that is we cannot consider
agents distributed over a discrete set of positions). A Dynamic Markovian Agent
Model (DMAM), is a collection of Dynamic Markovian Agents over a space V.

DMAM = {DMA(v), um, s(t,v), O(t,v)}, (7.6)

where:

um : V × N × V × N → [0 . . . 1] is a set of m (m = 1, 2, . . . , M) perception
functions. um(v, i,v′, i′) is the scaling factor on message of type m between
an agent in position v in state i and an agent in position v′ in state i′.

s(t,v) : V → (R+)n and O(t,v) : V → (R+)n×n are the Birth and Death terms,
respectively. s(t,v) = [si(t,v)| is a row vector representing the rate of new
DMA entering the system in position v at time t (new calls in a mobile
system). O(t,v) = diag(oii(v)) is a diagonal matrix which represents the
exit of DMA from the system in position v at time t (end calls in a mobile
system).

We denote with ρi(v) the density of agents in state i at a location v, it changes
according to the equation:

dρi(v)

dt
= si(v)− ρi(v)oii(v), (7.7)

or (in vector notation):

dρ(v)

dt
= s(v)− ρ(v)O(v), (7.8)

where ρ(v) = [ρi(v)] i = 1 . . . n. We have that ρ(v) =
∑n

i ρi(v).

7.2 Model Analysis

We address the transient analysis of a DMAM model. We call ρi(t,v) the density
of agents in state i at a location v, and in vector notation ρ(t,v) = [ρi(t,v)|
i = 1 . . . n. The total agent density in position v is thus ρ(t,v) =

∑n
i ρi(t,v).

The total number of messages of class m, received by an agent in state i,
depends on its position v, and on the time instant t. We will thus call γii(t,v,m)
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the rate at which messages of class m are observed by a MA in state i, at a given
position v and at a given time instant t. Due to the properties of the spatial
Poisson distribution, we can compute γii(t,v) as:

γii(t,v,m) =

∫

V

n∑

i′=1

ρi′(t,v
′)um(v, i,v′, i′)βi′(v

′,m)dv′. (7.9)

Let the diagonal matrix Γ(t,v,m) = diag(γii(t,v,m)) collect the rates com-
puted from (7.9). Not all the messages observed by an agent in a given position at
a given time cause a change of state. In fact, messages are ignored with probability
aii(v,m). We can use matrix Γ(t,v,m) combined with matrix R(v,m) to describe
the transition rates induced in a DMA by the perception of messages sent by the
other DMAs. Hence, the actual transition rate matrix K(t,v) that characterizes
the stochastic process of a DMA at position v and time t, is composed by a local
term and an interaction induced term as in the following equation:

K(t,v) = Q(v) +

M∑

m=1

Γ(t,v,m) [A(v,m)− I] . (7.10)

Matrix K(t,v) can be used to compute the evolution of ρ(t,v) using a modified
version of the Kolmogorov equations:

∂ρ(t,v)

∂t
+

d∑

i=1

∂
(
ρ(t,v)Wd(v)

)

∂ (v)d
(7.11)

= ρ(t,v) [K(t,v)−O(t,v)] + s(t,v).

If the space is limited by a boundary ω, we can then simply add the boundary
condition:

ρi(t,v
′) = 0, ∀i,∀v′ ∈ ω (7.12)

The entrance and the exit of agents inside the system can then be considered in
the definition of O(t,v) and s(t,v).

Proof - To simplify the presentation, we restrict our proof to the one-
dimensional case with d = 1, but the same reasoning can be applied to models
with higher dimensions. We assume that the drift w1

ii depends on the state i but
is constant over the space. To improve readability, we write v instead of v, wii
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instead of w1
ii(v), and W in place of W1(v). Under these hypotheses, Equation

7.11 reduces to:

∂ρ(t, v)

∂t
+

∂ (ρ(t, v)W)

∂v
= (7.13)

= ρ(t, v) [K(t, v)−O(t, v)] + s(t, v).

We can compute the agent density ρi(t + ∆t, v) at time t + ∆t in the following
way:

ρi(t + ∆t, v) = ρi(t, v − wii∆t) [1 + kii(t, v)∆t] +

+
∑

j 6=i

ρi(t, v)kji(t, v)∆t + (7.14)

+ si(t, v)∆t− ρi(t, v)oii(t, v)∆t.

Here we suppose that, in time ∆t, agents can perform only one jump with
probability kji∆t. The first term in the r.h.s. takes into account the case in which
agents do not change the state. Since they move at speed wii, the density at time
t + ∆t in position v will be equal to the density of agents in position v−wii∆t at
time t. The second term takes into account the jump from other states (assuming
that the jump happens at the end of the ∆t time slot), and the last two terms
consider the entrance and the exit of agents from the system, respectively. The
term ρi(t, v − wii∆t) can be expanded in Taylor’s series:

ρi(t, v − wii∆t) = ρi(t, v)− ∂ρi(t, v)

∂v
wii∆t +O(∆t2), (7.15)

where O(∆t2) denotes an error term such that lim∆t→0
O(∆t2)

∆t
= 0

If we insert Equation 7.15 into Equation 7.14, put the term kii into the sum-
mation, and collect all the errors in a single term, we obtain:

ρi(t + ∆t, v) = ρi(t, v)− ∂(ρi(t, v)wii)

∂v
∆t +

+
∑

ρi(t, v)kji(t, v)∆t + (7.16)

+ si(t, v)∆t− ρi(t, v)oii(t, v)∆t +

+ O(∆t2).
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If we move ρi(t, v)− ∂(ρi(t,v)wii)
∂v

∆t to the l.h.s., and divide by ∆t, we obtain:

ρi(t + ∆t, v)− ρi(t, v)

∆t
+

∂(ρi(t, v)wii)

∂v
=

=
∑

ρi(t, v)kji(t, v) + (7.17)

+ si(t, v)− ρi(t, v)oii(t, v) +

+ O(∆t).

Using vector notation, Equation 7.13 can be obtained form Equation 7.17 by
letting ∆t→ 0.
�

7.2.1 Motions in higher dimensional space

For higher dimensions, the term
∂(ρ(t,v)D(v))

∂v
must be substituted with the sum

of the partial derivative over all the possible dimensions, each multiplied by a
different speed along that axis. A different matrix D is thus required for each axis.
For example, in two dimensional space we would require two matrices Dx and Dy

that represent the drift along the vx and vy axis respectively, and we would have:

∂ρ(t,v)

∂t
+

∂ (ρ(t,v)Dx(v))

∂vx

+
∂ (ρ(t,v)Dy(v))

∂vy

= . . . . (7.18)

In general, in a d-dimensional space, if we call vi, i = 1 . . . c an axis the space,
and Dvi

the drift along that axe, we have:

∂ρ(t,v)

∂t
+

d∑

i=1

∂ (ρ(t,v)Dvi
(v))

∂vi

= . . . . (7.19)

7.3 Numerical Analysis

In the following we will detail the solution for the one-dimensional space case,
where the drift is constant in every state (i.e. when the system is described by
Equation 7.13). We consider the space being bounded between v = 0, and v =
vmax. Equation 7.11 can be solved applying upwind semi-discretization [67]. The
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partial differential equation is first discretized over the space, and then solved with
respect to time. Space is discretized at regular intervals ∆v, with a total number of
η = ⌈vmax

∆v
⌉+ 1 points. The upwind technique makes a first order approximation

of the spatial derivative with respect to the direction of the flow. Let us call the
coordinates at which the solution is discretized vk, with vk = k ·∆v. Depending
on the sign of wii(vk), the upwind technique works as follows:

∂ρi(t, vk)wii

∂v
≈





ρi(t,vk)wii−ρi(t,vk−1)wii

∆v
wii > 0

0 wii = 0
ρi(t,vk)|wii|−ρi(t,vk+1)|wii|

∆v
wii < 0.

(7.20)

In practice, the spatial derivative is always approximated with the first order
finite difference. The difference is done in such a way that the considered position
vk is always multiplied by a positive factor. If we call W+ (W−) a matrix which
contains the positive (negative) entries of W, then we can express Equation 7.20
in vector form in the following way:

∂ (ρ(t,vk)W)

∂v
≈ −ρ(t, vk+1)

|W−|
∆v

+

+ρ(t, vk)
|W|
∆v

+

−ρ(t, vk−1)
|W+|
∆v

. (7.21)

We can then collect the densities, in all the different states and in all the
different positions, in a single vector ρ̂(t) = |ρ(t, vk)|, k = 1 . . . η−1. In particular,
the element ρ̂k:i(t) represents the density of agents in position vk, in state i at

time t. If we define K̂(t) using the tri-diagonal matrix with the structure shown
in Figure 7.1, then Equation 7.21 simply becomes:

∣∣∣∣. . . ,
∂ (ρ(t,vk)W)

∂v
, . . .

∣∣∣∣ ≈ −ρ̂(t)K̂(t). (7.22)

We then define ŝ(t), Ĉ(t) and Ô(t) as a vector and two block-diagonal matrices
that contain the versions of s(t, v), C(t, v) and O(t, v) discretized over the space.

That is: ŝ(t) = [s(t, vk)|, Ĉ(t) = diag (C(t, vk)) and Ô(t) = diag (O(t, vk)). We
can then compute the evolution of the agents in all the positions ρ̂(t) by solving:

dρ̂(t)

dt
= ρ̂(t)

[
Ĉ(t) + K̂(t)− Ô(t)

]
+ ŝ(t). (7.23)



68 CHAPTER 7. DYNAMIC MARKOVIAN AGENT

C(vk) - o(vk) -

|D+(vk-1)|

∆v

|D-(vk+1)|

∆v

|D-(vk)|

∆v

|D+(vk)|

∆v

. . .

. . .
. . .

. . .
. . .

vk vk+1 vk+2vk-1

vk-1

vk

vk+1

vk+2

|D(vk)|

∆v

Figure 7.1: Matrix K̂(t).

Equation 7.23 is an o.d.e., and can be solved using standard methods like Euler
or Runge-Kutta (see Chapter 5).
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Chapter 8

Sensor networks

In this chapter, we present a study of the battery consumption in WSN when
different on-off policies are applied. In Section 8.1, we explain in detail the model
proposed to represent a the sensor networks and the different policies for the
active/sleep alternation. In Section 8.2, we show the results obtained by the
analysis of the model, in particular we study the consumption of the battery with
respecto to the chosen policy, the failure probability and the mean queue length
of sensor nodes. This work was presented in [54].

8.1 Markovian agent model

Sensors are deployed for collecting data from the field for a variety of applications
including military surveillance, building security, dangerous physical environment
monitoring [44, 60]. They can communicate with each other by wireless links to
send collected data to specific base stations called sinks. Systems of this type are
called wireless sensor networks (WSN).

In WSN sensor node has limited computing capability and memory, and it
operates with limited battery power. Therefore, power management in battery
operated sensor networks is a hot topic addressed by many ongoing research [74].
One of the most commonly employed technique to reduce the power consumption
consists in turning on and off the power of the radio unit. Several policies have
been proposed in literature to rule the on-off, also called active-sleep, cycle of the
batteries. In this section we propose a study of power consumption in WSN with
different policies.
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b-1 b
µ µ µ

0 1 2

λ λ λ λ λ

sleep fail

φ0 φ1 φ2

φs

φb-1 φb
σ0σs

Figure 8.1: A sensor that can go to sleep only when its buffer is empty .

We model a wireless sensor network with a central base station. Since we are
investigating the power consumption of the system, we have chosen to represent all
nodes in the network, including the base station, with the same MA. Therefore, we
use the Basic model variant of the MAM (see Section 4.2). Sensors are represented
by MAs and are distributed in a continuous finite region V according to a spatial
Poisson density of rate ρ(v). Sensors receive stimuli from the environment that
are transferred to the sink, by means of intermediate sensors of the same type.

Each sensor can be in three possible states, active (battery on), asleep (bat-
tery off) or failed. When active, the sensor can buffer the accepted messages by
increasing the queue length by one, while the transmission of a buffered message
decreases the queue length. A stimulus directly sampled from the environment
generates an immediate message without increasing the buffer count. This ac-
tion is represented by the self loop. In order to show how the MA can reflect
different local behaviours, we have modeled different policies for the active/sleep
alternation.

i - The sensor can go to sleep only when the buffer is empty (Figure 8.1).

ii - The sensor discards the content of the buffer when it goes to sleep loosing
all the buffered messages (Figure 8.2).

iii - The sensor first empties its buffer, and then goes to sleep (Figure 8.3).

iv - The sensor freezes the buffer when it goes to sleep (a preemptive resume
service policy)(Figure 8.4).
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Figure 8.2: A sensor that discards all the content of its buffer when it goes
to sleep .
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Figure 8.3: A sensor that first empties its buffer, and then goes to sleep .
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Figure 8.4: A sensor that freezes its buffer when it goes to sleep .

In all the figures, b is the buffer dimension, σi is the sleeping rate from state i
and φi is the failure rate from state i. λi is the self loop rate in state i coupled with
a message generation probability pii = 1 (a self loop always generates a message). µ
is the message service rate coupled with a message generation probability pi,i−1 = 1
(a message service always generates a message). The dotted arc from state i to
state i + 1 means that the acceptance of a received message increases the buffer
count by one.

We assume that the sensors are spread in a circular area of radius h and that
the sink is at the center of the circle at the origin of the axis. The power of
a message issued by a MA decays as the square root of the distance. Since we
are looking at the perception capability we can assume that a maximum distance
dmax exists at which the signal has enough power to be received. Hence, a MA in
position v is able to perceive a message from a MA in position v′ if the distance
dist(v − v′) < dmax.

As presented in [55], a minimum energy routing strategy is obtained by trans-
mitting the message to the sink through MA’s located along the radius connecting
the sensor to the sink, with hops of equal length. If y is the distance of the emit-
ting MA from the sink, the minimum number of hops is nhmin = ⌈y/dmax⌉ and
each hop has a length dh = y/nhmin ≤ dmax.

The perception function u(v, i,v′, i′) is constructed to route a message accord-
ing to minimum energy routing strategy. To this end, the destination sensors are
located in a circular area of radius δ centered into the theoretically optimal next
hop position for a sensor that is located along the radius connecting the sink at a
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Figure 8.5: a) spatial mean queue length, b) throughput of transmitted and
received messages

distance dh from the previous hop.
Furthermore, we assume that the acceptance probability is ri,i+1 = 1 in the

active states and zero elsewhere; i.e. a message received in an active state i is
accepted with probability 1 and produces a transition to state i + 1.

8.2 Numerical results

We analyze the sensor model, on a circular space of radius r = 16, with a constant
spatial sensor density of ρ(v) = 1. We assume µ = 1, and λ = 0.01. The analysis is
performed by solving the differential set of equations Equation 4.14 by the implicit
Euler method (see Section 5.1.2). With these figures, each queue is very weakly
loaded; hence, we can achieve a negligible loss probability with a finite queue
length of limited size. In this example we assume a finite queue length of size
N = 3. The maximum communication range is dmax = 4.9. We analyze the model
by discretizing both the time and the space. Space is discretized using a circular
grid, composed by 256 cells, each with the same area ∆v = π = 3.14. We start
by considering a model without failure (i.e. φi = 0,∀i). Figure 8.5a shows the
mean queue length for each sensor. Note that the model presents the expected
axial symmetry. The rings with a higher queue length reflect the fact that MA’s at
certain distance from the sink are used more frequently as a relay by outer MA’s.
These results agree withthose presented in [55].

Two interesting performance indeces can be computed for each sensor: the
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Figure 8.6: The transient behaviour of the battery level for different sleeping
policies .

number of transmitted messages T (τ,v) and the number of received messages
R(τ,v), per time unit. The two indices can be computed as:

T (τ,v) =

n∑

i=1

πi(τ,v)βi

R(τ,v) =

n∑

i=1

ρi(τ,v)γi

These indices are shown in Figure 8.5b. Due to the axial symmetry, only a radial
slice is presented. Note that, as expected, the throughput of transmitted messages,
is equal to throughput of received messages, plus the rate of the messages generated
by the sensor.

We then study the effects of different sleeping policies on the power consump-
tion in the sensors. We examine the battery of an higher load sensor initially
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Figure 8.7: Probability of being in the fail state versus: a) space, b) time

charged to 30 units of energy. In order to highlight the effects of sleeping, we
assume that each sensor consumes 100% of energy per seconds when active and
only 1% when sleeping and we set µ = σi = σs = 0.1. Figure 8.6 shows power
consumption in heavy load situation for different sleeping policies: the curve for
ifempty shows that this policy is more power consuming because there is little
probability of an empty queue that allows the transition to sleeping mode, also
the policy of empties the buffer leads to a significative power consumption. Instead
freeze and discard policies lead to a decreasing of consumption at cost of a more
complex sensor in the former and a discard of messages in the latter. Note that
the curves for freeze and discard policies are overlapping.

We then add a state-dependent failure probability φi = 0.05+0.1 · i, and study
the failure probability as a function of the space and as a function of the time.
Figure 8.7a, shows that the sensor with a higher load presents a higher probability
of being in the fail state at a given time instant. Figure 8.7b shows how the
probability of being in the fail state grows with time: the curve for r = 3 refers
to sensors with a heavy load (see Figure 8.5a), and the curve for r = 15 addresses
the case of sensors with a lighter load. In all cases, the differences between the
most loaded sensors and the least loaded sensors is minimal. This is due to the
low traffic of the network.

The described model can be extended to analyze cases in which the agents are
not uniformly distributed over the space. As an illustration, we have assumed that
in a corner of the space, the sensor density is three times higher than in the rest of
the space, as represented in Figure 8.8a. Figure 8.8b reports the computed mean
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Figure 8.8: Variable spatial density model: a) density, b) spatial mean
queue length.

queue length for this model, when the sensor cannot fail. Note that, as expected,
the load on the inner sensors aligned with the denser section is much higher (they
are more frequently used as intermediate hops to the base station).

Both models where analyzed on a standard Laptop PC, and took only a few
seconds to be computed.



Chapter 9

Outdoor flame propagation

In this chapter, we propose a Markovian agent model for the study of fire propa-
gation [36]. In Section 9.1, we describe the model, in particular the elliptic flame
propagation in presence of wind and how the perception function can be defined
to represent such phenomenon. In Section 9.2, we show that our model is enough
flexible to analyse scenarios in different condition of wind and in presence of fire-
barrier which prevent flame propagation.

9.1 Fire propagation model

A modern, recent and effective mean for environmental surveillance and protection
against various kinds of threats is to resort to a network of autonomous sensors
able to collect local information and to transmit them to a sink. Fire is one of
the most critical environmental risks throughout the world and surely in all the
Mediterranean countries, and fight against fire has become one of the most rele-
vant aspects of environmental protection [9]. Fire prevention may be activated by
means of a wireless network of sensors spread randomly in the region to be kept
under surveillance. Sensors communicate the stimuli received from the environ-
ment to a control station called the sink. Since the sensors need to save power
their transmission range is limited and the communication to the sink may occur
in a multi-hop fashion.

We will address the study of outdoor flame propagation in a (two-dimensional)
region V , in particular in presence of grass or bushes in the environment. The
dynamic of this phenomenon strongly depends both on the wind direction and
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W r
wW=0

r
0

Figure 9.1: Elliptic Propagation.

intensity and the type of materials being incenerited. The work in [9] shows that
flames roughly spread following an expanding ellipse where the origin of the fire
is placed on one of the focus whereas the other focus moves along the major axis
of the ellipse according to the fire-front speed as shown in Figure 9.1. Both the
eccentricity of the ellipse ǫ and the fire-front speed rw depend on the environment
wind speed W . We assume that they are related by the following equation:

rw = r0(1 + cfW ), (9.1)

where r0 represents the Rate of Spread (ROS) of the fire in absence of wind and
take the value 0.165m/s and cf is a coefficient relating wind speed to ROS [87].
Given the value of the fire-front speed rw and the ROS r0, the eccentricity of the
resulting expanding ellipse can be determined as:

ǫ =
r2
w − r2

0

r2
w + r2

0

. (9.2)

We model the fire condition in a cell of the grid by a MA with three states
(Figure 9.2). State S0 is the situation of non-burning, state S1 the situation
of burning and state S2 the extinguishing of the fire after burning. Each local
transition is represented by a solid arrow and it is labelled with the corresponding
transition rate. Induced transitions are represented with dashed arcs and are
labelled with the message whose perception induces the transition. Initially the
agent is in state S0 meaning that it is not burning, however the reception of a fire
message mf from adjacent cells induces a transition to the burning state S1. In
state S1, the message mf is broadcast to the adjacent cells at a constant rate λf .
The last transition to the absorbing state S2 indicates the extinguish of the fire in
the cell; the rate µf is the extinguishing rate.
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Figure 9.2: Fire Propagation Agent.

To model the elliptic propagation of fire, the perception function u is defined
as:

umf
(v′, sj ,v, si) =





1 if (|v′ − v| < R) ∧
(si = S0) ∧(sj = S1)

0 otherwise
,

where:

R =
a(1− ǫ2)

1− ǫ Cos(θ − α)
, (9.3)

is the equation in polar coordinates (R, θ) of an ellipse with semi-major axis length
a, eccentricity ǫ, rotated by an angle α. Given this definition, a receiving agent in
position v perceives fire messages only when it belongs to an elliptic area centered
on the position v′ of the sender agent. The eccentricity ǫ depends on the wind
speed W and can be determined by Equation (9.1) and (9.2); the rotation angle
α depends on the direction of the wind vector.

9.1.1 Environment model

The ability of the model to correctly reproduce the fire propagation in the environ-
ment is closely related to the spatial parameters of the agents. We imagine to be
able to extrapolate the required parameters from appropriate charts. For example,
we suppose that the characteristic of the terrain can be computed automatically
from a satellite image like the one presented in Figure 9.3(a) using image process-
ing techniques. With similar approaches, we suppose being able to compute also
the fire-extinction rate µf (v). For what concerns the wind, we imagine to have
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several meteorological stations capable of measuring both the wind speed and the
wind direction, and to interpolate their value to produce wind map similar to the
one presented in Figure 9.4(a).

9.2 Numerical results

We have developed a simple application in Adobe Flash, that extracts the agent
densities and the fire-extinction rate form the RGB channels of a satellite image,
and that allows the user to specify the wind direction sampled by the meteorolog-
ical stations.

We have analysed the dynamic behaviour of the fire propagation in variable
environment conditions over a 32 × 32 grid of cells (about 1.5 − 2 Km2), solving
the differential Equations (4.14) using the implicit Euler technique with a time
discretization step ∆t = 0.01min. We assume that in each cell resides at most a
single agent. All the numerical computations take a few minutes to be completed.
We plot the two-dimensional spatial density of agents in the burning state ρ(v, S1).
Darker points in the grid correspond to low values of density of burning agents,
lighter points correspond to high values.

In the first set of experiments, we study the effect of both the wind speed
and direction on the fire propagation. We analyse two scenarios: in the first we
assume that the fire originates in the middle of the left edge of the area in Figure
9.3(a) where the wind blows with a constant direction from west to east and with
a constant speed; in the second we assume that the fire starts at the bottom left
corner of the map and the wind follows the vector field shown in Figure 9.4(a). In
both cases we plot the results at the time instants t = 40, 60, 90min. When the
wind is constant, Figure 9.3 shows, as expected, that the resulting fire propagation
resembles an expanding ellipse moving according to the wind direction. When the
wind direction varies, the ellipse can be recognised only in the first instants of the
propagation, then it changes in a less regular shape due to the effect of the wind.
Notice that the mean intensity of the wind vector is higher in the variable wind
scenario than the constant one, resulting in a faster propagation.

Firebreaks are a typical method used in the fire prevention techniques which
consists in a gap in the vegetation that slows down or stops a spreading wildfire. In
our model this can be accounted through the initial spatial agent density ρ(0,v),
therefore in the second set of experiments, we study the effect of this parameter.
We consider two cases: a long firebreak that crosses the whole map(Figure 9.5(a))
and a shorter one(Figure 9.6(a)).
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(a) Map. (b) t=40min.

(c) t=60min. (d) t=90min.

Figure 9.3: Fire Propagation with a constant wind

In both cases the fire starts at the middle left edge of the map, the wind is constant
and we plot the results at the time instants t = 50, 60, 70min. Results are shown in
Figure 9.5 and 9.6, respectively. In the first case, it is shown how the long firebreak
completely prevents the fire to propagate further. Notice also that the fire front
persists along the firebreak even after 70min from the starting of the wildfire,
meaning that the firebreak prevents the fire spreading, but it does not decrease
the extinction time. In the second case a similar behavior can be recognized,
however the fire gets around the firebreak due to its short extension.
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(a) Wind directions. (b) t=30min.

(c) t=40min. (d) t=90min.

Figure 9.4: Fire Propagation with a spatial dependent wind
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(a) Long Fire Break. (b) t=50min.

(c) t=60min. (d) t=70min.

Figure 9.5: Fire Propagation in presence of a long fire break
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(a) Short Fire Break. (b) t=50min.

(c) t=60min. (d) t=70min.

Figure 9.6: Fire Propagation in presence of a short fire break



Chapter 10

Earthquake propagation

In this chapter, we propose a fine-grained earthquake propagation model [35] that
can be directly exercised on a real geographical region whose map can be down-
loaded in any standard graphical format. In Section 10.1, we explain how the
geological features of the terrain in the chosen region can be assigned by playing
on the intensity and the colors and how the epicenter and the cell dimension can be
selected by the user in order to define the space discretization grid. In Section 10.2,
we describe the propagation agent model and in Section 10.3, we illustrate the main
effects of the variation of each parameter on the wave propagation.

10.1 Markovian Agents for Earthquake Propaga-

tion

Disaster scenarios involving critical infrastructures are strongly influenced by the
geographical location of the infrastructures with respect to the source originating
the threat, the properties of the terrain, the propagation attitude of the involved
or traversed media. In fact, propagation speed and direction of fire, blast, flood-
ing, contamination or earthquake are primarily determined by the conditions of the
terrain or of the surrounding ambient. These conditions are usually highly inhomo-
geneous making an accurate analysis of the threat propagation heavily dependent
on local conditions and, in any case, very difficult. Hence, Critical Infrastructure
Protection (CIP) modeling and analysis requires a very sophisticated model of dif-
fusion of the disaster characteristics in inhomogeneous media. A recent approach
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[96] is based on the construction of a buffer zone around the source of the threat
(in a 2D or 3D framework) and on the computation of the propagation speed by
means of a simple maximum resistance approximation.

We show how the use of interacting MAs can be adapted to model the propaga-
tion of a threat in an heterogeneous medium, in particular the single class spatially
dependent agents model described in Section 6.3.

For the sake of illustration, we concentrate on the diffusion of an idealized
earthquake wave, in a 2D environment, originating from an epicenter in a given
geographical region. The region of interest is partitioned in a grid of small cells
with constant geological characteristics.

The MAs are spread over a finite geographical region and their properties are
dependent on the specific geographical location. In this way the MA features
and their interrelations can vary according to the local characteristics and the
local inhomogeneities of the environment. A MA is resident in each cell and its
dynamics and transmittance properties depend on the geological characteristics
inside the cell. The propagation of the earthquake wave is modelled through the
diffusion of messages of different intensity, originated by the MA located at the
earthquake epicenter and propagated radially along MAs in adjacent cells. In this
way, the property of the terrain and its influence on the speed and intensity of
the wave propagation can be tuned very finely cell by cell, and derived from the
geological map of the region under consideration.

In the tool, for the study of the effects of the propagation of an earthquake
wave in a real geographical area, based on Markovian agents, we have implemented
the possibility of working on a real map of the chosen area. Figure 10.1a shows,
for instance, the Province of Alessandria in Italy. Once the selected map is loaded,
the tool gives the possibility of locating the earthquake epicenter in any position
inside the map and starting from this epicenter to partition the area in a suitable
number of cells. Example of this partition is given in Figure 10.1a. This partition
is generated in such a way that each cell has the same area, and that the mean
cell length is around 1Km. The inhomogeneity of the terrain and of its geological
properties can be defined at the cell level, and derived automatically from the
map colors and texture. Figure 10.2 shows how the parameters of the terrain can
be color coded and sampled to define the local behavior at the cell level. Each
cell of the partition is identified by the vector v of the polar coordinates of its
central position. The system of polar coordinates has its origin at the epicenter
of the earthquake (see Figure 10.1a), and we assume, in the present version of the
tool, that the propagation is only radial. Morevor, we assume that a single MA is
positioned in each cell.
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Figure 10.1: Partitioning and MA model.

10.2 Markovian agent model

The MA that we propose for the analysis of the propagation of a two-dimensional
simplified seismic wave is shown in Figure 10.1b. We assume that the intensity of
the wave can be discretized in three levels of increasing severity: low (L), medium
(M) and high (H). Correspondingly, there are three classes of messages mL, mM

and mH where the suffix denotes the intensity of the wave. The MA has four
states: the state labeled 0 represents the MA in a quiet state, while the states
labeled L, M and H, represent the MA in an excited state of low, medium and
high intensity, respectively. We assume that a MA can accept messages only when
in state 0; hence only the entries r0I(v,m) (I = L, M, H) in Equation (7.4)
are different from 0. When the MA in location v is in its 0 state, and accepts a
message mI of class I (I = L, M, H), it jumps in the corresponding excited state
I. The rates c0I(τ,v) (represented in dashed line in Figure 10.1b) are only due to
the contribution of the accepted messages:

c0I(τ,v) =

MC∑

m=1

γ0(τ,v,m) r0I(v,m)

When a MA is in an excited state I it decays to its quiet state 0 by emitting
a mixture of messages with probability pI0(v,mI). The rates cI0(τ,v) = qI0(v)
(represented in solid line in Figure 10.1b) are only due to the contribution of the
local infinitesimal generator.
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Figure 10.2: The inhomogeneity of the parameters that characterize the
terrain are derived from channels of a color-coded map and sampled on the
cells of the grid.
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The propagation function um(v, i,v′, i′) is defined in such a way that a message
emitted in cell v′ can reach only the adjacent cells in the radial direction with
an intensity given by a transmittance coefficient α times the distance between the
two adjacent cells. Thus the messages propagate by hopping one cell at the time
in the radial direction originating from the epicenter.

In each cell v of the grid (Figure 10.1a), we define the following parameters
that take into account the inhomogeneity of the terrain or of the propagation
medium:

1. qI0(v) = µ ; (for I = L, M, H) - Once a MA is excited, the parameter
1/µ gives the mean time to return to state 0 by sending messages of inten-
sity distributed according to a probability distribution determined by the
parameter σ. Hence, µ tunes the speed at which an excited MA decays
emitting the wave messages.

2. σ - This parameter affects the mixture of messages sent by MAs. A message
of high level is assigned three units of intensity, a medium message two
units and low message one. Moreover, a MA in the excited state I, can emit
messages of equal or lower intensity than I (see Figure 10.1b). We define σ
as the probability of emitting a single unit of intensity, hence the probability
that a cell excited at level I emits a message at level I ′ is:

pI0(v, I ′) =

{
0 if I < I ′

B(I, I ′, σ(v)) otherwise
(10.1)

where B(n, k, p) is the binomial distribution.

3. α - This parameter is proportional to the transmittance of the medium and
enters into the propagation function u(v, i,v′, i′,m). If starting from v′

there is only one radial adjacent cell in the grid v, at a distance dvv′ , then
u(v, i,v′, i′,m) = α dvv′ (and 0 elsewhere). If starting from v′ there are
n radial adjacent cells in the grid, then u(v, i,v′, i′,m) = α/n dvv′ (and 0
elsewhere).

We assume that at time τ = 0 all the MAs are in the quiet state 0; hence, the
initial probability vector is, in any cell v, given by

π0(0,v) = 1 , πI(0,v) = 0 ; (I = L, M, H)

To start the seismic wave, we can chose a cell located at any position v⋆ of
the grid of Figure 10.1a as epicenter, and assume that at τ = 0 the corresponding
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MA is in some excited state; i.e:

π0(0,v
⋆) = 0 , πI(0,v

⋆) = aI ≥ 0 ;
∑

I=L, M, H

aI = 1

10.3 Numerical results

We have evaluated the dynamics of the seismic wave propagation over the grid
of cells, solving a set of differential equations similar to Equation 4.14, where the
matrices Q, G, A and the vector Λ are function of v. The solution is provided
by an implicit first order method. The region V of the map is partitioned in
about 1200 cells with radial dimension of about 1 km (Figure 10.1a). However,
the radial dimension of the cell is an optional parameter to be set by the user for
producing the grid partition exemplified in Figure 10.1a. For all the numerical
computations, the time discretization step is assumed to be ∆t = 0.01 s (but also
∆t is an optional parameter to be set by the user). Input parameters µ, σ and α
are assigned to each cell, deriving them from the colors of the geographical map
under study, as shown in figure 10.2. Since the input map is colored according
to the geological properties of the terrain, the input parameters for each cell are
extracted from the intensity of the colors of the cell.

With the above resolution and characteristics, the propagation of a seismic
wave from the epicenter to all the cells of the grid took about a few minutes to be
computed on a standard Laptop PC. To illustrate the potentialities and the possi-
ble results of the proposed methodology, we have performed several experiments.

Dependence on α - The objective of the first experiment is to show how our
model can capture the effect of the inhomogeneities in the terrain transmittance
(parameter α) on the intensity and the direction of the wave propagation. To this
aim, we assume (arbitrarily) that α changes in the region according to the color
map of Figure 10.2(b). Darker zones correspond to higher values of the parameter,
lighter zones to lower values. The region is traversed by a river (the Po river) that
is colored in white corresponding to α = 0. Based on the previous discussion, a low
value of this parameter prevents the propagation of messages, meaning that the
wave does not cross the river (in effect the longitudinal seismic waves are stopped
by the water).

The numerical results are obtained from an initial situation where the MA
located in the epicenter is excited with a low intensity message, only. Therefore
only messages of type L are propagated. Figure 10.3 gives an histogram of the
wave intensity at four different time instants (t = 0, 1, 3, 5 s). The intensity is
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Figure 10.3: Spatial wave intensity at four different time instants.

measured as the probability of the MA located in each cell of being in the excited
state L. At the bottom level of each figure we project the assumed values for α.
As we could expect, the wave presents an asymmetric propagation front due to
the varying terrain features, and the wave intensity is higher in the direction and
in the zones in which the values of the parameter α are higher.

Dependence on µ - The second experiment was designed to demonstrate
how our model can capture the variations in the speed propagation represented by
the parameter µ. To show this effect we have changed the µ values of the model
presented in Figure 10.2(c), defining three areas with different color intensities, as
shown in the left hand side of Figure 10.4. The three areas have different average
values of µ (the average values of µ in the three zones are µ ≃ 4.5, 4.0, 3.0 s−1).
The value 1/µ represents the mean decay time of a MA in an excited state, thus
represents the mean time that the wave takes to cover the distance between two
adjacent cells. Values of parameter α and σ are the same as in the previous
experiment.

To show the anisotropy of the propagation we have selected three points on
the map of Figure 10.1a located in the three zones with different average µ and
at the same distance of 10 km from the epicenter, and labeled a, b, c. We have
computed the probability that the MAs located in the three selected points are in
the excited state, and the results are compared in the right side of Figure 10.4.
The time to reach a cell is lower when the wave traverses a zone with high µ. Point
a and b belongs to the darker zones for µ, therefore they are the first reached by
the seismic wave; however the path leading to point b experience lower values of
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Figure 10.4: Probability of being in the excited state L versus time.

transmittance (parameter α), as shown in Figure 10.2(b). For this reason its peak
is much lower than the one for the cell at point a. Point c lies in the zone where
parameter µ is lower, and thus it is the last to be reached. Note however, that the
speed of the wave and its intensity can be tuned independently by acting on the
values of α and µ.

Dependence on σ - The aim of the third experiment was to show the
influence of the parameter σ (0 ≤ σ ≤ 1) whose value determines the mixture
of the message intensities among the three levels I = L, M, H according to the
binomial distribution (10.1). A value of σ close to 1 favors the emission of messages
of the highest intensity, while a value close to 0 shifts the intensity toward lower
values. As in the previous experiment we have modified the σ parameter specified
in Figure 10.2(d), by defining three areas with different color intensities, as shown
in the top-left corner of Figure 10.5. To start the earthquake we have set, as initial
condition, that the MA at the epicenter is in state H with probability 1 at time
t = 0. Hence, initially only a message of intensity H is emitted that is degraded
passing from cell to cell depending on the value of σ. The results are shown in
Figure 10.5 for the same three points a, b, c considered in the previous experiment.
The figures display the probabilities of the excited states L, M and H, for the MAs
located in the selected points. Point b is in the zone with highest σ then point a
and c, therefore the probability of excitation at all level of intensity is greatest in
point b then point c and a as shown in Figure 10.5. This is shown by the scale of
the results shown by curves corresponding to the three points.
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Figure 10.5: Probability of points a, b, c of being in the excited states I =
L, M, H versus time.
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Chapter 11

Safety Analysis of a Tunnel

In this chapter we present an application of Markovian agents to analyse the risk
of collisions in road tunnels [19]. In Chapter 7, we show that it is feasible to add
mobility to a system of Markovian Agents in order to study the variation in the
agent density as a function of space and time. This extension has allowed us to
explore the perturbation in the flow of vehicles in a road tunnel and evaluating
the conditions than can cause collision of cars against a fixed obstacle. In Sec-
tion 11.1, we describe the representation of flow of vehicles in a road tunnel by
Dynamic Markovian agents and in Section 11.2, we perform parametric experi-
ments to investigate the conditions of maximum speed and safety distance among
cars that avoid congestion and reduce the collision probability under a fixed level.

11.1 Markovian agent model

In the last years, several major accidents have occurred in road tunnels with human
losses and injuries (e.g. Mont Blanc, March ’99, St. Gotthard, Oct ’01, Frejus,
June ’05, Viamala Sept ’06). This series of accidents has promoted a large debate
and several research programs aimed at improving the safety in road tunnels. For
instance, the EU proposed in 2004 the new Directive 2004/54/EC [1] to achieve a
uniform, constant and high level protection for all citizens driving through tunnels.
The main facts about road tunnel accidents can be expressed in the following issues
[90]:

1. The number of accidents is higher outside than inside tunnels, but the acci-
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dent severity is normally higher inside than outside tunnels.

2. Collisions between vehicles are mainly rear end collisions; an adaptive cruise
control can help to reduce them dramatically.

3. In long tunnels, collisions between cars are significantly less than collisions
with infrastructures.

To achieve the goal of preventing collisions, the disturbances of the traffic flow
should be minimized by fixing stringent speed limits and assuring the preservation
of safety distances. Furthermore, the safety requirements for road tunnels should
take benefits from the current trend in the automotive industry to increase the
power of programmable electronic systems [83]. This trend will lead in the near
future to the emergence of safety related onboard electronic equipment that will
provide a number of safety related functions and will improve the overall safety of
the vehicle.

We will demonstrate the power of the Dynamic Markovian Agents (see Chap-
ter 7) on a model designed to study the collision risk in Road Tunnels. We rep-
resent the tunnel as a straight line of agents in an 1-dimensional space. Each car
is modelled by the agent shown in Figure 11.1. Cars are allowed to travel at a
maximum speed Vmax. The speed is discretized into M + 1 possible values, with
σM = Vmax > σM−1 > . . . > σ0 = 0. In particular we will call ∆σ = Vmax

M
, and

set σi = i ·∆σ. An agent representing a car inside the tunnel is characterized by
M +2 states. States named si, i = 1, . . . ,M represent the car moving at speed σi.
Their drift is set accordingly: wsisi

= σi. States crash and s0 model a car that
is not moving; the former models a stop due to a collision, while the latter a safe
stop that has avoided the danger. Their drift is set to 0: ws0s0

= wcrashcrash = 0.
Cars enter the tunnel at their maximum allowed speed Vmax, and try to keep this
velocity unless the driver notices something unusual in front of him. A car slows
down if the car in front or an unexpected object on the road becomes too close.
This is modelled by messages of type mb. Every car regularly sends at rate λb a
message of type mb. If a car receives a message of type mb, it immediately jumps
to the state representing the next discretized slower speed. If the car reaches state
v0 it performs a full stop. If the danger is no longer perceivable in front of the
agent, it increases again its speed at a rate λa. The logic that models the driver’s
reaction time, the safety distance and the brake condition is modelled in the defi-
nition of the perception function umb

(·) and of the rate λb. In particular, if TR is
the driver’s reaction time (that is, the time required to notice and react to the road
condition in front of him), and TB is the braking time (that is, the time required
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Figure 11.1: A simple Dynamic Markovian Agent model of a car in the
tunnel.

by the car to reduce its speed from Vmax to 0), then we set:

λb = λa +
M

TR + TB

(11.1)

The meaning of Equation 11.1 is to make the mean stopping time of a car equal
to TR + TB in M deceleration steps, taking into account the fact that it has to
“balance” the impulse to increase again the car speed at rate λa. The driver
perceives a problem and starts his deceleration, if he notices a car that is closer
then a safety distance D(si) that depends on his speed si. In particular we imagine:

D(si) = dT + βs2
i (11.2)

where dT is the target stop distance (the minimum distance at which the driver
would like to stop in front of the danger ahead), and β is a constant that defines
the sensitivity of the driver to the distance. The meaning of Equation 11.2 is
to allow a safety distance that is proportional to the square of the car speed, in
order to allow a safe margin to stop the car without colliding with an unexpected
obstacle. We include the safety distance in the perception function of messages of
type mb. In particular we define:

umb
(v, si, v

′, sj) =

{
1 if (v′ − v < D(si)) ∧ (v′ > v)
0 otherwise

(11.3)
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that is, an agent will start its deceleration, only if it receives a message mb from
an agent that is in front of him (v′ > v), and closer than the safety distance, which
is dependent on the agent speed.

Each car sends continuously a collision message mc at rate λc. This is used
to model the collision between two cars. If an agent perceives message mc, it
immediately stops (regardless of its speed) and jumps to the crash state. Rate λc

should be large enough to make negligible the probability that a car in proximity
of a collision does not receive a message of type mc. The corresponding perception
function for message mc is defined as:

umc
(v, si, v

′, sj) =

{
1 if |v′ − v| < dC

0 otherwise
(11.4)

where dC is the collision distance, that is the maximum distance below which two
following cars are considered to have collided one with the other.

A new car enters the tunnel every Θ time units. This interval is chosen to
guarantee a minimum safety distance dS for cars moving at speed Vmax. In
particular, we have that Θ > dS

Vmax
. We implement the entrance in the source

vector s(τ,v). In particular we define:

s(sM )(τ, 0) = δ(τ − h ·Θ), h = 0, 1, . . . (11.5)

where δ(x) is the Dirac’s delta function. Since all the new cars enter in state sM ,
they all start at the maximum speed Vmax. We imagine that in the tunnel there is
an obstruction at distance l from the entrance, and we model it by placing an agent
at time zero in the crash state, that is we imagine that ρcrash(0, v) = δ(v − l).
The model is then analyzed using the technique outlined in Section 7.3. Figure
11.2 represents the discretized version of the initial state of the model.

11.1.1 Modelling Curves

One of the main characteristics that makes tunnels particularly dangerous, is the
limited visibility caused by both illumination and geometric factors. In particular,
if there is a curve inside a tunnel, the field of view of the driver can be greatly
reduced, as shown in Figure 11.3. We can add this feature to the model, by
defining a maximum visibility function φ(v). For every position v, φ(v) expresses
the maximum distance from which the driver can detect a possible danger on the
road. We can then modify the model to consider curved tunnels, by changing the
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perception function for messages of type mb with:

ŭmb
(v, si, v

′, sj) =





1 if
(v′ − v < min(D(si), φ(v)))
∧ (v′ > v)

0 otherwise
(11.6)

In practice ŭmb
(·) allows the reception only of messages coming from a distance

shorter than φ(v), preventing from “seeing” possible dangers immediately after
the curve.

11.2 Numerical Results

In this section we present two sets of experiments for the straight tunnel model
and the tunnel model with curves. In both cases, we imagine that at t = 0 a
collided car is placed at 450m from the tunnel entrance and a new car enters at
100Km/h in the tunnel every 15sec corresponding to a safety distance of 400m.
We set λB = 4.02, M = 20, λa = 0.02 corresponding to a driver’s reaction time
of 0.5sec, a braking time of 4.5 sec and a time of 50sec to reincrease the speed.
We apply the upwind semi-discretization technique with ∆v = 2m and solve the
resulting Equation 7.23 using the Euler method with time step ∆τ = 0.02sec.

11.2.1 Straight tunnel

We study the movement of the cars at a maximum speed of 100Km/h during an
interval of time of 70sec. A maximum of five cars can be in the tunnel including the
collided one at the initial state. Figure 11.4 depicts the behaviour of each car: the
band of the graph between the values 2 and 1 represents the movement of the first
car entered in the tunnel, the band of the graph between 3 and 2 the movement of
the second car and so on. Furthermore the transitions between the values indicates
the presence of the cars at different time instants; notice that the transitions are
curves and not straight lines because we have a stochastic behaviour. Near the
tunnel entrance the curves in each band are equally spaced, meaning that the
corresponding car cruises at maximum speed, however in the proximity of the
position of the incident the distance between the curves decreases meaning that
correctly the car is breaking and consequently its speed decreases.

In Figure 11.5 we observe the situation at two instants of time (t = 16, 70): for
the first value of t = 16 the distance between the transition from the value 3 and
the value 2 and the transition from the value 2 and the value 1 indicates that the
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two cars stay at a safety distance of about 350− 380m, a value slightly below the
expected one of 400m probably due to dicretization errors. For t = 70 we observe
the congestion caused by the incident shown by all the cars stopped near the crash
site.

In Figure 11.6 we show the probability distribution of collided cars in the
tunnel for increasing values of the maximum speed; as expected an increasing of
speed implies an increasing probability of collision in the tunnel.

Finally, we study the probability distribution of collided cars for different val-
ues of the safety distance. Figure 11.7 shows that an insufficient safety distance
not only increases the probability of collision near the crash site as expected, but
more interesting it increases the crash probability even in proximity of the entrance
of the tunnel.



11.2. NUMERICAL RESULTS 105

 0

 0.01

 0.02

 0.03

 0.04

 0.05

 400  410  420  430  440  450

C
ra

sh
 s

p
at

ia
l 

d
en

si
ty

 ρ

Position (m)

Crash density - as function of the speed

50 Km/h
70 Km/h
100 Km/h
110 Km/h
130 Km/h

Figure 11.6: Crashed car distribution as a function of the position in the
tunnel, for different values of speed (50..130Km/h).



106 CHAPTER 11. SAFETY ANALYSIS OF A TUNNEL

 1e-05

 1e-04

 0.001

 0.01

 0.1

 1

 0  50  100  150  200  250  300  350  400  450

C
ra

sh
 s

p
at

ia
l 

d
en

si
ty

 ρ

Position (m)

Crash density - as function of the safety distance

200 m
210 m
220 m
250 m
300 m
400 m

Figure 11.7: Crashed car distribution as a function of the position in the
tunnel, for different values of the safety distance (200..400m).



11.2. NUMERICAL RESULTS 107

 0

 0.1

 0.2

 0.3

 0.4

 0.5

 0  0.05  0.1  0.15  0.2  0.25  0.3  0.35  0.4  0.45

K
m

Position

Tunnel curvature - maximum FOV

0.005 Km
0.01 Km
0.02 Km
0.03 Km
0.05 Km

Figure 11.8: Function φ(v) for the example.

11.2.2 Tunnel with curves

In order to show the effect of the curvature, we have considered a tunnel with a
sinusoidal shape and various amplitudes. In Figure 11.8 function φ(v) is shown for
different values of the amplitude. If we fix the maximum car speed at 70Km/h,
Figure 11.9 shows that a larger curvature (that is a smaller φ(v)) increases the
crash probability. However, if the curve radius is sufficiently large (as for the cases
with amplitude 0.02 and 0.005), its influence is negligible. Conversely, if we have
a curvature that cannot be decreased, it is important to limit the cars’ maximum
speed. Figure 11.10 shows that by setting a sufficiently slow speed limit, it is
possible to completely annihilate the effects of a moderate curve. In this case, a
maximum speed of 50Km/h can reduce to negligible values the crash probability
for a curve of amplitude 0.03.
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Chapter 12

Swarm intelligence

routing algorithm

In this chapter we present an application of Markovian agents to investigate a new
algorithm, based on swarm intelligence, for routing in wireless sensor networks.
In Section 12.1 we illustrate the algorithm designed by Dario Bruneo et al. and
presented in [82]. Then, in Section 12.2 we describe the Markovian agents model
designed with the collaboration of Dario Bruneo and Marco Scarpa, both from
University of Messina, Italy. They implemented a simulator of the swarm based
routing algorithm which was very useful to provide a validation of the results ob-
tained by the Markovian agents model; the validation is described in Section 12.3.
Finally, in Section 12.5 together we analyse under different conditions the perfor-
mance of the algorithm. This work was presented in [27].

12.1 Gradient-based routing protocols in WSN

WSN’s specific characteristics make routing different from traditional wireless ad-
hoc networks [6, 110, 5]. Various routing metrics can be exploited with respect to
different goals: hop count, energy consumption, Quality of Service, throughput,
network lifetime [92, 75, 4]. However, the main philosophy is that what is impor-
tant is the information that nodes contain, not the nodes themselves. Such as-
sumption leads routing in WSN to become data-centric as opposed to node-centric
[110]. In this context, gradient-based routings [68, 92] allow to establish routes
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to the sinks following such paths that respect criteria related to data typologies,
network topology, and nodes’ status.

From an autonomic perspective, the need to set-up flexible, adaptive, and
scalable networks calls for routing algorithms easy to manage and able to react
to the environmental changes. In the last years, Swarm Intelligence (SI) has been
applied to autonomic networking systems [34, 43] demonstrating its feasibility
and efficiency in adapting to highly dynamic distributed systems. In analogy to
the biological process of pheromone emission, in [82] each node sends a signalling
routing packet containing its pheromone level and updates such value based on the
level of its neighbors, thus creating a pheromone gradient toward the sink. The
routing task is driven by the pheromone level of the network: data packets are
forwarded toward the highest pheromone density zone and reach the sink following
the pheromone gradient. Any change on the network condition will be reflected by
an update of the pheromone level of the involved nodes; changes on the pheromone
gradient will automatically drive the routing decisions toward the new optimal
solution. In this way, the network can self-organize its topology and adapt itself
to environmental changes. Moreover, when a link failure occurs, the network
reorganization task has not to be accomplished by the sink but only by those nodes
near to the broken link, thus resulting in a robust and self-organized architecture.

In the following, we describe a SI based algorithm derived from [82]. Since
our purpose is to study the gradient construction process, we will focus on the
signalling component of the routing protocol avoiding details about data forward-
ing. We assume to have two types of node, sinks and sensors, and the pheromone
intensity is discretized into P different levels, ranging from 0 to P − 1. Routing
paths toward the sink are established through the exchange of pheromone packets
containing the pheromone level p (0 ≤ p ≤ P − 1) of each node. The gradient
construction is triggered by sinks that, during the data collection period, maintain
the highest level of pheromone (P − 1). The gradient construction protocol is
described by the Algorithms 2 and 3, differentiated with respect to the node type:
sink or sensor.

Sink nodes, once activated, set their internal pheromone level to the highest
value p = P−1, (Algorithm 2: line 1). Then, they periodically send to their neigh-
bors a broadcast pheromone message encoding the intensity value p (Algorithm 2:
lines 5-7). The time period is defined by the timer T1.

The pheromone level of a sensor node is initially set to 0 (Algorithm 3: line
1) and then it is updated following an excitation - evaporation process. Sensor
nodes periodically send a broadcast pheromone message containing their internal
pheromone level. This activity is scheduled at fixed time intervals by appropriately
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setting the timer T1 (Algorithm 3: line 2) and then, when the timer expires, a
packet is sent to all the neighbors (Algorithm 3: line 12-14).

Excitation is triggered by the reception of the pheromone level from a neighbor
(Algorithm 3: lines 6-10). As a consequence, the node updates its own level when
a greater value is received; the new value is computed as a function of the current
and the received pheromone level update(p, pn), where we use update(p, pn) =
round((p + pn)/2) (line 9).

The evaporation mechanism is triggered at the expiration of the timer T2
(Algorithm 3: lines 15), and it simply decreases the current value of p by one unit
(Algorithm 3: lines 15-16), assuring it maintains a value greater or equal to 0.

Algorithm 2 Sink nodes

1: p← P − 1
2: setT imer(T1)
3: loop

4: e← waitForEvent()
5: if e = TIMER EXPIRED then

6: sendBroadcast(p)
7: end if

8: end loop

12.2 Markovian agents model

We model the SI protocol described in Section 12.1 with two MA classes: the class
sink node denoted by a superscript c = s = 1 and depicted in Fig. 12.1(a) and
the class sensor node denoted by a superscript c = n = 2 and depicted in Fig.
12.1(b). The pheromone intensity is discretized into P levels (ranging from 0 to
P −1) that also identify the number of message types (M = P ). We use a different
message type for each possible pheromone level, and defineM = {0, 1, . . . , P −1}.
The following pictorial rules are adopted to represent MAs. MA states are drawn
as circles. Local transitions, including self-jumps, are represented by solid arrows
and are labeled with the corresponding transition rate. A dashed arrow starting
from a solid arc denotes the generation of a message during the corresponding
transition and is labeled with the type of generated message. Induced transitions
are represented with dotted arcs and are labeled with the message type that forces
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Algorithm 3 Sensor nodes
1: p← 0
2: setT imer(T1)
3: setT imer(T2)
4: loop

5: e← waitForEvent()
6: if e = DATA RECEIV ED then

7: pn ← getDataReceived()
8: if pn > p then

9: p← update(p, pn)
10: end if

11: else if e = TIMER EXPIRED then

12: t← getT imer()
13: if t = T1 then

14: sendBroadcast(p)
15: else {t = T2}
16: p← max(0, p− 1)
17: end if

18: end if

19: end loop

the transition to occur.

The sink class (Fig. 12.1(a)) has a very simple structure, characterized by a
single state. At a constant rate λ, a sink node emits, with probability one (gs

00(P−
1) = 1), a message of type m = P − 1 representing the maximum pheromone
intensity. The rate λ = 1

T1 reflects the duration of timer T1 of the algorithms
presented in Section 12.1.

The sensor class (Fig. 12.1(b)) has P states identifying the possible dis-
cretized pheromone levels. The label inside each state indicates the corresponding
pheromone intensity. In each state i (i = 0, . . . , P − 1) a self-loop of rate λ = 1

T1
models the firing of timer T1. At each self loop transition, a message of type
m = i carrying the information of the current pheromone intensity is emitted with
probability gn

ii(i) = 1. The evaporation phenomenon is modeled by the solid arcs
(local transitions) connecting state i with state i− 1, with 0 < i ≤ P − 1 and with
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(a) Agent class = sink.M ( 0 , P � 1 )M ( 0 , 2 )M ( 0 , 1 ) M ( 1 , P � 1 )M ( 1 , 2 ) M ( 2 , P � 1 )
(b) Agent class = sensor.

Figure 12.1: Markovian agent models.

rate µ = 1
T2 , which models the firing of timer T2 in Section 12.1. The key part

of the algorithm is implemented in the dotted arcs (whose labels are explained in
(12.1)) that model the transitions induced by the reception of the messages. In
particular, when a node in state i receives a message of type m, it immediately
jumps to state j if m ∈M(i, j), with:

M(i, j) = {m ∈ [0 · · ·P − 1] : round((m + i)/2) = j}
∀i, j ∈ [0 · · ·P − 1] : i > j,

(12.1)

that is, an MA in state i jumps to a state j that represents the pheromone level
equal to the mean between the current level i and the level m encoded in the
perceived message. In the acceptance matrix An(m) we then have that an

ij(k) = 1,
∀k ∈M(i, j) and that an

ij(h) = 0, ∀h 6∈M(i, j).
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We consider a Markovian Agent Model M3AM distributed over a discretized
volume V composed by a rectangular grid of nh × nw square cells of size ds.
From now on the node location v = (h,w) identifies a discrete cell in position
h (1, . . . , nh) and w (1, . . . , nw). The N nodes (either sinks or sensors) are
positioned in the center of each cell and there is at most one node per cell: i.e.,
N ≤ nh · nw. However, sink nodes are very few with respect to sensor nodes.
Messages sent by a node are characterized by a transmission range tr that defines
the radius of the area in which an MA can perceive a message broadcasted by
another MA. This property is reflected in the perception function um(·) that,
∀m ∈ [1 · · ·M ], is defined as:

um(v, c, i,v′, c′, i′) =

{
0 dist(v,v′) > tr
1 dist(v,v′) ≤ tr,

(12.2)

where dist(v,v′) represents the distance between two nodes in position v and v′.
We call η the maximum number of neighbors, inside the transmission range tr,
from which an MA can perceive messages, notwithstanding border effects or node
failures. In the numerical experimentation we consider two cases:

ds ≤ tr4 <
√

2 ds corresponding to η = 4√
2 ds ≤ tr8 < 2 ds corresponding to η = 8.

(12.3)

12.3 Model validation

In order to provide an experimental validation of the analytical model based on
MAs, we built a simulator of a WSN implementing the pheromone gradient con-
struction algorithm. A first set of experiments has been conducted to estimate
the goodness of the pheromone distribution φ(t,v) in the stable state conditions
at time t̃, with respect to different values of the r parameter. A second set of
simulation experiments evaluated the transient behavior of the algorithm.

The simulative model has been implemented by using the OMNeT++ [101]
simulative environment. We conducted the experiments using a simple computer
equipped with an Intel Core 2 Duo CPU at 2.33 GHz, 4MB L2 Cache, and 3GB
RAM. Both sets of experiments have been performed by considering N sensor
nodes uniformly distributed over a grid of sizes nh = 31 and nw = 31, with a
spatial density ρn(v) = 1.0 node/cell ∀v ∈ V; the discrete levels of pheromone
have been assumed equal to P = 25. The emission time (Algorithms 2 and 3)
has been fixed to T1 = 4.0s, whereas we have assumed a transmission range such
that η = 4. Moreover, the simulation runs have been initialized by activating
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each sensor node after a delay sampled by a negative exponential distribution
with parameter equal to 1.0 s−1; the random activation of sensors reflects the
asynchronous nature of the WSN when the nodes turn they on. All the measures
have been computed executing 500 simulation runs and asking for measures with
a 90% confidence level. In the graphs reported in the following, we omitted to
draw the confidence intervals because they turn out to be very small, thus we just
depicted their central values.

The first set of experiments has been conducted by varying the parameter r
over the values 1.0, 2.0, and 4.0; accordingly, the value of evaporation time T2

has been set to 0.0625 s, 0.125 s and 0.25 s, respectively. The time t̃ to perform
the transient simulation has been fixed to 40 s since the analytical model ensured
the stable state had been reached at that time; this assumption is confirmed by
the second set of simulation experiments where we look for the stable state by
examining the complete transitory. Fig. 12.2 shows the pheromone distribution
values φ(t̃,v) obtained in the three experiments, where the x-axis reports the cell
numbering according to the following formula:

x(v) = i ∗ nw + j, (12.4)

where v = (i, j), with i, j = 0, · · · , 30.
It can be noticed that the maximum value of pheromone intensity is reached at

the center of the grid (position x = 480) where the sink is located. Departing from
this location the pheromone intensity decreases. The characteristic spike-shape
trend is due to the way the cells are numbered (see (12.4)). Each spike represents
an horizontal slice of the grid. When the evaporation rate is small (r = 1.0), the
lines in Fig. 12.2(a) are overlapped, meaning that the analytical and simulative
results agree in the whole grid; increasing the evaporation rate (Fig. 12.2(b)) some
discrepancies between the results can be noticed near the border of the grid, as
well as in the case of saturation (Fig. 12.2(c)). We also depicted a magnified
region of the graphs in Fig. 12.2 to give evidence of the differences between the
two results, too small to be noticed in the complete plots. The differences in the
final results are due to the fact that the MA model approximates the deterministic
firing time associated to the timers with a stochastic behavior. However, as can be
seen, discrepancies are minimal and the MA model is able to capture the overall
behavior of the system. Another consequence of the deterministic behavior of the
timers in the simulation model is that the variability in the measures computed
during each simulation run is small so the obtained confidence intervals became
negligible.

In the second set of experiments, we compared the pheromone gradient con-
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struction process obtained by the MA model and the simulator when a transient
analysis is performed. We compute the gradient quality estimator ℓgr(t), when
r = r∗ = 1.8, and the results are depicted in Fig. 12.3. We can notice that, even if
the gradient quality level reached by simulation is always lower than the analytic
one, the model is able to capture the same trend. Furthermore, the discrepancy be-
tween model and simulation results tends to became smaller as the system reaches
the stable state condition.

Both the experiments show a quite satisfactory level of agreement between
results obtained by the analytical and the simulative approach. As can be seen in
Fig. 12.4, the computation of the analytical solution is always faster, despite the
restricted number of simulation run; the results of Fig. 12.4 have been executed
by computing a transitory to time 20 s. We are currently trying to exploit the
possibility of aggregating the number of MAs in each cell (ρn(v) > 1.0 node/cell)
to further reduce the model computational time.

12.4 Performance evaluation

The main measure of interest is the evolution of the distribution of the pheromone
intensity as a function of the time, in the discretized area V over which the sensors
are deployed. To this end we compute in each cell v ∈ V the average pheromone
intensity φ(t,v) at time t as:

φ(t,v) =
P−1∑

i=0

i · πn
i (t,v), (12.5)

where πn
i (t,v) is computed from (4.15). The distribution of the average pheromone

intensity φ(t,v) depends on both the pheromone emission rate λ and the pheromone
evaporation rate µ; furthermore, the excitation-evaporation process depends on the
transmission range tr that determines the number of neighboring cells η perceived
by an MA in a given position. To take into account this physical mechanism, we
define the following quantity

r =
λ · η
µ

, (12.6)

that gives the relative speed of the global emission and evaporation process.
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Figure 12.2: Comparison between simulative and analytical pheromone in-
tensity distribution over V in the stable state.

12.4.1 A measure for the gradient quality

Since we want to evaluate whether the swarm-based algorithm correctly operates
in creating a well formed pheromone distribution over V, we need to define an
estimator of the gradient quality. Our estimator is based on the fact that a multi-
hop gradient-based routing algorithm forwards the packets of node in position v

toward the neighbor with the greatest pheromone level, whether it exists, until the
sink is reached. Hence, a measure of the gradient quality is when at each hop, the
gain in pheromone level is, on the average, as high as possible.

To formalize this concept, we denote by N (v) ⊆ V the set of the positions
of the neighboring cells that can be perceived by an MA in cell v. Let 〈v, t〉 be
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Figure 12.3: Comparison between simulative and analytical gradient quality
estimator in transitory (r = r∗ = 1.8).

the MA in position v sending a data packet toward the sink at time t. To do
the next hop, the MA 〈v, t〉 selects the neighboring MA 〈v′, t〉 in the direction of
the maximum gradient, i.e., in a position v′ ∈ N (v) with the greatest pheromone
increment, whether it exists. If such node does not exist, the data packet is not
forwarded. We point out these rules are the same used from the swarm based
routing protocol in [82] to build the routing tables of sensor nodes. More formally,
let ℓ(v,v′, t) = φ(v′, t)− φ(v, t) be the discretized gradient value measured as the
increment in the pheromone level1 of agent 〈v′, t〉 with respect to agent 〈v, t〉; we
define

ℓgr(v, t) =

{
maxv′∈N (v) ℓ(v,v′, t) φ(v′, t) > φ(v, t)
0 otherwise,

as the maximum gradient seen by a node in position v at time t. The average of
all these values is the considered gradient quality estimator, and can be computed
as:

ℓgr(t) =
1

N

∑

v∈V

ℓgr(v, t), (12.7)

where N is the number of nodes in the area of interest. A high value of ℓgr(t)
means an average high pheromone gradient along any path from the sensors to the
sink, corresponding to a reduced number of hops.

1ℓ(v,v′, t) could be a negative quantity, meaning that 〈v′, t〉 has a lower level than
〈v, t〉.



12.4. PERFORMANCE EVALUATION 119

 0

 50

 100

 150

 200

 250

 300

 350

 0  2000  4000  6000  8000  10000

T
im

e
 (

m
in

)

N

MA

Simulation
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times (500 runs).

12.4.2 A measure for the time to gradient stabilization

Another practical performance index in a real WSN is the time at which the
pheromone intensity distribution φ(t,v) can be considered established. As before,
let us consider the agent 〈v, t〉; we say that it is in a stable state when its level of
pheromone φ(t,v) does not vary any more; since φ(t,v) depends on π

n(t,v), we
estimate the stable state as the first time where

wwww
∂π

n(t,v)

∂t

wwww ≤ ε. (12.8)

To numerically compute (12.8), we evaluate the discrete derivative
wwww

∆π
n(t,v)

∆t

wwww =

wwww
π

n(t,v)− π
n(t−∆t,v)

∆t

wwww , (12.9)

where ∆t is the discretization step, and evaluating the set

Ts(v) =

{
t ∈ [0,+∞] :

wwww
∆π

n(t,v)

∆t

wwww ≤ ε

}
, (12.10)

that defines the time interval when 〈v, t〉 is in the stable state. The first time the
node in position v will reach a stable condition with respect to the pheromone
level variation is given by:

ts(v) = inf Ts(v). (12.11)
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Since the overall network reaches the stability when all the nodes are into a stable
state, the time for stability is taken as:

t̃ = max
v∈V

ts(v). (12.12)

12.5 Numerical results

The above mentioned performance indices have been computed under different
conditions in order to test the SI algorithm and to provide insights into the settings
of the algorithm parameters. As a first experiment we consider the dependency of
the pheromone intensity φ(t,v) on r that represents the most critical parameter.
We show the results obtained by solving a model defined on a square grid V of size
nh = nw = 31 with N = 961 cells. We position one single sink in the center of the
area (position v = (15, 15)) and one sensor node per cell (ρn(v) = 1.0 node/cell,
∀v ∈ V) corresponding to 961 sensors. We fix λ = 4.0s−1, P = 25, and η = 4.
The numerical solution is computed with ∆t = 0.01s and ε = 0.005.

Fig. 12.5 shows the pheromone distribution over V measured in the stable
state, φ(t̃,v), as a function of r. To improve the graph readability, each map is
plotted both in 3D and 2D views. It can be noticed that the parameter r has a
direct impact on the shape of the pheromone intensity. In particular, if r is too
small (r = 1.0) or too high (r = 4.0), the quality of the gradient is poor. In fact,
r small corresponds to a high value of the evaporation rate (Fig. 12.5(a)) that
prevents a diffusion of the pheromone signals, thus reducing the area covered by
the sink. On the contrary, large r corresponds to a low value of the evaporation rate
(Fig. 12.5(c)) giving rise to a saturation of the pheromone level, thus hindering
the formation of a useful gradient. Intermediate values, although giving rise to
different density shapes, generate well formed pheromone gradients able to cover
the whole area.

To provide a formal validation of the pheromone gradient construction process,
we compute the gradient quality estimator ℓgr(t) as a function of t for different
values of r. Fig. 12.6 shows that, for low values of r (curve r = 1.0), ℓgr(t) exhibits
a monotonic behavior while for high values of r (curve r = 4.0) the value of
ℓgr(t) exhibits a maximum and then decreases due to the saturation phenomenon.
However, for the formation of the routing table, we are interested in the quality of
the gradient in the stable state, and we are interested in finding the value r∗ of r
that optimize the gradient quality ℓgr(t̃) when the stabilization time t̃ is reached.
Fig. 12.7, reports the value of (ℓgr(t̃)) as a function of r, varying from 1.0 to 2.4.
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Observing the curve η = 4, it is possible to identify the maximum value of ℓgr(t̃)
at r∗ = 1.8.

The protocol setting phase is influenced by the message transmission range tr.
In the next experiment, being the topology and the other conditions unchanged,
we increase the transmission range tr = tr8 in (12.3), to obtain a neighbor number
η = 8. Curve η = 8 in Fig. 12.7 shows a similar qualitative trend but with
an overall higher value of ℓgr(t̃) and with the maximum at r∗ = 1.7. The better
gradient quality, can be explained by pointing out that a greater value of tr implies
a reduced number of hops needed to reach the sink with a corresponding greater
value of the pheromone increment at each hop.

12.5.1 The influence of the emission rate

Once the parameter r has been set, the pheromone gradient quality is not influ-
enced by the absolute values of pheromone emission and evaporation rates. How-
ever, changing λ influences other system properties, such as the gradient time to
stability t̃ and the energy spent in setting a stable gradient. To set the proper value
Fig. 12.8(a) plots t̃ as a function of λ at r = r∗, with both η = 4 and η = 8. It can
be observed that increasing either λ or η, shorter values of t̃ are obtained due to
a faster and more efficient propagation of the pheromone signals in the network.
In particular: i) An increase of λ results in higher frequency at which pheromone
messages are circulated in the network, allowing to reach a stable pheromone dis-
tribution faster; ii) An increase of the transmission range increments the number
of neighbor nodes that are able to receive a message, thus producing a more perva-
sive signal dissemination. However, as λ assumes high values, the gap between the
two curves is reduced mitigating the effect of the above mentioned second cause.

An important aspect related to the time to reach the stable state is the average
number m of signalling messages sent by each node. We can define such parameter
as a function of the pheromone emission rate as:

m = λ · t̃. (12.13)

Fig. 12.8(b) shows an increasing trend of m as a function of λ for both values of
the considered neighbor number. However, increasing η from 4 to 8, the average
number of signals decreases due to the larger action range of each message.

Both results in Figs. 12.8(a) and 12.8(b) tend to show that enlarging the
transmission rated provides better results. However, to complete the analysis, we
need to take into account also energy consumptions aspects, in the computation of
the cost needed to reach the stable condition. As described in [38], the energy cost
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per bit E(tr) required to exchange a message between a node and its η neighbors
can be computed as:

E(tr) = (1 + η)(E(ele) + E(proc)) + Cd · tαr , (12.14)

where E(ele) and E(proc) are the consumptions due to the transceiver electronics
and the processing functions, Cd is a constant factor, tr is the transmission range
needed to cover the distance between the sender and the receivers, as defined in
Section 12.2, and α is the exponential power decay factor. Assuming to have
a regular grid where nodes are uniformly distributed, the dependence of η as a
function of tr and ds is given in (12.3). The average energy cost per node needed
to reach the stable state can then be expressed as:

e = E(tr) ∗m. (12.15)

In agreement with [86], we use the following values for setting the parameters in
(12.14): E(ele) = E(proc) = 0.15mJ/bit, Cd = 0.018mJ/(bit ·mα), and α = 2.5.
Moreover, assuming to have a square area of 900× 900m2 we set ds = 30m, tr4 =
32m, and tr8 = 45m. In Fig. 12.8(c) we observe that, as expected, the average
energy consumption needed to reach the stable state increases with λ. However,
a comparison between Figs. 12.8(b) and 12.8(c) shows that, notwithstanding the
lower value of messages needed, when η = 8 we obtain a greater energy cost than
the case η = 4. Using the proposed model, it is then possible to estimate the cost
associated to the time needed to reach the stable state and, in order to respond
to particular application-specific requirements, a trade-off between t̃ and e can be
opportunely found during the setting phase of the network. Finally, note that
the influence of the transmission range on the energy consumption is even more
pronounced in the usual case in which the processing term E(proc) is greater than
the sensing term E(ele).

In order to test the model in more complex scenarios, in Fig. 12.9, we consid-
ered a larger uniformly distributed grid of 2970 × 2970m2 (that under the above
conditions corresponds to nh = 100 and nw = 100, with a grand total of N =
10,000 sensors) where 50 sinks are placed in random locations. Using the pro-
posed methodology, we are able to calculate the value r∗ of r that maximizes the
gradient quality estimator ℓgr(t̃), that for the network topology shown in Fig. 12.9
is equal to 1.2. Through such diagrams we can assess that the pheromone gradi-
ent is reached also when no symmetries are present in the network and that the
proposed model is able to capture the behavior of the protocol in generating a
correct pheromone gradient also in presence of different maximums. Such scenario



12.5. NUMERICAL RESULTS 123

also demonstrates the scalability of the proposed analytical technique that can be
easily adopted in the analysis of very large networks.

12.5.2 Irregular topologies

Next experiments aim at analyzing the pheromone gradient construction process
in the presence of irregular network topologies. When not otherwise expressed, we
always refer to a value of η equal to 4. First of all, the robustness of the algorithm
for the formation of the pheromone gradient is analyzed in scenarios where some
sensor nodes are removed from the network (either because dormant or failed), as
shown in Fig. 12.10. We consider two different situations. In the first one (Fig.
12.10(a)), blocks of contiguous nodes are removed from the network, reproducing
scenarios where nodes fail due to conditions strictly related to the geographic
position. In the second one (Figs. 12.10(b) and 12.10(c)), nodes are removed
randomly with an assigned percentage. Vacant cells (or cells with pheromone
intensity equal to 0) are represented as white spots in the graphs. For each resulting
network topology, we have estimated the value of r∗ that optimizes the gradient
quality measure ℓgr(t̃).

From the inspection of Fig. 12.10(a), we observe that the algorithm is able to
recognize and isolate the vacant blocks and build up a pheromone gradient that
circumvents the taboo zones by creating useful paths to the sink along increasing
gradient lines also for sensors that are not in direct view of the sink. The same
happens for the irregular topologies of Figs. 12.10(b) and 12.10(c). However,
increasing the number of removed nodes from the network (Fig. 12.10(c)), the
gradient quality deteriorates, since some active sensors may become masked by
the failed sensors and are not able to receive the pheromone messages emitted by
the sink. This phenomenon is highlighted in Fig. 12.11 where the same topologies
of Figs. 12.10(b) and 12.10(c) are considered. The failed nodes are marked by a
gray circle.

When nodes are removed from the network (gray circles), other sensors happen
to be isolated due to the interruption of any path to the sink. Such unreachable
nodes, marked in the graphs with the symbol x, degrade the gradient quality
and their number increases as the percentage of non-active node increases. The
appearance of unreachable nodes may be mitigated by increasing the transmission
range tr. As an example, compare Fig. 12.11(b) obtained with tr = tr4 (i.e.,
η = 4 in (12.3)) with Fig. 12.11(c) obtained with tr = tr8 (η = 8): the number
of unreachable sensors is drastically reduced (in Fig. 12.11(c) only the sensor in
position (0, 30) remains isolated). Increasing the transmission range improves the
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network connectivity and efficiency but at the cost of higher power consumption
and reduced network lifetime.

12.5.3 Transient analysis

The aim of this set of experiments is to investigate how the SI algorithm based
on MA responds to dynamically changing conditions in the WSN. To this end,
we examine the pheromone construction process as a function of the time under
varying conditions (switching sinks on and off or introducing vacant cells). For
each network configuration we set the parameter r to its optimal value, r = r∗.

As reported in Fig. 12.12, the first experiment consists in evaluating the
pheromone density growth starting from the sink activation at time t = 0s. Figs.
12.12(a)-12.12(d) show how the pheromone signal diffuses on the space V and the
way the stable condition is reached. At this point (time t = 17s), we switch off the
sink analyzing how the algorithm reacts to the absence of pheromone messages
emitted by the sink. We notice in Figs. 12.13 that the pheromone intensity
gradually reduces due to the prevalence of the evaporation phenomenon until the
gradient completely disappears. Such behavior is particularly useful to realize an
on-demand data collection task. In fact, the response of the WSN to the activation
and deactivation of the sink shows that it is possible to carry out the data collection
acting only on the sink node by programming sensor nodes to send their data only
when a pheromone gradient is perceived.

Once the adaptability of the SI algorithm has been tested through the pro-
posed transient analysis, we can improve the system performance evaluation by
investigating important parameters regarding the time spent by the network for
the reconfiguration phase. Such information can be obtained by plotting the value
of the gradient quality estimator ℓgr(t) over the time. In Fig. 12.14, we reported
such analysis with respect to the activation and deactivation of a sink.

Analyzing the trend of the curves plotted in Fig. 12.14, it is easy to highlight
the areas corresponding to the network reconfiguration phase and then to compute
the time needed to create a new stable pheromone gradient. In particular, two dif-
ferent phases can be identified that corresponds to the activation and deactivation
of the sink node. We can observe that the time spent to create the pheromone
gradient is equivalent to the time needed to its deletion.



12.5. NUMERICAL RESULTS 125

 0
 5

 10
 15

 20
 25

 30
 0

 5
 10

 15
 20

 25
 30

 0

 5

 10

 15

 20

 0

 5

 10

 15

 20

 25

 30

 0  5  10  15  20  25  30

(a) r=1.0.
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 0
 5

 10
 15

 20
 25

 30
 0

 5
 10

 15
 20

 25
 30

 0

 5

 10

 15

 20

 0

 5

 10

 15

 20

 25

 30

 0  5  10  15  20  25  30

(c) r=4.0.

Figure 12.5: Distribution of the pheromone intensity φ(t,v) in V for differ-
ent values of r.
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Figure 12.6: Transient behavior of the gradient quality estimator ℓgr(t) for
different values of r.
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respect to r varying η.
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Figure 12.8: (a) Time to reach the stable condition t̃ versus λ varying η, (b)
average number of signalling messages per node m, and (c) average energy
consumption per node (e).
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Figure 12.9: Distribution of the pheromone intensity over V in the stable
condition when the network is composed by a grid of 10,000 sensor nodes
with 50 sinks (η = 4, r=r∗=1.2).
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Figure 12.10: Distribution of the pheromone intensity over V when some
nodes are removed from the network. (a) Contiguous areas, (b) 20% of
nodes, and (c) 35% of nodes.
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Figure 12.11: Removed nodes (circles), isolated nodes (X), and the
pheromone intensity distribution over V in the stable condition.
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(d) t = 17.0s

Figure 12.12: Growth of the pheromone intensity distribution over V at
different time intervals until the stable condition is reached (r = r∗ = 1.8).
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(d) t = 30.0s

Figure 12.13: Decreasing of the pheromone intensity distribution over V
when the sink is deactivated at time t = 17.01s until the stable condition
is reached (r = r∗ = 1.8)
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Chapter 13

Conclusions and future

works

In this thesis we have illustrated the formalism and the analysis of the interacting
Markovian agents. As a first contribution, we have described in detail the MAM
framework including the definition of individual MA, its local behaviour and how
their spatial distribution and their interactions are modelled. Given the formal
definition, we have presented the analysis of MAM which is performed by applying
the principles and the hypothesis of the mean field technique. Then, we have
extended the original formalism to add several useful features to the model. In
particular, we have introduced the concepts of class of agents and type of messages
to allow the description of MAs with different behaviours which interact in multiple
ways. Another important extension is the introduction of mobile MAs in the
framework.

A lot of work is still in progress, and many research questions are still open. In
the formalism an enriched CTMC describes the behaviour of each MA. Even if such
a model is sufficiently expressive to represent MAs, such low level specification is
difficult to use and is not practical in real applications. To allow MAM formalism
to be widely used by a large number of scientists, including people without a
computer science background, like biologists, new high level languages should be
studied. This poses a new challenge, because none of the existing high level model
definition formalisms takes in account spatial dependencies.

The real novelty of the MAM is the capability of considering the spatial distri-
bution of a population of agents. However, this relays mainly on the specification
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of the density agent function and the perception function, which can be quite hard
to be defined by the modeller. Therefore, it is necessary to investigate the role of
the propagation function in the framework. Actually, we do not impose any restric-
tion: the function can take any form. Previous works shows that the propagation
function is strongly dependent on the type of spatial interactions the modeller
wants to represent. Therefore, a future objective will be to study different classes
of perception functions to determine which ones should be appropriate in term of
both expressiveness of the model and tractability of the stochastic analysis.

Finally, in the framework of Interacting Markovian Agent a natural extension
should be to reason about the probability that a certain property is satisfied in a
particular spatial area, for example ”does the agents located in area A satisfy a
property P with probability greater than 0.01”. In the sensor networks this can be
useful to determine if an area needs to be populated by sensors with a larger buffer
because the probability of dropping packets is greater than a certain threshold.
Also reachability properties, like ”starting from a situation where agents in area A
satisfy a property P , the probability of reaching a situation where agents in area
B satisfy property Q is greater than 0.01”, can be useful to reason about spatial
diffusion of a phenomenon over time such as earthquake or disease propagation.
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[84] R. Pelánek. Fighting state space explosion: Review and evaluation. In For-
mal Methods for Industrial Critical Systems: 13th International Workshop,



BIBLIOGRAPHY 145

FMICS 2008, L’Aquila, Italy, September 15-16, 2008, Revised Selected Pa-
pers, pages 37–52, Berlin, Heidelberg, 2009. Springer-Verlag.

[85] B.D. Plateau and K. Atif. Stochastic automata network for modeling parallel
systems. IEEE Transactions on Software Engineering, 17:1093–1108, 1991.

[86] Theodore S. Rappaport and Theodore Rappaport. Wireless Communica-
tions: Principles and Practice (2nd Edition). Prentice Hall PTR, December
2001.

[87] Ronald G. Rehm. The effects of winds from burning structures on ground-
fire propagation at the wildland-urban interface. Combustion theory and
modelling, 12:477–496, 2008.

[88] S. Russell and P. Norvig. Artificial Intelligence: A Modern Approach (2nd
edition). Prentice-Hall, 2003.

[89] R. A. Sahner, K. S. Trivedi, and A. Puliafito. Performance and relia-
bility analysis of computer systems: an example-based approach using the
SHARPE software package. Kluwer Academic Publishers, Norwell, MA,
USA, 1996.

[90] G. Sala, R. Brignolo, E. Carrubba, U. Jallasse, and D. Shinar. Improvement
of accident prevention in road tunnels through intelligent infrastructures
and intelligent vehicles operation. In Proc. of Intelligent Transport Systems
(ITS2003), Madrid, 2003.

[91] W. H. Sanders and J. F. Meyer. Reduced base model construction meth-
ods for stochastic activity networks. IEEE Journal on Selected Areas in
Communications, 9(1):25–36, 1991.

[92] C. Schurgers and M.B. Srivastava. Energy efficient routing in wireless sensor
networks. In Communications for network-centric operations: creating the
information force (MILCOM 01), 2001.

[93] B. Sericola. Transient analysis of stochastic fluid models. Perform. Eval.,
32(4):245–263, 1998.

[94] P. Siregar, J. P. Sinteff, M. Chahine, and P. Lebeux. A cellular automata
model of the heart and its coupling with a qualitative model. Comput.
Biomed. Res., 29(3):222–246, 1996.

[95] J. L. Smith. Markov modelling and analysis of a multiple ac-
cess computer system. Technical report, University of Michigan
[http://deepblue.lib.umich.edu/dspace-oai/request] (United States), 1966.



146 BIBLIOGRAPHY

[96] N.K. Svendsen and S.D. Wolthusen. A framework for 3D geospatial buffering
of events of interest in critical infrastructures. In CRITIS 2007, 2007.

[97] T. Toffoli, M. Toffoli, and H. Norman. Invertible cellular automata: a review.
Cellular automata: theory and experiment, pages 229–253, 1990.

[98] L. A. Tomek and K. S. Trivedi. Fixed point iteration in availability modeling.
In Proceedings of the 5th International GI/ITG/GMA Conference on Fault-
Tolerant Computing Systems, Tests, Diagnosis, Fault Treatment, pages 229–
240, London, UK, 1991. Springer-Verlag.

[99] K. Trivedi. Probability & Statistics with Reliability, Queueing & Computer
Science applications. Wiley, II Edition, 2001.

[100] K. S. Trivedi and V. G. Kulkarni. FSPNs: Fluid stochastic Petri nets. In
Application and Theory of Petri Nets, pages 24–31, 1993.

[101] A. Varga. Omnet++ - portable simulation environment in C++. Technical
report, Technical University of Budapest, Budapest, Hungry, 1992.

[102] W. L. Wallace, D. F. Fife, and R. F. Rosin. A study of information flow in
multicomputer and multi console data processing system. Technical report,
Rome Air Development Center, Rome New York, 1964.

[103] H. Weigand and V. Dignum. I am autonomous, you are autonomous. In
Agents and Computational Autonomy, pages 227–236, 2003.

[104] S. Wolfram. Statistical mechanics of cellular automata. jl-pre, 55:601–644,
1983.

[105] K. Wolter. Second order fluid stochastic Petri nets: an extension of gspns for
approximate and continuous modelling. In Proc. World Congr. on Systems
Simulation, pages 328–332, 1997.

[106] K. Wolter. Jump transitions in second order FSPNs. In MASCOTS, pages
156–163, 1999.

[107] K. Wolter and R. German. Second order non-markovian fluid stochastic
Petri nets. In In Proc. Workshop on Perf. Modeling of Comp. and Comm.
Systems (PMCCS3, 1996.

[108] M. J. Wooldridge. Multi-agent systems: an introduction. Wiley, Chichester,
2001.



BIBLIOGRAPHY 147

[109] J. Zhang, J. W. Modestino, and D. A. Langan. Maximum-likelihood parame-
ter estimation for unsupervised stochastic model-based image segmentation.
IEEE Transactions on Image Processing, 3(4):404–420, 1994.

[110] F. Zhao and L. Guibas. Wireless sensor networks - An information process-
ing approach. Morgan Kaufmann, 2004.


