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Chapter 1

Introduction

Few cognitive skills combine so highly specialized mental and motoral fea-

tures as music performance (Clarke, Parncutt, Raekallio, & Sloboda, 1997);

such skills are developed over thousands of hours of practice, and therefore

their investigation has attracted an increasing interest in various areas, such

as psychology, artificial intelligence and computer music (e.g., respectively,

(Sloboda, 1985, 2000), (Widmer, 1995, 2001; Mantaras & Arcos, 2002) and

(Friberg, 1995)). Music performance involves the transformation of sym-

bolic representations of a score into physical gestures that can operate a

music instrument. A model of music performance consists of the interpreta-

tion of the score and the application of the gestures to some sound synthesis

device that represents the instrument (Roads, 1996). Gesture modeling is

favorably coupled with a physical model of the instrument, since the latter

permits a natural representation of the performer/instrument interaction.

We single out fingering from the broader field of music performance,

as the “principal interface between the musician and the instrument” (Parn-

1



cutt, Sloboda, Clarke, Raekallio, & Desain, 1997), deeply affecting per-

formance technical and expressive features (Sloboda, Clarke, Parncutt, &

Raekallio, 1998; Traube & Depalle, 2003).

There are two major motivations for investigating fingering: one is

theoretical, the other is applicative. Fingering is an essential part of gesture

modeling: since it defines for each note in the score both the position on the

keyboard/fingerboard and the finger involved, it allows setting some of the

parameters that influence the final timbre of the sound during performance.

In this work, we address the modeling of the fingering process for the guitar.

Due to the overlaps of the tonal ranges of the strings, the same note can be

played in several positions on the fingerboard. This makes guitar fingering

–and string instruments fingering, in general– particularly challenging.

Fingering is a main issue in performing music, in that it connects

mental and physical aspects through a complex cognitive process, that re-

lates a score together with the technical and “idiomatic” aspects of the in-

strument for which that score has been conceived (Laurson & Kuuskankare,

2000), and a performer, with all her/his knowledge upon the piece, the com-

poser’s intentions and the execution style (Clarke et al., 1997; Parncutt et

al., 1997). So, fingering involves several competences: musical analysis, for

the interpretation of the score (i.e., the notes in input), physical constraints,

posed by the instrument where the notes have to be played, bio-mechanical

constraints, which characterize the possible figures of the hand. The present

model addresses the physical and bio-mechanical constraints, leaving the

contribution of musical analysis to fingering for future work.

However, despite its central role in music performance, scores of-

ten lack of fingering indications, considered unnecessary (being common

2
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E2 bass
A2
D3
G3
B3
E4 treble

Figure 1.1: Example of tablature: the numbers show which fret and string one should
press to obtain the corresponding note. The bottom string is the E bass, while the top
one stands for the E treble.

knowledge within a certain musical practice (Allorto & Chiesa, 1990)), or

an execution choice (Gilardino, 1975a, 1975b). Therefore, a cognitive model

may supply this fundamental information.

On the applicative side, modeling the fingering process can con-

tribute to the development of automatic performance environments (Parn-

cutt, 1997; Cabral, Zanforlin, Lima, Santana, & Ramalho, 2001; Radicioni

& Lombardo, 2005b; Trajano, Dahia, Santana, & Ramalho, 2004) and to

the development of learning aid systems (Wang & Li, 1997; Viana, Caval-

canti, & Alsina, 1998). Also, investigating fingering can lead to systems for

the automatic generation of tablatures (Miura, Hirota, Hama, & Yanagida,

2004; Tuohy & Potter, 2005), that may be part of commercial applications

for music notation. In fact, while standard music notation represents the

pitch of each note, tablatures indicate the string and the fret to press in

generating some note. Tablatures provide operational instructions, whereas

traditional scores provide symbolic information. It is worth noting that

standard tablatures do not specify which finger presses which position (see,
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Figure 1.2: From left to right: melody, chord, and passage combining a chord with a
melody.

e.g., Figure 1.1), thereby tablatures provide only partial fingering infor-

mation (Dell’Ara, 1988). Since tablatures are widely used by beginners,

and in general by players who are not familiar with the common practice

notation, also systems for learning aid may benefit from studying the fin-

gering process. Furthermore, guitar fingering has been investigated for the

purposes of providing realistic hand motion to the computer animation of

hands operating the instrument (Elkoura & Singh, 2003).

1.1 Problem Description

The fingering problem consists in determining for each note in the score,

a position <string,fret> on the fingerboard and a finger of the left hand

that presses it. A fingered position is the triple <string,fret,finger>,

combining a position with one of the four available fingers. Provided that

guitarists do use four fingers of the left hand (from the index to the little

finger), n notes in succession generate up to 4n different fingerings in the

worst case. Since the same note can be found on up to 4 positions (i.e.,

pairs <string,fret>), this number might grow up to 16n.

From the temporal point of view, fingering can be decomposed into

three subproblems: the fingering of melodies, where the notes to be played

4
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Figure 1.3: The model takes in input scores in MIDI format, and computes the fingering.
Then we pass fingering information to the physical model, that synthesizes appropriate
sounds.

form a sequence; the fingering of chords, where multiple notes (2 to 6 in the

case of guitar) have to be played simultaneously; finally, we have to deal

with chords combined with melodies (Figure 1.2). The three subproblems

are addressed differently. In melody fingering, the fingered position of one

note depends on the application of constraints over a sequence of notes, and

the model must account for the playability of subsequent positions; in chord

fingering, the fingered position of one note depends on the other notes of

the chord, and all the positions must satisfy the constraints applied at the

same time. We must also consider that a whole account of fingering includes

melody and chord fingerings combined as well, where chords must satisfy

constraints applied at the same time, and the fingering of each note of the

melody has to be practicable with respect to the fingering of the chord.

The implemented model takes in input scores in the traditional west-

ern music notation, and computes viable fingerings for that score; the se-

quence of fingered positions is then passed to a physical model of the clas-

sical guitar (Cuzzucoli & Lombardo, 1999), which synthesizes the corre-

sponding sounds (Figure 1.3). The model is subject to an experimental

validation, and its results are discussed.

5



1.2 Outline of the Thesis

The thesis is organized as follows: we first survey and discuss the existing

approaches to the fingering problem in general (Chapter 2), also pointing

out the main open issues. In Chapter 3 we address guitar fingering specif-

ically and provide some background on the instrument (Section 3.1); then

following the assumption that performers aim at gestural comfort, we cast

the fingering problem as a graph search (Section 3.2); we address subprob-

lems involving chords and mixed passages as well (Sections 3.3 and 3.4);

then we introduce the overall control strategy (Section 3.5). In Chapter 4

we present the main physical and bio-mechanical constraints intervening in

the instrument/performer interaction; in Chapter 5 we explain how phras-

ing is taken into account within the model, leading to a local optimization

approach (Section 4.5); then we describe the experimental validation of the

model and provide the results (Section 5.1); then we illustrate the com-

putational complexity of the model (Section 5.1.3) and discuss the results

(Section 5.1.4); the conclusions provide an assessment of the thesis (Chap-

ter 6).
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Chapter 2

State of the art

This chapter provides a review of the literature that concerns models and

systems tackling the fingering problem; we discuss the contributions that

are more closely related to the present work, and point out the novel features

of the model.

2.1 Overview of the Fingering Literature

The interdisciplinary nature of the fingering problem has been addressed

from several points of view, both in the music practice and in the scientific

research. In the music practice, the importance of fingering is acknowledged

in performance (Gilardino, 1975a, 1975b), education (Gellrich & Parncutt,

1998) and theory (Duarte, 1966). Also historic composers such as Couperin

(1933) and Clementi (1974)1 and (Aguado, 1964), provided precise fingering

indications in methods and pedagogic collections of pieces. These sources

1 Other treatises and methods for keyboard are reviewed and discussed in depth
by Parncutt et al. (1997).
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offer precious insights, in that performers’ skills are slowly acquired, through

apprenticeship and experience, and then much of their professional knowl-

edge is not declarative propositional but instead tacit procedural knowledge

(Dienes & Perner, 1999), which is difficult to be made fully explicit.

In the scientific research, motor behavior in the fingering process

has been investigated by Palmer and Meyer (2000), with a focus on key-

board (e.g., piano) and string (e.g., guitar or violin) instruments, (Heijink

& Meulenbroek, 2002). Physical parameters that result from fingering have

been taken into account in a physical model of the classical guitar (Cuz-

zucoli & Lombardo, 1999), while others have inferred some aspects of the

instrumental gesture, including fingering, by analyzing the signal that re-

sults from the sound production process (Traube & Depalle, 2003; Traube,

Depalle, & Wanderley, 2003). The cognitive issues involved in keyboard

fingering have been raised in the introductive work of Sloboda (1985), en-

hanced with further empirical observations and performers interviews by

Clarke et al. (1997), and modeled with a computational approach by Parn-

cutt et al. (1997), lately updated by Jacobs (2001). Cabral et al. (2001)

studied fingering with the goal of designing automatic environments for

performing music on the guitar. The interesting problem of coordination

between two asymmetrical gestures performed by violinists has been in-

vestigated by Baader, Kazennikov, and Wiesendanger (2005), that mainly

focused on the synchronization between bowing and fingering, and on the

anticipatory placements of fingers on the violin fingerboard. Yet, Huron

and Berec (1995) and Fiebrink (2004) studied the fingering problem for the

case of woodwinds instruments, where the fingering problem is connected

with other difficulties that pertain breathing, embouchure and tonguing.

8



2.2 Approaches to Fingering

In the last few years the fingering problem attracted an increasing interest

for keyboards and string instruments, and different approaches have been

adopted to address the problem. However, two works deeply influenced

all the subsequent literature, and the present model, as well: the model

by Parncutt et al. (1997) and the approach by Sayegh (1989).

The result of Parncutt et al. (1997) is a fully functional compu-

tational model, implemented in a system that takes in input a score and

returns a sequence of fingered positions (in fact it addresses the melody fin-

gering problem, restricted to short fragments). The algorithmic approach

proposed by Sayegh (1989) adopts an optimization approach based on the

Viterbi algorithm (Viterbi, 1967) to efficiently compute fingering. While

the first one is concerned with keyboards, the latter one is concerned with

string instruments.

Both share the principle of penalizing difficulties: fingering is repre-

sented like a search for a combination of positions that pursues an overall

effort-saving behavior. The model in Parncutt et al. (1997) addresses the

main ergonomic constraints that pianists meet while playing melodies, un-

derpinned by several treatises and composers instructions describing the

instrumental practice as it evolved across the centuries. The fingering is

computed in two steps, with a “generate and test” approach: enumera-

tion of all possible fingerings, and weighting of fingerings according to the

amount of difficulty. Weighting is conducted on the basis of a set of 12

rules, each one determining the contribution of some source to an overall

difficulty score (e.g., rule 6 slightly discourages the use of ring and little

9



fingers by penalizing their use with a heavier score). In such setting, the

lowest rated fingering is predicted to be ”the one that [...] will be used most

often in performance” (Parncutt et al., 1997). The rules of the model have

been subsequently refined in (Jacobs, 2001), but keeping the same overall

approach.

The algorithmic approach presented by Sayegh (1989) proposes a

graph-based representation, with the vertices grouped in layers; for each

note, the possible fingered positions, each encoded by a vertex, form a

layer; each vertex of a layer is connected to all the vertices of the following

layer. Weights on the edges represent the difficulties of a transition from a

fingered position to the next. The problem of finding a suitable fingering

is represented as the problem of finding a path in the graph, such that the

difficulties are minimized. Nothing is reported on the sources of difficulty

(in the form of constraints on bio-mechanical, ergonomic or cognitive fac-

tors) or any experimental results on the viability of this approach have been

provided by the author. The intuition of Sayegh that performers pursue an

overall effort-saving behavior has been confirmed by some experimental ev-

idences (Parlitz, Peschel, & Altenmüller, 1998; Sloboda et al., 1998; Ueno,

Furukawa, & Bain, 2000; Heijink & Meulenbroek, 2002). The graph-based

Sayegh’s approach has been recently improved by Radicioni, Anselma, and

Lombardo (2004) by introducing the relevant notion of segmentation of a

music score and a first characterization of the biomechanical constraints.

Both works from Sayegh and Radicioni et al. (2004) only address the fin-

gering of melodies.

Other works have been carried out, that deserve being mentioned:

we describe their novelties with respect to Sayegh’s and Parncutt’s systems,

10



and point out their main features.

Piano Fingering. Viana et al. (1998) devised an expert system

for fingering simple melodies, with basic domain knowledge encoded in the

form of production rules (Lewis, 1999). In the case of failure, due e.g. to the

lack of an appropriate rule for a given case, fingerings are computed with a

genetic algorithm. The system proposed by Kasimi, Nichols, and Raphael

(2005) handles melodies and chords performed with the right hand, through

an optimization approach, where transition costs (expressing the difficulty

inherent to transitions between positions), initially set by hand, are refined

via a sequential learning technique (Dietterich, 2002).

Guitar Fingering. Cabral et al. (2001) devised an environment for

the automatic guitar performance that also handles chords: it is composed

of a Solo Expert and a Chord Expert that govern the fingering task. No

details are provided about the Solo Expert; the Chord Expert performs an

exhaustive search across the possible positions, then retains those satisfy-

ing some constraints on the fingers involved. Besides, the fingered chords

are ranked on the base of some parameters, such their frequency in the

repertoire and their easiness. Some points are unclear: the constraints on

the fingers involved, the repertoire taken into consideration (popular mu-

sic, jazz, classical repertoire), the criteria adopted for the evaluation of the

chords left after pruning out those not viable, how easiness is defined. All

these issues are only sketched, so to make difficult comparisons with our

model. Trajano et al. (2004) extended such system with the computing of

right hand fingering, in the simplified case of musical accompaniment.

The learning aid system by Miura et al. (2004) addresses guitar

fingering, limited to melodies and based on gestural comfort accounts: the

11



novel aspects lie in the possibility to specify the fingered position of the

first note, and in partitioning. Here a big issue concerns the segmentation

of pieces, that is made on the basis of a fixed time span: as proven by

Cambouropoulos (1998, 2001), Temperley (2001) and Bod (2002), most

likely such a phrasing will be poorly useful for fingering purposes, in that a

fixed time span is not enough to individuate reasonable partitions in musical

pieces (about the role of phrasing in music fingering, see also Radicioni et

al. (2004) and Section 4.5).

Radisavljevic and Driessen (2004) devised a fingering system based

on gestural comfort accounts. They use a graph-based representation, where

the difficulty contribution implied by the transitions between pairs of fin-

gered positions is determined via a machine learning approach. It would

be interesting to compare the weights found with such approach with those

explicitly encoding gestural difficulties/comfort (addressed in Section ??),

looking for some shared, higher order, fingering principles. However, a

big concern is whether such approach is able to extract general criteria or

not, since the generalization error is not provided nor discussed. Instead,

re-substitution (that is, training) errors are reported for the pieces where

learning took place.

The system for tablatures generation by Tuohy and Potter (2005) is

based on a genetic algorithm: this work relies on bio-mechanical studies that

lead to design a fitness function aimed at minimizing lateral movements.

Being concerned with the generation of tablatures, this work disregards fin-

gers, thus considering a simplified case of fingering: they compute positions

instead of fingered positions.

12



Table 2.1: Comparison among fingering systems. ◦ stands for “yes”, × for “no”, while
the question mark means that the point is unclear.
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(Sayegh, 1989) guitar ◦ × ◦ × × ×
(Parncutt et al., 1997) piano ◦ ◦ ◦ × × ◦
(Viana et al., 1998) piano ◦ × ◦ × × ×
(Cabral et al., 2001) guitar × × ◦ ◦ ? ×
(Radisavljevic & Driessen, 2004) guitar ◦ × ◦ ? ? ×
(Miura et al., 2004) guitar ◦ ◦ ◦ × × ◦
(Kasimi et al., 2005) piano ◦ × ◦ ◦ ◦ ×
(Tuohy & Potter, 2005) guitar ◦ ◦ ◦ ◦ ? ×

2.3 Open Issues

The systems reviewed can be hardly compared. We examine them on the

base of 4 benchmarks we assume as desirable properties that a fingering

model should exhibit. The properties are:

• a clear description of the control strategy;

• it should be explanatory at some level of the process under consid-

eration: it should encapsulate some knowledge about the ergonomic

factors (weights or costs) characterizing transitions between fingered

notes;

Besides, a fingering model should also provide an adequate coverage of some

repertoire, so

13



• it should deal with melodies, chords and their combinations, which

mainly characterize the movements of performers;

• it should provide an experimental validation, and an assessment of

results.

None of these works fulfills all the requirements (Table 2.1): within the

reviewed literature, only Parncutt et al. (1997) proposed a fingering model,

in the germane field of keyboard fingering. However, their ergonomic model

is limited to short melodies as well.

All the considered systems share the global optimization approach

first proposed by Sayegh (thus they share the same basic control strategy),

except for the system by Cabral that combines case-based reasoning and

other techniques, but without describing the control strategy.

They all handle melodies, three of them also deal with chords, but

none explicitly mentioned the case of their combinations, so that none ac-

counts for the whole fingering problem, but rather for its subproblems. As

it will be clear in the following, such case poses interesting and relevant

modeling problems.

With the notable exception of the systems in (Parncutt et al., 1997)

and in (Miura et al., 2004), neither systematic tests were conducted, nor

results were provided. Furthermore, in the case of Miura et al.’s work it is

still unclear which pieces were subject to tests.

The model presented in this thesis attempts to overcome such limi-

tations. It is designed to grasp the main physical and bio-mechanical dif-

ficulties implied in guitar fingering. The overall methodology transports

14



Parncutt ergonomic approach from keyboard to guitar and shares the graph

search framework with Sayegh. The novelties of our approach lie in the facts

that we tackle melodies formed by individual notes and chords and their

combinations as well, by applying the same physical and bio-mechanical

sources of difficulty to both succession and simultaneity of positions: in the

case of succession preference rules are adopted, in the case of simultane-

ity the preference rule approach is coupled with constraints, expressed in

binary fashion. The model exploits the phrasing information, like human

performers use to do (Drake & Palmer, 2000), thus introducing a local op-

timization approach (as opposed to global); also, the sources of difficulty

accounted for by the model are illustrated and discussed. We now introduce

the framework that encodes the fingering problem.
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Chapter 3

Computational Model

Based on literature, and namely on (Parncutt et al., 1997; Sloboda et al.,

1998; Parlitz et al., 1998; Heijink & Meulenbroek, 2002), a major assump-

tion of the model is that fingering can be intended as the performer’s search

for ergonomic and bio-mechanical comfort. This search can be modeled as a

path in a graph, that represents all the possible fingering in a compact way.

The graph representation has the virtue to provide an intuitively neat idea

of what the model does, that is finding the path (i.e., the fingering) that

best satisfies the criteria explained in the next sections. Yet, the graph rep-

resentation is suitable for implementation, due to its conceptual simplicity,

and efficient algorithms for computing a path in such a graph are known

(e.g., based on dynamic programming, (Bellman, 1957)), that allow solving

problems like fingering, where the combinatorial explosion can make the

computation a hard task.

Before introducing the computational model, we introduce the ba-

sic terminology for the components of the guitar that are relevant to our

16



strings

neck

nut

body
bridge

frets fretboard

Figure 3.1: The guitar and its main components.

modeling purposes. We illustrate the features of the instrument, and the

constraints and resources that it provides to the performer.

3.1 Terminology

Guitar performers pluck or pick strings, whose vibrations produce the sound:

strings are stretched along the neck (Figure 3.1), spanning from the nut to

the bridge, which is fixed to the body of the instrument. The main purpose

of the bridge consists of transferring the vibration from the strings to the

soundboard, which vibrates the air inside the body of the guitar, amplify-

ing and filtering the sound produced by the strings. Strings typical length

is about 650 mm, for the case of professional instruments. As depicted in

Figure 3.2, guitar standard tuning –from the 6th to the 1st string– consists

of the notes E2, A2, D3, G3, B3, E4. Such tuning has evolved to provide

a trade-off between comfortable fingering for several chords, and the abil-

ity to play scales with minimal left hand repositionings (Allorto & Chiesa,
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Figure 3.2: Outline of the notes (indicated as MIDI numbers) on a guitar fingerboard.
The figure displays only the first XII frets

1990). Such pitches correspond to the MIDI numbers 40, 45, 50, 55, 59,

641: they can be produced by plucking the open strings, i.e., without press-

ing any fret with the left hand. Frets are metal strips embedded along the

neck. In order to produce different pitches, performers press the strings in

correspondence of the various frets lying on the neck, which in turn form

the fretboard, or fingerboard. Because fingering a string (that is, pressing

the string on a given fret) changes the length of the vibrating portion of

the string, we observe a fundamental physical constraint to the performer

possibilities: that is, each string can produce only one note at a time.

Guitar tones range over three octaves and a half; due to the overlap

of strings tone ranges, almost every note in the fingerboard can be played

on different strings (Figure 3.3). The register of the instrument spans over

44 notes, on the fretboard we consider 17 frets per string2: overall, 102

different positions. Clearly, a one-to-one mapping between the notes and

the positions does not exist. We have one note with a fixed fingering (E2:

<6,0,0>), which can be played only on the open sixth string; all the other

1 Whose frequencies are respectively 82.4Hz, 110Hz, 146.8Hz, 196.0Hz, 246.9Hz,
329.6Hz.

2 However, many guitars have 17 practicable frets only for the 1th and 6th strings,
and 15 for the other ones.
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Figure 3.3: The number of fingered positions available for each of the 44 notes that can
be played on the classical guitar. Guitar tones ranging from the E2 to the B5 (i.e., from
MIDI number 40 up to 83), the note 1 corresponds to E2, MIDI number 40, while the
highest note is B5, MIDI number 83.

notes are associated with 1 to 4 positions, thus from 4 up to 16 fingered

positions. On average, over all the 44 notes that performers have at their

disposal, each note has 9.68 different fingered positions (Figure 3.2).

The guitar fingerboard is represented as a matrix of positions (pairs

<string, fret>), with rows standing for the strings and columns standing

for the frets. The notion of position is necessary to provide a unique identi-

fier for the correspondence between the note and the fingerboard. Timbre

richness of the instrument is to a great extent determined by the fact that

the same note may be found in different positions: ”although their funda-

mental pitch is the same, their harmonic content and its decay time will

vary widely from one string to the next” (Sayegh, 1989). Consider, for ex-

ample, that the E treble (MIDI number 64), can be found at <1,0>, <2,5>,

<3,9>, <4,14>. Timbre is an expressive mean that reasonably contributes

to determine fingering (Bobri, 1960; Gilardino, 1975a, 1975b). As such,

timbral accounts might suggest different solutions from those that only sat-
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isfy comfort accounts. This type of preference is not accounted for by the

model, that only addresses bio-mechanical issues.

3.2 Encoding: Fingering as a Graph Search

Problem

Under the bio-mechanical aspect, we individuate three main kinds of move-

ments in guitar performance: in the first case (melody, MEL) the performer

plays one note at a time, in the second one (chord, CH) the performer pro-

duces from two to six notes simultaneously, in the third one (combining

chords and melody at the same time, MIX) the performer presses one or

more notes which are held, while new notes have to be played. Such cases

(Figure 3.4) allow a complete account of the bio-mechanical issues. Pro-

vided that notes onsets and offsets are the time points where notes start

and stop sounding, we define them as follows.

Definition 1. Melody (henceforth MEL): a finite sequence of n notes form

a melody S = {s1, s2, . . . , sn}, if for each pair (si, sj) ∈ S where j = i + 1,

offsetsi ≤ onsetsj.

Definition 2. Chord (CH): a set of k ∈ {2, 3, 4, 5, 6} simultaneous notes

form a chord C = {c1, c2[, . . . , c6]}, if for each and every pair (ci, cj) ∈ C

onsetci = onsetcj AND offsetci ≤offsetcj.

Definition 3. Mixed passages (MIX): a finite set of notes form a mixed

passage if one of the following three statements is true:

1. given a CH set C of k notes and a MEL sequence S of n notes, for all
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n, onsetc ≤ onsetsn AND offsetc ≥offsetsn; or alternatively,

2. given an individual MEL note p, a MEL sequence S of n notes exists such

that for all n, onsetp ≤ onsetsn AND offsetp ≥offsetsn; or alternatively,

3. given an individual MEL note p, a sequence of q CHs exists such that

for all q, onsetp ≤ onsetcq AND offsetp ≥offsetcq; or alternatively,

4. given a CH set C of k notes, a sequence of q CHs exists such that for all

q, onsetc ≤ onsetcq AND offsetc ≥offsetcq;

Definition 4. Held notes. In any MIX case, given a set HD of h CH notes

(h ∈ {1, 2, 3, 4, 5}) and a finite sequence S of s CH/MEL notes, HD is a

set of held notes if for all s onseth ≤ onsets AND offseth ≥offsets. The

held notes start before (or at the same time of) the notes in S, and are not

released until the last note in S has been played.

Different degrees of freedom characterize performers movements in

these three cases3, but they all can be modeled via the same graph rep-

resentation. In fact, in principle we could assign a fingering to a melody

composed by F2-C5-E5 (Figure 3.5), while the same notes cannot be played

simultaneously, as chord. In fact, given the standard guitar tuning, it would

require a prohibitive span between fingers. Since multiple constraints in-

tervene at the same time in considering chord fingering, we encode chord

fingering in terms of constraint satisfaction problem (CSP). We apply a

set of binary constraints to determine practicable fingerings (Section 3.3.1).

The CSP framework also allows expressing a preference for intrinsic (as

opposite to relational, what proceeds and follows) gestural comfort, as it

has been shown by Radicioni and Lombardo (2005a).

3E.g., intuitively, playing a melody with a held note poses additional constraints with
respect to playing the same melody alone.

21



 

! ! ! ! ! ! ! !"
8

####
4
2

Music engraving by LilyPond 2.6.3 — www.lilypond.org

Table 1: The complete list of the music considered in the experiment.

D
.
A

gu
ad

o

Estudio n.3 CH
F. Sor Andantino Op.35 n.3 CH

time

1

 

!!!!!!"
8

4
2

Music engraving by LilyPond 2.6.3 — www.lilypond.org

Table 1: The complete list of the music considered in the experiment.

D
.
A

gu
ad

o

Estudio n.3 CH
F. Sor Andantino Op.35 n.3 CH

time

1

 

!
"! "!
! ! ! ! ! !

!!#!$
8

%
4
2

Music engraving by LilyPond 2.6.3 — www.lilypond.org

Table 1: The complete list of the music considered in the experiment.

D
.
A

gu
ad

o
Estudio n.3 CH

F. Sor Andantino Op.35 n.3 CH

time

1

 

! "! ! ! ! ! ! !
!#!$

8

%
4
2

Music engraving by LilyPond 2.6.3 — www.lilypond.org

Table 1: The complete list of the music considered in the experiment.
D

.
A

gu
ad

o

Estudio n.3 CH
F. Sor Andantino Op.35 n.3 CH

time

1

 

!
"" "" "" "" "" "" "" ""#

8

$
4
2

Music engraving by LilyPond 2.6.3 — www.lilypond.org

Table 1: The complete list of the music considered in the experiment.

D
.
A

gu
ad

o

Estudio n.3 CH
F. Sor Andantino Op.35 n.3 CH

time

1

 

!!
"" "" "" "" "" "" "" ""#

8

$
4
2

Music engraving by LilyPond 2.6.3 — www.lilypond.org

Table 1: The complete list of the music considered in the experiment.

D
.
A

gu
ad

o

Estudio n.3 CH
F. Sor Andantino Op.35 n.3 CH

time

1

Table 2: Building the graph that encodes the fingering problem.

Definition 1. MEL: a finite se-
quence of n notes form a melody
S = {s1, s2, . . . , sn}, if for each pair
(si, sj) ∈ S where j = i + 1, offsetsi ≤
onsetsj.

2

Table 2: Building the graph that encodes the fingering problem.

Definition 2. CH: a set of
k ∈ {2, 3, 4, 5, 6} simultaneous notes
form a chord C = {c1, c2[, . . . , c6]},
if for each and every pair
(ci, cj) ∈ C onsetci = onsetcj

AND offsetci ≤offsetcj.

2

Table 2: Building the graph that encodes the fingering problem.

Definition 3. MIX: 1: a finite set of
notes form a combination if given a
CH set C of k notes and a MEL se-
quence S of n notes, for all n, onsetc ≤
onsetsn AND offsetc ≥offsetsn;

3

Table 2: Building the graph that encodes the fingering problem.

Definition 3. MIX: 2: a finite set of
notes form a combination if given an
individual MEL note p, a MEL se-
quence S of n notes exists such that
for all n, onsetp ≤ onsetsn AND
offsetp ≥offsetsn;

3

Table 2: Building the graph that encodes the fingering problem.

Definition 3. MIX: 3: a finite set of
notes form a combination if given an
individual MEL note p, a sequence of q
CHs exists such that for all q, onsetp ≤
onsetcq AND offsetp ≥offsetcq;

3

Table 2: Building the graph that encodes the fingering problem.

Definition 3. MIX: 4: a finite set of
notes form a combination if given a
CH set C of k notes, a sequence of q
CHs exists such that for all q, onsetc ≤
onsetcq AND offsetc ≥offsetcq;

3

Table 2: Building the graph that encodes the fingering problem.

Definition 3. MIX: 4: a finite set of
notes form a combination if given a
CH set C of k notes, a sequence of q
CHs exists such that for all q, onsetc ≤
onsetcq AND offsetc ≥offsetcq;

MEL

CH

MIX

3

Table 2: Building the graph that encodes the fingering problem.

Definition 3. MIX: 4: a finite set of
notes form a combination if given a
CH set C of k notes, a sequence of q
CHs exists such that for all q, onsetc ≤
onsetcq AND offsetc ≥offsetcq;

MEL

CH

MIX

3

Table 2: Building the graph that encodes the fingering problem.

Definition 3. MIX: 4: a finite set of
notes form a combination if given a
CH set C of k notes, a sequence of q
CHs exists such that for all q, onsetc ≤
onsetcq AND offsetc ≥offsetcq;

MEL

CH

MIX

3

Figure 3.4: The note durations determine three distinct cases for our modeling purposes.
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F2 C5 E5

F2

C5
E5

F2 C5 E5

Figure 3.5: Example of melody and chord composed by the same notes. While it is
possible to play the melody, the chord is not practicable, due to a prohibitive finger
span, as it is clear from the fingerboard representation on the right side. For melodies
we adopt preferential rules, whereas in the case of chords we use binary constraints
coupled with preferential rules.

Provided that the combination of fingered positions for a chord is

practicable (i.e., we have at least one solution to the chord fingering sub-

problem), we can evaluate two different quantities: the bio-mechanical com-

fort due to playing such fingered positions at the same time (chords, Fig. 3.6:

frame a), and the bio-mechanical comfort due to playing such fingered po-

sitions in succession (e.g., a sequence of chords and melody, Fig. 3.6: frame

b). Specifically, in frame a) we have two alternative fingerings for the

same chord: fingering 1, that is [<5,3,3>,<4,2,2>,<3,0,0>,<2,1,1>,-

<1,0,0>], and fingering 2 [<6,8,3>,<5,7,2>,<3,5,1>,<2,5,1>,<1,5,1>].

If we consider it a spot chord, we can found that fingering 1 is more comfort-

able than the second (Section 4). But we are also interested in estimating

how it contributes to the overall difficulty, i.e., with respect to what follows:

fingering 2 reduces the broader leap to play the subsequent notes, and it

could be preferred for the excerpt presented in Figure 3.6: frame b.
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Figure 3.6: In frame a) we compare two alternative fingerings for the same chord: this
is done one the base of their intrinsic difficulty. The relational difficulty of fingerings is
computed (b) with respect to the following notes.
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Preprocessing

Based on such basic types (MEL, CH and MIX), we parse the MIDI sources

and extract a note list. Then, melodies, chords and combinations are indi-

viduated on the base of their onsets and offsets (expressed in milliseconds):

the note list is broken down into blocks, where the notes in each block can

be either MEL, CH, or MIX. The fingering of each block obtained with the

input preprocessing is then computed as a whole. For example, if we look

at the onsets and offsets of the notes in the first excerpt in Table 3.1, we

see that the offset of each note is also the onset of the next one. This is

a MEL case, according to definition 1. All the notes in the second excerpt

start at the same time point and stop at the same time point (Table 3.1),

so to determine that they belong to a CH block. In the third excerpt, there

are three notes starting at the same time (0): the first one (note F3, pitch

50) sounds until 250, while the second and third last until 1500. Clearly,

we have a MIX case, where the chord –consisting of D4-F4, pitches 62-65–

is held: thus, it could be either a held chord combined with a melody (case

MIX: 1), or a held note with a sequence of chords (case MIX: 3). The

onsets from the forth note onwards determine the case MIX:1: in fact, the

first note and the notes from the fourth to the eight, in turn form a MEL

sequence, consisting of the pitches 50, 45, 50, 52, 53 and 50. From the

ninth note (D3) on, a new MIX block begins, that involves a held chord

(pitches 62-65, with onset 1500 and offset 2000) and a melody, consisting

of the notes D3, F3.

The preprocessing is an important phase of the computation, in that

via preprocessing we organize the piece in blocks, and for MIX cases, we
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Table 3.1: In the preprocessing step we parse the input and break it down into blocks,
so that any note is either in a MEL, CH or MIX block.

Block Note list Score Gesture type

MEL

Table 1: MEL

pitch onset offset
56 0 250

58 250 500

60 500 750

61 750 1000

63 1000 1250

65 1250 1500

67 1500 1750

68 1750 2000

Table 2: CHO

pitch onset offset
43 0 2000

47 0 2000

50 0 2000

55 0 2000

59 0 2000

67 0 2000

Table 3: MIX

pitch onset offset
50 0 250

62 0 1500

65 0 1500

45 250 500

50 500 750

52 750 1000

53 1000 1250

50 1250 1500

53 1500 1750

62 1500 2000

65 1500 2000

55 1750 2000

1
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Table 2: Building the graph that encodes the fingering problem.

Definition 1. Melody (MEL): a
finite sequence of n notes form a
melody S = {s1, s2, . . . , sn}, if for
each pair (si, sj) ∈ S where j =
i + 1, offsetsi ≤ onsetsj.

MEL

CH

MIX

2

CHO

Table 1: MEL

pitch onset offset
56 0 250

58 250 500

60 500 750

61 750 1000

63 1000 1250

65 1250 1500

67 1500 1750

68 1750 2000

Table 2: CHO

pitch onset offset
43 0 2000

47 0 2000

50 0 2000

55 0 2000

59 0 2000

67 0 2000

Table 3: MIX

pitch onset offset
50 0 250

62 0 1500

65 0 1500

45 250 500

50 500 750

52 750 1000

53 1000 1250

50 1250 1500

53 1500 1750

62 1500 2000

65 1500 2000

55 1750 2000
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Table 2: Building the graph that encodes the fingering problem.

Definition 2. Chord (CH): a
set of k ∈ {2, 3, 4, 5, 6} simulta-
neous notes form a chord C =
{c1, c2[, . . . , c6]}, if for each and
every pair (ci, cj) ∈ C onsetci =
onsetcj AND offsetci ≤offsetcj.

MEL

CH

MIX

3

MIX

Table 1: MEL

pitch onset offset
56 0 250

58 250 500

60 500 750

61 750 1000

63 1000 1250

65 1250 1500

67 1500 1750

68 1750 2000

Table 2: CHO

pitch onset offset
43 0 2000

47 0 2000

50 0 2000

55 0 2000

59 0 2000

67 0 2000

Table 3: MIX

pitch onset offset
50 0 250

62 0 1500

65 0 1500

45 250 500

50 500 750

52 750 1000

53 1000 1250

50 1250 1500

53 1500 1750

62 1500 2000

65 1500 2000

55 1750 2000

1
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Table 2: Building the graph that encodes the fingering problem.

Definition 3. Mixed passages
(MIX) 1.: a finite set of notes
form a mixed passage if given
a CH set C of k notes and a
MEL sequence S of n notes, for
all n, onsetc ≤ onsetsn AND
offsetc ≥offsetsn.

MEL

CH

MIX

3

retain the information about which note(s) are held. Held notes represent

a major constraint in playing music.

We first introduce the representation and the fingering of melodies.

Then, this representation is refined to account for chords and their combi-

nation with melodies.

3.2.1 Graph building

Given a music score, we build a graph that represents all the possible fin-

gered positions sequences. For each note from left to right in the score
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(step 1) we generate all the possible fingered positions i.e., the available

triples <string,fret,finger>. For example, in the graph depicted in

Figure 3.7, the fingered positions available for the first note, G3, are the 13

vertices of the leftmost layer. The availability is due to physical constraints

on the instrument: in the case of G3, we can find it on the third open

string, <3,0>, thus the first fingered position is <3,0,0>, and on other 3

positions, <4,5>, <5,10>, <6,15>. So by combining these positions with the

four available fingers, we yield 12 more fingered positions, which are listed

in the leftmost layer. Each vertex, labeled with the corresponding triple, is

then linked (step 2) to all the vertices corresponding to the immediately

following note by means of an edge: each vertex corresponding to G3 is

connected to the 16 positions corresponding to C4. Then we label each

edge with the cost due to the transition from its left endpoint to its right

endpoint (step 3). The weight assigned to each edge results from an esti-

mation of the cost of the transition from one fingered position to another.

This estimation is addressed in Section 4.

This construction procedure guarantees that the graph has a layered

structure, in that the vertices can be grouped in layers, and all the edges

connect vertices of adjacent layers. In the case of melodies, the number

of layers is equal to the number of notes in input, and any path from

the leftmost layer (the first note) to the rightmost layer (the last note)

represents a fingering for the score. Thus, the problem of finding a suitable

fingering for a piece corresponds to the problem of finding a path in the

graph.
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<3,0,0> <2,1,1>

<2,1,2>

<2,1,3>

<2,1,4>

<3,5,1>

<3,5,2>

<3,5,3>

<3,5,4>

<4,10,1>

<4,10,2>

<4,10,3>

<4,10,4>
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<6,15,3>

<6,15,4> <5,15,1>

<5,15,2>
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<5,15,4>

<4,10,4>
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Figure 3.7: Graph generated for a three notes (G3-C4-E4) fragment. Each vertex repre-
sents a fingered position (e.g., <6,1,1>). Weights on the edges are omitted.

Three-dimensional graph.

In the case we have in input a melody (Fig 3.7), the generation of the

vertices is straightforward, and we proceed by mapping note pitches to 1 to

4 positions on the fingerboard. Instead, in the case we have in input CH or

MIX blocks, generating the vertices at step 1 implies preliminarily solving

a subproblem. Respectively, a CH or a MIX subproblem. The solutions to

CH and MIX fingering subproblems produce alternative fingerings for the

same blocks in input. Such alternative fingerings are represented by the

vertices in the corresponding layer. CH and MIX fingerings are represented

as groups of vertices (collapsed into one vertex), distributed along a third

dimension (Figure 3.8); in facts, while layers correspond to the succession

of fingered notes in case of melodies, these groups model the simultaneity
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block: CH MEL MIX

x

z

y

<4,0,0>

<5,5,1>

<5,5,2>

<5,5,3>

<5,5,4>

<6,10,1>

<6,10,2>

<6,10,3>

<6,10,4>

<6,3,1>

<6,3,2>

<6,3,3>

<6,3,4>

<5,3,3>

<3,0,0>

<2,1,1>

<1,0,0>

<5,3,1>

<4,5,2>

<3,5,3>

<2,5,4>

<6,8,1>

<5,10,3>

<4,10,4>

<3,9,2>
{

CH

{
MEL

<4,2,2>

<3,2,3>

<2,1,1>

<2,3,4>

<5,7,2>

<4,7,3>

<3,5,1>

<3,7,4>

<6,12,2>

<5,12,3>

<4,10,1>

<4,12,4>

<2,1,1>

<3,5,1>

<4,10,1>{
{

CH

MEL

MIX

Figure 3.8: Chords and passages involving chords are represented in the third dimension
of the graph.

of positions. Each layer can then encode alternative fingered positions for

a single note, or alternative fingerings for a chord or a MIX passage: such

grouped representations result from a modeling of CH and MIX fingering

as a constraint satisfaction problem (CSP), as described in Sections 3.3 and

3.4. For example, on the left side of the Figure 3.8 four layers are depicted:

the vertices in the first layer represent fingerings for the chord, whereas in

the second and third layers, single fingered positions for the individual notes

C and E are displayed. The last layer represents three fingerings for a block

of type MIX. On the right side, the graph is made “explicit”: the axes x and

y respectively express the temporal sequence and alternative fingerings for

the same input, and the axis z reveals the simultaneous fingered positions

constituting CH blocks, and the fingered positions in MIX blocks, as well.
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Now we introduce how the solutions to CH and MIX fingering subproblems

are computed, and further precise how the graph is built at the step 1.

3.3 Chord fingering

Intuitively, when performers play simultaneous notes, several constraints

intervene simultaneously. In this Section we show how chord fingering can

be naturally cast to a constraint satisfaction problem (CSP).

CSP framework has been successful in modeling several problems,

like map coloring, vision, robotics, job-shop scheduling, diagnosis, spa-

tiotemporal reasoning, etc. (Dechter, 1998; Brailsford, Potts, & Smith,

1999). A constraint satisfaction problem consists in assigning values to

variables, which satisfy a set of constraints. In order to represent graph-

ically a CSP, one can build the equivalent constraint graph, where each

vertex represents a variable, and each arc represents a constraint between

variables standing at the end points of the arc. A typical example of CSP

is the map-coloring problem, depicted in Figure 3.9: four regions on a map

have to be colored in such a way that no two adjacent regions have the same

color. In the CSP formulation, we have a variable for each region and its

domain is the whole set of colors. For each pair of variables corresponding

to adjacent regions there is a binary constraint that prevents from assigning

the same value to adjacent vertices.

The chord fingering model takes in input chords described by a score

in the traditional western music notation (called common practice notation

– CPN) and returns in output all the fingerings that satisfy a set of con-

straints that are derived from the instrument shape and the anatomy of the
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Figure 3.9: Frame a): The map-coloring problem, consisting of assigning a color (from
a set of colors) to each region of the map, such that no two adjacent regions have the
same color. Frame b): its equivalent graph.

hand.

A constraint satisfaction problem P = {X ,D, C} is defined by a set

of variables, X1, X2, ..., Xn, and a set of constraints, C1, C2, ..., Cm. Each

variable Xi has a domain Di of possible values. Each constraint Ci involves

a subset of the variables and specifies the allowed combinations of values

for the current subset. An assignment that satisfies all the constraints is a

consistent assignment, and a solution to a CSP is an assignment to all the

variables so that all constraints are satisfied (Kumar, 1992).

In the case several fingerings satisfy such a set of constraints, the

model can also provide a ranking on comfort accounts. We now address

the set of constraints that restrict the possible combinations of fingered

positions.

3.3.1 Set of Constraints

Given that CSP variables are the notes and the domains are the fingered

positions, we need to define a suitable set of constraints. Based on guitar

handbooks from historical composers (Aguado, 1964) and contemporary
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teachers, such as Duarte (1966), on a review of some of the didactic opuses

of the early 19th century guitar composers (Giuliani, 1985; Sor, 1985) and on

our musical experience, we devised a set of bio-mechanical constraints that

express which combinations of fingered positions could actually be played

by a human performer (see Table 3.2). One note per string expresses the

constraint that it is possible to play at most one note at a time on each

string, so any position prevents from other placements on the same string;

no overlaps ensures that higher-numbered fingers press higher-numbered

frets4; max spans over finger pairs expresses a maximum span of frets for

each pair of fingers, that can never be exceeded. Finally, since a chord can

be composed by 2 to 6 fingered positions and the available fingers are only

four, we can apply the barré technique, in which a single finger can press

more than one position simultaneously. We restrict the use of barré to the

index finger: the constraint Barré index states that all the positions of the

barré are on the same fret and all the other positions in the chord are in

higher numbered frets.

3.3.2 Problem formalization

Our formulation of the fingering problem for chords is stated as follows: we

are given 1) a set of variables : the notes composing the chord; 2) a finite

and discrete domain for each variable: from 1 up to 16 fingered positions

(that is, 4 positions combined with the 4 available fingers) per note; 3) a set

of constraints defined over each pair of the original set of variables plus the

barré specific constraint. The goal is to find one assignment to the variables

4Recall that we start numbering fingers from index, numbered 1, to little finger,
numbered 4, and frets from I to XVII (see Figure 3.2).
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Table 3.2: The set of bio-mechanical constraints.

Set of constraints
One note per string: on each string it is possible to play at most one note at a time

NoOverlaps: higher fingers press higher frets

Max span over finger pairs: for each finger pair, there exists a maximum span that
can never be exceeded:

maxSpan index middle ring little

little 4 3 1 -

ring 3 0 -

middle 2 -

index -

Barré index : all the positions of the barré are on the same fret and all the other
positions in the chord are in higher-numbered frets

Dz = {<6,13,1>,<6,13,2>,<6,13,3>,<6,13,4>
<5,8,1>,<5,8,2>,<5,8,3>,<5,8,4>,
<4,3,1>,<4,3,2>,<4,3,3>,<4,3,4>}

Dy = {<6,8,1>,<6,8,2>,<6,8,3>,<6,8,4>,
<5,3,1>,<5,3,2>,<5,3,3>,<5,3,4>}

Dx = {<6,1,1>,<6,1,2>,<6,1,3>,<6,1,4>}
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Figure 3.10: A chord in input and the domains related to each note of the chord. Each
triple in the note domains indicates <string,fret,finger>.

such that the assignment satisfies all the constraints; yet, if more than a

unique assignment arises, we can rank them. Two ways can be chosen

to enrich the CSP framework to deal with preferences. One could extend

the basic formalism, e.g., through compiling techniques (Weigel & Faltings,

1999), or by implementing the preferences within the search strategy. We

adopt the latter way, as described in (Radicioni & Lombardo, 2005a).

The graph in Figure 3.10 represents a chord fingering problem. For
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example, the note F2, corresponding to the variable x in the graph, could

be played on <6,1,1> i.e. on the 6th string, 1st fret, by the index finger; on

<6,1,2>, by middle finger; and so forth. Each vertex is connected to all the

other vertices: an edge connecting two vertices, e.g. x and y, indicates that

while pressing a fingered position related to y, the performer is constrained

by pressing a fingered position related to x.

3.3.3 Search Strategy

Given a representation in CSP terms, a search strategy is applied to find

the assignments to variables that satisfy the constraints. A CSP search

strategy propagates constraints statically to yield a simpler problem and

then proceeds with a standard depth-first algorithm to ground the variables.

In case the algorithm reaches a dead end, backtracking resorts to the last

instantiated variable that has alternatives open.

Constraint propagation reduces the size of the variable domains while

not affecting the final set of solutions. The graph of the simplified (fil-

tered) problem satisfies the properties of directional arc-consistency and

directional path-consistency. We first introduce general arc-consistency and

path-consistency.

Definition 5. Arc-consistency. Given a constraint network R = (X ,D, C),

with Rij ∈ C, a variable xi is arc-consistent relatively to xj if and only if

for every value ai ∈ Di there exists a value aj ∈ Dj such that (ai, aj) ∈

Rij. The arc defined by {xi, xj} is arc-consistent if and only if xi is arc-

consistent relatively to xj and xj is arc-consistent relatively to xi. A network

of constraints is called arc-consistent iff all of its arcs are arc-consistent.
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<4,3,3> <4,3,4>Dz = { }

<5,3,2><5,3,3>
<5,3,4>

Dy = {
}

<6,1,1>Dx = { }

<4,3,3> <4,3,4>Dz = { }

<5,3,2><5,3,3>Dy = { }

<6,1,1>Dx = { }
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Figure 3.11: Two different variable domains are presented. In case a the graph is not
arc-consistent. In case b, the graph is arc-consistent and path-consistent.

Definition 6. k-consistency. A constraint network R = (X ,D, C) is k-

consistent if, for any set of k − 1 variables and for any consistent assign-

ment to those variables, a consistent value can always be assigned to any

k-th variable. 3-consistency means that any pair of adjacent variables can

always be extended to a third neighboring variable; this is also called path

consistency.

Arc-consistency means that given an arc (Vx, Vy) −i.e., connecting

the variable x to the variable y−, it is arc consistent if for every value i

in Dx, there is some value j in Dy such that the instantiations Vx = i and

Vy = j are permitted by the binary constraint between Vx and Vy. Path-

consistency (or k-consistency on k variables) means that it is possible to

instantiate up to k-variables consistently. For example, let us assume that

we have the constraint graph in Figure 3.11, where the variable domains

have been restricted for the sake of clarity. Considering the variable domains

represented in case a, we apply the set of binary constraints C defined in Sec-

tion 3.3.1. Each arc is arc-consistent if “for every value ai ∈ Di there exists a

value aj ∈ Dj such that (ai, aj) ∈ Rij”: we then start by checking whether
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the variable Vz (corresponding to F2) is consistent relative to Vy, corre-

sponding to C3. We examine each combination of az ∈ Dz and ay ∈ Dy:

that is, the pairs [<6,1,1><5,3,2>],[<6,1,1><5,3,3>],[<6,1,1><5,3,4>].

Because the set of pairs of values from Vz and Vy are allowed by constraints,

all these pairs satisfy the set of binary constraints. Thus each pair ∈ Rzy.

Then, we conclude that Vz is arc-consistent relative to Vy. By converse, Vy is

arc-consistent relative to Vz. In order to determine whether the whole graph

is arc-consistent, one has to check the arc-consistency between each pair of

variables. We repeat the same steps between the variables Vx and Vy and be-

tween Vx and Vz, and discover that the fingered position <5,3,4> ∈ Dy has

no consistent value in Dx. Specifically, the pair [<5,3,4><4,3,3>] breaks

the constraint NoOverlaps : ring finger cannot press a fingered position with

the same fret and higher string than little. The pair [<5,3,4><4,3,4>]

is not allowed by Barré index : only the index finger can perform barré.

Hence, we conclude that for <5,3,4>, a fingered position aj ∈ Dz such that

(<5,3,4>, aj) ∈ Ryz does not exist: given the variable domains in case a,

we don’t have an arc-consistent graph.

In order to make the graph arc-consistent, we revise variable do-

mains, that is we delete the values causing inconsistencies from their do-

mains. In the present setting, the fingered position <5,3,4> is deleted. As

we have seen, such fingered position will never be part of any solution, so

that the deletion of inconsistent values does not affect the final set of so-

lutions. After the revision step, the variable domains represented in the

case b describe an arc-consistent graph: each fingered position of the three

variables, has a consistent (on the base of the same constraints) fingered

position in each of the other two variables. Also, the setting in case b is
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path-consistent. In fact, for each pair of arc-consistent values {xi, yj} such

that xi ∈ Di and yj ∈ Dj there is always a value ak ∈ Dk such that the

assignment (< xi, ak >,< yj, ak >) is consistent. The pairs of fingered

positions {xi, yj} and the fingered position ak in respect of whom they are

consistent are listed in Table 3.3.

Table 3.3: The list of the possible combinations of fingered positions is presented in the
column {xi, yj}: the consistent fingered position from the third variable is presented in
the ak column. In the first three columns we present the variables that instantiate i, j
and k. In turn, the variable x correspond to the note F2, y to C3 and z to F3.

i j k {xi,yj} ak

x y z < 6, 1, 1 >< 5, 3, 3 > < 4, 3, 4 >
x y z < 6, 1, 1 >< 5, 3, 2 > < 4, 3, 3 >
x z y < 6, 1, 1 >< 4, 3, 4 > < 5, 3, 3 >
x z y < 6, 1, 1 >< 4, 3, 3 > < 5, 3, 2 >
y x z < 5, 3, 2 >< 6, 1, 1 > < 4, 3, 3 >
y z x < 5, 3, 2 >< 4, 3, 3 > < 6, 1, 1 >
y x z < 5, 3, 3 >< 6, 1, 1 > < 4, 3, 4 >
y z x < 5, 3, 3 >< 4, 3, 4 > < 6, 1, 1 >
z x y < 4, 3, 3 >< 6, 1, 1 > < 5, 3, 2 >
z y x < 4, 3, 3 >< 5, 3, 2 > < 6, 1, 1 >
z x y < 4, 3, 4 >< 6, 1, 1 > < 5, 3, 3 >
z y x < 4, 3, 4 >< 5, 3, 3 > < 6, 1, 1 >

Since path-consistency has an exponential complexity, it is custom-

ary to trade-off between the consistency degree and the computational ef-

fort (see e.g., Debruyne and Bessière (1997, 2001)) via the introduction of

lower degrees of consistency, such as directional arc-consistency and direc-

tional path-consistency (Dechter, 2003). Directionality limits consistency

to apply only along a given order on variables: in the case of directional

path-consistency that is adopted here, given the order < x1, x2, ..., xn >, the

requirement is that for all i, j ≤ k we have that {xi, xj} is path-consistent
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relatively to xk.

Directional arc-consistency and directional path-consistency are de-

fined as follows.

Definition 7. Directional arc-consistency. A graph is directional-arc-con-

sistent relative to order d = (x1, x2, ..., xn) iff every variable xi is arc-

consistent relative to every variable xj s. t. i ≤ j.

Definition 8. Directional path-consistency. A graph is directional-path-

consistent relative to order d = (x1, x2, ..., xn) iff for every k ≥ i, j the pair

{xi, xj} is path-consistent relative to xk.

Before describing how DPC algorithm enforces directional path-con-

sistency, it is convenient to introduce the links between CSPs and Rela-

tional Database Theory. Constraint satisfaction problems benefit from con-

cepts and techniques from relational database theory (see, e.g., (Jeavons &

Cooper, 1995)). Standard operations have been defined on tables: these

operations are known as relational algebra (Maier, 1983): namely, in the

DPC algorithm we use projection and join. They are defined in Table 3.4,

and basic examples are provided as well.

The DPC algorithm enforcing directional path-consistency is pre-

sented in Table 3.5. It scans the variables in order and retrieves, for each

note, the relative domain. Once reached the k -th variable, the algorithm

restricts the domains of the lower variables on the basis of the constraints

that involve any xi ≤ xk and xk; the algorithm then iterates the restric-

tion taking as reference the variable xk−1 and restricting the domains of

xi ≤ xk−1; and so on (Table 3.5: lines 3–5). The same iterative process is

executed on pairs of linked variables, thus restricting the combined domains
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Table 3.4: Links between CSP framework and relational algebra.

Definition 9. A database is a finite collection of tables. Each table consists of a
scheme and an instance.

• A scheme is a finite set of attributes, where each attribute has an associated set
of possible values, referred to as its domain.

• An instance is a finite set of rows, where each row is a mapping that associates
a value in its domain with each attribute of the scheme.

Projection and join are defined as follows (Pearson & Jeavons, 1997).

Definition 10. Projection. Given a table T with set of attributes I, and a subset J
of I, the projection of T onto J, denoted as πJT is the table with set of attributes J
and the following set if rows: {f|J | f ∈ T} where f|J denotes the function f restricted
to the arguments in J. That is, each row of πJT is a restriction of some row in T,
containing values for attributes in J only.

Definition 11. Join. Given a table T with set of attributes I, and a table S with set
of attributes J , the join of T and S, denoted T ./ S, is defined to be the table with set
of attributes I ∪ J and the following set of rows: {f | f|I ∈ T and f|J ∈ S}

To show how the projection and join operations apply to the current problem, let us
consider the chord CSP P = {X ,D, C} presented in Figure 3.10, where:
X = {x, y, z}, x = F2; y = C3 and z = F3;
Dx = {<6,1,1>,<6,1,2>,<6,1,3>,<6,1,4>};
Dy = {<6,8,1>,<6,8,2>,<6,8,3>,<6,8,4>,

<5,3,1>,<5,3,2>,<5,3,3>,<5,3,4>};
Dz = {<6,13,1>,<6,13,2>,<6,13,3>,<6,13,4>,

<5,8,1>,<5,8,2>,<5,8,3>,<5,8,4>
<4,3,1>,<4,3,2>,<4,3,3>,<4,3,4>};

C is the set of constraints described in Section 3.3.1.

Revising Dx w.r.t. Dy corresponds to assigning it the result of the query
πx(Rxy ./ Dy). Since we have only two fingered positions left, the other fingered
positions are deleted from Dx, which is now arc-consistent w.r.t. Dy.

Rxy Dy Rxy ./ Dy πx(Rxy ./ Dy)
[<6,1,1><5,3,2>] <6,8,1> [<6,1,1><5,3,2>] <6,1,1>
[<6,1,1><5,3,3>] <6,8,2> [<6,1,1><5,3,3>] <6,1,2>
[<6,1,2><5,3,4>] <6,8,3> [<6,1,2><5,3,4>]

<6,8,4>
<5,3,1>
<5,3,2>
<5,3,3>
<5,3,4>
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Table 3.5: DPC algorithm, enforcing directional path-consistency.

DPC(R)
Input: a network R = (X ,D, C), and its constraint graph G = (V,E), with order
d = (x1, ..., xn).
Output: a directional path-consistent network and its graph, G′ =
(V,E′).
1: Initialize: E ← E′

2: for k = n to 1 by −1 do
3: for each i ≤ k s.t. xi is connected to xk do
4: Di ← Di ∩ πi(Rik ./ Dk) /*revise*/
5: end for
6: for each i, j ≤ k s.t. (xi,xj),(xj ,xk)∈ E′ do
7: Rij ← Rij ∩ πij(Rik ./ Dk ./ Rkj)
8: E′ ← E′ ∪ (xi, xj)
9: end for

10: end for
11: return the revised network R and G′ = (V,E′)

on the basis of the constraints with respect to a higher variable. So, the

combined domains of xi and xj are restricted with respect to the domain

of some variable xk ≥ xi and xj (lines 6–9).

Directional path-consistency is useful in the modeling of the fingering

process, since the search intuitively starts from one fingered position and

then proceeds through the order given by the increasing pitch. Increasing

pitch provides a natural order over the notes of a chord; the whole western

classical harmony theory is grounded on this principle. The application of

directional path-consistency to the chord fingering problem implies that the

performer considers only a subset of the cartesian product of the fingered

positions available for each note of the chord as s/he proceeds in order of

increasing pitch.

Example. Let us consider the chord presented in Figure 3.10. The
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Table 3.6: “Legal” combinations after DPC algorithm has terminated. The search is
then performed on this simplified problem.

Rxy Ryz Rxz

<6, 1,1>,<5, 3,2> <5, 3,1>, <4, 3,1> <6, 1,1>, <4, 3,2>

<6, 1,1>,<5, 3,3> <5, 3,1>, <4, 3,2> <6, 1,1>, <4, 3,3>

<5, 3,2>, <4, 3,1> <6, 1,1>, <4, 3,4>

<5, 3,2>, <4, 3,3> <6, 1,2>, <4, 3,4>

<5, 3,3>, <4, 3,4>

<6, 8,1>, <5, 8,1>

<6, 8,1>, <5, 8,2>

<6, 8,2>, <5, 8,2>

<6, 8,2>, <5, 8,3>

<6, 8,3>, <5, 8,4>

order of variables is d = {x, y, z}. The directional path-consistency algo-

rithm performs two steps: a) the domain of each variable i < z is revised

(that is, restricted) relatively to z; b) Rij, the set of the allowed pairs of

values from i and j, such that i, j ≤ z is further revised relative to z.

Step a: DPC revises (that is, restricts the domain of) y relatively to z,

yielding Dy = {<6,8,1>; <6,8,2>; <6,8,3>; <5,3,1>; <5,3,2>; <5,3,3>};

then it revises x relative to z and x relative to y, yielding Dx = {<6,1,1>;

<6,1,2>; <6,1,3>}.

Step b: inconsistencies are deleted from Rxy, obtaining Rxy = { [<6,1,1>,-

<5,3,2>]; [<6,1,1>,<5,3,3>]}.

When DPC terminates, the graph is directional path-consistent relatively

to the order, and the combinations of fingered positions which satisfy the

constraints are presented in Table 3.6: on this new and simpler problem we

perform the search.

The depth-first search takes the first entry of the fingered positions
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<6, 1, 1>

<5, 3, 2>

<4, 3, 4><4, 3, 3>

<5, 3, 3>

<4, 3, 1>

<4, 3, 1> /∈ Rxz
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Figure 3.12: Search tree over the DPC graph.

in Rxy, and searches in Ryz for a combination such that y ∈ Rxy = y ∈ Ryz.

Then it is checked whether the tuple {x, z} ∈ Rxz, (it is a solution) or not

(it is a dead-end). Whenever the search reaches a dead end, it performs

backtracking to the last instantiated variable that still has alternatives avail-

able. In the case exemplified, the search leads to the solutions {<6,1,1>,

<5,3,2>, <4,3,3>} and {<6,1,1>, <5,3,3>, <4,3,4>}. The search tree

is presented in Figure 3.12. It is noteworthy that in the original (Fig-

ure 3.10) problem |Dx| = 4, |Dy| = 8 and |Dz| = 12, thus resulting in

384 possible combinations. In the simplified problem (Table 3.6) we still

have 80 alternative combinations; actually, only 3 different fingerings are

inspected.

In general, the higher the connectivity of the problem, the smaller

the number of solutions, thus more notes compose the chord, the more the

performer is constrained: e.g., if the entire F Major chord (F2-C3-F3-A3-

C4-F4) spanning over the 6 strings was examined, a single solution would

have been found, despite a widely larger number of possible combinations.

In Section 5.1.3 we further elaborate about this point, also providing some

experimental results.
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Figure 3.13: Combining chord with melody fingering. The chord is to be held until the
last note in the box has been played (left side of the Figure). On the right side, the
constraint graph built for representing the arc-consistency characterizing the melodic
passage fingered positions with respect to the held chord.

3.4 Mixed Passages

Here we show how the constraint propagation technique can be used in com-

bination with dynamic programming to compute the fingering for passages

where chords and notes in succession are mixed.

Let us consider the excerpt in Figure 3.13, that is composed by a

chord (D4-F4, dotted quarter notes), and a melody on the bass: the chord

is held –that is, the performer presses the “chordal” positions without re-

leasing them– until the last sixteenth D3, indicated as P6 in the Figure, has

been played. We have to assign fingering to the chord and to the melody, in

such a way that fingers and strings involved in the melody fingering are not

used in the chord fingering. Also, we must satisfy the max spans between

each melodic note and each one in the chord: the same constraints devised

for chord fingering (Table 3.2) must be satisfied. Differently from the chord

case, here we have a more relaxed requirement: in fact, constraints must

be satisfied by each pair {melodic fingered position - fingering for the held

note(s)}, but not by all pairs at the same time. Therefore, a lower degree
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of consistency is required: to solve the MIX subproblem we enforce the di-

rectional arc-consistency property over the corresponding constraint graph.

In other words, the melody fingering must be itself consistent relative to

the chord fingering (Figure 3.13).

It is noteworthy that in principle we could have only one held note,

or vice versa a succession of chords instead of a simple melody: the point is

that the held note(s) and the sequence of (set of) notes must be mutually

consistent in order to ensure a viable fingering5, and arc-consistency can be

used to deal with the variants of MIX defined in definition 3 and exemplified

in Figure 3.4.

Directional arc consistency. To compute fingering for MIX sub-

problems, we start from the held notes (a chord in the example in Fig. 3.13)

which constrain the fingered positions of the melody, and we compute their

fingerings. In this case we compute the alternative fingerings for the chord;

then for each one we compute the associated fingering for the whole melodic

sequence, selecting only those fingered positions of the melody notes (the

bass line of sixteenth notes) that are themselves consistent to that solution.

Each fingering for the chord has its set of allowable fingered positions for the

melody. Let us assume that the following fingerings are the solutions for the

chord: {[<2,3,3>, <1,1,1>]; [<2,3,4>, <1,1,1>]; [<3,7,2>, <2,6,1>];

[<3,7,3>, <2,6,2>]; [<3,7,4>, <2,6,3>]}. Such solutions are the vertices

of a new (sub-)graph, that is built by following the steps explained in Sec-

tion 3.2.1: then, the first layer of the graph is composed of 5 vertices, one

5 However, at the current stage of development our implementation accounts for cases
with one or more held notes and a melody; thus, it accounts for the cases MIX:1 and
MIX:2.
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<1,1,1>
<2,3,4>
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c) d)

Figure 3.14: Frame a): the whole passage under consideration; frame b): the possible
fingered positions for the notes in the melodic passage. Frames c) and d): the available
fingered positions consistent, respectively, to the first and the second solution to the
chord are filled with black. In particular, the case in c) has no solutions, because in the
penultimate layer no fingered positions consistent to the solution1 were found.
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per each solution to the chord subproblem. Let us examine the first one,

<2,3,3>, <2,1,1> (referred to as solution1), and the fingered positions

corresponding to the D3, first note of the bass line, which in CSP terms

form the domain of that note, DD3. Since D3 has to be played together

with the chord, it has to be directional arc-consistent relatively to the order

d = {D3, solution1}. That is, we delete each fingered position ∈ DD3 that is

not consistent simultaneously with <2,3,3> and <1,1,1>. We apply the

binary constraints described in Section 3.3.1, and revise DD3 relatively to

solution1. As it can be seen in Table 3.56: line 4 , we delete inconsistencies

by

DD3 ← DD3 ∩ πD3(RD3 solution1 ./ solution1).

Namely, 9 fingered positions correspond to D3 (Figure 3.14, frame b, first

layer), but only <4,0,0> is arc-consistent relative to [<2,3,3><1,1,1>].

The other ones violate at least the NoOverlaps constraint. This step, re-

vising DD3 relative to solution1 is graphically represented by the edge con-

necting P1 to the held notes in Figure 3.13. Then we revise the other

melodic notes (P2 to P6 in Figure 3.13) domains, so to provide solution1

with its own set of consistent fingered positions (Figure 3.14, frame c). In

this case, for the F3 we have no position arc-consistent to solution1: that

is, there is no practicable fingering if we assign the held notes the fingered

positions [<2,3,3><1,1,1>]. Instead, solution2, [<2,3,4><1,1,1>], has

at least a consistent fingered position for each note in input, thus deter-

mining a viable fingering (Figure 3.14, frame d). Then, we compute the

fingering for the passage between these fingered positions with the same

6 Where the first loop enforces directional arc-consistency.
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procedure as described in next Section. The same steps are performed for

all the solutions to the chord subproblem.

3.5 Control Strategy

Since performers pursue an overall effort-saving behavior, we assign a diffi-

culty score (a cost) to the transitions between vertices (Section 4), and seek

for a path that minimizes the overall difficulty score.

To give an outline of the algorithm employed to traverse the graph,

let us consider the upper panel of Figure 3.15: once the edges have been

labelled with the costs due to connecting the two fingered positions, we can

determine the cost to reach each vertex. The costs of the vertices in the first

layer, which have neither incoming arcs nor predecessors, are initialized to

0. The cost of reaching each vertex is computed by minimizing the sum of

the cost of each vertex in the previous layer, plus the cost of the transition

to the current vertex (labelling each incoming arc), and the predecessor of

the current vertex is the vertex which ensures the lowest cost. This is the

relaxation technique (Cormen, Leiserson, & Rivest, 1990). It follows that

decisions are made incrementally, in a left-to-right fashion, accordingly to

the musical flow. At each layer, we compute the difficulty due to reaching

the current vertices from the vertices of the previous layer, and update each

vertex cost by applying the relaxation. Let us consider vertex g in Figure

3.15: we know that regardless of what comes hereafter, the cheapest way

to reach this vertex is to start from the vertex a. The overall best fingering

depends on what happens further on; but once we know the best transition

to reach each vertex in the second layer, it will be no further modified (see
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Table 1: The complete list of the music considered in the experiment.
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Figure 3.15: Shortest path in a three layers graph. Each vertex is named after a letter.
In the top panel we have the labeled edges between each pair of vertices in adjacent
layers. In the bottom panel we have the shortest path over the three layers.

also (Temperley, 2001), for a similar approach). After having labelled all

the transitions to the last layer, the shortest path in the graph is obtained

by choosing (Figure 3.15, bottom panel) the overall lowest ranked fingered

position and by following backward its predecessors until the start of the

piece. In this setting, if the piece in the example was composed only by

the first two notes, the shortest path would have connected fingered the

fingered positions in a and g. Instead, the following step leads to an overall

shortest path connecting a - f - k, that is globally cheaper than any path

passing through g.

In this Chapter we have described how the fingering problem is en-

coded, and we have shown as well that the graph representation is adequate

for modeling purposes. We have illustrated the overall control strategy, pro-
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viding full details for the subproblem of chords and of chords and melodies

combinations. Next Chapter will address the necessary complement to the

control strategy: the estimation of difficulties characterizing the transitions

between the vertices of the graph.
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Chapter 4

Estimation of difficulty

In this Section we introduce the knowledge sources constituting the model,

and explain how they are accounted for. Here we show how weights are

estimated to account for performers’ bio-mechanical comfort, which kind of

difficulties are considered and how they are evaluated. Weights estimating

difficulties are based on the works in motor behavior by Heijink and Meu-

lenbroek (2002) and Heijink (2002), on the ergonomic approach to keyboard

fingering by Parncutt et al. (1997), on the works of the guitar performer

and theorist Gilardino (1975a, 1975b), and on the intuitive introspection of

the authors. The elements designed for the model have been quantitatively

tuned on an implemented prototype.

We assume that moving hands horizontally −along the fingerboard−

and vertically −across the fingerboard− causes two different sources of dif-

ficulty1. Horizontal movements can span over a large distance, and are

1 “There are two types of postural transitions that are relevant. They concern transi-
tions that require the hand to change position along the guitar neck and transitions that
leave the hand in more or less the same place but require finger displacements. Those
transitions are treated as separate entities in the pedagogical guitar literature” (Heijink
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named hand repositionings, while vertical movements are considered less

complex and are named finger displacements. Since music performance is

a time constrained process, and in principle the transitions between notes

in the score do not distinguish between hand repositionings and finger dis-

placements, the fingering process should minimize hand repositionings in

order to satisfy the requirements for minimum efforts.

Given that the notes in the score are translated into fingered posi-

tions, the weight estimation proceeds by arranging the transitions between

two positions into two classes, along the neck (henceforth ALONG) and

across the neck (ACROSS ) respectively. The weight (WEIGHT ) between

two fingered positions p = <stringp, fretp, fingerp> and q = <stringq,

fretq, fingerq> is the linear sum of the two difficulties:

WEIGHT(p,q) = ALONG(p,q) + ACROSS(p,q) (4.1)

In turn, ALONG and ACROSS are computed by means of the following

expressions:

ALONG(p,q) = fret stretch(p,q) + locality(p,q) (4.2)

ACROSS(p,q) = vertical stretch(p,q) (4.3)

In the next two sections we describe these expressions; given the consid-

eration above on relative difficulty and the necessity to provide numbers

that can make an implemented model work, we assume the following value

ranges for the factors mentioned here: ALONG varies between [0, 13.5],

& Meulenbroek, 2002).
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Figure 4.1: Example of the contribution of Fret Stretch to the WEIGH function for the
finger pair index-middle.

with fret stretch varying in [0.5, 5] and locality varying in [0,8.5] (some

combinations are not possible); ACROSS as well as vertical stretch varies

between [0.25, 0.5]. The rationale for these assignments will be clear after

the description of the individual factors.

4.1 ALONG difficulties

Two factors contribute to ALONG difficulties: Fret Stretch, which accounts

for the geometric distance between two positions on the fingerboard, and

Locality, which accounts for transitions around some area of the fingerboard.

Fret stretch. Given two fingered positions p and q, Fret Stretch

is a measure of the difficulty due to moving horizontally. We introduce a

directed distance,

delta fret = fretq − fretp,

which assumes negative and positive values, according whether the move-
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Figure 4.2: Example of the contribution of Fret Stretch to the WEIGH function for the
finger pair index-ring.

ment goes towards the body of the instrument or the head of the neck. It is

important that this distance is directed, because repositioning the hand in

the direction of higher frets is easier than the opposite: so the easier direc-

tion provides positive differences, while the hardest direction provides neg-

ative differences. Fret stretch is a function of delta fret, in that it measures

the difficulty for a given delta fret and finger pair. In Figures 4.1 and 4.2

we show two simplified fret stretch measures for the pairs index-middle

and index-ring. Both diagrams are restricted to the significant part of the

delta fret (complete diagrams go from -17 to +17). Also, the two diagrams

exhibit the same shape, by showing a predictable minimum (0.5) which is

a low positive measure that is assigned when the distance between the two

fingers is the comfortable span.

The comfortable span is the distance at which two fingers can press

their respective positions with a minimum effort: such transitions are thus

encouraged by the assignment of a low weight. The Figure 4.1 shows that

we have a comfortable span between close fingers working on close frets,

while the comfortable span between index and ring is reached when ring
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finger presses a position two frets higher than index, thus delta fret being

2 (Fig. 4.2). Instead, if the comfortable span is exceeded, a larger effort is

required to perform the transition between p and q: this is the case of delta

fret wider than 1 for the pair index-middle, and delta fret wider than 2 for

the pair index-ring. In both these cases the fret stretch measure is 2.

The two diagrams also show the higher difficulty for the negative

directions. Finally, the two diagrams are simplified in the sense that the

fret stretch also takes into account the direction over strings: when the two

fingered positions are on the same fret, it expresses the preference for higher

fingers to press lower strings, which is the relaxed formulation for a binary

constraint (NoOverlaps) enforced during the chords fingering. This results

in different measures depending on the strings involved. The detailed fret

stretch for each finger pair is provided in Appendix A.

Locality. Locality is defined as follows: given two positions p and q

in input,

locality(p,q) = α · (fretp + fretq),

where α is a factor that depends on the technical skills of the performer

and the height of the strings over the fingerboard. A suitable value we

have found after preliminary test of the implemented model is α = 0.25,

so locality ranges over [0, 8.5] (8.5 = 0.25 · (17 + 17)). The locality factor

accounts for the fact that playing at higher frets is itself harder than near the

head of the neck: (Figure 4.3): going from the 1st to the 17th fret, strings

are progressively more raised from the fingerboard, the which increases

the related difficulty deriving from pressing higher fretted positions. E.g.,

pressing a string raised 0.2 centimeters from the fingerboard, at the 12th
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strings more raised
from the fingerboard strings less raised head

of the neck

Figure 4.3: The structure of a classical guitar, showing that guitar strings are increasingly
more raised from the fingerboard while going from the head of the neck toward higher
frets.

fret, is harder than if the same string is raised 0.05 centimeters, at the

5th fret: the locality factor is also motivated by the pedagogical literature

such as (Chiesa, 1982), which usually prescribes beginners to start playing

at the first frets, because they are considered more comfortable and less

tiring. Moreover, for less skilled musicians, familiarity with the fingerboard

notes decreases while going away from the head of the neck.

Example. Let us consider the sequence of two notes in Figure 4.4.

The graph below the score represents the possible 144 transitions, between

all the possible fingered positions. In order to illustrate the ALONG diffi-

culty, consider three cases:

1) p=<3,5,1> and q=<4,12,3>: the fret stretch difficulty between

p and q is 2 (there is a large geometric distance of 7 frets between p and

q) and p and q involve the fingers index and ring, respectively (see Figure

4.4). The locality factor is 4.25 (i.e., 0.25 · (12 + 5)); so ALONG(p,q) = 6.25;

2) p=<3,5,1> and q=<3,7,3>: the fret stretch difficulty is 0.5 (delta

fret = 2, which is a comfortable span for the pair index-ring), and the

locality factor is 3: ALONG(p,q) = 5;
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Figure 4.4: ALONG estimates the horizontal difficulty between each pair of fingered
positions corresponding to the two notes in input.

3) p = <2,1,1> and q = <2,3,3>: the fret stretch difficulty is 0.5,

and the locality factor 1, so ALONG(p,q) = 1.5.

We can see how the locality factor becomes relevant with respect to the fret

stretch factor when the fingered positions lie on frets higher than fifth; so

locality factor supports the preference for positions on lower frets (regard-

less of the fingers involved), whereas fret stretch supports the reduction of

the geometric distance between positions, also accounting for the fingers

involved.

Besides, we have to deal with fingered positions consisting of open

strings, as somehow particular cases. We have an open string when a string

is plucked without pressing any fret with the left hand (see Section 3.1).

Hence, such fingered positions only specify a string, while fret and finger are,

by convention, set to 0: e.g., to indicate the fingered position corresponding
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to E-treble (MIDI: 64) on the first open string, one would refer to the

fingered position <1,0,0>. Since in such cases the left hand does not press

any fret, we do not add any fret stretch score to transitions where at least

one position is an empty string. We don’t consider the contribution to the

locality for fingered positions consisting of open strings: locality is then

computed as fretq · 0.25. Open strings are widely used by performers to

reposition the left hand: while the open string sounds, the performer shifts

the hand where it is required by the musical flow.

4.2 ACROSS difficulties

Vertical stretch. Across difficulties depend on only one factor, which

measures the difficulty deriving from the vertical distance between fingered

positions. Given two positions p and q, deltastring =|stringq−stringp| is

the difference in terms of intervening strings between two positions. Vertical

stretch is the measure of the difficulty due to a given delta string for each

finger pair. Also for vertical stretches we defined a comfortable span. Given

the lesser contribution of vertical distance to the overall difficulty, we have

assigned ACROSS difficulty a range in [0.25, 0.5]. We assign 0.25 points

in the case the delta string is a comfortable span, 0.5 otherwise. We have

a comfortable span between close fingers (e.g., index-middle) when delta

string is 0 or 1; between not adjacent fingers (namely, index-ring and

middle-little) when delta string is 0, 2 or 3, and for the pair index-

little when delta string is 0 or 4.

Example. Let us consider the sequence of the first two notes in

Figure 4.5. In order to illustrate the ACROSS difficulty, let us consider the
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Figure 4.5: ACROSS estimates the vertical difficulty between each pair of fingered posi-
tions corresponding to the two notes in input.

following two cases:

4) p=<6,1,1> and q=<2,3,2>: close fingers are involved in positions with

a delta string = 4: so that, ACROSS(p,q) = 0.5; since ALONG(p,q) = 1.5,

WEIGHT(p,q) = 2;

5) p=<6,1,1> and q=<2,3,4>: delta string = 4 is a comfortable span for

the pair index-little: then, ACROSS(p,q) = 0.25; since ALONG(p,q) = 1.5,

WEIGHT(p,q) = 1.75, which is the lowest rated transition from F2 to D4.

For what pertains the examples 1-3, in 1) we have that ACROSS =

0.5 (thus WEIGHT = 6.75); in 2) ACROSS = 0.25, and WEIGHT = 5.25,

an in 3) ACROSS = 0.25, and WEIGHT= 1.75. The lowest rated transition

between C4 and D4 is then from p = <2,1,1> to q = <2,3,3>.

4.3 Simultaneous positions.

WEIGHT accounts for the difficulty of playing simultaneous positions in a

chord as well as the difficulty of playing notes in succession. For example,
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Figure 4.6: Alternative fingerings for the same chord in input. To the ends of evaluating
each set of fingered positions, we use ALONG and ACROSS estimates.

Table 4.1: The WEIGHT function applies to the difficulty implied in playing chords as
well.

] note: C3 note: G3 note: C4 note: E4 fret str. loc. vert. str.
1 <5, 3,3> <3, 0,0> <2, 1,1> <1, 0,0> 0.5 3 0.25
2 <5, 3,1> <4, 5,2> <3, 5,3> <2, 5,4> 6.5 13.5 1.75
3 <6, 8,1> <5,10,3> <4,10,4> <3, 9,2> 3 27.75 2.75

we examine three fingerings for the C Major chord displayed in Figure 4.6.

Such fingerings are listed in Table 4.1. Given a fingering for a chord

composed by n notes, the weight of the chord is the sum of the weight

wij between each two positions i and j, i.e., (C3,G3), (C3,C4), (C3,E4),

(G3,C4), (G3,E4), (C4,E4):

WEIGHTfingering =

(
n−1∑
i=1

n∑
j=1

wij

)
,

where wij = WEIGHTij.

We provide an example of the computation of WEIGHT over chords
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Let us start from fingering 1, and compute ALONG and ACROSS. We

first compute fret stretch, by summing fret stretchC3,G3, fret stretchC3,C4,

. . ., fret stretchC4,E4: since in the case of open string (i.e., with fret= 0)

we don’t add any difficulty score, we compute the fret stretch only for

the pair (C3,C4). We find that delta fret<5,3,3><2,1,1> = −2, which is a

comfortable span for this finger pair (Appendix A): thus, fret stretch1 = 0.5.

Similarly, we compute the locality for the first fingering: (3 + 4 + 3 + 1 +

1) · 0.25 = 3. Since there are only two fretted positions, vertical stretch

is computed only between (C3,C4). delta string<5,3,3><2,1,1> = 3, which is

a comfortable vertical span, thus determining vertical stretchC3,G3 = 0.25.

Then WEIGHT1 = 0.5 + 3 + 0.25 = 3.75.

In the case of the second fingering, we have that fret stretch2 = 2 +

0.5+0.5+1.5+1.5+0.5 = 6.5; locality2 = (8+8+8+10+10+10)·0.25 = 13.5;

and vertical stretch2 = 0.25+0.25+0.5+0.25+0.25+0.25 = 1.75. Overall,

WEIGHT2 = 21.75. For what pertains the third fingering, fret stretch3 =

0.5+0.5+0.5+0.5+0.5+0.5 = 3; locality3 = (18+18+17+20+19+19) ·

0.25 = 27.75; vertical stretch3 = 0.5 + 0.5 + 0.5 + 0.25 + 0.5 + 0.5 = 2.75.

Such weights yield the overall estimate WEIGHT3 = 33.5.

Recall that both the costs of locality, fret stretch and vertical stretch

and the value of α were determined experimentally, on the base of several

runs of the implemented model, as those leading to the average best results.

The gap between the weights obtained is mainly due to the locality factor

(that is, respectively 3, 13.5 and 27.75). Hence, the first fingering will be

chosen as the predecessor for all the fingered positions corresponding to

the following note (if any), thus implying that the other two fingerings are

pruned. If we don’t want to loose the fingering solutions starting from
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(rooted in) the second or the third fingering, it is possible to reduce the

relative strength of the locality by means of a smaller α: i.e., by setting

α = 0.05, we would yield the locality factors 0.6, 2.7 and 5.55.

4.4 Refinements

The function WEIGHT is charged to compute the difficulty due to the

transition between vertices. In a sense, in WEIGHT we implemented a

general strategy for pursuing bio-mechanical comfort. Some refinements

can be introduced, to account for specific cases.

Positions with same fret. As earlier mentioned, the No overlaps

binary constraint states that “higher finger presses higher frets”. This con-

straint is partly accounted for by the fret stretch, that penalizes the hand

repositioning implied by violating such constraint. In the case both po-

sitions lie on the same fret (Figure 4.7), we have different difficulties. In

general, based on our musical experience, and on a review of the finger-

ings provided by Chiesa in the revised editions of Giuliani (1985) and Sor

(1985), we found that if two positions lie on the same fret, lower finger

should press the higher string2, thus

fingerp < fingerq and stringp > stringq

as it is depicted in frames a and c in Figure 4.7. Alternatively, one would

rotate counterclockwise the wrist of the left hand, which results in a unnat-

ural posture (frame b). Besides, the higher the vertical distance, i.e. the

2 We refer to higher numbered string, corresponding to those whose pitch is more
grave, as it is shown, e.g., in Fig. 4.7.
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Figure 4.7: Preferential rules: if both fingered positions are on the same fret, we prefer
the fingering where the lower finger presses the higher string. The fingering in frame a
is preferable with respect to b, and the fingering in c is more comfortable than that in d.

delta string, the more difficult is the posture: in that a wider wrist torque

is required. It follows that

• the fingering in Figure 4.7 d (that is, <5,1,2>,<1,1,1>) is harder

than the fingering in b ( <1,1,1>,<2,1,2>): in fact in the case in

frame d delta string is 4, while in frame b, delta string is 1;

• in general, the fingering proposed in the frame a is the comfortable

manner to play the notes C4-F4, and the fingering proposed in the

frame c is the comfortable manner to play the notes B[2-F4.

In fact, while in some restricted cases we could accept a fingering such as

that presented in b (small delta string: see, e.g., the example from the

Fantasia Op.21 n.6 from F. Sor, in Fig. 5.3), a fingering such as the case d,

where the positions are 4 strings apart, would rarely occur.

So we introduce another distinction. If, given two fingered positions p

and q, the transition from p to q satisfies the stated preference, the difficulty

score is computed by means of ALONG and ACROSS, as described above.

This case is exemplified in frames a and c in Fig. 4.7. In frame a we

have p =<2,1,1>, and q =<1,1,2>; in frame c we have p =<5,1,1>, and
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q =<1,1,2>. So, the difficulty score, for cases a and c, respectively, is

computed as follows:

WEIGHT<2,1,1><1,1,2> = ALONGpq + ACROSSpq = 1.5 + 0.5 + 0.25 = 2.25

WEIGHT<5,1,1><1,1,2> = ALONGpq + ACROSSpq = 1.5 + 0.5 + 0.5 = 2.5.

In both cases we have the same fret stretch and locality : 1.5 and 0.5, respec-

tively. In case a we have a comfortable vertical span, awarded with 0.25

vertical stretch, while in case b the delta string exceeds the comfortable

vertical span, thus determining 0.5 points of vertical stretch.

Otherwise, if the preference for the lower finger to press the higher

string is not satisfied, we discourage such transition with a harder weight.

Since the higher difficulty originates from the need to rotate the elbow, and

the actual amount of rotation needed can be computed by means of delta

string, the difficulty score is computed by

WEIGHTpq = ALONGpq + (0.5 · delta stringpq) .

This case is presented in frames b and d. In frame b we have p =<2,1,2>

and q =<1,1,1>. In frame d we have p =<5,1,2> and q =<1,1,1>.

WEIGHT<2,1,2><1,1,1> = ALONGpq + 0.5 · 1 = 2 + 0.2 = 2.5

WEIGHT<5,1,2><1,1,1> = ALONGpq + 0.5 · 4 = 2 + 2 = 4.

In both cases we have the same ALONG score as for cases a and c; but

instead of computing ACROSS, we multiply 0.5 for the delta string inter-
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Table 4.2: Refinements for cases where both positions lie on the same fret.

case a case b
<2,1,1><1,1,2> <2,1,2><1,1,1>

cost 2.25 2 + 0.5 · 1 = 2.5

case c case d
<5,1,1><1,1,2> <5,1,2><1,1,1>

2.5 2 + 0.5 · 4 = 4

vening between the positions. The weights obtained for such transitions are

presented in Table 4.2. They show that in case b we have a small increase

of difficulty with respect to a due to a reduced delta string, whereas case d

is considerably more difficult with respect of c, due to the increased delta

string.

Before addressing the experiment, we introduce a further refinement

to the model, and explain how phrasing is accounted for. This issue is rel-

evant because phrasing is commonly acknowledged to play a central role in

music cognition, and because it contributes to improving the model accu-

racy, as shown by Radicioni et al. (2004).

4.5 Music Articulation and the Local Opti-

mization Approach

A global optimization approach, such as outlined so far, can be improved

with regards to its cognitive reliability. In fact, both human performers

and listeners do break -organize- musical pieces into phrases, themes, mo-

tives, etc.. It is commonly accepted (Sloboda, 1985) that interpretations

and expressive aspects of performance descend from performers analyses

of the musical pieces; furthermore the more salient metrical and grouping

levels (such as tactus and phrases) override others, thus receiving emphasis

64



throughout the performance (Palmer, 1997).

On the listeners side, this segmentation was argued by Lerdahl and

Jackendoff (1983), and then modeled by Temperley (2001), that imple-

mented six preference rule systems evaluating possible structural analyses

of a piece of music, one of which specifically dealing with the grouping

structure. On the performers side, the need of an analysis underlying the

performance is both well present in the pedagogic and music theory litera-

ture (Bent, 1994; Meeùs, 2002), and confirmed in the respect of fingering by

well-known virtuosi executors, such as Gilardino (1975a, 1975b). Perform-

ing a piece of music implies discerning and emphasizing structural features

of the music such as structural boundaries; conventions such as slowing the

tempo at the most relevant boundaries, are also proved in listeners response

(Sloboda, 2000). Also studies in the skill acquisition in music performance

(Drake & Palmer, 2000) reveal that long musical sequences are broken into

short segments whose elements are taken into account at the same time,

and that structural relationships such as phrase boundaries may be taken

into account while segmenting the piece.

On these bases we conjectured that if performers aim at clarifying

the piece structure by means of segmentation, then they will likely employ

fingering too, in order to mark further those segment boundaries, being

mainly concerned in optimizing fingering inside those margins. The piece

is manually annotated and split into phrases, each one being fingered sepa-

rately: the issue of phrasing and musical articulation in the fingering process

has been investigated by Radicioni et al. (2004). The first fingered position

(the source) of fragments subsequent to the first one is not determined by

the last position of the previous fragment; instead, it is computed simply
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Figure 4.8: Outline of the control strategy employed by the model at the whole piece
level, where each phrase is fingered separately.

by optimizing the path within the fragment. It may happen that given a

pair of adjoining fragments, the first ends with a fingered position that al-

lows playing the first note of the second fragment without any repositioning

(Figure 4.8: fragments 1-2 and 3-4), but in general this is due to the conti-

nuity and coherence of the piece being fingered, and the model is extracting

a fingering that reflects it. In general, we modeled the fact that it may

happen as well that changes in the piece texture occur, so to compel the

performer to reposition the left hand; in the which case, preferably s/he’ll

carry out the repositioning between the two phrases.

Therefore, since evidence was provided that hand replacements are

most likely to occur at the phrase boundaries than within the phrases,

we adopt a local optimization approach, where the model might choose a

globally harder fingering, but simplifying the execution of the individual

phrases.
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In this Chapter we have completed the description of the model, by

introducing how we estimate difficulties due to transitions between positions

and due to simultaneous positions. In next Chapter we will describe the

experimental validation were the model’s output is compared to that of a

professional guitarist.
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Chapter 5

Experimental Validation

To the best of our knowledge, no researchers addressing the fingering prob-

lem for the guitar have tested their models in a systematic way. Due to

the lack of such measures, comparisons among systems are difficult. The

experimental validation is intended to assess the overall predictive power

of the model, and to furnish a baseline against which future works can be

compared.

5.1 Experiment

Participants. One professional guitarist, bachelor in guitar performance,

was interviewed. The guitarist is aged 31, with 25 years of music education.

Since the fingering of the pieces collected did not present particular difficul-

ties, we assume that different performers would have provided substantially

similar results. In a sense, the expert made explicit the fingerings provided

by the scores. In fact, scores provide fingering only in a rather incomplete
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{

melody chord mixed passages

8 events
8 notes

1 event
6 notes

8 events
12 notes

Figure 5.1: Events are sets of notes with the same onset.

manner: for example, fingering is presented only for some passages, and it

specifies only the fingers involved, or the fret at which to set the barré.

5.1.1 Experimental Setup

For the testing purposes, we introduce the notion of event. An event is

a set of pitches sounding at the same time; each new onset determines a

new event. For example, in Figure 5.1 we have 8 distinct events for the

melodic excerpt, 1 events for the chord, and 8 events in the MIX excerpt.

Determining whether an entire event is correctly predicted may provide

useful insights about the results. Clearly, events are useful for evaluating

the fingering of excerpts that involve CHs and MIXs, in that in a melody

the number of events is the number of notes. Results will be provided both

in terms of accuracy at the event level, and at the note level.

Material. Six pieces were selected from the 19th Century repertoire.

They are studies from didactic opuses or excerpts from guitar sonatas. The

pieces can be arranged into three main classes: in two pieces chordal pas-

sages are clearly prevailing (henceforth class CH), in two pieces mainly
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melodic passages occur (class MEL), and in two pieces we have prevailing

mixed passages combining chords with melodies (class MIX). On average

we have 2.4 notes per event for the pieces in the CH class, 1 note per event

for pieces in MEL, and 2.1 for pieces in MIX. The mean length of the pieces

considered is 97 events (i.e., irrespective whether each event was an individ-

ual note or a chord, as depicted in Fig. 5.1), and 158 notes (i.e., with a finer

granularity); the length ranges between 90 and 209 notes per piece. The

complete list of the music used for experimentation is provided in Table 5.1.

The criterion adopted to choose such pieces was not only the effort

to collect a corpus presenting the main technical gestures used in the clas-

sical era, but also to investigate whether and how the predictive power of

the model varies according to the three types of pieces. The rationale is

that, due to the increased search space implied by passages where a held

chord occurs at the same time with a melody (thus, the MIX situation), we

expect slightly less accurate predictions for that case. In order to balance

the contribution of each class of pieces to the overall accuracy score, for

some pieces it has been necessary to restrict the experimentation to some

measures (as reported in Table 5.1). Finally, the mean number of notes

is comparable for the MEL and CH classes, whereas it is higher on MIX:

278 notes, 283 notes and 387 notes, respectively, for CH, MEL and MIX.

Overall, 948 notes, corresponding to 582 events were considered. MIX is

slightly over-represented in that it provides higher difficulties to modeling

attempts.

Procedure and Design. We analyzed each piece, individuating a

phrasing for each piece manually. The model had been preliminarily run

with this phrasing. We then contacted the expert, asking him to provide the
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Table 5.1: The complete list of the music considered in the experiment.
Author Title and Opus Number Class
D. Aguado Estudio n.3 CH
F. Sor Andantino Op.35 n.3 CH
M. Carcassi Study Op.60 n.7: mm 1–8 MEL
M. Giuliani The Butterfly MEL
F. Carulli Siciliana Op.121 n.15: mm 1–22 MIX
F. Sor Fantasia Op.21 n.6: mm 1–16 MIX

fingering he would have adopted in a public performance for the mentioned

pieces. He was also asked to provide a phrasing meaningful to the ends

of fingering. Once he received the scores, he had few days to practice the

pieces, and to study his preferred fingering. Tempo and dynamic markings

were included, but not fingerings. No suggestions on tempo were given,

neither on the musical articulation or punctuation. The performer has

been requested to provide written fingering, and also to show it to the

experimenter operating the instrument.

The fingering of three pieces, one per each class, has been registered

in two experimental sessions, in the following order: MEL, CH, MIX; and

MIX, CH, MEL. Each session lasted about 2 hours and a half. Only for the

case of Sor’s Fantasia, the expert indicated a phrasing different from ours,

which made necessary to run again the model with his fingering annotated,

in order to evaluate the results on the same phrasing.

The performer provided written fingering on each score. Differences

have been marked on the experimenter score. Then the performer played

his preferred fingering, with the experimenter following the flow of the music

on the score. When the expert reached a point for whom the model had

provided a different fingering, the performer was stopped and interviewed
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about the alternative fingering provided by the model: in particular, we

asked him whether any passage the fingering provided by the model was

not practicable.

Predictions. Based on the model’s features and on cited literature,

we formulate the following predictions:

a. The model grasps the main bio-mechanical, ergonomic factors implied

in fingering. This is quantified as the overall accuracy of the predic-

tions;

b. The main differences between the model predictions and the per-

former’s answers should consist in different fingers, instead of consist-

ing in fully different positions, that would imply completely different

fingering strategies;

c. The fingerings provided by the model should be recognized to be

playable, though they were not indicated by the performer. This

judgment is particularly relevant in the case of passages involving

chords, since, in principle, any fingering can be practicable –though

few comfortable– for melodies.

5.1.2 Results

Four measures were registered:

1 the number of predicted fingered events: a fingering for an event is

considered predicted if all the notes composing the event have the

same triple <string, fret, finger>, as played by the performer;
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2 the number of predicted positions, also at the event level: the positions

of an event are considered predicted if for all the notes composing the

event we give in output the same pair <string, fret>, as played by

the performer;

For a less conservative analysis, we also registered:

3 the number of fingered notes correctly predicted;

4 the number of predicted positions for the individual notes.

The model returns in output a single fingering for each and every note in

input: the grading measure in 1) is unforgiving of quite similar results.

For example (Table 5.2), if we consider an event composed by six notes,

the model outputs a triple <string, fret, finger> for each one. If even

one fingered positions is different from that provided by the performer, the

whole fingering of that event is considered different, and no point is assigned.

Measure 3) is designed to estimate the performance of the model with the

finer granularity of the individual note. Measures 2) and 4) are intended

to provide insights about the prediction b), that is how many positions we

can predict irrespective of the associated finger, both at the event- and at

the note-level. Rather different results can be obtained, according to the

grading measure applied.

As regards the conservative measure, the results reveal what follows

(Table 5.3):

a. [measure 1, accounting for the main bio-mechanical and ergonomic

factors - event level] The model predicted the same fingering in the
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Table 5.2: The four different evaluation metrics applied to an event composed by six
notes.
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input: notes {G2-B2-D3-G3-B3-G4}
expert: {<6,3,2>,<5,2,1>,<4,0,0>,<3,0,0>,<2,0,0>,<1,3,4>}
model: {<6,3,2>,<5,2,1>,<4,0,0>,<3,0,0>,<2,0,0>,<1,3,3>}
meas. 1: 0/1 points (the last fingered position was not predicted)
meas. 2: 1/1 points (all the positions were predicted)
meas. 3: 5/6 points (the last fingered position was not predicted)
meas. 4: 6/6 points (all the positions were predicted)

Table 5.3: Results of the fingering model, accordingly with the four evaluation metrics
described.

Class: measure 1 measure 2 measure 3 measure 4
Average: 77.65% 96.71% 86.175% 97.472%
CH: 76.475% 98.255% 88.205% 98.4%
MEL: 87.015% 98.25% 87.015% 98.25%
MIX: 69.475% 93.625% 83.305% 95.765%

77.65% of the events (76.475%, 87.015% and 69.475%, for CH, MEL

and MIX, respectively);

b. [measure 2, accounting for the fingering strategies - event level] In

96.71% of cases, we predicted the same positions (i.e., disregarding

the finger involved) when considering the event level (98.255%, 98.25%

and 93.625% for CH MEL and MIX);

c. [measure 1, accounting for the playability - event level] Only one

event, composed by three fingered positions, has been estimated im-

possible to play: in this task we thereby obtained 99,83% of accuracy.

As regards the less conservative analysis, results reveal that:
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a. [measure 3, accounting for the main bio-mechanical and ergonomic

factors - individual notes level] We predicted the same fingering in

86.175 % of the fingered positions (88.205%, 87.015% and 83.305%

for CH MEL and MIX).

b. [measure 4, accounting for the fingering strategies - individual notes

level] We predicted the same individual positions in 97.472% of cases

(98.4%, 98.25% and 95.765% for CH, MEL and MIX).

c. [measure 3, accounting for the playability - individual notes level] We

obtained 99.68% of success rate at the note level

Before discussing the results it is interesting to consider the compu-

tational complexity of the model, that may be helpful to further clarify the

features of the overall control strategy, and of the individual subproblems

accounted for by the model.

5.1.3 Complexity of the Fingering Problem

In cognitive analysis, as described by Newell and Simon (1972), problem

solving is typically represented as a search in a problem space. Clearly,

cognitive analysis is most straightforward when the problem space is well-

defined and stable, but in many situations relevant aspects of the problem

space emerge in the process of working on the problem. E.g., such features

characterize the process of composing some interesting and constrained mu-

sical forms like the fugue, as reported by Greeno (1998). Such features

characterize the fingering process as well, where significant aspects of the

problem space emerge “in activity”, thus requiring to design processes to

75



construct and modify the problem space accordingly to the of input. In

such a search space, we exploit physical and bio-mechanical constraints,

that allow reducing the problem size, before and while searching for the

performer’s gestural comfort. Here we consider the computational effort

required by both steps, and the complexity of overall approach: fingering

emerges as an interesting and challenging problem also under the compu-

tational viewpoint.

Given a fingering problem with n layers (thus n being the size of

the input) and m edges between each pair of adjacent layers, the algorithm

scans each edge only once, so that the graph traversal requires

O

(
n−1∑
i=1

mi

)

thus linear, O(m), time, where m = |Edges|. By construction (Sec. 3.2.1),

the number of edges varies accordingly to the number of vertices per layer.

Interestingly, we can show the m is a linear function of n, thus providing

O(n) for the overall algorithm. We have three cases, MEL, CH and MIX.

While in the case MEL we have a fixed maximum number of vertices per

layer1, in cases CH and MIX the vertices represent the solutions to the

subproblems of chord fingering and mixed passages fingering. We now ex-

amine the contribution of each of these cases to the overall complexity of

the model. We also show that the complexity of the model is asymptotically

linear in the input size.

Two main factors are involved in the overall complexity of the fin-

1That is, we can have at most 16 fingered positions per layer: up to 4 positions per
each note in input, combined with the 4 available fingers: thus, 162 edges (Fig. 3.7).
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gering process: the cost of computing the path in the graph, and the cost

of solving the individual subproblems, which mainly consist in applying the

consistency techniques described in Sections 3.3 and 3.4. As it will be clari-

fied below, such techniques are O(1) worst case time. This fact is then used

to show that the path finding complexity is O(n).

Path finding. The cost of finding a path through the graph is linear

in the input size. We start by noticing that

O
(∑

mi

)
= O

(
n · 1

n

∑
mi

)
= O(n ·m) = O(n ·mw)

where m is the mean number of edges between each pair of layers, and mw

is the mean number of edges between layers in the worst case. We prove

the result by showing that mw is bounded by a constant, i.e., it does not

depend on the size of the input.

Case MEL. This case is straightforward: in the worst case we have

16 vertices per layer, thus mw = 162.

Case CH. The vertices in a same layer represent the solutions to a

chord fingering subproblem (Fig. 3.8). Because chords consist of up to

6 simultaneous notes, and up to 16 fingered positions can correspond to

each note, a rough bound to the number of possible solutions would be

mw = (166)2 ' (16.7E6)2. The above statement prove the independence

between mw and n. However, this number is hardly dependent on the notes

in input, and on the number of notes in input: then, to give an idea of the

actual number of vertices one has to deal with, we report evidences about

the number of solutions found empirically (Table 5.4).

Case MIX. The case of passages combining chords and melodies is
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Table 5.4: The average number of solutions (i.e., alternative fingerings) found over a
corpus of chords.

notes in chord chords considered average solutions
2 notes 104 22.06
3 notes 98 21.19
4 notes 17 13.35
5 notes 4 6.5
6 notes 4 4

We collected 4 pieces from the 19th Century repertoire2, and extracted
the chords. We obtained 227 chords: on this set we ran the imple-
mented model. The number of solutions found in the different cases
is provided in the Table above. Usually, the more notes compose the
chord, the more performers are constrained, and the smaller the number
of different fingerings per chord. Then results come with no surprise:
despite the highest number of combinations is reached with chords of
6 notes, on average we find more solutions for chords consisting of 2 or
3 notes.

the worst case, in terms of computational effort. We first determine the

solutions for the held notes. Then we compute the shortest path among the

melodic notes consistent with each solution. Each solution for the passage

is then used to compute the overall best fingering, being set as an individual

vertex on the graph. Let us consider the worst case, composed by k blocks,

all of type mix, as depicted in Figure 5.2. Provided that n1 is the dimension

of the first block, n2 is the dimension of the second block, and nk is the

dimension of the k-th block,

k∑
j=1

nj = n
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Figure 5.2: Complexity of passages with mixed chords and melodies. Given a piece
composed of k blocks of type MIX, we first generate k solutions, and then compute the
shortest path in the k-layered graph: each step requires O(n) time.

we first solve the k subproblems and generate as many layers, with cost

∑
njcj = O(n)

where cj is bounded by (16.7E6)2, (case ch), independently of k.

Then, we compute the shortest path over problem with k layers:

since k 6 n, it takes O(k) = O(n) as in case i). We then sum the two costs

O(n) and O(n), still obtaining O(n).

Consistency techniques. We modeled the fingering of chords as

a search over a directional path-consistent constraint graph (Section 3.3.3).

The search step is a standard backtracking depth-first search (DFS), whose

time complexity is O(bp). b is the branching factor, which in our setting

accounts for the number of vertices per note. In the worst case we can have

b = 16, that is, the maximum number of fingered positions for any note.

p is the maximal depth of the constraint graph, which is bounded by the
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number of simultaneous notes: 6. The search step can thus contribute only

to the constant hidden in the O notation: in the worst case 166 ' 16.7E6

combinations have to be inspected: search is O(1). To reduce the search

space, we enforce the consistency properties on the equivalent graphs. How-

ever, evidence has been provided by (Radicioni & Lombardo, 2005a) that

an effective heuristic can be applied to the search strategy, based on com-

fort accounts, which allows performing the search step in a small amount

of time.

Different computational efforts are required to achieve the two de-

grees of consistency required by the graphs modeling the cases CH and

MIX.

Case CH. The Directional Path Consistency (DPC) time and space

complexity is O(n3k3) (Dechter, 2003), where n is the number of variables

(at most 6) and k bounds the domain sizes. In our instantiation of the

problem, which will be presented in Section 3.3, we have up to 6 variables

(i.e., notes in input), while the domain size for each variable can be set up

to 16 fingered positions. DPC complexity is then bounded by 63 · 163 =

884, 736.

Case MIX. Given a constraint network R = (X ,D, C), and an or-

dering d, the algorithm Directional Arc Consistency (DAC) generates a

directional-arc-consistent network relative to d with time complexity of

O(ek3) (Dechter, 2003), where e is the number of binary constraints (i.e.,

the number of arcs) and k bounds the domain size. e is given by the |number

of variables −1|, and k can be up to 16 fingered positions per note. In turn

the number of variables can be arbitrarily high according to the block size,

but finite.
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The overall complexity of the model is still linear in the number of

layers in input.

5.1.4 Discussion

On the whole, the model provides satisfactory results, demonstrating that to

some extent guitar fingering can be explained with the overall effort saving

strategy implemented by the set of constraints and the control strategy.

The differences between our predictions and the fingering provided by the

performer are only rarely to be classified as “incorrect”: in general, the

output has proven to be suitable to play.

We obtained good results relative to the general fingering strategies

adopted by human performers (prediction b.). Here our success rate ranges

from 96.71% (event level) to 97.472% (individual notes level). This datum

is also confirmed by the low standard deviation of the predicted events

positions (2.67%), and by the standard deviation of the notes positions

(1.48%). If we consider how many of the differences in the measures 1 and

3 are due to different fingers, we discover that on average, the 84.98% of

differences on events and 83.605% of differences on individual notes were

caused by different fingers, while the model found the same positions, thus

explicating better results provided with measures 2 and 4.

It is instructive to look at the errors, to determine their causes. If we

consider only the different fingerings where the same positions were found,

we discover that in the 71.8% of such missed fingered positions, the model

has provided in output a finger close to that used by the performer. For

example, our output indicated “ring” while the expert assigned “little”, or
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Table 1: The complete list of the music considered in the experiment.
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8 events 1 event 8 events
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Table 1: The complete list of the music considered in the experiment.
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Figure 5.3: Differences between expert fingering and model’s output. The excerpt in the
top of the Figure are from the Andantino Op.35 n.3 by F. Sor, while the excerpt in the
bottom is from the Fantasia Op.21 n.6 by the same composer.

vice versa. This shows that there is a majority of errors where both the

fingering strategy is well accounted (in that we predict the same position),

and where the prediction is only slightly different. In fact, due to the bio-

mechanical features of the hand (see, e.g., Clarke et al. (1997) and Parncutt

et al. (1997)), “ring” is arguably closer to “little” that any other finger.

In some cases the model provided results that not only are practi-

cable, but also have been judged “good” fingerings by the expert, even if

different from his own fingerings. We report about two cases, that bring out

some interesting points. The first case is presented in the top of Figure 5.3:

the expert preferred not to reposition the hand, rather using ring and lit-

tle fingers –weak fingers, accordingly to the ergonomic model in (Parn-

cutt et al., 1997)–, while the model’s fingering shifts the hand, but adopts

index and middle fingers. Specifically, the model’s fingering for this ex-

cerpt is: [<5,0,0>,<2,1,1>,1,0,0>], [<3,4,2>,<2,3,1>], [<3,2,2>,-

<2,1,1>]. In our fingering the hand is repositioned, but we also keep the
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same hand shape: i.e., the hand is shifted exploiting the index on the sec-

ond string as pivot finger. Then the same fingers are used, and at the same

distance. The two fingerings reflect different trade-offs between the use of

strong/weak fingers and the repositioning/keeping still the hand position.

In the second case, presented at the bottom of Figure 5.3 (namely, we refer

to the first chord in the second measure), the guitarist adopted a large span

between index and middle ([<3,9,3>,<2,8,2>,<1,6,1>]), “not to change

the pivot finger”, the ring. In our fingering solution there is a pivot finger

as well, the little finger. Interestingly, in this case our fingering adopts weak

fingers, to reduce the required span between finger pairs within the individ-

ual chords, and to ensure more comfortable transitions across the sequence

of chords. It is noteworthy that we did not explicitly encode any notion of

weak finger, except for the weights characterizing the fret stretch between

finger pairs.

Some considerations about the reported cases: first, in these and

some other similar cases where our fingerings are different from those pro-

vided by the expert, our fingering turns out to be coherent : no spot differ-

ences, but a different –reasonable– fingering strategy. Second: the expert

recognized that one could hardly make a decision about which fingering is

preferable, only basing on comfort accounts. His main criterion has been

rather that of maintaining sounds “as homogeneous as possible”, but he also

acknowledged to be affected by his fingering experience (the role of formal

training in fingering habits has been investigated by Clarke et al. (1997)

and Sloboda et al. (1998)). Sound homogeneity is an important topic in

performing music. Within the classical guitar tradition, and namely within

the execution style that established about the Sixties of the Twentieth Cen-
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tury (see e.g., (Pujol, 1960)), performers fasten their attention on timbral

effects, and basically pursue timbre homogeneity. Fingerings provided by

Aguado (1964), Duarte (1966), Gilardino (1975a, 1975b), Chiesa (1982),

reveals that unless the music score explicitly requires a peculiar timbre,

or an expression (e.g., phrasing, punctuation, micro timing, accents, into-

nation, final retard) suggests a different timbre, performers basically aim

at producing homogeneous sounds. This preference could be stated in the

form ”Prefer positions such that are close on the fretboard, avoiding broad

leaps”. Presently, our fingering strategy matches this criterion when the

hand works at the beginning of the fretboard. In order to fully account

for this preference, one could reduce the contribution of the locality factor,

and devise a delta locality to discourage the repositioning of the hand, even

toward the head of the neck. Since timbre homogeneity to some extent

conflicts with the gestural comfort strategy, it will require much work to

integrate such fundamental fingering feature in the model.

However, in the most challenging passages, the model still exhibits

some limitations. For example, in the Fantasy “La Despedida” Op.21 n.6

by Sor, we obtain a significantly lower accuracy: 61.63% for events finger-

ing, and 75.11% for notes fingering. By converse, we achieve good results

relatively to the positions, both at event-level (measure 2: 88.37%) and at

note-level (measure 4: 93.78%): it follows that our weight function still

needs a refinement, mainly concerning the choice of fingers. Specifically,

one could argue that it is necessary to improve the fret stretch component

of the ALONG difficulty, which is charged of estimating the appropriate

difficulty for each finger pair, and that would seem the main responsible of

the different predictions.
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5.2 Future Work

Several complexity factors were disregarded, which may complete the as-

sessment of the results and help suggesting a guideline for future work. We

acknowledge that tempo plays an important role (Heijink, 2002): fast tempi

may determine situations of high task load, which increases the demand for

economic fingerings, thus compelling performers towards “ingrained finger

habits” (Clarke et al., 1997). On the other side, slow tempi would make

easier achieving an intended expressive or timbral effect. As it was ac-

knowledged by the performer, familiar fingerings may be adopted for new

passages (e.g., we refer to the practice of the transposition, which on fretted

instruments is a widespread habit).

Chords, melodies and their combinations may also be part of mu-

sical patterns together with melodic fragments, and such patterns may be

learned, stored and retrieved as a block (Drake & Palmer, 2000). This may

help explaining some differences, where fingerings provided by performer

under the exclusive bio-mechanical aspect are not always preferable.

Lastly, it is reasonable to suppose that skilled performers are able

to distinguish between more/less salient constraints. Besides, skilled per-

formers combine the basic effort-saving strategy accounted for by the model

with higher-order cognitive strategies: timbral homogeneity and other in-

terpretative criteria may be combined to the gestural comfort strategy, or

even override it (Heijink & Meulenbroek, 2002).

Two kinds of elements were also simplified that will be considered in

the near future: the parameters for the hand and for the instrument. The

function WEIGHT does not currently allow setting customized parameters
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to account for neither the dimension of the performer’s hand, nor the guitar.

In general, female hands are smaller, but a certain degree of variance exists

within male and female hands, as well. Yet, instruments may vary with

respect to the string length, the number of frets available, the height of the

neck (thus, how much strings are set apart one from another). Similar issues

could be raised about the width of frets: we compute delta fret regardless

of its actual width in absolute terms: the delta fret between two positions

<1,3>,<1,5> is considered equal to the delta fret between <1,12><1,14>,

while the actual distance is different. In fact, frets are increasingly broader

going from the body of the instrument toward the head of the neck: specif-

ically, the ratio of the widths of two consecutive frets is the twelfth root

of two, 12
√

2. All these elements may affect performers fingering and thus

contribute to its modeling.

In this Chapter we have reported about the experimental validation

of the model; the local optimization principle has been introduced so to

better fit to performers strategies; then we have illustrated the experiment

and the results. Then we have focused the issue of the computational ef-

fort required to compute fingering, demonstrating that despite fingering is

characterized by a huge problem space, the search space is bounded and sig-

nificantly reduced by several factors constraining the performer/instrument

interaction. Then we have assessed the results, also pointing out some open

issues.
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Chapter 6

Conclusions

This thesis has presented a computational model for guitar fingering: the

model accounts for physical and bio-mechanical constraints, that at least

partly are proved to govern the fingering task. Our aim at encoding suffi-

cient knowledge for predicting suitable fingerings is validated by the judg-

ments of an expert guitarist. The model deals with three types of movement

that characterize the overall fingering problem: melody, chords, and their

combinations have been addressed. An effective control strategy has been

introduced: it relies on dynamic programming for sequences of fingered po-

sitions and on the CSP framework for simultaneous fingered positions. Our

predictions were to a good extent confirmed by an experimental validation

where the output of the implemented model has been compared to finger-

ings provided by a professional guitarist. Moreover, present limitations and

several improvements have been pointed out in the discussion of results.

87



Appendix A

Fret Stretch Weights

Table A.1: Fret Stretch Weights.

IN
D

E
X

1

2

3

4

5

−1−2−3−4−5 0 1 2 3 4 5 −1−2−3−4−5 0 1 2 3 4 5

−1−2−3−4−5 0 1 2 3 4 5 −1−2−3−4−5 0 1 2 3 4 5

1

2

3

4

5

5 4 3 2 1

F
re

t
S
tr

et
ch

1

5

4

3

2

1

Delta Fret

1

5

4

3

2

1

Delta Fret
index - index

index - middle

index - ring

index - little

1

5

4

3

2

1

Delta Fret
index - index

index - middle

index - ring

index - little

1

5

4

3

2

1

Delta Fret
index - index

index - middle

index - ring

index - little

1

5

4

3

2

1

Delta Fret
index - index

index - middle

index - ring

index - little

1
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Table A.1: (continue...)

M
ID

D
L
E

1

2

3

4

5

−1−2−3−4−5 0 1 2 3 4 5 −1−2−3−4−5 0 1 2 3 4 5

−1−2−3−4−5 0 1 2 3 4 5 −1−2−3−4−5 0 1 2 3 4 5

1

2

3

4

5

5 4 3 2 1

F
re

t
S
tr

et
ch

1

5

4

3

2

1

Delta Fret

1

5

4

3

2

1

Delta Fret
middle - index

middle - middle

middle - ring

middle - little

1

5

4

3

2

1

Delta Fret
middle - index

middle - middle

middle - ring

middle - little

1

5

4

3

2

1

Delta Fret
middle - index

middle - middle

middle - ring

middle - little

1

5

4

3

2

1

Delta Fret
middle - index

middle - middle

middle - ring

middle - little

1

R
IN

G

1

2

3

4

5

−1−2−3−4−5 0 1 2 3 4 5 −1−2−3−4−5 0 1 2 3 4 5

−1−2−3−4−5 0 1 2 3 4 5 −1−2−3−4−5 0 1 2 3 4 5

1

2

3

4

5

5 4 3 2 1

F
re

t
S
tr

et
ch

1

5

4

3

2

1

Delta Fret

1

5

4

3

2

1

Delta Fret
ring - index

ring - middle

ring - ring

ring - little

1

5

4

3

2

1

Delta Fret
ring - index

ring - middle

ring - ring

ring - little

1

5

4

3

2

1

Delta Fret
ring - index

ring - middle

ring - ring

ring - little

1

5

4

3

2

1

Delta Fret
ring - index

ring - middle

ring - ring

ring - little

1
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Table A.1: (continue...)

L
IT

T
L
E

1

2

3

4

5

−1−2−3−4−5 0 1 2 3 4 5 −1−2−3−4−5 0 1 2 3 4 5

−1−2−3−4−5 0 1 2 3 4 5 −1−2−3−4−5 0 1 2 3 4 5

1

2

3

4

5

5 4 3 2 1

F
re

t
S
tr

et
ch

1

5

4

3

2

1

Delta Fret

1

5

4

3

2

1

Delta Fret
little - index

little - middle

little - ring

little - little

1

5

4

3

2

1

Delta Fret
little - index

little - middle

little - ring

little - little

1

5

4

3

2

1

Delta Fret
little - index

little - middle

little - ring

little - little

1

5

4

3

2

1

Delta Fret
little - index

little - middle

little - ring

little - little

1
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