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Abstract. The intersection type assignment system IT uses the for-
mulas of the negative fragment of the predicate calculus (LJ) as types
for the λ-terms. However, the deductions of IT only correspond to the
proper sub-set of the derivations of LJ, obtained by imposing a meta-
theoretic condition about the use of the conjunction of LJ. This paper
proposes a logical foundation for IT. This is done by introducing a logic
IL. Intuitively, a derivation of IL is a set of derivations in LJ such that
the derivations in the set can be thought of as writable in parallel. This
way of looking at LJ, by means of IL, allows to transform the meta-
theoretic condition, mentioned above, into a purely structural property
of IL. The relation between IL and LJ surely has a first main benefit:
the strong normalization of LJ directly implies the same property on IL,
which translates in a very simple proof of the strong normalizability of
the λ-terms typable with IT.

1 Introduction

The intersection type assignment system (IT) is a set of rules for assigning types
to terms of the untyped λ-calculus. The types of IT are formulas of the predicate
logic, built from the two connectives “implication” (→) and “conjunction” (∧).

IT was introduced in the early Eighty by Mariangiola Dezani and Mario
Coppo [6], in order to enhance the tipability power of the Curry type assignment
system. The system characterizes important properties of the λ-terms, like the
normalization and the strong normalization. Indeed, it has be proved that IT
assigns types to all and only the strong normalizing terms [19]. Moreover, if the
set of types is extended to contain a “universal type” ω, that can be given to all
the λ-terms, then the normalizing terms are exactly those that can be given a
type free of occurrences of ω [4].

Intersection types have been particularly useful in studying the semantics
of various kinds of λ-calculi. This can be done by extending the system with
suitable sub-typing relations. In this way the type assignment is a finitary tool
to reason about the interpretation of the terms in the topological models of
λ-calculus, like Scott domains, DI-domains, coherence spaces [1, 4, 7, 10, 14, 15,
22].



Unlike other type assignment systems (like Curry type assignment [8], or
the type assignment version of the II order λ-calculus [12, 17]), IT has not been
designed starting from a logic, and up to now, the relationship between IL and
the implicational and conjunctive fragment of the predicate calculus (LJ) are far
from being clear. This was firstly pointed out by Hindley [13]. The problem is
the logical interpretation of the rule introducing the conjunction:

(∧IIT )
Γ ⊢∧ M : σ Γ ⊢∧ M : τ

Γ ⊢∧ M : σ ∧ τ
(1)

If we reason according to the Curry-Howard isomorphism, which is the standard
relationship between logic and λ-calculus, then we can observe that in the rule (1)
here above the λ-term M denotes two proofs. In particular, (1) says that an
intersection type σ ∧ τ can be built from the two components σ and τ only
when they can be proved by two “isomorphic” proofs, according to a notion
of isomorphism that relates proofs encoded by the same λ-term. Our point is
that the use of a λ-term to express the isomorphism of two derivations is a meta-
theoretical restriction on the introduction of the conjunction, and for this reason
LJ is not the logic which IT is based on.

In this paper we establish a logical foundation for IT, and clarify the rela-
tionship between IT and LJ. More precisely, we define the new logic IL, such
that every of its deductions corresponds to a set of deductions in LJ, sharing
some structural properties. IL is the desired “bridge” between LJ and IT, since
a deduction in IT can be obtained as a partial decoration of a deduction in
IL. Moreover, IL has all the good properties we ask for a logic. In particular it
enjoys the strong normalization property, whose proof directly derives from the
analogous property of LJ [20]. Moreover, thanks to the relation between IL and
IT, we obtain for free that if a term is typable by an intersection type, then it
is also strongly normalizable. As a side result, a typed version of λ-terms with
intersection type can be obtained through a full decoration of deductions in IL.
But this is subject of a forthcoming paper.

The literature presents other proof-theoretical investigations of the intersec-
tion type assignment. Barbanera and Alessi [2], refining a previous attempt of
Mints [18], proved that IT, equipped with both β and η-reduction, gives a com-
plete realizability semantics of the predicate logic with implication and “strong
conjunction”. This result has been further extended to other connectives in [3].

The first attempt to give a logical foundation to intersection types was by
Venneri [23]. She proposed an Hilbert style logic corresponding to a system
which assigns intersection types to the terms of Combinatory Logic. A further
extension with union types is in [9]. Our feeling is that the approach in [23, 9] is
not suitable for the λ-calculus.

Moreover, in [5] there is the proof that a typed version of IT can be ob-
tained, through the Curry-Howard isomorphism, from a logic, where formulas
are sequence of formulas of LJ. The untyped version of such a language is quite
similar to the language in [16], which has been defined to highlight the intrinsic
parallelism of the β-reduction. Other typed versions of IT have been defined by



Reynolds [21] and Wells [24], but they did not follow a logical approach, so are
unrelated with the topic of the present paper.

To conclude, we believe that our approach to a logical foundation of IT could
evolve by adopting the principles at the base of Ludics, the project initiated by
J.-Y. Girard to re-found logic [11].

The paper is organized as follows. In Section 2 and 3 the systems LJ and
IT are briefly recalled. In Section 4 the intersection logic IL is defined, and its
relation with LJ is stated. In Section 5 the strong normalization of IL is proved.
Section 6 contains the main theorem, which formalizes the relation between IL
and IT.

2 Intuitionistic Logic: Implicative and Conjunctive

Fragment

We start by recalling the natural deduction of the implicative and conjunctive
fragment of Intuitionistic Logic that, somewhat abusing the name, we call LJ.

Definition 1. i) The formulas of LJ belong to the language generated by the
grammar:

σ ::= α | (σ → σ) | (σ ∧ σ)

where α ∈ V (a denumerable set of constants). The formulas are denoted by
ρ, σ, τ . We assume the associativity to the right for → and the one to the left
for ∧.

ii) A context is a finite sequence σ1,. . ., σm of formulas, denoted by Γ, ∆, pos-
sibly indexed.

iii) The natural deduction system LJ proves statements Γ ⊢LJ σ, where Γ is a
context and σ a formula. It consists of the following rules:

(ALJ )
σ ⊢LJ σ

(WLJ)
Γ ⊢LJ σ

Γ, τ ⊢LJ σ

(XLJ )
Γ, σ, τ, ∆ ⊢LJ ρ

Γ, τ, σ, ∆ ⊢LJ ρ
(∧ILJ )

Γ ⊢LJ σ Γ ⊢LJ τ

Γ ⊢LJ σ ∧ τ

(∧El
LJ )

Γ ⊢LJ σ ∧ τ

Γ ⊢LJ σ
(∧Er

LJ)
Γ ⊢LJ σ ∧ τ

Γ ⊢LJ τ

(→ ILJ )
Γ, σ ⊢LJ τ

Γ ⊢LJ σ → τ
(→ ELJ)

Γ ⊢LJ σ → τ Γ ⊢LJ σ

Γ ⊢LJ τ

The deductions of LJ are denoted by Π, Π1, . . .. Moreover, Π : Γ ⊢LJ σ
means that Π concludes, proving Γ ⊢LJ σ.

Example 1. Let σ denote the formula (α ∧ β) ∧ γ. Define the following three
deductions:

Π0 : (∧E
l
LJ)

(∧El
LJ )

(ALJ)
σ ⊢LJ (α ∧ β) ∧ γ
σ ⊢LJ α ∧ β

σ ⊢LJ α

Π1 : (∧E
r
LJ)

(ALJ )
σ ⊢LJ (α ∧ β) ∧ γ

σ ⊢LJ γ



Π2 : (→ ILJ )
(ALJ)

α ⊢LJ α

⊢LJ α → α

Then, Π3 is:

(∧ILJ )
(→ ILJ)

(∧ILJ )
Π0 : σ ⊢LJ α Π1 : σ ⊢LJ γ

σ ⊢LJ α ∧ γ
⊢LJ (α ∧ β) ∧ γ → (α ∧ γ) Π2 :⊢LJ α → α

⊢LJ ((α ∧ β) ∧ γ → (α ∧ γ)) ∧ (α → α)

Let us recall the strong normalization property of the deductions in LJ.

Definition 2. Let Π be a deduction of LJ.

i) A ∧-LJ-redex of Π is a sequence of two rules, formed by an instance of
(∧ILJ ), followed by an instance of either (∧El

LJ ) or (∧Er
LJ );

ii) A →-LJ-redex of Π is a sequence of two rules, formed by an instance of
(→ ILJ), followed by an instance of (→ ELJ);

iii) Π is normal if it does not contain neither ∧-LJ-redexes nor →-LJ-redexes.

Lemma 1. Consider two derivations Π : Γ ⊢LJ σ and Π ′ : Γ, σ ⊢LJ τ . Call
S(Π, Π ′) the deductive structure obtained by replacing the conclusion of Π for
every occurrence (ALJ ) deriving σ ⊢LJ σ, and such that σ to left of ⊢LJ is free
in the conclusion of Π ′. Then, S(Π, Π ′) : Γ ⊢LJ τ .

Definition 3. The rewriting relation ;LJ between derivations is defined as fol-
lows:

– (∧Es
LJ )

(∧ILJ)Πl : Γ ⊢LJ σl Πr : Γ ⊢LJ σr

Γ ⊢LJ σl ∧ σr

Γ ⊢LJ σs
;LJ Πs : Γ ⊢LJ σs,

where s ∈ {l, r}.

– (→ ELJ )
(→ ILJ )Π0 : Γ, τ ⊢LJ σ

Γ ⊢LJ τ → σ
Π1 : Γ ⊢LJ τ

Γ ⊢LJ σ
;LJ S(Π1, Π0) : Γ ⊢LJ σ

Theorem 1 (Prawitz). The rewriting relation ;LJ is strongly normalizing.

3 Intersection Types

We briefly recall the system of Intersection Types (IT), which works as a type
assignment system for the untyped λ-calculus.

Definition 4. i) The set of types of IT coincides to the formulas of LJ.
ii) An IT-context is a finite set of pairs {x1 : σ1, . . . , xn : σn} that assigns types

to λ-variables so that i 6= j implies xi 6≡ xj . By abusing the notation, Γ and
∆ denote IT-contexts.

iii) IT is a deductive system that derives judgments Γ ⊢IT M : σ where M is
a λ-term, Γ is an IT-context, and σ is a type. IT consists of the following
rules:



(AIT )
x : σ ∈ Γ

Γ ⊢IT x : σ
(∧IIT )

Γ ⊢IT M : σ Γ ⊢IT M : τ

Γ ⊢IT M : σ ∧ τ

(∧El
IT )

Γ ⊢IT M : σ ∧ τ

Γ ⊢IT M : σ
(∧Er

IT )
Γ ⊢IT M : σ ∧ τ

Γ ⊢IT M : τ

(→ IIT )
Γ ∪ {x : σ} ⊢IT M : τ

Γ ⊢IT λx.M : σ → τ
(→ EIT )

Γ ⊢IT M : σ → τ Γ ⊢IT N : σ

Γ ⊢IT MN : τ

We keep using Π, Π1, . . . to denote the deductions of IT. Moreover, the mean-
ing of Π : Γ ⊢IT M : σ is analogous to the one of Π : Γ ⊢LJ σ.

Example 2. Let σ denote the type (α ∧ β) ∧ γ and let Π4 be the following
deduction:

(→ IIT )
(∧IIT )

(∧El
IT )

(∧El
IT )

(AIT )
x : σ ⊢IT x : σ

x : σ ⊢IT x : α ∧ β
x : σ ⊢IT x : α

(∧Er
IT )

(AIT )
x : σ ⊢IT x : σ

x : σ ⊢IT x : γ
x : σ ⊢IT x : α ∧ γ

⊢IT λx.x : (α ∧ β) ∧ γ → (α ∧ γ)

Let Π5 be the following deduction:

(→ IIT )
(AIT )

x : α ⊢IT x : α

⊢IT λx.x : α → α

And finally let Π6 be:

(∧IIT )
Π4 :⊢IT λx.x : (α ∧ β) ∧ γ → (α ∧ γ) Π2 :⊢IT λx.x : α → α

⊢IT λx.x : ((α ∧ β) ∧ γ → (α ∧ γ)) ∧ (α → α)

4 Intersection Logic

In this section we introduce Intersection Logic (IL), whose derivations correspond
to sets of derivations in LJ, sharing some similarity in the structure. The formulas
of IL are binary trees, whose leaves are labeled by formulas of LJ. The relation
between IL and LJ can be informally described as follows: a derivation Π of IL
groups a set, say LJ(Π), of derivations of LJ. Every derivation Π ′ ∈ LJ(Π) can
be obtained by taking the leaf of a given path in every tree of Π . In particular,
the elements of LJ(Π) share both the number of instances and the order of
application of the rules introducing and eliminating the connective →.

We need to introduce some preliminary notions.

Definition 5. i) A kit is a binary tree in the language generated by the fol-
lowing grammar: K ::= σ | [K, K]. The leaves of any kit, which we call also
atoms, are formulas of LJ. The kits are denoted by H, K.

ii) Two kits overlap if they are two trees with exactly the same structure, but
which may differ only on the name of their atoms; H ≃ K denotes two
overlapping kits H and K. For example, σ ≃ τ .



iii) Two overlapping kits map to a kit with only arrows as its leaves, by the
function ( )+, defined as follows:

[σ, τ ]+ 7→ σ → τ

[[H1, H2], [K1, K2]]
+ 7→ [[H1, K1]

+
, [H2, K2]

+]

H → K denotes the result of [H, K]+, with H ≃ K. Otherwise, H → K is
undefined.

iv) A path is a string built over the set {l, r}; p, q, possibly indexed, denote
paths, and ǫ denotes the empty path. The subtree of a kit H at the path p is
inductively defined as follows:

H
ǫ = H, [H1, H2]

lp = H
p
1 , [H1, H2]

rp = H
p
2

Otherwise, σp is undefined.
A path p is defined in H if Hp is defined, and it is terminal in H if Hp is
an atom; the set of terminal paths of a kit H is denoted by PT (H).
H [p := K] denotes the kit resulting from the replacement of K for Hp in H.

v) Let s ∈ {l, r}, and let ps be a path, defined in H. The pruning of H at path
ps, is defined as follows: H\ps = H [p := Hps].

vi) ≡ is the syntactical identity of both atoms, kits and paths.

By definition, we have:

Fact 1 1. PT (H → K) = PT (H) = PT (K);
2. H\p → K\p ≡ (H → K)\p;
3. If p and q are two different paths, then (H\p)\q ≡ (H\q)\p.

The definition here below is about the deductive system ⊢pIL on which we
shall define IL. The key feature of ⊢pIL is that every of its judgments exclu-
sively contains overlapping kits. Intuitively, this invariance on the judgment form
formalizes that every derivation of ⊢pIL, being introduced, stands for a set of
deductions of LJ, which share structural properties.

Definition 6 (Natural deduction ⊢pIL). The natural deduction system ⊢pIL,
that we call pre Intersection Logic, derives judgments Γ ⊢pIL K, where Γ is a
sequence of kits and K is a kit. It consists of the following rules:

(ApIL)
H ⊢pIL H

(XpIL)
Γ, H,H ′, ∆ ⊢pIL K

Γ, H ′, H, ∆ ⊢pIL K

(WpIL)
H1, . . . , Hn ⊢pIL H Hi ≃ H ′ (1 ≤ i ≤ n)

H1, . . . , Hn, H ′ ⊢pIL H

(PpIL)
Γ ⊢pIL K s ∈ {l, r} ps ∈ PT (K)

Γ\ps ⊢pIL K\ps

(→ EpIL)
Γ ⊢pIL H → K Γ ⊢pIL H

Γ ⊢pIL K
(→ IpIL)

Γ, H ⊢pIL K

Γ ⊢pIL H → K



(∧E
l
pIL)

Γ ⊢pIL K[p := σ ∧ τ ]

Γ ⊢pIL K[p := σ]
(∧E

r
pIL)

Γ ⊢pIL K[p := σ ∧ τ ]

Γ ⊢pIL K[p := τ ]

(∧IpIL)
H1[p := [σ1, σ1]], ..., Hn[p := [σn, σn]] ⊢pIL K[p := [σ, τ ]]

H1[p := σ1], ..., Hn[p := σn] ⊢pIL K[p := σ ∧ τ ]

where, in rule (PpIL), the notation Γ\ps stands for the distribution of the pruning
to the components of Γ .

The judgments of ⊢pIL enjoy an invariant:

Lemma 2. If H1, . . . , Hn ⊢pIL K, then Hi ≃ K (1 ≤ i ≤ n).

Proof. By structural induction on the deduction of H1, . . . , Hn ⊢pIL K.

In the following definition we introduce a “decoration” of all the systems
previously defined, inspired to the so called “Curry-Howard isomorphism”: every
deduction Π is associated to a λ-term to keep track of some structural properties
of Π . Note that this decoration is not standard: the λ-term associated to Π is
untyped, and does not encode the whole structure of Π , but just the order of
the occurrences of the rules which introduce and eliminate →. Moreover, the
decoration is a partial function when applied to a derivation of LJ. Indeed, a
decoration of a proof whose last rule is (∧ILJ ) is defined only if the derivations
of its two premises are decorated by the same term.

Definition 7. Let ⊢∗∈ {LJ, pIL}, and A, B, C, ... be meta-variables for denoting
either atoms or kits. Also, let ∆ denote a sequence built over {A, B, C, ...}.

i) Every Π proving ∆ ⊢∗ A can be decorated by a λ-term Tdom(∆∗)(Π), where
∆∗ is a decoration of ∆, and, if ∆∗ ≡ x1 : A1, . . . , xn : An, then dom(∆∗)
is the sequence x1, . . . , xn. The decoration of ⊢∗ is denoted by ⊢+

∗
and is

inductively defined as:

• Π : (A∗)
A ⊢∗ A

⇒ (A+
∗ )

x : A ⊢+
∗

x : A
and Tx(Π) ≡ x;

• Π : (W∗)
Π1 : ∆ ⊢∗ A

∆, B ⊢∗ A
⇒ (W+

∗ )
∆∗ ⊢+

∗
Tdom(∆∗)(Π1) : A

∆, x : B ⊢+
∗

Tdom(∆∗),x(Π1) : A
where

∆∗ is the decoration of ∆, x is fresh, and Tdom(∆∗),x(Π) ≡ Tdom(∆∗)(Π1);

• Π : (→ I∗)
Π1 : ∆, A ⊢∗ B

∆ ⊢∗ A → B
⇒

(→ I+
∗ )

∆∗, x : A ⊢+
∗

Tdom(∆∗),x(Π1) : B

∆∗ ⊢+
∗

λx.Tdom(∆∗),x(Π1) : A → B
and Tdom(∆∗)(Π) ≡ λx.Tdom(∆∗),x(Π1);

• Π : (→ E∗)
Π1 : ∆ ⊢∗ A → B Π2 : ∆ ⊢∗ A

∆ ⊢∗ B
⇒

(→ E+
∗ )

∆∗ ⊢+
∗ Tdom(∆∗)(Π1) : A → B ∆∗ ⊢+

∗ Tdom(∆∗)(Π2) : A

∆∗ ⊢+
∗

Tdom(∆∗)(Π1)Tdom(∆∗)(Π2) : B
and Tdom(∆∗)(Π) ≡ Tdom(∆∗)(Π1)Tdom(∆∗)(Π2);



• Π : (PpIL)
Π1 : K1, . . . , Kn ⊢pIL H

K1\
ps, . . . , Kn\

ps ⊢pIL H\ps
⇒

(P+
pIL)

x1 : K1, . . . , xn : Kn ⊢+
pIL Tx1,...,xn

(Π1) : H

x1 : K1\
ps, . . . , xn : Kn\

ps ⊢+
pIL Tx1,...,xn

(Π) : H\ps

and Tx1,...,xn
(Π) ≡ Tx1,...,xn

(Π1);

• Π : (∧IpIL)

Π1 : H1[p := [σ1, σ1]], ..., Hn[p := [σn, σn]] ⊢pIL

K[p := [σ, τ ]]

H1[p := σ1], ..., Hn[p := σn] ⊢pIL K[p := σ ∧ τ ]

⇒

(∧I+
pIL)

x1 : H1[p := [σ1, σ1]], ..., xn : Hn[p := [σn, σn]] ⊢+
pIL

Tx1,...,xn
(Π1) : K[p := [σ, τ ]]

x1 : H1[p := σ1], ..., xn : Hn[p := σn] ⊢+
pIL

Tx1,...,xn
(Π1) : K[p := σ ∧ τ ]

and Tx1,...,xn
(Π) ≡ Tx1,...,xn

(Π1);
• with

Π : (∧ILJ )
Π1 : ∆ ⊢LJ σ Π2 : ∆ ⊢LJ τ

∆ ⊢LJ σ ∧ τ

let Π+
1 : ∆∗ ⊢+

LJ Tdom(∆∗)(Π1) : σ and Π+
2 : ∆∗ ⊢+

LJ Tdom(∆∗)(Π2) : τ .
If Tdom(∆∗)(Π1) ≡ Tdom(∆∗)(Π2), then the decoration is:

(∧I+
LJ )

∆∗ ⊢LJ Tdom(∆∗)(Π1) : σ ∆∗ ⊢LJ Tdom(∆∗)(Π2) : τ

∆∗ ⊢LJ Tdom(∆∗)(Π) : σ ∧ τ

where Tdom(∆∗)(Π1) ≡ Tdom(∆∗)(Π).
Otherwise, if Tdom(∆∗)(Π1) 6≡ Tdom(∆∗)(Π2), then Tdom(∆∗)(Π) does not
exist.

• Π : (◦)
Π1 : ∆ ⊢∗ A

∆ ⊢∗ B
⇒ (◦+)

∆∗ ⊢+
∗

Tdom(∆∗)(Π1) : A

∆∗ ⊢+
∗

Tdom(∆∗)(Π1) : B

and Tdom(∆∗)(Π) ≡ Tdom(∆∗)(Π1), for all rules (◦) not in the set: {(→
I∗), (→ E∗), (A∗), (W∗), (PpIL), (∧I∗)}.

ii) Let Π be a deduction in the system ⊢∗. Then, U(Π) is the set:

{Tdom(∆∗)(Π) | Π : ∆ ⊢∗ A, Tdom(∆∗)(Π) exists and ∆∗ is a decoration of ∆}

Notice that, by construction, M, N ∈ U(Π) implies M and N can differ each
other by renaming of both free and bound variables. We will call U(Π) the form
of Π .

The next theorem shows that every derivation of ⊢pIL corresponds to a set
of derivations in LJ with the same form.

Theorem 2 (From ⊢pIL to LJ). Let Π : K1,. . ., Kn ⊢pIL H. For all path
p terminal in H, it is Πp : Kp

1 , . . . , Kp
n ⊢LJ Hp, and U(Πp) is defined, and

U(Πp) = U(Π).

Proof. By induction on Π .



We conclude this section by a definition that eliminates unnecessary differ-
entiations among the deductions of ⊢pIL. In particular, it allows to consider the
deductions of ⊢pIL up to the order of applications of the rules, involving the ma-
nipulations of the kits. Equivalently, the definition here below introduces a set of
commuting equivalences. We could get rid of them, simply by introducing new
versions of the rules (∧El

pIL), (∧Er
pIL), (∧IpIL), working in parallel on disjoint

paths of the same kit. Our opinion is that such a solution would have obscured
the clarity of the logical system ⊢pIL.

Definition 8 (Intersection Logic). Intersection Logic, abbreviated as IL, is
the set ⊢pIL/∼ of all the deductions of ⊢pIL, quotiented by the congruence ∼,
defined as:

(∧E
s′

pIL)
(∧Es

pIL)
Γ ⊢pIL K[p := σl ∧ σr][q := τl ∧ τr]

Γ ⊢pIL K[p := σs][q := τl ∧ τr]

Γ ⊢pIL K[p := σs][q := τs′ ]
∼

(∧E
s
pIL)

(∧Es′

pIL)
Γ ⊢pIL K[p := σl ∧ σr][q := τl ∧ τr]

Γ ⊢pIL K[p := σl ∧ σr][q := τs′ ]

Γ ⊢pIL K[p := σs][q := τs′ ]

(∧E
s
pIL)

(∧IpIL)
Γ ⊢pIL K[p := σl ∧ σr][q := [τl, τr]

Γ\qs′ ⊢pIL K[p := σl ∧ σr][q := τl ∧ τr]

Γ\qs′ ⊢pIL K[p := σs][q := τl ∧ τr]
∼

(∧IpIL)
(∧Es

pIL)
Γ ⊢pIL K[p := σl ∧ σr][q := [τl, τr]]

Γ ⊢pIL K[p := σs][q := τl ∧ τr]

Γ\qs′ ⊢pIL K[p := σs][q := τl ∧ τr]

being s, s′ ∈ {l, r}, and p, q two different paths.
An equivalence class in IL whose deductions prove H1,. . ., Hn ⊢pIL K, is

denoted by H1,. . ., Hn ⊢IL K, or π : H1,. . ., Hn ⊢IL K.

Definition 8 also assures that the term decorating the conclusion of two de-
ductions of the same equivalence class of IL are the same:

Fact 2 π : H1,. . ., Hn ⊢IL K implies Tx1,...,xn
(Π) ≡ Tx1,...,xn

(Π ′), for every
Π, Π ′ ∈ π.

So, we can safely identify Tx1,...,xn
(π) and Tx1,...,xn

(Π), if Π ∈ π. Moreover, we
can extend our terminology to to say that U(Π) is the form of π as well.

Example 3. Let σ denote the formula (α∧β)∧γ. Let also the following deductions
be given:

Π7 : (→ IpIL)
(∧IpIL)

(∧Er
pIL)

(∧El
pIL)

(∧El
pIL)

(ApIL)
[[σ, σ], α] ⊢pIL [[σ, σ], α]

[[σ, σ], α] ⊢pIL [[α ∧ β, σ], α]
[[σ, σ], α] ⊢pIL [[α, σ], α]

[[σ, σ], α] ⊢pIL [[α, γ], α]
[σ, α] ⊢pIL [α ∧ γ, α]

⊢pIL [σ → (α ∧ γ), α → α]



Π8 : (∧IpIL)
Π7 :⊢pIL [σ → (α ∧ γ), α → α]

⊢pIL (σ → (α ∧ γ)) ∧ (α → α)

Π9 : (→ IpIL)
(∧IpIL)

(∧El
pIL)

(∧Er
pIL)

(∧El
pIL)

(ApIL)
[[σ, σ], α] ⊢pIL [[σ, σ], α]

[[σ, σ], α] ⊢pIL [[α ∧ β, σ], α]
[[σ, σ], α] ⊢pIL [[α ∧ β, γ], α]

[[σ, σ], α] ⊢pIL [[α, γ], α]
[σ, α] ⊢pIL [α ∧ γ, α]

⊢pIL [σ → (α ∧ γ), α → α]

Π10 : (∧IpIL)
Π9 :⊢pIL [σ → (α ∧ γ), α → α]

⊢pIL (σ → (α ∧ γ)) ∧ (α → α)

As an exercise, verify that: i) Π7 ∼ Π9, ii) if π is the equivalence class of
Π7, then Tx[π] ≡ λx.x, and iii) the deductions corresponding to Π7 and Π10 in
the system LJ, according to Theorem 2, are respectively: (Π7)

l ≡ Π1, (Π7)
r ≡

Π2, (Π10)
ǫ ≡ Π3, being Π1, Π2 and Π3 defined in Example 1.

5 Strong Normalization

In this section we shall prove that IL is strongly normalizable. This property
follows from the strong normalizability of ⊢pIL, proved by reducing to the anal-
ogous property of LJ.

Definition 9. Let s ∈ {l, r}.

i) The P -commuting conversions on the sequent calculus ⊢pIL are the following
rewriting rules:

(PpIL)
(ApIL)

Γ, H ⊢pIL H

Γ\p, H\p ⊢pIL H\p ;P (ApIL)
Γ\p, H\p ⊢pIL H\p

(PpIL)
(XpIL)

Γ, H,H ′, ∆ ⊢pIL K
Γ, H ′, H,∆ ⊢pIL K

Γ\p, H ′\p, H\p, ∆\p ⊢pIL K\p ;P

(XpIL)

(PpIL)
Γ, H,H ′, ∆ ⊢pIL K

Γ\p, H\p, H ′\p, ∆\p ⊢pIL K\p

Γ\p, H ′\p, H\p, ∆\p ⊢pIL K\p

(PpIL)
(WpIL)

Γ ⊢pIL K
Γ, H ⊢pIL K

Γ\p, H\p ⊢pIL K\p ;P (WpIL)
(PpIL)

Γ ⊢pIL K
Γ\p ⊢pIL K\p

Γ\p, H\p ⊢pIL K\p

(PpIL)
(→ IpIL)

Γ, H ⊢pIL K
Γ ⊢pIL H → K

Γ\p ⊢pIL (H → K)\p ;P (→ IpIL)
(PpIL)

Γ, H ⊢pIL K
Γ\p, H\p ⊢pIL K\p

Γ\p ⊢pIL (H → K)\p

(PpIL)
(→ EpIL)

Γ ⊢pIL H → K Γ ⊢pIL H
Γ ⊢pIL K

Γ\p ⊢pIL K\p ;P



(→ EpIL)
(PpIL)

Γ ⊢pIL H → K
Γ\p ⊢pIL (H → K)\p (PpIL)

Γ ⊢pIL H
Γ\p ⊢pIL H\p

Γ\p ⊢pIL K\p

(PpIL)
(∧IpIL)

Γ ⊢pIL K[q := [σ, τ ]]
Γ\q ⊢pIL K[q := σ ∧ τ ]

(Γ\q)\p ⊢pIL (K[q := σ ∧ τ ])\p ;P

(∧IpIL)
(PpIL)

Γ ⊢pIL K[q := [σ, τ ]]
Γ\p ⊢pIL (K[q := [σ, τ ]])\p

(Γ\p)\q ⊢pIL ((K[q := σ ∧ τ ])\p)\q

(PpIL)
(∧Es

pIL)
Γ ⊢pIL K[q := σl ∧ σr]

Γ ⊢pIL K[q := σs]

Γ\p ⊢pIL (K[q := σs])\
p ;P

(∧E
s
pIL)

(PpIL)
Γ ⊢pIL K[q := σl ∧ σr]

Γ\p ⊢pIL (K[q := σl ∧ σr])\
p

Γ\p ⊢pIL (K[q := σs])\
p

Under the standard terminology, every sequence of rules to the left of ; is
a P -redex, while that one to its right is a P -reduct.

ii) A derivation free of occurrences of (PpIL) is P -normal.
iii) We say that a class π of IL reduces to another class π′ of IL, under ;P ,

and we write π ;P π′, if there are Π ∈ π and Π ′ ∈ π′ such that Π ;P Π ′.

Remark that the fourth and sixth P -commuting conversions exploits Fact 1.

Lemma 3 (P -strong normalization). Every Π : Γ ⊢pIL H can be reduced to
a P -normal Π ′ : Γ ⊢pIL H, under any strategy.

Proof. Observe that the commuting conversions shift every occurrence of (PpIL)
upwards, which, eventually, gets erased.

Definition 10. Let s ∈ {l, r} and Π ∈ π.

i) A ∧-IL-redex of Π is the sequence:

(∧E
s
pIL)

(∧IpIL)
H1[p := [σ1, σ1]], . . . , Hn[p := [σn, σn]] ⊢pIL K[p := [σl, σr]]

H1[p := σ1], . . . , Hn[p := σn] ⊢pIL K[p := σl ∧ σr]

H1[p := σ1], . . . , Hn[p := σn] ⊢pIL K[p := σs]

ii) A ∧-IL-rewriting step on Π is:

(∧E
s
pIL)

(∧IpIL)
H1[p := [σ1, σ1]], . . . , Hn[p := [σn, σn]] ⊢pIL K[p := [σl, σr]]

H1[p := σ1], . . . , Hn[p := σn] ⊢pIL K[p := σl ∧ σr]

H1[p := σ1], . . . , Hn[p := σn] ⊢pIL K[p := σs]
;∧

(PpIL)
H1[p := [σ1, σ1]], . . . , Hn[p := [σn, σn]] ⊢pIL K[p := [σl, σr]]

(H1[p := [σ1, σ1]])\
ps, . . . , (Hn[p := [σn, σn]])\ps ⊢pIL K\ps

where (Hi[p := [σi, σi]])\
ps ≡ Hi[p := σi], with 1 ≤ i ≤ n, and K\ps ≡

K[p := σs].
iii) We say that a class π of IL reduces to another class π′ of IL, under a ∧-IL-

rewriting step, and we write π ;∧ π′, if there are Π ∈ π and Π ′ ∈ π′ such
that Π ;∧ Π ′.



Lemma 4. Consider Π : Γ ⊢pIL H and Π ′ : Γ, H ⊢pIL K. Call S(Π, Π ′) the
deductive structure, obtained by replacing the conclusion of Π for every occur-
rence (ApIL) deriving H ⊢pIL H, and such that H to the left of ⊢pIL is free in
Π ′. Then, S(Π, Π ′) : Γ ⊢pIL K.

Proof. By structural induction on the deduction of Γ, H ⊢pIL K.

Definition 11. Let Π ∈ π.

i) A →-IL-redex of Π is the sequence:

(→ EpIL)
(→ IpIL)

Γ, H ⊢pIL K
Γ ⊢pIL H → K Γ ⊢pIL H

Γ ⊢pIL K

ii) A →-IL-rewriting step on Π is:

(→ EpIL)
(→ IpIL)

Π0 : Γ, H ⊢pIL K
Γ ⊢pIL H → K Π1 : Γ ⊢pIL H

Γ ⊢pIL K
;→

S(Π1, Π0) : Γ ⊢ K .

iii) We say that a class π of IL reduces to another class π′ of IL, under a →-
IL-rewriting step, and we write π ;→ π′, if there are Π ∈ π and Π ′ ∈ π′

such that Π ;→ Π ′.

Definition 12. A deduction of IL is normal if it is free of (P ), ∧, and →-IL-
redexes.

Definition 13. ; is the smallest contextual, reflexive and transitive closure of
;P ∪ ;∧ ∪ ;→.

Lemma 5. ; is strongly normalizing.

Proof. The proof proceeds by exploiting the embedding of IL into LJ, which
allows to show the number of both the →-IL-redexes and the ∧-IL-redexes, of
any derivation Π of IL, can be bound by the number of the analogous redexes of
any projection of Π into LJ. The existence of the P-commuting conversions in
;, which are strongly normalizable, is completely transparent to the embedding.

Theorem 3. IL is strongly normalizable.

Proof. From Definition 13 and Lemma 5.

6 Intersection Types and Intersection Logic

In this section, we trace the relationship between IL and the intersection type
system IT. On one side, every deduction π : Γ ⊢IL H corresponds to a set of
type assignments. Every of such type assignments gives a type to the form of π,
which, we recall, is a λ-term. The type is one of the leaves of H . On the other
side, every type assignment {x1 : σ1, ..., xn : σn} ⊢∧ M : σ corresponds to a
deduction π : σ1, ..., x : σn ⊢IL σ such that M is the form of π.



Lemma 6. π : H1,. . ., Hn ⊢IL K implies {x1 : Hp
1 , .., xn : Hp

n} ⊢∧ Tx1...xn
(π) :

Kp, for every p ∈ PT (K).

Proof. The proof is reduced to proving the statement: “Π : H1,. . ., Hn ⊢pIL K
implies {x1 : Hp

1 , .., xn : Hp
n} ⊢∧ Tx1...xn

(Π) : Kp, for every p ∈ PT (K), and
Π ∈ π” by induction on Π . Then, the final statement is a corollary of Fact 2.

In order to study the opposite direction of the correspondence between ⊢IL

and ⊢∧, we need an auxiliary lemma.

Lemma 7. Let assume the notations:

∆1 ≡ H1,. . ., Hn, ∆2 ≡ H ′

1,. . ., H
′

n, ∆ ≡ [H1, H
′

1], . . . , [Hn, H ′

n] .

Take any Π1 : ∆1 ⊢pIL K1, and Π2 : ∆2 ⊢pIL K2 such that Tdom(∆∗

1
)(Π1) ≡

Tdom(∆∗

2
)(Π2), for every decoration ∆∗

1, ∆
∗
2, such that dom(∆∗

1) ≡ dom(∆∗
2).

There is Π : ∆ ⊢pIL [K1, K2] such that Tdom(∆∗)(Π) ≡ Tdom(∆∗

1
)(Π1), whenever

dom(∆∗) ≡ dom(∆∗
1).

Proof. The proof can proceed by structural induction on Π1. As an example, we
show the details about an instance of one of the more interesting cases.

Let:

(→ IpIL)
∆1, K

′

1 ⊢pIL K′′

1

∆1 ⊢pIL K′

1 → K′′

1

be the last rule of Π1. For any decorations ∆∗
1 and ∆∗

2, such that dom(∆∗
1) ≡

dom(∆∗
2), the assumption Tdom(∆∗

1
)(Π1) ≡ Tdom(∆∗

2
)(Π2), assures that the last

rules of Π2 can only be an instance of (→ IpIL), followed by a, possibly empty, se-
quence R1, . . . , Rm of rules, each belonging to {(PpIL), (∧IpIL), (∧EpIL), (XpIL),
(WpIL)}, and such that they apply to the paths p1, . . . , pm of the conclusion of
Π2. Assume:

(→ IpIL)
∆̂2, K

′

2 ⊢pIL K′′

2

∆̂2 ⊢pIL K′

2 → K′′

2

be the last (→ IpIL) instance of Π2, where ∆̂2 ≡ Ĥ ′
1,. . ., Ĥ

′
n. Tanks to the

α-equivalence on the λ-terms, we can always end up with decorations such
that dom(∆∗

1, x : K ′
1) ≡ dom(∆̂∗

2, x : K ′
2), for some suitable x. So, by in-

duction, there exists a deduction Π̄ : ∆̄, [K ′
1, K

′
2] ⊢pIL [K ′′

1 , K ′′
2 ], such that

∆̄ ≡ [H1, Ĥ
′
1], . . . , [Hn, Ĥ ′

n], and whose decoration is

Tdom(∆̄∗,x:K′

1
)(Π̄) ≡ Tdom(∆∗

1
,x:K′

1
)(Π1).

Now, we can firstly extend Π̄ to Π̌ by a (→ IpIL), as follows:

Π̌ : (→ I)
Π̄ : ∆̄, [K′

1, K
′

2] ⊢ [K′′

1 , K′′

2 ]

∆̄ ⊢pIL [K′

1 → K′′

1 , K′

2 → K′′

2 ]

By Definition 7, it must be λx.Tdom(∆̄∗,x:K′

1
)(Π̄) ≡ λx.Tdom(∆∗

1
,x:K′

1
)(Π1). To

conclude, it is enough to apply R1, . . . , Rm to the paths rp1, . . . , rpm of Π̌ .
The other case, which requires some work to be proved, has (→ EpIL) as last

rule of Π1.
All the remaining cases, instead, exploit the induction in the simplest way.



Lemma 8. Π : {x1 : σ1, . . . , xn : σn} ⊢∧ M : τ implies π : σ1, . . . , σn ⊢IL τ
such that M ≡ Tx1...xn

(π).

Proof. The proof is by induction on Π . Here we limit to sketch only the not
obvious case. Assume to prove Π : {x1 : σ1, . . . , xn : σn} ⊢∧ M : σ ∧ τ from
the assumptions {x1 : σ1, . . . , xn : σn} ⊢∧ M : σ and {x1 : σ1, . . . , xn : σn} ⊢∧

M : τ . By induction, we get both σ1, . . . , σn ⊢IL σ and σ1, . . . , σn ⊢IL τ . Then,
Lemma 7 implies [σ1, σ1], . . . , [σn, σn] ⊢IL [σ, τ ], to which we can apply (∧IIL)
to conclude.

Definition 14. A judgment K1, . . . , Kn ⊢IL H is proper if, and only if, H and
every Ki is an atom.

We are finally in the position to relate IL and IT:

Theorem 4. π : σ1, . . . , σn ⊢IL τ if, and only if, x1 : σ1, . . . , xn : σn ⊢∧

Tx1...xn
(π) : τ , for every π : σ1, . . . , σn ⊢IL τ proper.

Proof. Directly from Lemma 6 and Lemma 8.

Example 4. Let π be the equivalence class which Π8 (or Π10) in Example 3
belongs to. The corresponding deduction of ⊢∧ is Π6 of Example 2.

The correspondence between IL and IT allows to derive for free the property
of strong normalization of the λ-terms, typable in IT, with respect to the β-
reduction. This property has been first proved in [19].

Theorem 5. Let Γ ⊢∧ M : σ. Then, M is strongly normalizable.

Proof. The proof proceeds in two steps. Firstly, we embed the derivation of
Γ ⊢∧ M : σ into LJ, getting a derivation Π . Secondly, we assume the existence
of a redex of M not present in the normal form of Π , getting a contradiction.
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