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Introduction

Concurrent system References
m a set of processes (agents) that interact togheter The -calculus
_ From m-calculus to
L] concurrent computation linear mr-calculus
[1 synchronization
[0 mobility

m each process is defined by specifying all its possible
interaction with the rest of the system

How do we describe a such complex reality?
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Syntax

Names and variables: References
Introduction
a,b,c (names) ,x,y, z, (var.) s, t(l.)oth) e
ma= a(Z) input
. 0RO C _ E les:
Action capabilities: a(t) output ]
T internal action ;e;‘z:;ﬁ e
P:= =nP prefixed action External vs internal
mobility
> ier mi-P; prefixed sum Example
. Actions - notation
P‘P para||e| Comp05|t|0n Labelled Transition
Processes: . Sy o
vx P restriction Lefedlled] Tiaraion
. . System - 2
'P rep||Cat|On Labelled Transition
: : System - 3
0 termination e
equivalence - 1
a(x).P and vx P are binding constructs (the occurences Behavioural
uilv =
Of €T are bounded in P) Discussion

From m-calculus to
linear mr-calculus
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Examples:

input and output actions References
P o P/ Introduction
T a/(ZU).EU<t> The m-calculus
parallel execution Syntax
_ _
Q _ a’(:’U)Ql‘U(t)Q2 Operational

semantics

possible interaction |
Reduction rules
S = a,(gj) S‘5<t> .S/ External vs internal

mobility

restriction (scope extrusion) Example
— Actions - notation

R — VZ(U<Z> Z(UJ) R/) Labelled Transition
System - 1
Labelled Transition
System - 2
Labelled Transition
System - 3
Behavioural
equivalence - 1
Behavioural
equivalence - 2
Discussion

From m-calculus to
linear mr-calculus
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Operational semantics

Behaviour of a process References
Introduction
m internal dynamics of a process The -calculus
Syntax
[0 reduction rules Examples:

Operational
semantics

Reduction rules
External vs internal

[0 labelled transition system mobility

Example

m interaction with the environmet

Actions - notation
Labelled Transition
System - 1
Labelled Transition
System - 2
Labelled Transition
System - 3
Behavioural
equivalence - 1
Behavioural
equivalence - 2

Discussion

From m-calculus to
linear mr-calculus
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Reduction rules

The structural congruence (=) is the smallest eterences
contextual congruence satisfying the following axioms e el
a-conversion of bound names P|(Q|R) = (P|Q)|R  syntax
PIQ = QIP Plo=P =
nyyp = VnyL'P VZO = O _I rules
vz(P|Q) = (vzP)|Q if 2 ¢ fn(Q) !'P=P|!P xternal vs nternal
The reduction (—) is defined by the following rules Example
Actions - notation
o(@).P+Mal).Q+N — P{E/TQ (1)  smem-r
Labelled Transition
T.P + M — P (2) System - 2 N
Labelled Transition
P—P = PQ—PFlQ (3) u
PP=Q1— Q=P = P —DP (4) E‘liflii'iﬁfi' 1
P—P = vazP—vaP (5) Eq,;’c'f,"_i,'f,ﬂﬁe :

From m-calculus to
linear mr-calculus
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External vs internal mobility

External mobility:

Internal mobility:

Mauro Piccolo

comunication of free names
Example: P =¢(a).P’

comunication of private (fresh)

Names

Example: P = vz(a(z).P’)
the source of the expressive power of the
m-calculus [Sangiorgi95]

References
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Syntax
Examples:

Operational
semantics

Reduction rules
External vs internal

mobility

Example

Actions - notation
Labelled Transition
System - 1
Labelled Transition
System - 2
Labelled Transition
System - 3
Behavioural
equivalence - 1
Behavioural
equivalence - 2

Discussion
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Example

o P _ References
R : Introduction

€T The 7r-calculus
Syntax
Examples:

Q Operational

semantics

If v2(P|R)|Q and if P =Z(z).P’ with z non-free in P’ e Reduction rules
Q — (y) / then i);tsirl?t:;l vs internal

RERRIRR | Example

Actions - notation
Labelled Transition
System - 1
Labelled Transition
System - 2
: Labelled Transition
; /./ ........ 7 System - 3
P ‘VZ(Q ‘R) Wlth Q Q/{Z/y} Behavioural
equivalence - 1
Behavioural
equivalence - 2

Discussion

From m-calculus to
linear mr-calculus
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Actions - notation

a:= u(y) free output xry input eterenees
lvzu(z) bound output | 7 internal he caleulus
we write U(2) =ger V2U(2) Syntax
. . Examples:
o subj(a) obj(a) fn(a) bn(a) n(a) Operational
_ semantics
$<y> L y {xa y} @ {xa y} Reduction ryles
LY €X Y {Qj’ y} @ {ZC, y} iﬁs;?t:;l vs internal
T(Z') . X Z {Qj} {Z} {x’ Z} Example
T — — @ @ @ Labelled Transition
System - 1
Labelled Transition
System - 2
Labelled Transition
System - 3
Behavioural
equivalence - 1
Behavioural

equivalence - 2
Discussion

From m-calculus to
linear mr-calculus
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Labelled Transition System - 1

References
Introduction

out -

n The m-calculus
P 7™.P— P Syntax

w@). P % Ply/zt  alz).P =

Examples:
Operational
semantics

Reduction rules
External vs internal

P - P bn(a)N fn(Q) =0 P pr QY mobiin
— l & JEx%mple

o p T : _
P‘Q — P/‘Q P‘Q — P/‘Q/ Actions - notation

Labelled Transition

System - 1
Labelled Transition
System - 2

P i> P/ Labelled Transition

o System - 3
/ _ Behavioural
P+ Q — P'sum — | petavee

Behavioural
equivalence - 2

Discussion

From m-calculus to
linear mr-calculus
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Labelled Transition System - 2

E(z) §<z> References
P AN P/ Q Lz Q/ P 5 P/ open Introduction
- , , Cl — l E(z) p The m-calculus
P|QQ — vz(P'|Q") vzP — P Syntax
Examples:
Operational
Q / semantics
P— P 2z Q/ ’n,(Oé) P HO& P/ Reduction rules
o res o r — act External vs internal
vzP — vz P’ P — P'||P mobilty
xample

Actions - notation
Labelled Transition
System - 1

o ) oz
(Y Ty / 7 System - 2
P — P/ P — P// r—oc P P P P Z g fn(P) Labelled Fransition
T T ystem

'P E— (P/‘P//)"P 'P — (VZ(P/‘P//))"P Behavioural
equivalence - 1
Behavioural
equivalence - 2

Discussion

From m-calculus to
linear mr-calculus
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Labelled Transition System - 3

Harmony lemma: References

Introduction
__ o / o
| P = P — P — = P The m-calculus
T Synt
[ | P — P/ <> P NG P/ DAL

Examples:

Operational
semantics

Reduction rules
External vs internal
mobility

Example

Actions - notation
Labelled Transition

System - 1
Labelled Transition
System - 2
Labelled Transition
Behavioural
equivalence - 1
Behavioural

equivalence - 2
Discussion

From m-calculus to
linear mr-calculus
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Behavioural equivalence - 1

Strong bisimilarity: Strong bisimilarity is the largest eterenees
binary symmetric relation ~ on processes such that e el
whenever P ~ @, if P —— P’ then there exists )’ Syntax
such that Q =~ Q' and P ~ Q. Operations

semantics

Weak transition relations

Reduction rules
External vs internal

o o 0.0 T
m — is the reflexive and transitive closure of — mobility
(8 . (0% . . Example
m — S — —— —>, where « Is an action.

Actions - notation
Labelled Transition

Weak bisimilarity: weak bisimilarity is the largest System - 1
. ) ) Labelled Transition

binary symmetric relation ~ on processes such that System - 2
. « . Labelled Transition

whenever P =~ (@), if P — P’ then there exists @’ S 8

Q / ! / Behavioural

such that ) — Q" and P’ = () O —
Behavioural

equivalence - 2

Discussion

From m-calculus to
linear mr-calculus
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Behavioural equivalence - 2

Properties: References

Introduction

[ ] ~C The m-calculus

Syntax

B = is an equivalence relation

Examples:

Operational
semantics

BUT Reduction rules

External vs internal
mobility

. Example
They are not contextual congruence relations Actions - notation

Labelled Transition

— = — System - 1
m let P=7|y and Q =T.y + y.T be two processes e it

m let C|| =a(z).[] be a context System - 2

Labelled Transition
h System - 3
we ave Behavioural

equivalence - 1

m P~ () but C[P] A C[Q] Behavioural

equivalence - 2

Discussion

From m-calculus to
linear mr-calculus
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Discussion

7T-Ca |CU | us References

Introduction

m it models concurrent mobile computation The rr-calculus
. . .. . . . Synt

m it has an intuitive notion of obsevational equivalence Eramoles
(bisimilarity) Operational

semantics

Reduction rules
But External vs internal
mobility

m reduction is in general not confluent Example

Actions - notation

m there is no canonical normal form IS_abeIIed .
T o ¢ - - c . ystem - 1

m  bisimilarity is not a contextual equivalence relation Labelled Transition
System - 2

Solutions: Labelled Transition
System - 3
Behavioural

m restricting the calculus (this talk) equivalence - 1

Behavioural

m extending the calculus equivalence - 2

_ _
0 Fusion calculus (Parrow Victor) From mr—calculus to

[0 Solos (Laneve Parrow Victor) linear 7r-calculus
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Restrictions

We add the following restrictions: Reflareness
Introduction
Asynchrony: the act of sending a datum and the act of The -calculus
Ve I i From 7r-calculus to
receiving it are separate. In particular no process rom eea cu e
need to wait to send a datum.
. . . . Asynchronous
Locality: channels received in input are only used for r-calculus
. Xpressing
output and dually channels sent in output are only SEE I
TT-Calculus
used fOI’ input Asynchronous
e . . . Localized m-calculus
Internal mobility: the communication involves only it Loclizet
. m-calculus
private (fresh) Nnames Linear m-calculus
5 . ; ; ; ) . L [YoshidaHond-
Linearity: The linearity constraint gives a discipline on aBerger03]
Li it
how much a process can use a name. e

environments
Composition of type
environments

Typing rules
Adding constraints
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Asynchronous 7m-calculus

SyntaX' References

Introduction

The 7r-calculus

P ::=a(%).P|a(t) | P|P|vEP |\ P|0

From m-calculus to
linear mr-calculus

Restrictions

RedUCtion: Asynchronous
— — = mr-calculus
a,(CC)P‘CL<£> — P{t/ﬂf} Expressing
synchrony in
. . 0 s Amr-calcul
Output is not blocking and can be sequentialized: Asynchronous
Localized m-calculus
Private Localized

vy, (@) (=) [2(a) | R)

Linear 7r-calculus
[YoshidaHond-

Wlth g f (R) aBerger03]

y’ < n Linearity

Types and type
environments
Composition of type
environments

Typing rules
Adding constraints
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Expressing synchrony in Ar-calculus

References

The translation [ - | from 7 to A7w is an homomorphism
except that

Introduction

The 7r-calculus

From m-calculus to

[a®.P] = vy@(E.y)|y()-[P]) [ et

Restrictions

[a().P] = a(Z,y).(¥()|[Q]) taiculen
Expressing
The trasition @(t).P|a(Z).QQ — P|Q{t/zZ} is mimicked sl
by the Seq uence ﬁszgﬁgggn;falculus

Private Localized

[@(f).Pla@®Q) = vy(@E ply0IPDIo(@, 2)- (0l QD)i s
— wyO [PIGOIRD{E/Z y/z}) e
= vy(y().[PII@EOIRD{E/Z}) Types and ype
—  [PlI[e{t/#}] e

Typing rules
Adding constraints
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Asynchronous Localized 7-calculus

Syntax. References

Introduction

The 7r-calculus

P ::= a(Z).P|a(t) | P|P |vZP|!P|0

From m-calculus to
linear mr-calculus

Restrictions

where we impose that in the process a().P the Asynchronaus

names & cannot occur free in P as a subject of an e

input prefix. (Output capability constraint) synchrony in
Locality: Every process that receive via a name is local

to the process that create that name. Private Localizec

Example: a printer manager process can A

comunicate to another process the capability to send ii‘lﬁf{f]

a job to the printer but not the capability to receive vizmand e

a job for the printer Composition of type
Expressiveness : the same as Anm ([Boreale98]) B

Adding constraints
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Private Localized 7-calculus

Only internal mobility is allowed
Syntax: we pose a(Z).P =g4.5 vZ(a(x).P)
P := a(Z).P input
a(x).P output

P|P parallel composition
ve P restriction

K(Z)  recursion

0 termination

where we impose that

m in a(Z).P the names & can occur in P only as the
subject of input prefixes.

m in a(Z).P the names & can occur in P only as the
subject of an output.

Reduction: a(%).Pla(¥).Q)Q — vZP|Q
Expressivness: The same as L Ar-calculus ([Boreale98])

References
Introduction

The 7r-calculus

From m-calculus to
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Restrictions
Asynchronous
mr-calculus
Expressing
synchrony in
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Asynchronous
Localized 7r-calculus
Private Localized
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[YoshidaHond-
aBerger03]
Linearity
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environments
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environments
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Adding constraints
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Linear m-calculus [YoshidaHondaBerger03]

Syntax: we pose a(Z) P =4 vZ(a(Z)|P)
P:= a(Z).P input

a(z

t) P asynchronous output
la(Z).P guarded replication

and the same as above

structural and reduction rules:

() y(0) P
z(4) (P|Q)
vyx(u) P
a(T).Pla(x) Q
la(Z).Pla(x) Q
P— P

Mauro Piccolo

—

—

=

y)T(U)P sex &€ v e yZu
(z(d) P)|Q sed & Q
T(w)vy P sey & {z, u}
#(P|Q)

la(Z).PlvZ(P|Q)

a(Z) P — a(Z) P’

N
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environments
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Linearity

Action and channel modes

m input modes

| linear (ex. a(z).P)
| replicated (ex. la(z).P)

m output modes (ex a(z) P)

T linear
?  replicated

m neutral (])

We use pO (resp. pl) to vary on output (resp. input)

modes

Mauro Piccolo
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Types and type environments

References
Introduction

T = Trlto| ] T o= (70)P! 10 1= (77)PC The m-calculus

From m-calculus to
I' = Al : Tly..-5Qn Ty linear mr-calculus
Restrictions
Asynchronous
7r-calculus

m [ is always well formed (each name appear only once) Expressing

synchrony in

m  Dom(T) is the set of names that occur in I'. If Arcalculus

Asynchronous

F — A, a . T We note F(a) = T Localized 7m-calculus

Private Localized

m  Given a type 7, we define its dual 7 in the following r-calculus

Linear m-calculus
way [YoshidaHond-
aBerger03]

Linearity

i
|_

|
3
H

environments
Composition of type
environments

O0—>

—.
—
I
ooy

R
N—"

Typing rules

=
-
|
lQ\]I—l
s

Adding constraints

[ I e
N N N N
N N N N

J & L e

|_
|
3
Q
=

Mauro Piccolo University of Turin — 26 / 29




Composition of type environments

Let I' and A two type environments such that, for all Fiferj“:js
a € Dom(I') N Dom(A) we have that one of the R
f0||OWing holds From 7-calculus to
linear 7r-calculus
— 1 estrictions
- F(CL) o A(a) N isyzchtronous
v [la)=Ala) = (") s
Then we define I' ©® A the environment = such that et
DOm(E) = DOm(F) U DOm(A) and ﬁszgﬁgggn;falculus
Private Localized
m-calculus
( T'(a) ifa€ Dom(T")\ Dom(A) [L¢g§agdg-Hcg;3ﬁ'“s
A(a) ifa € Do (A) \ Dom(I") Bty
E(a) — < I |f F(a/) = a,) Wlth d ||near mOdallty Types a};d type

environments

(
(a)* with a replicated modality
environments
(a’) ( ) Typing rules

Adding constraints

(t0)' if T'(a)
| (1)" ifT(a)

m
A
A
A
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Typing rules

References

Introduction

: |
g Pi>Ty P>Ty par PoT,xz:7 md(r) € {],!} g gl
Ol> Pl |})2 > Fl @ FQ VCUP > F From m-calculus to

linear mr-calculus

Restrictions
Asynchronous
m-calculus
Expressing

PoT md(T) & {I’ ?} P>z: Té,l Fl, ?FQ synchrony in

) lAw-caIcqus
weak S S n
. ‘) - l Asynchronous
P > F? Zr T a’('CU)'P[> T Fl’ 'F27 a . (TO) Localized m-calculus

Private Localized
mr-calculus
Linear mr-calculus
[YoshidaHond-

Prz:79,7T o PoT,x: 77 t iiee;g:trfs]
' ou
la(Z).Po?T,a: (70) @& PeT o (a: (77)P°) e

Composition of type
environments

Typing rules

Adding constraints
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Adding constraints

The typing system above guarantees the confluence :?iferjnctejs
ntroauction
property (— is ChL.JrCh—ROSSGI’). B
We can add constraints: From m-calculus to
linear 7r-calculus
acyclicity: strong normalization Restrictions
] Asynchronous
[YoshidaHondaBerger03] m-calculus
o« gs . ) Expressing
sequentiality: full abstraction in PCF iy i
7T-Calculus
[YoshidaHondaBerger01] Asynchronous

Localized 7r-calculus
Private Localized

We can also extend the calculus with: n-calculus
Linear m-calculus
. - . h [YoshidaHond-
branching/selection: additives : Berger0a]
non determinism: see [VaraccaYoshida06] Linearity

Types and type
environments
Composition of type
environments

Typing rules

Adding constraints
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