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Abstract
In this report we introduce a tableau calculus for deciding query entailment in
preferential Description Logic ALC + TminR that allows to give a complexity
upper bound for the logic, namely that query entailment is in CO-NEXPNP.

1 Introduction
Non-monotonic extensions of Description Logics (DLs) have been actively investigated
in the last few years [BH95a, BH95b, BLW09, DLN+98, DNR02, ELST04, Str93,
CS10]. In this work, we focus on preferential Description Logics, obtained by (i)
adding a typicality operator T to standard DLs and (ii) based on a minimal model
semantics in order to perform nonmonotonic inferences. In particular, here we focus on
the logicALC+TminR : in this logic, the semantics underlying the typicality operator
T is strongly related to Kraus, Lehmann and Magidor’s rational logic R [LM92].

We provide a decision procedure for checking minimal entailment inALC+TminR .
Our decision procedure has the form of tableau calculus, with a two-step tableau con-
struction. The idea is that the top level construction generates open branches that are
candidates to represent minimal models, whereas the auxiliary construction checks
whether a candidate branch indeed represents a minimal model. Termination is en-
sured by means of a standard blocking mechanism. Our procedure can be used to
determine constructively an upper bound of the complexity ofALC+TminR . Namely
we obtain that checking query entailment for ALC + TminR is in CO-NEXPNP.

2 The logic ALC +TminR

Given an alphabet of concept names C, of role names R, and of individual constants
O, the language L of the logic ALC + TR is defined by distinguishing concepts and
∗DISIT - Università del Piemonte Orientale - Alessandria, Italy - laura.giordano@unipmn.it
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extended concepts as follows:

• (Concepts)

– A ∈ C, > and ⊥ are concepts of L;

– ifC,D ∈ L andR ∈ R, thenCuD,CtD,¬C, ∀R.C,∃R.C are concepts
of L

• (Extended concepts)

– if C is a concept of L, then C and T(C) are extended concepts of L
– boolean combinations of extended concepts are extended concepts of L.

A knowledge base is a pair (TBox, ABox). TBox contains subsumptions C v D,
where C ∈ L is an extended concept of the form either C ′ or T(C ′), and C ′, D ∈ L
are concepts. ABox contains expressions of the form C(a) and aRb where C ∈ L is
an extended concept, R ∈ R, and a, b ∈ O.

In order to provide a semantics to the operator T, we extend the definition of a
model used in “standard” terminological logic ALC:

Definition 1 (Semantics of T with selection function). A model is any structure

〈∆, I, fT〉

where:

• ∆ is the domain, whose elements are denoted with x, y, z, . . .;

• I is the extension function that maps each extended concept C to CI ⊆ ∆, and
each role R to a RI ⊆ ∆ × ∆. I assigns to each atomic concept A ∈ C a set
AI ⊆ ∆ and it is extended to arbitrary extended concepts as follows:

– >I = ∆

– ⊥I = ∅
– (¬C)I = ∆\CI
– (C uD)I = CI ∩DI

– (C tD)I = CI ∪DI

– (∀R.C)I = {x ∈ ∆ | ∀y.(x, y) ∈ RI → y ∈ CI}
– (∃R.C)I = {x ∈ ∆ | ∃y.(x, y) ∈ RI and y ∈ CI}
– (T(C))I = fT(CI)

• Given S ⊆ ∆, fT is a function fT : Pow(∆)→ Pow(∆) satisfying the follow-
ing properties:
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Intuitively, given the extension of some conceptC, the selection function fT selects the
typical instances ofC. (fT−1) requests that typical elements of S belong to S. (fT−2)
requests that if there are elements in S, then there are also typical such elements. The
following properties constrain the behavior of fT with respect to ∩ and ∪ in such a way
that they do not entail monotonicity. According to (fT − 3), if the typical elements of
S are in R, then they coincide with the typical elements of S ∩ R, thus expressing a
weak form of monotonicity (namely, cautious monotonicity). (fT − 4) corresponds
to one direction of the equivalence fT(

⋃
Si) =

⋃
fT(Si), so that it does not entail

monotonicity. Similar considerations apply to the equation fT(
⋂
Si) =

⋂
fT(Si), of

which only the inclusion
⋂
fT(Si) ⊆ fT(

⋂
Si) holds. (fT − 5) is a further constraint

on the behavior of fT with respect to arbitrary unions and intersections; it would be
derivable if fT were monotonic. (fT−R) is the property corresponding to the rational
monotonicity in [LM92]: this property is not assumed to hold in the logicALC+Tmin
introduced in [GGOP13].

In [GGOP10b], we have shown that one can give an equivalent, alternative seman-
tics for T based on a preference relation semantics rather than on a selection function
semantics. The idea is that there is a global, irreflexive, transitive and modular relation
among individuals and that the typical members of a concept C (i.e., those selected
by fT(CI)) are the minimal elements of C with respect to this relation. A relation is
modular if, for all x, y, z, if x < y, then either x < z or z < y. Observe that this
notion is global, that is to say, it does not compare individuals with respect to a specific
concept. For this reason, we cannot express the fact that y is more typical than x with
respect to concept C, whereas x is more typical than y with respect to another concept
D. All what we can say is that either x is incomparable with y or x is more typical
than y or y is more typical than x. In this framework, an element x ∈ ∆ is a typical
instance of some concept C if x ∈ CI and there is no C-element in ∆ more typical
than x. The typicality preference relation is partial since it is not always possible to
establish given two element which one of the two is more typical. Following KLM,
the preference relation also satisfies a Smoothness Condition, which is related to the
well known Limit Assumption in Conditional Logics [Nut80] 1; this condition ensures
that, if the extension CI of a concept C is not empty, then there is at least one minimal
element of CI . This is stated in a rigorous manner in the following definition:

Definition 2. Given an irreflexive, transitive and modular relation < over a domain
∆, called preference relation, for all S ⊆ ∆, we define

Min<(S) = {x ∈ S | @y ∈ S s.t. y < x}
We say that< satisfies the Smoothness Condition if for all S ⊆ ∆, for all x ∈ S, either
x ∈Min<(S) or ∃y ∈Min<(S) such that y < x.

The following representation theorem is proved in [GGOP10b]:

Theorem 3. Given any model 〈∆, I, fT〉, fT satisfies postulates (fT− 1) to (fT− 5)
and (fT−R) above iff there exists an irreflexive, transitive and modular relation < on
∆, satisfying the Smoothness Condition, such that for all S ⊆ ∆, fT(S) = Min<(S).

1More precisely, the Limit Assumption entails the Smoothness Condition (i.e. that there are no infinite
< descending chains). Both properties come for free in finite models.
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Having the above Representation Theorem, from now on, we will refer to the following
semantics:

Definition 4 (Semantics of ALC + TR). A modelM of ALC + TR is any structure

〈∆, I, <〉

where:

• ∆ is the domain;

• < is an irreflexive, transitive and modular relation over ∆ satisfying the Smooth-
ness Condition (Definition 2)

• I is the extension function that maps each extended concept C to CI ⊆ ∆, and
each role R to a RI ⊆ ∆ × ∆. I assigns to each atomic concept A ∈ C a set
AI ⊆ ∆. Furthermore, I is extended as in Definition 1 with the exception of
(T(C))I , which is defined as

(T(C))I = Min<(CI).

Let us now introduce the notion of satisfiability of an ALC + TR knowledge base. In
order to define the semantics of the assertions of the ABox, we extend the function I
to individual constants; we assign to each individual constant a ∈ O a distinct domain
element aI ∈ ∆, that is to say we enforce the unique name assumption.

Definition 5 (Model satisfying a Knowledge Base). Consider a modelM, as defined
in Definition 4. We extend I so that it assigns to each individual constant a of O an el-
ement aI ∈ ∆, and I satisfies the unique name assumption. Given a KB (TBox,ABox),
we say that:

• M satisfies TBox iff for all inclusions C v D in TBox, CI ⊆ DI .

• M satisfies ABox iff: (i) for all C(a) in ABox, we have that aI ∈ CI , (ii) for all
aRb in ABox, we have that (aI , bI) ∈ RI .

M satisfies a knowledge base if it satisfies both its TBox and its ABox. Last, a query F
is entailed by KB in ALC + TR if it holds in all models satisfying KB. In this case we
write KB |=ALC+TR

F .

Notice that the meaning of T can be split into two parts: for any x of the domain
∆, x ∈ (T(C))I just in case (i) x ∈ CI , and (ii) there is no y ∈ CI such that
y < x. As already mentioned in the Introduction, in order to isolate the second part of
the meaning of T (for the purpose of the calculus that we will present in Section 4),
we introduce a new modality �. The basic idea is simply to interpret the preference
relation < as an accessibility relation. By the Smoothness Condition, it turns out that
� has the properties as in Gödel-Löb modal logic of provability G. The Smoothness
Condition ensures that typical elements of CI exist whenever CI 6= ∅, by avoiding
infinitely descending chains of elements. This condition therefore corresponds to the
finite-chain condition on the accessibility relation (as in G). The interpretation of � in
M is as follows:
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Definition 6. Given a modelM as in Definition 4, we extend the definition of I with
the following clause:

(�C)I = {x ∈ ∆ | for every y ∈ ∆, if y < x then y ∈ CI}

It is easy to observe that x is a typical instance of C if and only if it is an instance of C
and �¬C, that is to say:

Proposition 7. Given a modelM as in Definition 4, given a concept C and an element
x ∈ ∆, we have that

x ∈ (T(C))I iff x ∈ (C u�¬C)I

Since we only use � to capture the meaning of T, in the following we will always use
the modality � followed by a negated concept, as in �¬C.

The Smoothness condition, together with the transitivity of <, ensures the follow-
ing Lemma:

Lemma 8. Given anALC+TR model as in Definition 4, an extended concept C, and
an element x ∈ ∆, if there exists y < x such that y ∈ CI , then either y ∈Min<(CI)
or there is z < x such that z ∈Min<(CI).

Proof. Since y ∈ CI , by the Smoothness Condition we have that either (i) y ∈
Min<(CI) or (ii) there is z < y such that z ∈Min<(CI). In case (i) we are done. In
case (ii), since < is transitive, we have also that z < x and we are done.

3 The logic ALC +TminR

As mentioned in the Introduction, the logicALC+TR presented in [GGOP10b] allows
to reason about typicality. However, it is monotonic. In order to perform some useful
nonmonotonic inferences, we restrict our attention to the minimalALC +TR models.
As a difference with respect to ALC +TR, in order to determine what is entailed by a
given knowledge base KB, we do not consider all models of KB but only the minimal
ones. These are the models that minimize the number of atypical instances of concepts.

Given a KB, we consider a finite set LT of concepts occurring in the KB: these are
the concepts for which we want to minimize the atypical instances. The minimization
of the set of atypical instances will apply to individuals explicitly occurring in the
ABox as well as to implicit individuals. We assume that the set LT contains at least
all concepts C such that T(C) occurs in the KB. Notice that in case LT contains
more concepts than those occurring in the scope of T in KB, the atypical instances of
these concepts will be minimized but no extra properties will be inferred for the typical
instances of the concepts, since the KB does not say anything about these instances.

We have seen that (T(C))I = (C u �¬C)I : x is a typical instance of a concept
C (x ∈ (T(C))I ) when it is an instance of C and there is no other instance of C pre-
ferred to x, i.e. x ∈ (C u �¬C)I . By contraposition an instance of C is atypical if
x ∈ (¬�¬C)I therefore in order to minimize the atypical instances of C, we minimize
the instances of ¬�¬C. Notice that this is different from maximizing the instances
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of T(C). We have adopted this solution since it allows to maximize the set of typi-
cal instances of C without affecting the extension CI of C (whereas maximizing the
extension of T(C) would imply maximizing also the extension of C).

We define the setM�−
LT

of negated boxed formulas holding in a model, relative to
the concepts in LT:

Definition 9. Given a modelM = 〈∆, I, <〉 and a set of concepts LT, we define

M�−
LT

= {(x,¬�¬C) | x ∈ (¬�¬C)I , with x ∈ ∆, C ∈ LT}

Let KB be a knowledge base and let LT be a set of concepts occurring in KB.

Definition 10 (Preferred and minimal models). Given a modelM = 〈∆M, IM, <M〉
of KB and a model N = 〈∆N , IN , <N 〉 of KB, we say thatM is preferred to N with
respect to LT, and we writeM <LT

N , if the following conditions hold:

• ∆M = ∆N

• aIM = aIN for all individual constants a ∈ O

• M�−
LT
⊂ N�−

LT
.

A modelM is a minimal model for KB (with respect to LT) if it is a model of KB and
there is no a modelM′ of KB such thatM′ <LT

M.

Given the notion of preferred and minimal models above, we introduce a notion of
minimal entailment, that is to say we restrict our consideration to minimal models only.
First of all, we introduce the notion of query, which can be minimally entailed from a
given KB. A query F is a formula of the form C(a) where C is an extended concept
and a ∈ O. We assume that, for all T(C ′) occurring in F , C ′ ∈ LT. Given a KB and a
modelM = 〈∆, I, <〉 satisfying it, we say that a query C(a) holds inM if aI ∈ CI .

Let us now define minimal entailment of a query in ALC + TminR .

Definition 11 (Minimal Entailment inALC+TminR ). A query F is minimally entailed
from a knowledge base KB with respect to LT if it holds in all models of KB that are
minimal with respect to LT. We write KB |=LT

min F .

4 A Tableaux Calculus for ALC +TminR

In this section we present a tableau calculus for deciding whether a query F is mini-
mally entailed by a knowledge base (TBox,ABox). We introduce a labelled tableau cal-
culus called TABALC+TR

min , which extends the calculus TALC+T presented in [GGOP13],
and allows to reason about minimal models.
TABALC+TR

min performs a two-phase computation in order to check whether a query
F is minimally entailed from the initial KB. In particular, the procedure tries to build
an open branch representing a minimal model satisfying KB ∪ {¬F}.
In the first phase, a tableau calculus, called TABALC+TR

PH1 , simply verifies whether KB
∪ {¬F} is satisfiable in anALC+TR model, building candidate models. In the second
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phase another tableau calculus, called TABALC+TR

PH2 , checks whether the candidate
models found in the first phase are minimal models of KB. To this purpose for each
open branch of the first phase, TABALC+TR

PH2 tries to build a “smaller” model of KB,
i.e. a model whose individuals satisfy less formulas ¬�¬C than the corresponding
candidate model. The whole procedure TABALC+TR

min is formally defined at the end of
this section (Definition 39).
TABALC+TR

min is based on the notion of a constraint system. We consider a set of
variables drawn from a denumerable set V . Variables are used to represent individuals
not explicitly mentioned in the ABox, that is to say implicitly expressed by existential
as well as universal restrictions.
TABALC+TR

min makes use of labels, which are denoted with x, y, z, . . .. A label
represents either a variable or an individual constant occurring in the ABox, that is to
say an element of O ∪ V .

Definition 12 (Constraint). A constraint (or labelled formula) is a syntactic entity of
the form either x R−→ y or y < x or x : C, where x, y are labels, R is a role and C is
either an extended concept or has the form �¬D or ¬�¬D, where D is a concept.

Intuitively, a constraint of the form x
R−→ y says that the individual represented by

label x is related to the one denoted by y by means of role R; a constraint y < x says
that the individual denoted by y is “preferred” to the individual represented by x with
respect to the relation <; a constraint x : C says that the individual denoted by x is
an instance of the concept C, i.e. it belongs to the extension CI . As we will define in
Definition 15, the ABox of a knowledge base can be translated into a set of constraints
by replacing every membership assertion C(a) with the constraint a : C and every role
aRb with the constraint a R−→ b.

Let us now separately analyze the two components of the calculus TABALC+TR
min ,

starting with TABALC+TR

PH1 .

4.1 The tableau calculus TABALC+TR

PH1

Let us first define the basic notions of a tableau system in TABALC+TR

PH1 :

Definition 13 (Tableau of TABALC+TR

PH1 ). A tableau of TABALC+TR

PH1 is a tree whose
nodes are constraint systems, i.e., pairs 〈S | U〉, where S is a set of constraints,
whereas U contains formulas of the form C v DL, representing subsumption rela-
tions C v D of the TBox. L is a list of labels2. A branch is a sequence of nodes
〈S1 | U1〉, 〈S2 | U2〉, . . . , 〈Sn | Un〉 . . ., where each node 〈Si | Ui〉 is obtained from its
immediate predecessor 〈Si−1 | Ui−1〉 by applying a rule of TABALC+TR

PH1 (see Figure
1), having 〈Si−1 | Ui−1〉 as the premise and 〈Si | Ui〉 as one of its conclusions. A
branch is closed if one of its nodes is an instance of clash (either (Clash) or (Clash)>
or (Clash)⊥), otherwise it is open. A tableau is closed if all its branches are closed.

In the following, we will often refer to the height of a tableau: intuitively, the height of
a tableau corresponds to the height of the tree of Definition 13. This is formally stated
as follows:

2As we will discuss later, this list is used in order to ensure the termination of the tableau calculus.
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Definition 14 (Height of a tableau). Given a tableau of TABALC+TR

PH1 having 〈S | U〉
as a root, we define its height h as follows:

• h = 0 if no rule is applied to 〈S | U〉3;

• h = 1 + max{h1, h2, . . . , hn} if a rule (R) ia applied to 〈S | U〉 and
h1, h2, . . . , hn are the heights of the tableaux whose roots are the conclusions of
(R).

In order to check the satisfiability of a KB, we build the corresponding constraint sys-
tem 〈S | U〉, and we check its satisfiability.

Definition 15 (Corresponding constraint system). Given a knowledge base KB=(TBox,ABox),
we define its corresponding constraint system 〈S | U〉 as follows:

• S = {a : C | C(a) ∈ ABox} ∪ {a R−→ b | aRb ∈ ABox}
• U = {C v D∅ | C v D ∈ TBox}

Definition 16 (Model satisfying a constraint system). LetM = 〈∆, I, <〉 be a model
as defined in Definition 4. We define a function α which assigns to each variable of V
an element of ∆, and assigns every individual constant a ∈ O to aI ∈ ∆. M satisfies
a constraint F under α, writtenM |=α F , as follows:

• M |=α x : C if and only if α(x) ∈ CI

• M |=α x
R−→ y if and only if (α(x), α(y)) ∈ RI

• M |=α y < x if and only if α(y) < α(x)

A constraint system 〈S | U〉 is satisfiable if there is a modelM and a function α
such thatM satisfies every constraint in S under α and that, for all C v DL ∈ U and
for all x ∈ ∆, we have that if x ∈ CI then x ∈ DI .

Let us now show that:

Proposition 17. KB=(TBox,ABox) is satisfiable in an ALC +TR model if and only if
its corresponding constraint system 〈S | U〉 is satisfiable in the same model.

Proof. We show that a model M as in Definition 4 satisfies KB if and only if there
is a function α such that 〈S | U〉 is satisfiable inM under α. We simply define α as
follows: α assigns each individual constant a ∈ O to aI ∈ ∆. Let us first consider
the ABox and each formula belonging to it. By Definition 5, given C(a) ∈ ABox, we
have thatM |= C(a) iff aI ∈ CI . By Definition 15 of the corresponding constraint
system, we have that a : C ∈ S; since a is an individual constant occurring in the
ABox, we have that α(a) = aI , thus aI ∈ CI iff α(a) ∈ CI and, by Definition 16,
iff M |=α a : C. In case M |= aRb, we have that a R−→ b ∈ S. M |= aRb

iff (aI , bI) ∈ RI iff (α(a), α(b)) ∈ RI iff M |=α a
R−→ b. Concerning the TBox,

M |= C v D iff, for each x ∈ ∆, if x ∈ CI then x ∈ DI , i.e.M |= C v D∅.
3In case of a closed tableau, this corresponds to the case in which 〈S | U〉 is an instance either of (Clash)

or of (Clash)⊥ or of (Clash)>.
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To verify the satisfiability of KB ∪ {¬F}, we use TABALC+TR

PH1 to check the satisfia-
bility of the constraint system 〈S | U〉 obtained by adding the constraint corresponding
to ¬F to S′, where 〈S′ | U〉 is the corresponding constraint system of KB. To this
purpose, the rules of the calculus TABALC+TR

PH1 are applied until either a contradiction
is generated (clash) or a model satisfying 〈S | U〉 can be obtained from the resulting
constraint system. As in the calculus proposed in [GGOP09a], given a node 〈S | U〉,
for each subsumption C v DL ∈ U and for each label x that appears in the tableau,
we add to S the constraint x : ¬C t D: we refer to this mechanism as subsumption
expansion. As mentioned above, each subsumption C v D is equipped with a list L
of labels in which the subsumption has been expanded in the current branch. This is
needed to avoid multiple expansions of the same subsumption by using the same label,
generating infinite branches.

Before introducing the rules of TABALC+TR

PH1 we need some more definitions. First,
as in [BDS93], we define an ordering relation ≺ to keep track of the temporal ordering
of insertion of labels in the tableau, that is to say if y is introduced in the tableau, then
x ≺ y for all labels x that are already in the tableau. Moreover, we need to define
the equivalence between two labels: intuitively, two labels x and y are equivalent if
they label the same set of extended concepts. This notion is stated in the following
definition, and it is used in order to apply the blocking machinery described in the
following, based on the fact that equivalent labels represent the same element in the
model built by TABALC+TR

PH1 .

Definition 18. Given a tableau node 〈S | U〉 and a label x, we define

σ(〈S | U〉, x) = {C | x : C ∈ S}.

Furthermore, we say that two labels x and y are S-equivalent, written x ≡S y, if they
label the same set of concepts, i.e.

σ(〈S | U〉, x) = σ(〈S | U〉, y).

Last, we define the set of formulas SMx→y , that will be used in the rule (�−) when
y < x, in order to introduce y : ¬C and y : �¬C for each x : �¬C in the current
branch:

Definition 19. Given a tableau node 〈S | U〉 and two labels x and y, we define

SMx→y = {y : ¬C, y : �¬C | x : �¬C ∈ S}.

The rules of TABALC+TR

PH1 are presented in Figure 1. Rules (∃+) and (�−) are called
dynamic since they introduce a new variable in their conclusions. The other rules
are called static. The rule (<) captures the modularity of the preference relation. In
particular, if the current constraint system contains x < y and another label z occurs in
it, then the calculus introduces a branch on the two plausible situations of the preference
relation: by its modularity, either x < z or z < y have to be added to the current
constraint system. In order to ensure termination, the rule (<) is applicable only in
case both x < z and z < y do not belong to the current constraint system.
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(Clash)

〈S, x : C, x : ¬C | U〉

〈S, x : ∀R.C, x
R−→ y, y : C | U〉

〈S, x : ∀R.C, x
R−→ y | U〉

(!−)
〈S, x : ¬!¬C | U〉

〈S, x : ∃R.C | U〉

〈S, x : ¬C ⊔D | U,C ⊑ DL,x〉
〈S | U,C ⊑ DL〉

(∃+)

(∀+)

〈S, x : ¬¬C | U〉
(¬)

(T+)
〈S, x : T(C) | U〉

(T−)
〈S, x : ¬T(C) | U〉

〈S, x : ∃R.C, x
R−→ y, y : C | U〉

if y : C !∈ Sif x occurs in S and x !∈ L

〈S, x : ¬!¬C, y < x, y : C, y : !¬C,SM
x→y | U〉 . . .〈S, x : ¬!¬C, v1 < x, v1 : C, v1 : !¬C,SM

x→v1 | U〉 〈S, x : ¬!¬C, vn < x, vn : C, vn : !¬C,SM
x→vn | U〉

〈S, x : ∃R.C, x
R−→ v1, v1 : C | U〉 〈S, x : ∃R.C, x

R−→ v2, v2 : C | U〉 〈S, x : ∃R.C, x
R−→ vn, vn : C | U〉. . .

〈S, x : C ⊔D | U〉
(⊔+) (⊔−)

〈S, x : ¬(C ⊔D) | U〉

(⊓+)
〈S, x : C ⊓D | U〉

(⊓−)
〈S, x : ¬(C ⊓D) | U〉

y new

if ∄z ≺ x s.t. z ≡S,x:¬!¬C x and ∄u s.t. {u < x, u : C, u : !¬C,SM
x→u} ⊆ S

∀vi occurring in S, x "= vi

if ! ∃z ≺ x s.t. z ≡S,x:∃R.C x and ! ∃u s.t. x
R−→ u ∈ S and u : C ∈ S

y new

〈S, x : ¬!¬C | U〉〈S, x : !¬C | U〉

〈S | U〉
(cut)

x occurs in S

if x : ¬!¬C !∈ S and x : !¬C !∈ S
C ∈ LT

〈S, x : ¬¬C, x : C | U〉
x : C !∈ Sif

〈S, x : C ⊓D,x : C, x : D | U〉 〈S, x : ¬(C ⊓D), x : ¬C | U〉 〈S, x : ¬(C ⊓D), x : ¬D | U〉

〈S, x : C ⊔D,x : C | U〉 〈S, x : C ⊔D,x : D | U〉 〈S, x : ¬(C ⊔D), x : ¬C, x : ¬D | U〉

〈S, x : T(C), x : C, x : !¬C | U〉 〈S, x : ¬T(C), x : ¬C | U〉 〈S, x : ¬T(C), x : ¬!¬C | U〉

{x : C, x : D} !⊆ Sif if x : ¬C !∈ S x : ¬D !∈ Sand

if andx : C !∈ S x : D !∈ S {x : ¬C, x : ¬D} !⊆ Sif

x : ¬!¬C !∈ Sif x : ¬C !∈ S and{x : C, x : !¬C} !⊆ Sif

∀vi occurring in S

〈S, x : ¬⊤ | U〉〈S, x : ⊥ | U〉
(Clash)⊥ (Clash)⊤

(⊑)

〈S, x < y | U〉
〈S, x < y, z < y, SM

y−→z | U〉 〈S, x < y, x < z, SM
z−→x | U〉

if {z < y, SM
y−→z} !⊆ S and {x < z, SM

z−→x} !⊆ S

z occurs in S

(<)

Figure 1: The calculus TABALC+TR

PH1 . To save space, we omit the rules (∀−) and (∃−),
dual to (∃+) and (∀+), respectively.

All the rules of the calculus copy their principal formulas, i.e. the formulas to which
the rules are applied, in all their conclusions. As we will discuss later, for the rules
(∃+), (∀−) and (�−) this is used in order to apply the blocking technique, whereas for
the rules (∃−), (∀+), (v), and (cut) this is needed in order to have a complete calculus.
Rules for <, u, t, ¬, and T also copy their principal formulas in their conclusions for
uniformity sake.

In order to ensure the completeness of the calculus, the rules of TABALC+TR

PH1 are
applied with the following standard strategy:

1. apply a rule to a label x only if no rule is applicable to a label y such that y ≺ x;

2. apply (<) and dynamic rules only if no static rule is applicable.

The calculus so obtained is sound and complete with respect to the semantics in
Definition 16. In order to prove this, we first define the notion of regular node:

Definition 20 (Regular node). A node 〈S | U〉 of TABALC+TR

PH1 is regular if and only
if the following conditions hold:

• if x : �¬C ∈ S, then C ∈ LT;
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• if x : ¬�¬C ∈ S, then C ∈ LT.

We can show that:

Lemma 21. Given an ALC + TR KB, its corresponding constraint system 〈S | U〉,
and a set of concepts LT, the nodes of every tableau of TABALC+TR

PH1 having 〈S | U〉
as a root are regular nodes.

Proof. Considering each rule of TABALC+TR

PH1 , we can show that if the premise is a
regular node, then the conclusions are also regular nodes. The rules introducing boxed
formulas are (<), (T+), (T−), (cut), and (�−). (T+) and (T−) introduce (¬)�¬C
in their conclusions when applied to some formula (¬)T(C): we conclude that the
conclusions are regular nodes, since C ∈ LT by definition of LT (it contains at least
all concepts in the scope of the T operator). By definition of the rule, (cut) introduces
(¬)�¬C in its conclusions by taking C ∈ LT, and we are done. Concerning (�−),
suppose an application to a regular node 〈S, x : ¬�¬C | U〉. Each conclusion has the
form 〈S, x : ¬�¬C, y < x, y : C, y : �¬C, SMx→y | U〉, and we conclude as follows:
C ∈ LT, otherwise the premise would not be regular; if y : �¬D ∈ SMx→y , then
x : �¬D ∈ S and D ∈ LT, otherwise the premise would not be regular. Last, the rule
(<) introduces y : �¬D ∈ SMx→y: exactly as in the case of (�−), the node is regular
otherwise the premise would not, against the inductive hypothesis.

From now on, by Lemma 21, we restrict our concern to regular nodes.
Furthermore, we introduce the notions of witness and of blocked label:

Definition 22 (Witness and Blocked label). Given a constraint system 〈S | U〉 and two
labels x and y occurring in S, we say that x is a witness of y if the following conditions
hold:

1. x ≡S y;

2. x ≺ y;

3. there is no label z s.t. z ≺ x and z satisfies conditions 1. and 2., i.e., x is the
least label satisfying conditions 1. and 2. w.r.t. ≺.

We say that y is blocked by x in 〈S | U〉 if y has witness x.

By the strategy on the application of the rules described above and by Definition 22,
we can prove the following Lemma:

Lemma 23. In any constraint system 〈S | U〉, if x is blocked, then it has exactly one
witness.

Proof. The property immediately follows from the definition of a witness (Definition
22).

As mentioned above, we apply a standard blocking technique to control the application
of the rules (∃+) and (�−), in order to ensure the termination of the calculus. Intu-
itively, we can apply (∃+) to a constraint system of the form 〈S, x : ∃R.C | U〉 only
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if x is not blocked, i.e. it does not have any witness: indeed, in case x has a witness
z, by the strategy on the application of the rules described above the rule (∃+) has
already been applied to some z : ∃R.C, and we do not need a further application to
x : ∃R.C. This is ensured by the side condition on the application of (∃+), namely if
6 ∃z ≺ x such that z ≡S,x:∃R.C x. The same blocking machinery is used to control the
application of (�−), which can be applied only if 6 ∃z ≺ x such that z ≡S,x:¬�¬C x.

We also need the following definitions:

Definition 24 (Satisfiability of a branch). A branch B of a tableau of TABALC+TR

PH1 is
satisfiable w.r.t. ALC + TR by a modelM if there is a mapping α from the labels in
B to the domain ofM such that for all constraint systems 〈S | U〉 on B,M satisfies
under α (see Definition 16) every constraint in S and, for all C v DL ∈ U and for all
x occurring in S, we have that if α(x) ∈ CI then α(x) ∈ DI .

Definition 25 (Saturated Branch). A branch B=〈S0 | U0〉, 〈S1 | U1〉, . . . , 〈Si | Ui〉, . . .
is saturated if the following conditions hold:

1. for all C v DL and for all labels x occurring in B, either x : ¬C or x : D
belong to B;

2. if x : T(C) occurs in B, then x : C and x : �¬C occur in B;

3. if x : ¬T(C) occurs in B, then either x : ¬C or x : ¬�¬C occurs in B;

4. if x : �¬C and y < x occur in B, also y : ¬C and y : �¬C occur in B;

5. if x : ¬�¬C occurs in B, then either there is y such that y < x, y : C, y : �¬C,
and SMx→y occur in B or x is blocked by a witnessw, and y < w, y : C, y : �¬C,
and SMw→y occur in B;

6. if x : ∃R.C occurs in B, then either there is y such that x R−→ y and y : C occur
in B or x is blocked by a witness w, and w R−→ y and y : C occur in B;

7. if x : ∀R.C and x R−→ y occur in B, also y : C occurs in B;

8. for x : ¬∀R.C and for x : ¬∃R.C the condition of saturation is defined symmet-
rically to points 6 and 7, respectively;

9. for the boolean rules the condition of saturation is defined in the usual way. For
instance, if x : C uD occurs in B, so x : C and x : D occur in B;

10. for all C ∈ LT and for all labels x occurring in B, either x : ¬�¬C occurs in
B or x : �¬C occurs in B;

11. for all labels x, y, z occurring in B, if x < y occurs in B, then either x < z
occurs in B or z < y occurs in B.

12



By following the strategy on the order of application of the rules outlined above and by
Lemma 23, we can prove that any open branch can be expanded into an open saturated
branch. However, it is worth noticing that, as a difference with the tableau calculus for
ALC+TR presented in [GGOP09a], as well as the one for the standard DLALC intro-
duced in [BDS93], the strategy on the order of application of the rules of TABALC+TR

PH1

does not ensure that the labels are considered one at a time, following the order ≺. In-
deed, the rules (∃+) and (�−) reconsider labels already introduced in the branch in
their conclusions. When (�−) is applied to a formula x : ¬�¬C, a branching is in-
troduced on the choice of the label used in the conclusion. In the leftmost conclusion,
a “new” label y is used to add y : C, y : �¬C, SMx→y . In all the other conclusions, a
label vi already present in the branch is chosen. Therefore, rules of TABALC+TR

PH1 are
furthermore applied to formulas labelled with the “older” label vi. One may conjecture
that this could lead to an incomplete calculus, in particular that condition 4 of saturation
above could be not fulfilled. We show in the proof of Proposition 26 below that this
does not happen. Intuitively, it could be the case that vi : �¬C is introduced by (�−),
however a previous application of the same rule to vi : ¬�¬D, introducing a new label
u < vi, causes the loss of the propagation of the concepts ¬C and �¬C (u : ¬C and
u : �¬C should belong to a saturated branch). However, this cannot happen due to the
order on the application of the rules and, in particular, by virtue of the rule (cut): since
(cut) is a static rule, it has been already applied by using label vi before taking into
account labels “younger” than vi. By Lemma 21, C ∈ LT, therefore either vi : ¬�¬C
or vi : �¬C have been already introduced: in the former case, the branch is closed,
otherwise u : ¬C and u : �¬C have been also introduced by the application of (�−)
introducing u (in the computation of SMvi→u), ensuring the saturation of the branch.

Proposition 26. Any open branch B can be expanded by applying the rules of TABALC+TR

PH1

into an open saturated branch.

Proof. As mentioned, let us analyze the case of condition 4. For the other conditions,
the proof is standard and then left to the reader. Suppose that x : �¬C and y < x
belong to B. The relation y < x has been added to B either by an application of the
rule (�−) to a node 〈S, x : ¬�¬D | U〉 or by the rule (<). We show that x : �¬C
was already in S before the application of (<) or (�−). Let us first consider the
application of (�−) to x : ¬�¬D. By the order on the application of the rules, if
(�−) is going to be applied to introduce y < x, then all the static rules have already
been applied to formulas labelled by x, including (<) and the (cut) rule. By Lemma
21, we have that C ∈ LT, and (cut) has been also applied to C by using the label
x. Therefore, S contains either x : ¬�¬C or x : �¬C: the former case cannot be,
otherwise B would become closed when x : �¬C is introduced, then we are done.
By the fact that x : �¬C ∈ S, we can conclude that y : C, y : �¬C belong to B,
since they are introduced by the application of (�−) to 〈S, x : ¬�¬D | U〉. Let us
now analyze the case in which y < x has been introduced by an application of (<)
to either 〈S, y < z | U〉 or 〈S, z < x | U〉: as for (�−), when (<) is applied, the
labelled formula x : ¬�¬C belongs to B, because (cut) has been already applied
by the order on the application of the rules: therefore, in both cases, we have that
{y : ¬C, y : �¬C} ⊆ SMx→y , and they are introduced in B by the rule (<) having
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SMx→y in its conclusions.

In order to show the completeness of TABALC+TR

PH1 , given an open, saturated branch
B, we explicitly add to B the relation y < x, if x is blocked and w is the witness of x
and y < w occurs in B.

Before proving the completeness, we prove the following lemmas:

Lemma 27. In any tableau built by TABALC+TR

PH1 , there is no open saturated branch
B containing an infinite descending chain of labels . . . x2 < x1 < x0.

Proof. The only way to obtain an infinite descending chain . . . x2 < x1 < x0 would
be to have either (i) a loop or (ii) an infinite set of distinct labels. We can show that
neither (i) nor (ii) can occur.

As far as (i) is concerned, suppose for a contradiction that there is a loop, that is
to say there is an infinite descending chain x < u < . . . < yi < . . . < y < x. We
distinguish three cases:

• the relation x < u has been inserted in the branch by the rule (�−) in the leftmost
conclusion of this rule: this cannot be the case, since in the leftmost conclusion
of the rule x is a new label;

• the relation x < u has been inserted in the branch by the rule (�−) not in the
leftmost conclusion, i.e. by using x occurring in B, x 6= u: the relation y < x
has been introduced by an application of (�−), then there is x : ¬�¬C in B
(the formula to which the (�−) rule is applied). Therefore, x : ¬�¬C belongs
to B, as well as y : �¬C belongs to B. Moreover, yi : �¬C belongs to B, for all
yi, then also u : �¬C belongs to B. When (�−) is applied to introduce x < u,
the constraint x : �¬C is also added to B, since x : �¬C ∈ SMu→x, which
contradicts the hypothesis that B was open;

• the relation x < u has been inserted in the branch by the rule (<): we can reason
exactly as in the previous case of (�−): there is at least one constraint x : ¬�¬C
in B (the formula to which the (�−) rule is applied to introduce u). Therefore,
x : ¬�¬C belongs to B, as well as y : �¬C belongs to B. We have also that
yi : �¬C belongs to B, for all yi, then also u : �¬C belongs to B. When (<)
is applied to introduce x < u, the constraint x : �¬C is also added to B, since
x : �¬C ∈ SMu→x, which contradicts the hypothesis that B was open;

• the relation x < u has been explicitly inserted in the branch because u is blocked
by some witness w, and x < w occurs in B. Notice, however, that in this case:
1. x < w has been introduced by (�−) applied to some w : ¬�¬C, hence,
x : �¬C occurs in B; 2. similarly to the previous case, it can be shown that also
for all yi and for u, we have that yi : �¬C and u : �¬C belong to B; 3. since w
is a witness of u, also u : ¬�¬C occurs in the branch B, which contradicts the
hypothesis that B was open.

Concerning (ii), suppose there were an infinite descending chain . . . < xi . . . < x0.
Each relation must be generated by a ¬�¬C that has not yet been used in the chain,
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either by an application of the rule (�−) to ¬�¬C in xi−1, or by an application of the
rule (�−) to ¬�¬C in the witness w of xi−1. Indeed, if ¬�¬C had been previously
used in the chain, say in introducing xi < xi−1, for each xj such that xj < . . . < xi,
we have that xj : �¬C is in B, hence xj : ¬�¬C cannot be in B, otherwise B would be
closed, against the hypothesis. Notice however that, by Lemma 21, the only formulas
¬�¬C that appear in the branch are such that C ∈ LT. Since LT is finite, it follows
that also the number of possible different ¬�¬C is finite, and the infinite descending
chain cannot be generated.

Let us now show that all the rules of TABALC+TR

PH1 are invertible. In order to do this,
we first show that weakening is admissible, namely:

Lemma 28 (Admissibility of weakening). Given a constraint F and a constraint sys-
tem 〈S | U〉, if 〈S | U〉 has a closed tableau in TABALC+TR

PH1 , then also 〈S, F | U〉
has a closed tableau in TABALC+TR

PH1 .

Proof. By induction on the height of the closed tableau for 〈S | U〉, in the sense of
Definition 14. For the base case, it is easy to observe that, if 〈S | U〉 is a clash, then
also 〈S, F | U〉 is a clash. As an example, consider the case of 〈S′, x : ⊥ | U〉,
which is an instance of (Clash)⊥: obviously, also 〈S′, x : ⊥, F | U〉 is an instance of
(Clash)⊥. For the inductive step, we analyze the first step in the tableau construction
for 〈S | U〉, by considering all the rules. We only show the most interesting cases of
(�−) and (v), the other cases are similar and left to the reader. Suppose that (�−) has
been applied to 〈S′, x : ¬�¬C | U〉, by generating the conclusion 〈S′, x : ¬�¬C, y <
x, y : C, y : �¬C, SMx→y | U〉, where y does not occur in S′, as well as the conclusions
〈S′, x : ¬�¬C, vi < x, vi : C, vi : �¬C, SMx→vi | U〉 for each vi occurring in
S′. We can apply the inductive inductive hypothesis on each conclusion, to obtain a
closed tableau for 〈S′, x : ¬�¬C, y < x, y : C, y : �¬C, SMx→y, F | U〉 and for
〈S′, x : ¬�¬C, vi < x, vi : C, vi : �¬C, SMx→vi , F | U〉, from which we can conclude
by an application of (�−) to obtain a closed tableau also for 〈S′, x : ¬�¬C,F | U〉.
Notice that, in case F contains the label y, we can replace y in the tableau with a new
label y′ wherever it occurs. For (v), consider a tableau starting with an application of
such a rule to 〈S | U ′, C v DL〉, whose conclusion is 〈S, x : ¬CtD | U ′, C v DL,x〉
(with x 6∈ L). By inductive hypothesis, we have a closed tableau for 〈S, x : ¬CtD,F |
U ′, C v DL,x〉, from which we obtain a closed tableau for 〈S, F | U ′, C v DL〉 by
an application of (v).

Now we can easily prove that the rules of TABALC+TR

PH1 are invertibile:

Lemma 29. Let (R) be a rule of the calculus TABALC+TR

PH1 , let 〈S | U〉 be its premise
and let 〈S1 | U1〉, 〈S2 | U2〉, . . . , 〈Sn | Un〉 be its conclusions. If 〈S | U〉 has a closed
tableau in TABALC+TR

PH1 , then also 〈S1 | U1〉, 〈S2 | U2〉, . . . , 〈Sn | Un〉 have a closed
tableau, i.e. the rules of TABALC+TR

PH1 are invertible.

Proof. It can be easily observed that all the rules of TABALC+TR

PH1 copy their principal
formulas in all their conclusions. Therefore, if we have a closed tableau for the premise
of a given rule (R), by weakening (Lemma 28 above) we have also a closed tableau for
each of its conclusions, and we are done.
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By Lemma 29, we have that in TABALC+TR

PH1 the order of application of the rules is not
relevant. Hence, no backtracking is required in the tableau construction, and we can
assume, without loss of generality, that a given constraint system 〈S | U〉 has a unique
tableau.

With the above propositions at hand, we can show that:

Theorem 30 (Soundness of TABALC+TR

PH1 ). If the tableau for the constraint system
corresponding to KB ∪ {¬F} is closed then KB |=ALC+TR

F .

Proof. We first show that if the tableau for the constraint system corresponding to
KB ∪ {¬F} is closed, then (*) KB ∪ {¬F} is unsatisfiable. By Proposition 17, KB
∪ {¬F} is satisfiable if and only if its corresponding constraint system 〈S | U〉 is
satisfiable in the same model. We proceed by induction on the height of the closed
tableau for 〈S | U〉. For the base case, it is easy to observe that if 〈S | U〉 is an instance
of either (Clash) or (Clash)⊥ or (Clash)>, then KB ∪ {¬F} is unsatisfiable. For the
inductive step, we consider each rule applied to the root 〈S | U〉 of the closed tableau,
and we show that KB ∪ {¬F} is unsatisfiable assuming, by inductive hypothesis, that
also the conclusions are unsatisfiable. We proceed by contraposition, that is to say, by
considering each rule of TABALC+TR

PH1 , it can be shown that if the premise is satisfiable
in an ALC + TR model, so is (at least) one of its conclusions. We only show the case
of (<), the other cases are as for TABALC+T

PH1 in [GGOP13]. Suppose the premise
〈S, x < y | U〉 is satisfiable, i.e. there is a model M = 〈∆, I, <〉 and a function
α such that M |=α F for each F ∈ S. Moreover, we have that CI ⊆ DI for each
C v DL ∈ U . Finally, M |=α x < y, i.e. α(x) < α(y) in the model. Since < is
modular, given another label z, we have that either (i) α(z) < α(y) or (ii) α(x) < α(z).
In case (i), since α(z) < α(y), for all y : �¬D ∈ S, we have that α(z) ∈ (¬D)I by
Definition 6 and, since < is transitive, α(z) ∈ (�¬D)I . Formulas z : ¬D, z : �¬D
are those belonging to SMy→z . We conclude that the leftmost conclusion of (<) is
satisfiable in M via α, since M |=α F for all F ∈ S, M |=α x < y, z < y and,
furthermore, we have thatM |=α S

M
y→z .

We can conclude by observing that, if KB 6|=ALC+TR
F , then KB ∪ {¬F} is

satisfiable in an ALC + TR model. Given (*), we conclude that KB |=ALC+TR
F by

contraposition.

In the proof of the theorem and later in the paper we will use the notion of canonical
modelMB built from an open branch B. The canonical modelMB = 〈∆B , <

′, IB〉
is defined as follows:

• ∆B = {x : x is a label appearing in B};

• we first define <∗ as follows: <∗= {y <∗ x : either y < x occurs in B or x
is blocked and w is the witness of x (by Lemma 23 such w exists) and y < w
occurs in B}. We define <′ as the transitive closure of relation <∗;

• IB is an interpretation function such that for all atomic concepts A, AI
B

= {x
such that x : A occurs in B}. IB is then extended to all concepts C in the
standard way, according to the semantics of the operators. For role names R,
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RI
B

= {(x, y) : either x R−→ y occurs in B or x is blocked and w is the witness
of x (by Lemma 23 such w exists) and w R−→ y occurs in B}.

Theorem 31 (Completeness of TABALC+TR

PH1 ). If KB |=ALC+TR
F , then the tableau

for the constraint system corresponding to KB ∪ {¬F} is closed.

Proof. We show the contrapositive, that if the tableau is open, then the starting con-
straint system 〈S | U〉 is satisfiable in anALC+TR model, and by Proposition 17 KB
∪ {¬F} is satisfiable in the same model, hence KB |=ALC+TR

F . An open tableau
contains an open branch that by Proposition 26 can be expanded into an open saturated
branch. From such a branch, call it B, we define the canonical modelMB = 〈∆B , <

′

, IB〉 as described above.
We can show that:

• <′ is irreflexive, transitive, modular, and satisfies the Smoothness Condition.
Irreflexivity follows from the fact that the relation < is either introduced by rule
(�−) between a label x already present in B and either a new label or a label
different from x, or it is explicitly added in case some x : ¬�¬C is on the branch
and x is blocked. In this case, suppose for a contradiction that x < x is added,
this means that x is blocked by a witness w and x < w, thus w : ¬�¬C belongs
to B, as well as x < w, x : C, x : �¬C belong to B, but this contradicts the fact
that B is open (both x : ¬�¬C and x : �¬C occur). Modularity follows from
the fact that B is saturated (condition 11).Transitivity follows from definition of
<′. The Smoothness Condition follows from transitivity of <′ together with the
finiteness of chains of < deriving from Lemma 27.

• for all concepts C we have: (a) if x : C occurs in B, then x ∈ CIB ; (b) if x :

¬C occurs in B, then x ∈ (¬C)I
B

. We reason by induction on the complexity
of C. If C is a boolean combination of concepts, the proof is simple and left to
the reader.

– If C is ∃R.D, then by saturation, either x R−→ y, y : C occur in B or
w

R−→ y, y : C occur in B, for w witness of x. In both cases, (x, y) ∈ RIB

by construction, and by inductive hypothesis y ∈ CIB , hence (a) follows.
(b) can be proven similarly to case (a) in the following item.

– If C is ∀R.D, then by saturation, for all y s.t. x R−→ y occurs in B, also
y : D occurs in B. By construction, (x, y) ∈ RI

B

and, by inductive hy-
pothesis, y ∈ DIB , hence (a) follows. (b) can be proven similarly to case
(a) in the previous item.

– If C is �¬D and x : �¬D occurs in B, then, by saturation, for all y < x,
we have that also y : ¬D occurs in B. By definition of <′, we have that
y <′ x. By inductive hypothesis, y 6∈ DIB for all y <′ x, and we are
done. If x : ¬�¬D occurs in B, then by saturation and by definition of <′

there is y s.t. y <′ x, and y : D and y : �¬D occur in B . By inductive
hypothesis, y ∈ DIB . It follows that x ∈ (¬�¬D)I

B

.
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– If C is T(D) and x : T(D) occurs in B, by saturation, both x : D and
x : �¬D occur in B, hence by inductive hypothesis x ∈ DIB and x ∈
(�¬D)I

B

, and by Proposition 7, x ∈ (T(D))I
B

. If x : ¬T(D) occurs in B,
then by saturation also either x : ¬D occurs in B or x : ¬�¬D occurs in B.
By inductive hypothesis either x 6∈ DIB or x 6∈ (�¬D)I

B

. In both cases,
we conclude that x ∈ (¬T(D))I

B

.

• for all C v D ∈ U and all labels x, we want to show that either x ∈ (¬C)I
B

or x ∈ DIB , i.e., CI
B ⊆ DIB . By saturation, either x : ¬C occurs in B or

x : D occurs in B. The property follows by inductive hypothesis.

The above points allow us to conclude thatMB satisfies the starting constraint system.

The above theorem concerns satisfiability of KB ∪ {¬F} in any ALC + TR model
(as in Definition 5). However in order to deal with entailment in ALC + TminR we
need something stronger: we need to restrict our attention to minimal models of KB.
Given LT, the following theorem shows that KB ∪ {¬F} is satisfiable in a minimal
model of KB (i.e. KB 6|=LT

min F ) if and only if the open tableau for the constraint
system corresponding to KB ∪ {¬F} contains an open branch B such that MB is a
minimal model of KB.MB is the canonical model built from B as in the construction
used in the proof of Theorem 31 above. With the following theorem, the problem of
deciding whether KB 6|=LT

min F amounts to deciding whether any possibly open branch
B of TABALC+TR

PH1 gives rise to aMB which is a minimal model of KB. As we will
see this is the purpose of the second phase of the calculus (TABALC+TR

PH2 ) introduced
in the next subsection.

Theorem 32. Given LT, KB |=LT
min F if and only if there is no open branch B in the

tableau built by TABALC+TR

PH1 for the constraint system corresponding to KB ∪ {¬F}
such thatMB is a minimal model of KB.

Proof. If direction. We show the contrapositive by proving that if KB 6|=LT
min F , i.e. if

KB ∪ {¬F} is satisfiable in a minimal model of KB w.r.t. LT, then there is an open
branch B such thatMB is a minimal model of KB. The proof comprises three steps:
(i) if KB 6|=LT

min F , then there is an open saturated branch B for the constraint system
corresponding to KB ∪ {¬F}which is satisfiable in a minimal model of KB, call itM;
(ii) The modelM′ obtained fromM by restricting its domain to the elements denoted
by the labels in B, and by renaming the elements of the domain with the names of the
labels in B is also a minimal model of KB that satisfies B; (iii) The canonical model
MB for B is a minimal model of KB.

For (i), we show that the starting constraint system is satisfiable by M by an in-
jective mapping (by the unique name assumption in Definition 5), and that each rule
preserves the property. For (ii), since B is saturated, by reasoning by induction on
the complexity of the formulas, it can be proven that M′ (whose extension function
and < coincide with those in M when restricted to the domain in M′) satisfies KB.
Furthermore, we can prove that M′ is a minimal model of KB. For a contradiction,
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suppose it was not. Then, there would beM′′, model of KB, withM′′ <M′. Con-
sider thenM′′′ built by adding toM′′ all the elements inM that are not inM′′. The
< relation and the extension function in M′′′ are defined as in M′′ for the elements
already present inM′′. For the other elements, no < is introduced, and the extension
function is defined as for some fixed a inM′′ such that there is no b < a inM′′ (by
the Smoothness Condition in M′′ such a exists). It can be shown that M′′′ satisfies
KB, and thatM′′′ <M, which contradicts the minimality ofM. It follows that also
M′ must be minimal. We then obtain theM′ of (ii) by simply renaming its elements
with the names of the labels of which they are images. (iii) consider thatM′ has the
same domain asMB. Furthermore, by Definition 25, for all C ∈ LT and for all labels
x occurring in B, either x : ¬�¬C occurs in B or x : �¬C occurs in B. Therefore,
inM′ and inMB, we have that x ∈ (¬�¬C)I just in case x : ¬�¬C occurs in B.

Hence, M′�− = MB�− , and from the minimality of M′ we conclude that MB is
minimal too.

Only if direction. The contrapositive easily follows: sinceMB is a minimal model
of KB in which F does not hold, by Definition 11 we conclude that KB 6|=LT

min F .

Let us conclude this section by analyzing termination and complexity of TABALC+TR

PH1 .
In general, non-termination in labelled tableau calculi can be caused by two different
reasons: 1. some rules copy their principal formula in the conclusion(s), and can thus
be reapplied over the same formula without any control; 2. dynamic rules may generate
infinitely many labels, creating infinite branches. Similarly to the calculus TABALC+T

min

for ALC + Tmin [GGOP13], we adopt the standard loop-checking machinery known
as blocking to ensure termination.

Concerning the first source of non-termination (point 1), as mentioned above, all the
rules copy their principal formulas in their conclusions. However, the side conditions
on the application of the rules avoid multiple applications on the same formula. Indeed,
(v) can be applied to a constraint system 〈S | U,C v DL〉 by using the label x only
if it has not yet been applied to x in the current branch (i.e., x does not belong to L).
Concerning (∀+), the rule can be applied to 〈S, x : ∀R.C, x R−→ y | U〉 only if y : C
does not belong to S. When y : C is introduced in the branch, the rule will not further
apply to x : ∀R.C. Similarly for (<), (∃+), (�−), and the rules for T, ¬, u and t.

Concerning the second source of non-termination (point 2), we can prove that we
only need to adopt the standard loop-checking machinery known as blocking, which
ensures that the rules (∃+) and (�−) do not introduce infinitely many labels on a
branch. Thanks to the properties of �, no other additional machinery would be required
to ensure termination. Indeed, it can be shown that the interplay between rules (T−)
and (�−) does not generate branches containing infinitely many labels.

It is also worth noticing that the (cut) rule does not affect termination, since it is
applied only to the finitely many formulas belonging to LT.

Let us discuss termination in more detail. Without the side conditions on the rules
(∃+) and (�−), the calculus TABALC+TR

PH1 does not ensure a terminating proof search.
Indeed, given a constraint system 〈S | U〉, it could be the case that (∃+) is applied to
a constraint x : ∃R.C ∈ S, introducing a new label y and the constraints x R−→ y and
y : C in the leftmost conclusion. If an inclusion T(∃R.C) v D belongs to U , then
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(v) can be applied by using y, thus generating a branch containing y : ¬T(∃R.C),
to which (T−) can be applied introducing y : ¬�¬(∃R.C). An application of (�−)
introduces a new variable z and the constraint z : ∃R.C in the leftmost conclusion,
to which (∃+) can be applied generating a new label u. (v) can then be re-applied
on T(∃R.C) v D by using u, incurring a loop. In order to avoid this source of non
termination, we adopt the standard technique of blocking: the side condition of the
(∃+) rule says that this rule can be applied to a node 〈S, x : ∃R.C | U〉 only if x is not
blocked. In other words, if there is a witness z of x, then (∃+) is not applicable, since
the condition and the strategy imply that the (∃+) rule has already been applied to z.
In this case, we say that x is blocked by z. The same for (�−).

As mentioned, another possible source of infinite branches could be determined by
the interplay between rules (T−) and (�−). However, even if we had no blocking on
(�−) this could not occur, i.e., the interplay between these two rules does not generate
branches containing infinitely many labels. Intuitively, the application of (�−) to x :
¬�¬C adds y : �¬C to the conclusion, so that (T−) can no longer consistently
introduce y : ¬�¬C. This is due to the properties of � (no infinite descending chains
of < are allowed). More in detail, if (v) is applied to T(C) v D by using x, an
application of (T−) introduces a branch containing x : ¬�¬C; when a new label y is
generated by an application of (�−) on x : ¬�¬C, we have that y : �¬C is added
to the current constraint system. If (v) and (T−) are also applied to T(C) v D on
the new label y, then the conclusion where y : ¬�¬C is introduced is closed, by the
presence of y : �¬C. By this fact, we would not need to introduce any loop-checking
machinery on the application of (�−). A detailed proof of termination of the calculus
without blocking on (�−) can be found in [GGOP09b]. However, in this paper we
have introduced blocking also on (�−) for complexity reasons.

In order to prove that the calculus TABALC+TR

PH1 ensures termination in a rigorous
way, we need the following Lemma:

Lemma 33. Given a constraint system 〈S | U〉, let n〈S|U〉 be the number of extended
concepts appearing in 〈S | U〉, including also all the concepts appearing as a substring
of another concept. In any set of labels in S including more than 2n〈S|U〉 labels there
are at least two labels x and y s.t. x ≡S y, i.e. there are at most 2n〈S|U〉 non-blocked
labels.

Proof. Since there are n〈S|U〉 extended concepts, given a label x there cannot be more
than 2n〈S|U〉 different sets of constraints x : C in S. As a consequence, in S there are
at most 2n〈S|U〉 non-blocked labels.

Theorem 34 (Termination of TABALC+TR

PH1 ). Let 〈S | U〉 be a constraint system, then
any tableau generated by TABALC+TR

PH1 is finite.

Proof. First, we prove that only a finite number of labels can be introduced in a tableau.
The only rules introducing a new label are dynamic rules. However, these rules are
applicable only to formulas whose label is not blocked. By Lemma 33, there are at
most 2n〈S|U〉 non-blocked labels in 〈S | U〉. Dynamic rules can be further applied
to those 2n〈S|U〉 non-blocked labels, therefore obtaining at most m × 2n〈S|U〉 labels,
where m is the maximun number of labels directly generated by an application of a
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dynamic rule from a label in S. When m × 2n〈S|U〉 labels belong to the constraint
system, dynamic rules cannot be further applied.

Second, we prove that, since only a finite number of labels are introduced in a
tableau, static rules can be applied only a finite number of times. Let us consider all
the rules:

• (∀+): the rule is applied to a constraint system of the form 〈S, x : ∀R.C, x R−→
y | U〉, to obtain a conclusion of the form 〈S, x : ∀R.C, x R−→ y, y : C | U〉.
However, the side condition on the application of the rule imposes that the rule
is applied if y : C 6∈ S, therefore it is applied only once in a branch, for a given
∀R.C and for two labels x and y. Since only a finite number of labels as well as
a finite number of formulas ∀R.C are introduced in a tableau (for the formulas,
only (sub-)formulas of the initial KB or (sub-)formulas of LT or (sub-)formulas
of the query), we can conclude that the rule (∀+) is applied only a finite number
of times;

• rules (<), (u+), (u−), (t+), (t−), (¬), (T+), (T−), (∃−): the application of
these rules is restricted exactly as (∀+), then we can conclude as we have done
in the previous case;

• (cut): just observe that it is applied by introducing x : (¬)�¬C for all concepts
C ∈ LT: since LT is finite, and we have to consider a finite number of labels x,
this rule is applied only a finite number of times;

• (v): we can reason analogously to what done for (cut), since (v) is applied to
a finite set of subsumption relations C v D ∈ U by using a finite number of
labels.

Since TABALC+TR

PH1 is sound and complete (Theorem 30 and Theorem 31), and since
a KB is satisfiable in an ALC + TR model iff its corresponding constraint system is
satisfiable in the same model (Proposition 17), from Theorem 34 above it follows that
checking whether a given KB (TBox,ABox) is satisfiable is a decidable problem.

Furthermore, we can prove that, with the calculus TABALC+TR

PH1 above, the satisfi-
ability of a KB can be decided in nondeterministic exponential time in the size of the
KB.

Theorem 35 (Complexity). Given a KB and a query F , checking whether KB ∪ {¬F}
is satisfiable in an ALC + TR model can be solved in nondeterministic exponential
time.

Proof. In order to check whether KB ∪ {¬F} is satisfiable w.r.t ALC +TR, we build
its corresponding constraint system 〈S | U〉 and we try to build a tableau having 〈S |
U〉 as a root by means of the rules of TABALC+TR

PH1 . We first show that the number of
labels generated on a branch is at most exponential in the size of KB ∪ {¬F}. Let n
be the size of KB ∪ {¬F}. Given a constraint system 〈S | U〉, the number of extended
concepts appearing in 〈S | U〉, including also all the ones appearing as a subformula of

21



other concepts, isO(n). We have already shown in Lemma 33 that, as there are at most
O(n) concepts, there are at most O(2n) variables labelling distinct sets of concepts.
Hence, there are O(2n) non-blocked variables in S.

Letm be the maximum number of direct successors of each variable x occurring in
S, obtained by applying dynamic rules. m is bound by the number of ∃R.C concepts
(O(n)) plus the number of ¬∀R.C concepts (O(n)) plus the number of ¬�¬C con-
cepts (O(n)). Therefore, there are at most O(2n ×m) variables in S, where m ≤ 3n.
The number of individual constants in the ABox is bound by n too, and each individual
constant has at most m direct successors. The number of labels in S is then bound by
(2n + n)×m ≤ (2n + n)× 3n ≤ (2n + 3n)× (2n + 3n) = (2n + 3n)2, and hence
by O(22n).

For a given label x, the concepts labelled by x introduced in the branch (namely,
all the possible subconcepts of the initial constraint system, as well as all boxed sub-
concepts) are O(n). Hence, the labelled concepts introduced on the branch is O(n)
for each label, and the number of all labelled concepts on the branch is O(n × 22n).
Since no rule deletes the principal formula to which it is applied, a branch can contain
at most an exponential number of applications of tableau rules.

The satisfiability of KB ∪ {¬F} can thus be solved by defining a procedure which
nondeterministically generates an open branch of TABALC+TR

PH1 of exponential size (in
the size of KB ∪ {¬F}). The problem is in NEXPTIME.

4.2 The tableau calculus TABALC+TR

PH2

Let us now introduce the calculus TABALC+TR

PH2 which, for each open branch B built
by TABALC+TR

PH1 , verifies ifMB is a minimal model of the KB.

Definition 36. Given an open branch B of a tableau built from TABALC+TR

PH1 , we
define:

• D(B) as the set of labels occurring on B;

• B�− = {x : ¬�¬C | x : ¬�¬C occurs in B}.
A tableau of TABALC+TR

PH2 is a tree whose nodes are triples of the form 〈S | U | K〉,
where 〈S | U〉 is a constraint system, whereas K contains formulas of the form x :
¬�¬C, with C ∈ LT.

The basic idea of TABALC+TR

PH2 is as follows. Given an open branch B built by
TABALC+TR

PH1 and corresponding to a model MB of KB ∪ {¬F}, TABALC+TR

PH2

checks whether MB is a minimal model of KB by trying to build a model of KB
which is preferred to MB. Starting from 〈S | U | B�−〉 where 〈S | U〉 is the
constraint system corresponding to the initial KB TABALC+TR

PH2 tries to build an open
branch containing all and only the labels appearing on B, i.e. those in D(B), and con-
taining less negated boxed formulas than B does. To this aim, first the dynamic rules
use labels in D(B) instead of introducing new ones in their conclusions. Second the
negated boxed formulas used in B are stored in the additional set K of a tableau node,
initialized with B�− . A branch built by TABALC+TR

PH2 closes if it does not represent
a model preferred to the candidate modelMB, and this happens if the branch contains
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(∃+)
. . .

(!−)
. . .

(Clash)
〈S, x : C, x : ¬C | U | K〉

(Clash)∅ (Clash)!−

〈S | U | ∅〉 〈S, x : ¬!¬C | U | K〉

〈S | U,C ⊑ DL | K〉
〈S, x : ¬C ⊔D | U,C ⊑ DL,x | K〉

〈S, x : ¬!¬C | U | K,x : ¬!¬C〉

〈S, x : ∃R.C | U | K〉
〈S, x R−→ v1, v1 : C | U | K〉 〈S, x R−→ v2, v2 : C | U | K〉 〈S, x R−→ vn, vn : C | U | K〉

x ∈ D(B)

If ! ∃u ∈ D(B) s.t. x
R−→ u ∈ S and u : C ∈ S. ∀vi ∈ D(B)

∀vi ∈ D(B), x #= vi

and x !∈ L

〈S, x : C ⊓D | U | K〉
〈S, x : C, x : D | U | K〉〈S, x : ¬C | U | K〉

(T+) (T−)

(⊓+)(⊓−)

(cut)

if x : ¬!¬C !∈ S and x : !¬C !∈ S
C ∈ LT

〈S, x : ¬D | U | K〉
〈S, x : ¬(C ⊓D) | U | K〉

〈S, x : !¬C | U | K〉 〈S, x : ¬!¬C | U | K〉
〈S | U | K〉

〈S, x : ¬T(C) | U | K〉
〈S, x : ¬C | U | K〉 〈S, x : ¬!¬C | U | K〉

〈S, x : ∀R.C, x
R−→ y, y : C | U | K〉

〈S, x : ∀R.C, x
R−→ y | U | K〉

〈S, x : T(C) | U | K〉
〈S, x : C, x : !¬C | U | K〉

(∀+)

if y : C !∈ S

〈S, x : ¬¬C | U | K〉
〈S, x : C | U | K〉

(¬)

x ∈ D(B)

〈S, v1 : C, v1 : !¬C,SM
x→v1

, x : ¬!¬C | U | K〉 〈S, v2 : C, v2 : !¬C,SM
x→v2 , x : ¬!¬C | U | K〉 〈S, vn : C, vn : !¬C,SM

x→vn
, x : ¬!¬C | U | K〉

if x : ¬!¬C !∈ B!−

〈S, x : ⊥ | U | K〉 〈S, x : ¬⊤ | U | K〉
(Clash)⊥ (Clash)⊤

(⊑)

if ! ∃u s.t. {u : C, u : !¬C,SM
x→u} ⊆ S

if {z < y, SM
y−→z} !⊆ S and {x < z, SM

z−→x} !⊆ S

(<)

z ∈ D(B)

〈S, x < y | U | K〉
〈S, x < y, z < y, SM

y−→z | U | K〉 〈S, x < y, x < z, SM
z−→x | U〉

Figure 2: The calculus TABALC+TR

PH2 . To save space, we omit the rules (t+) and
(t−).

a contradiction (Clash) or it contains at least all the negated boxed formulas contained
in B ((Clash)�− and (Clash)∅).

More in detail the rules of TABALC+TR

PH2 are shown in Figure 2. The rule (∃+) is

applied to a constraint system containing a formula x : ∃R.C; it introduces x R−→ y
and y : C where y ∈ D(B), instead of y being a new label. The choice of the label y
introduces a branching in the tableau construction. The rule (v) is applied in the same
way as in TABALC+TR

PH1 to all the labels of D(B) (and not only to those appearing
in the branch). The rule (�−) is applied to a node 〈S, x : ¬�¬C | U | K〉, when
x : ¬�¬C ∈ K, i.e. when the formula x : ¬�¬C also belongs to the open branch
B. In this case, the rule introduces a branch on the choice of the individual vi ∈ D(B)
which is preferred to x and is such that C and �¬C hold in vi. In case a tableau node
has the form 〈S, x : ¬�¬C | U | K〉, and x : ¬�¬C 6∈ B�− , then TABALC+TR

PH2

detects a clash, called (Clash)�− : this corresponds to the situation in which x : ¬�¬C
does not belong to B, while S, x : ¬�¬C is satisfiable in a model M only if M
contains x : ¬�¬C, and hence only ifM is not preferred to the model represented by
B.

The calculus TABALC+TR

PH2 also contains the clash condition (Clash)∅. Since each
application of (�−) removes the principal formula x : ¬�¬C from the set K, when
K is empty all the negated boxed formulas occurring in B also belong to the current
branch. In this case, the model built by TABALC+TR

PH2 satisfies the same set of negated
boxed formulas (for all individuals) as B and, thus, it is not preferred to the one repre-
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sented by B.
We can now prove that:

Theorem 37 (Soundness and completeness of TABALC+TR

PH2 ). Given a KB and a query
F , let 〈S | U〉 be the corresponding constraint system of KB ∪ {¬F} and 〈S′ | U〉 be
the corresponding constraint system of KB. Given an open saturated branch B built by
TABALC+TR

PH1 for 〈S | U〉, the canonical modelMB built from B is a minimal model
of KB iff the tableau in TABALC+TR

PH2 for 〈S′ | U | B�−〉 is closed.

Proof. First, given an open branch B built from TABALC+TR

PH1 , by Theorem 31 and
Proposition 17,MB = 〈∆B , <

′, IB〉 is a model of KB. In order to show the soundness
(if direction), we show that if the tableau in TABALC+TR

PH2 for 〈S′ | U | B�−〉 is closed,
thenMB is a minimal model of KB. We show the contrapositive, that ifMB was not
minimal (i.e. if there was a model M = 〈∆, <, I〉 of KB s.t. M <LT

MB ) then
there would be an open branch in TABALC+TR

PH2 for 〈S′ | U | B�−〉 by showing that:
(i) 〈S′ | U〉 would be satisfiable inM under the identity function i, (ii) each rule of
the calculus preserves the satisfiability in M under i, and (iii) no clash condition is
satisfiable in such a model under i. (i) M is a model of KB, and for all individual
constants a in the ABox aI = a (since aI = aI

B

and aI
B

= a); by Proposition 17 it
can be easily shown that also (i) holds. (ii) can be easily proven for all the rules. To
save space, we only consider rules (�−) and (∃+). The other rules are easy and then
left to the reader. (�−): suppose the premise 〈S, x : ¬�¬C | U | K,x : ¬�¬C〉
is satisfiable inM under i, i.e. x ∈ ¬�¬CI . Then there must be vi < x inM with
vi ∈ ∆ = ∆B = D(B) such that vi ∈ CI , vi ∈ �¬CI , vi ∈ ¬C ′I , vi ∈ �¬C ′I for all
the formulas vi : ¬C ′, vi : �¬C ′ in SMx→vi . It immediately follows that the conclusion
of (�−) containing 〈S, vi : CI , vi : �¬CI , SMx→vi , x : ¬�¬C | U | K〉 is satisfiable
in M under i. (∃+): suppose the premise 〈S, x : ∃R.C | U | K〉 is satisfiable in
M under i, i.e. x ∈ ∃R.CI . Then there is vi ∈ ∆ = D(B) s.t. (x, vi) ∈ RI , and
vi ∈ CI . The conclusion of the rule containing 〈S, x R−→ vi, vi : C | U | K〉 is
therefore satisfiable in M under i. (iii) clearly holds for (Clash), (Clash)⊥ and
(Clash)>. For (Clash)∅: if K = ∅, this means that rule �− (the only that removes
formulas x : ¬�¬C from K) has been applied to all x : ¬�¬C in B�− , and all
x : ¬�¬C in B�− are in S. However in this case the constraint system 〈S | U | K〉
in (Clash)∅ is not satisfiable in M since by hypothesis M�− ⊂ MB�− . Last (iii)
holds for (Clash)�− , otherwise there would be a ¬�¬C s.t. M |=i x : ¬�¬C, i.e.
x ∈ (¬�¬C)I inM but x : ¬�¬C does not belong to B�− , i.e. x 6∈ (¬�¬C)I

B

in

MB , which contradicts thatM�− ⊂MB�− .
We now consider the completeness (only if direction). By hypothesis, MB is a

minimal model for KB. We want to show that the tableau in TABALC+TR

PH2 for 〈S′ | U |
B�−〉 is closed. For a contradiction, suppose that the tableau was open, with an open
branch B’. It can be easily shown that the canonical modelMB′ built from B’ would
be a model of KB which is preferred to MB . Indeed, the domain of MB coincides

with that ofMB′ (which isD(B)). Furthermore,MB′�
−

LT
⊂MB�−

LT
, since the negated

box formulas that hold in these canonical models are those that explicitly appear on the
branch (by (cut) for all C ∈ LT, for all labels x, either x : �¬C ∈ B’ or x : ¬�¬C ∈
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B’), and B’�
− ⊂ B�− , otherwise by (Clash)∅ B’ would be closed. However, this

contradicts the minimality ofMB. This contradiction forces us to conclude that there
cannot be an open B’ in TABALC+TR

PH2 , and that the tableau must be closed.

TABALC+TR

PH2 always terminates. Intuitively, termination is ensured by the fact that
dynamic rules make use of labels belonging to D(B), which is finite, rather than intro-
ducing “new” labels in the tableau.

Theorem 38 (Termination of TABALC+TR

PH2 ). Let 〈S′ | U | B�−〉 be a constraint sys-
tem starting from an open branch B built by TABALC+TR

PH1 , then any tableau generated
by TABALC+TR

PH2 is finite.

Proof. Only a finite number of labels can occur on the tableau built by TABALC+TR

PH2 ,
namely only those in D(B) which is finite. Moreover, the side conditions on the appli-
cation of the rules (<), (∀+), (v), (�−), and (cut), copying their principal formulas
in their conclusion(s), avoid the uncontrolled application of the same rules.

Definition 39. Let KB be a knowledge base whose corresponding constraint system is
〈S | U〉. Let F be a query and let S′ be the set of constraints obtained by adding to
S the constraint corresponding to ¬F . The calculus TABALC+TR

min checks whether a
query F can be minimally entailed from a KB by means of the following procedure:

• the calculus TABALC+TR

PH1 is applied to 〈S′ | U〉;

• if, for each branch B built by TABALC+TR

PH1 , either:

(i) B is closed or

(ii) the tableau built by the calculus TABALC+TR

PH2 for 〈S | U | B�−〉 is
open,

then the procedure says YES

else the procedure says NO

The following theorem shows that the overall procedure is sound and complete.

Theorem 40 (Soundness and completeness of TABALC+TR
min ). TABALC+TR

min is a sound
and complete decision procedure for verifying if KB |=LT

min F .

Proof. (Soundness) We show that if the procedure outputs YES, then KB |=LT
min F

holds. If the procedure outputs YES, then for all branches generated by TABALC+TR

PH1

either they are closed or (ii) holds. If all branches generated by TABALC+TR

PH1 are
closed then, by Theorem 30 we have that KB |=ALC+TR

F , then we conclude that
KB |=LT

min F . Consider now all open branches B generated by TABALC+TR

PH1 . Since
the procedure outputs YES, then (ii) must hold for all B, i.e. the tableau built by
TABALC+TR

PH2 for 〈S | U | B�−〉 is open. In this case, by Theorem 37, for all B,MB

is not a minimal model of KB and, by Theorem 32, KB |=LT
min F holds.
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(Completeness) We show that if KB |=LT
min F holds then the procedure outputs YES.

First of all if all branches generated by TABALC+TR

PH1 are closed, (i) holds for all
branches and then the procedure outputs YES. Suppose now there are open branches B
generated by TABALC+TR

PH1 . Since KB |=LT
min F , by Theorem 32,MB is not a minimal

model of KB and by Theorem 37 the tableau in TABALC+TR

PH2 for 〈S′ | U | B�−〉 is
open, hence (ii) holds and the procedure outputs YES.

We provide an upper bound on the complexity of the procedure for computing the
minimal entailment KB |=LT

min F :

Theorem 41 (Complexity of TABALC+TR
min ). The problem of deciding whether KB

|=LT
min F is in CO-NEXPNP .

Proof. We first consider the complementary problem: KB 6|=LT
min F . This problem can

be solved according to the procedure in Definition 39: by nondeterministically generat-
ing (NEXP) an open branch of exponential length in the size of KB in TABALC+TR

PH1 (a
modelMB of KB ∪ {¬F}), and then by calling an NP oracle which verifies thatMB

is a minimal model of KB. In fact, the verification that MB is not a minimal model
of the KB can be done by an NP algorithm which nondeterministically generates a
branch in TABALC+TR

PH2 (of polynomial size in the size ofMB), representing a model
MB′ of KB preferred toMB. Hence, the problem of verifying that KB 6|=LT

min F is in
NEXPNP, and the problem of deciding whether KB |=LT

min F is in CO-NEXPNP.

By the above results, observe that if a formula is satisfiable in a minimal model,
then there is a tableau in TABALC+TR

min containing a finite branch which is open in
phase 1 and whose corresponding tableau in phase 2 is closed.
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European Conference on Logics in Artificial Intelligence (JELIA 2010),
volume 6341 of Lecture Notes in Artificial Intelligence (LNAI), pages 77–
90, Helsinki, Finland, September 2010. Springer.

[CS11] Giovanni Casini and Umberto Straccia. Defeasible Inheritance-Based
Description Logics. In Toby Walsh, editor, Proceedings of the 22nd Inter-
national Joint Conference on Artificial Intelligence (IJCAI 2011), pages
813–818, Barcelona, Spain, July 2011. Morgan Kaufmann.

[DLN+98] F. M. Donini, M. Lenzerini, D. Nardi, W. Nutt, and A. Schaerf. An
Epistemic Operator for Description Logics. Artificial Intelligence, 100(1-
2):225–274, 1998.

[DNR97] Francesco M. Donini, Daniele Nardi, and Riccardo Rosati. Autoepis-
temic Description Logics. In M.P. Georgeff and M.E. Pollack, editors,
Proceedings of the 15th International Joint Conference on Artificial Intel-
ligence (IJCAI 1997), volume 1, pages 136–141, Nagoya, Japan, August
1997. Morgan Kaufmann.

[DNR02] F. M. Donini, D. Nardi, and R. Rosati. Description logics of minimal
knowledge and negation as failure. ACM Transactions on Computational
Logic (ToCL), 3(2):177–225, 2002.

[ELST04] T. Eiter, T. Lukasiewicz, R. Schindlauer, and H. Tompits. Combining An-
swer Set Programming with Description Logics for the Semantic Web. In
D. Dubois, C.A. Welty, and M. Williams, editors, Principles of Knowl-
edge Representation and Reasoning: Proceedings of the 9th International
Conference (KR 2004), pages 141–151, Whistler, Canada, June 2004.
AAAI Press.

[ER83] David W. Etherington and Raymond Reiter. On inheritance hierarchies
with exceptions. In AAAI, pages 104–108, 1983.

[FTvR81] Scott E. Fahlman, David S. Touretzky, and Walter van Roggen. Cancella-
tion in a parallel semantic network. In Patrick J. Hayes, editor, Proceed-
ings of the 7th International Joint Conference on Artificial Intelligence

28



(IJCAI 1981), pages 257–263, Vancouver, BC, Canada, August 1981.
William Kaufmann.

[GGOP09a] L. Giordano, V. Gliozzi, N. Olivetti, and G. L. Pozzato. ALC+T: a prefer-
ential extension of Description Logics. Fundamenta Informaticae, 96:1–
32, 2009.

[GGOP09b] L. Giordano, V. Gliozzi, N. Olivetti, and G. L. Poz-
zato. On Extending Description Logics for Reasoning
About Typicality: a First Step. TR Dip. di Informatica,
http://www.di.unito.it/∼pozzato/tr09.pdf, 2009.

[GGOP10a] L. Giordano, V. Gliozzi, N. Olivetti, and G. L. Pozzato. A nonmono-
tonic extension of KLM Preferential Logic P. In C. G. Fermüller and
A. Voronkov, editors, Proceedings of the 17th Conference on Logic for
Programming, Artificial Intelligence, and Reasoning (LPAR 2010), vol-
ume 6397 of ARCoSS Lecture Notes in Computer Science (LNCS), pages
317–332, Yogyakarta, Indonesia, October 2010. Springer-Verlag.

[GGOP10b] L. Giordano, V. Gliozzi, N. Olivetti, and G. L. Pozzato. Preferential vs
Rational Description Logics: which one for Reasoning About Typical-
ity? In Helder Coelho, Rudi Studer, and Michael Wooldridge, editors,
Proceedings of the 19th European Conference on Artificial Intelligence
(ECAI 2010), volume 215 of Frontiers in Artificial Intelligence and Appli-
cations, pages 1069–1070 (short paper), Lisbon, Portugal, August 2010.
IOS Press.

[GGOP10c] L. Giordano, V. Gliozzi, N. Olivetti, and G. L. Pozzato. Reasoning About
Typicality in Preferential Description Logics: Preferential vs Rational
Entailment. In W. Faber and N. Leone, editors, Proceedings of the 25th
Convegno Italiano di Logica Computazionale (CILC 2010), volume 598
of CEUR Workshop Proceedings, pages 1–15, Rende (CS), Italy, July
2010. CEUR-WS.org.

[GGOP11] L. Giordano, V. Gliozzi, N. Olivetti, and G. L. Pozzato. Reason-
ing about typicality in low complexity DLs: the logics EL⊥Tmin and
DL-liteRTmin. In Toby Walsh, editor, Proceedings of the 22nd Inter-
national Joint Conference on Artificial Intelligence (IJCAI 2011), pages
894–899, Barcelona, Spain, July 2011. Morgan Kaufmann.

[GGOP12] L. Giordano, V. Gliozzi, N. Olivetti, and G. L. Pozzato. A minimal
model semantics for nonmonotonic reasoning. In Jérôme Mengin Luis
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