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This paper is a structured introduction to Intuitionistic Light Affine Logic (ILAL). ILAL has
a polynomially costing normalization, and it is expressive enough to encode, and simulate, all
PolyTime Turing machines. The bound on the normalization cost is proved by introducing
the proof-nets for ILAL. The bound follows from a suitable normalization strategy that exploits
structural properties of the proof-nets. This allows to have a good catch on the meaning of the
§ modality, which is a peculiarity of light logics. The expressive power of ILAL is demonstrated
in full details. Such a proof gives a flavor of the non trivial task of programming with resource
limitations, using ILAL derivations as programs.

Categories and Subject Descriptors: F.AMATHEMATICAL LOGIC AND FORMAL LANGUAGES :
Mathematical Logic—Proof theory

General Terms: Languages, Theory

1. INTRODUCTION

This paper fits in the area afplicit polytime computational systerfGirard et al. 1998;
Leivant and Marion 1993; Leivant 1994; Girard 1998]. Thegmse of such systems is
manifold. On the theoretical side, they provide a betteranstnding about thiegical
essencef calculating with time restrictions. Those ones admi#nCurry-Howard corre-
spondence [Girard et al. 1989] yield sophisticated typiygjeams thatstatically, provide
an accurate upper bound on the complexity of the computafitve types give essential
information on the strategy to efficiently reduce the terheyttype.
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2 . A. Asperti and L. Roversi

A cornerstone in the area is Girard’s Light Linear Logic [&tf 1998] [LL ), a de-
ductive system with cut eliminatiomng. a logical system. In [Asperti 1998], Light Affine
Logic (LAL ), a slight variation of LL , was introduced. [Roversi 1999] makes some basic
observations about how to build a proof of the representgtawer ofLAL , and, although
indirectly, ofLLL as well. This paper is a monolithic reworking of both papeithhe
hope to make the subject more widely accessible. The paaidsessed to people ac-
guainted with basics of Linear Logic [Girard 1995].

The main results of this paper are two theorems about lohigtiic Light Affine Logic
(ILAL ).

Theorem. Complexity bound of ILAL) There exist a functiofi: N x N — N and
a reduction strategy, for a set of basic reduction steps such that, for every prefd,
>, reducedlT to its normal form in a number of elementary reduction stepsrialed by
f(D(IT), 9(1T)), beingD(TT) the dimension ofT, and o(TT) the depthof TT. Moreover,
f(D(TT), d(TT)) is a polynomial inD(TT), whose exponent is only functiondfT).

Theorem. Representation power) There exists a translation’ from everyPolyTime
Turing machine€T to a proof-nefl of ILAL, so thatT simulatesT. Thedepthd(T) of T is
a function of the degree of the polynomial that bounds thgtteof the computations df,
and never depends on the dimension of the input.

In more detailsLAL is introduced by adding full weakeningtd L . This modification
both preserves the good complexity property that inherits fromLLL , and greatly
simplifiesLLL itself. Indeed, the number of rules decreases from 21 tdljustiles, and
LAL is endowed with additives, without adding them explicitfiyee weakening” sounds
like “free additive computational behavior.” Rephrasinga®d [Girard 1998], the slogan
behind the design dfAL is: the abuse of contraction may have damaging complexity
effects, but the abstinence from weakening leads to ingakgyntactical complications

Paper road-map. Section 2 recalls the single-side sequent calculusAdf, as in-
troduced in [Asperti 1998], with some informal descripoabout its main principles.
Section 3 restricts the sequent calculus of Section 2 tafitstionistic form, so introduc-
ing ILAL . The sequent calculus of this section should be looked atrasiional tool to
speak aboul AL , but it is not our favorite language to prove the main prapemfILAL
itself. To that purpose we prefer proof-nets, as defined tti®e 4, on which we shall
develop computations in terms of elementary rewriting stepd garbage rewriting steps,
as described in Section 5. Section 6 shows that the progfafdLAL , endowed with
the above rewriting steps, are a good programming langiiaginey are closed under the
normalization, they are confluent, and their normalizatian the expected polynomially
bounded cost.

Our next step is to prove thdtAL is expressive enough to represent all the polyno-
mially computable functions. As anticipated in the theommove, this is accomplished
by showing the existence of an encoding from the sePdaf/Time Turing machines to
ILAL . Of course it would be possible to write the whole encodirging the proof-nets.
However, we found that this approach could not be proposeduse the proof-nets hide
their sequence of construction, making it more difficultead out the programs they rep-
resent. So, Section 7 introduces an intuitionistic douidie- sequent calculus, equivalent
to the single-side one oEAL , of Section 3. Then, the double-side sequent calculus is en-
coded by a functional language, which is an exterdg&hlculus, whose terms are typed
by the formulas ofLAL . Section 8 is a first programming example with the functional
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T ={,B,Y,...,a", B vh, ..}
Fig. 1. Literals ofLAL
A:=T7T | AQA | ApA|Va.A | JxA|!IA | ?A | §A

Fig. 2. Formulas of AL

(at)t =«

(AL = 2(Ah)

(§A]i = §(Aj]

AL = (A
(Aé(;)B%i = z(\ipl)ai
(ApB)t = AL @Bt
Va.A)t = Ja. AL
(Fx.A)t = V. AL

Fig. 3. “De Morgan” laws on the formulas

notation. We develop a numerical system with a predecedsichvis syntactically linear,
up to weakening, and which obeys a general programming sshirat we shall heavily
exploit to encode the whole classRdly Time Turing machines as well. Section 9 contains
a second programming example. For the first time, we writ¢ghalldetails to encode the
polynomials with positive degree and positive coefficieadsderivations ofLAL . Sec-
tion 10 shows the expressive powelloAL . The proofis a further programming exercise.
It consists of the definition of a translation frdPolyTime Turing machines to terms of our
functional language. For a simpler encoding, we make sompl#ying, but not restrict-
ing assumptions, on the classRily Time Turing machine effectively encoded. Section 11
concludes the paper with some observations and hypothe§igure work.

2. LIGHT AFFINE LOGIC

Light Affine Logic (LAL ) is both a variant, and a simplification of Light Linear Logic
(LLL ). We recall it here below. LeT be a denumerable set of propositional variables,
calledliterals, as in Figure 1. The literals with form*, for somex, arenegative All
the others arg@ositive The setF of formulas ofLAL is the language, generated by the
grammar in Figure 2, and partitioned by the equations infeigu

The sequent calculus &fAL is in Figure 4. The judgments have fotmTl", wherel’
(and als\) denotes apossibly emptymulti-set of 7, and!T" (§T") denotes the distribution
of ! (§) along all the components &f

Like in Linear Logic LL ), we may only perform contraction dhmodal assumptions
?A. However, inLAL (LLL ), the potential explosion of the computation, due to an ex-
plosion of the use ofc)-rules, is taken under control. This is achieved by means/of t
simultaneous restrictions drl_ . Firstly, every(!)-rule has at most one assumption. So,
the duplication of an instanaeof a (!)-rule, as effect of the cut elimination, can produce
at most one instance of the duplicatifig-rule, used to contract the assumptionrpff
any. Secondly, the dereliction of an occurremasf a (!)-rule, which keeps its premise,
while deletingr, is completely banned fromAL (LLL ). Namely, any of the logical rules
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(@) TR AT (ewt) = Tra
FTLA FAB FTLLA B
@) TAADB () FTAsB
() ERA__ag FV(T) G)FRA[B/(X]
FTIVaA FTIaA
Whs ) iz
(C)FF?A?A (,)FB1,...,Bm,A m<1
FT7A D —F%,, . B IA

Fig. 4. Light Affine Logic
A=T]|ARQA | ApA|A —oA|A - A|[VaA | JxA|!A | 2A | SA

Fig. 5. Formulas ofLAL

of LAL (LLL ) cannot change the number of instancef pfules following it, as effect of
the cut elimination. This mechanism becomes evident by @upthe proof-nets for the
sequent calculus in Figure 4.

The two, just described, restrictions enormously decrdeseverall expressive power,
which is recovered by introducing a modalitypy a(§)-rule. Like inLLL , § is self-dual. A
(§)-rule may usenultipleoccurrences gt modal assumptions. To prevent the explosion of
the occurrences dt)-rules, as the cut elimination proceedsL (LLL ) cannot contract
any§-modal formula. Namely, any occurrence ofsg-rule can be duplicated.

The intuitive description about hosAL (LLL ) controls the cut elimination complex-
ity, never mentionedw)-rule. The point about AL is exactly here: the unrestricted
weakening does not falsify any of the just described irguogi

3. INTUITIONISTIC LIGHT AFFINE LOGIC

This section focuses our attention on Intuitionistic Liglffine Logic (ILAL ), by restrict-
ing the sequent calculus in Figure 4. We start by the samef $igtrals as in Figure 1 to
define the sef, which extendsF. The grammar of is in Figure 5, and is partitioned
by the set equations in Figure 6, which extends the set inr&igu

The sequent calculus ¢fAL is in Figure 7. Its judgments have fotmrl"; A, wherel’
may be empty. Of course, the single-side sequent calculbigjure 7 can be related to a
single-side calculus as follows. Define timgectionx : Z — Z, as in Figure 8. Then,
prove :

LEMMA 3.1. F T;Aif, and only if, (T*)+ = A*, provided that boti{T™*)+ and A* are
free of occurrences of the negatidn

Observe that requiring™* )+ and A* to be free of L means that the single-side sequent
calculus we have in mind inductively builds usual Linearitofprmulas, of course, ex-
tended with those containing the logical operadpstarting from a set of positive literals
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[

(ab)t = «
(AL = 2(Ah)
(§AJi = §(AjJ
= I(A
(Aé@Bil = ;(\lpl)%
(AgB)t = AL @ Bt
(V. A)t = . AL
Fx.A)t = V. AL
(A—oB)t = AL oL BL
(A—OJ‘ B]J‘ — AJ‘—OBL

Fig. 6. “De Morgan” laws on the formulas dfAL

. L
(@) AT (eut) A A
FMA - FAB FLA,B;C
©) " FraAes () FTApB:C
FLAB 1)ETA  FBAC
(AO)FF;AAOB (—™) FI‘,AA) B,A;C
(v) EDA g FV(D) (3) ERAL /b C
F T Va.A FT,dx.A; C
FTiB
R W FTAE
(c) FR2APAB ()FBL. . BmiA  m<1
FT?7AB ' F?B1,...,7Bm;lA
(§) FRAA
F 20 SASA

Fig. 7. Intuitionistic Light Affine Logic

of = o
ALy = (an)t
A® B)* = A*® B*
(A —B)* = (A*)L —B*
(1A = I(AY)
(SA)" = §(A")
® A = Vo (A*)

Fig. 8. From double to single-side sequents, and vice-versa
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Fig. 9. The vertices of the oriented graphgjof

{e, B, ...}, using®, —, ¥, |, §. So, any issue related to the self-dualitySafets forgotten.
However, at least for the moment, we stick to the intuitiinisingle-side sequents because
it is directly related to the structure of the proof-netsfioAL of Section 4. Recall that
the proof-nets are our favorite language to prove that. can be used as a programming
language with a polynomial normalization cost. In Sectipm@& shall move to the more
traditional double-side sequent calculus, to design a taiculus which we shall exploit
as a compact representation of the proof-nets.

4. THE PROOF-NETS

This section adapts the technology of proof-nets, givemigoralLL , to our purposes. Our
references are mainly [Tortora 2000b; 2000a], which giveerlmaustive reworking and
extensions of previous results about proof-netd for

Focus on the languaggof oriented graphsuch that:

—the vertices of the graphs are in Figure 9. The solid andiatircles are theolarized
portsof the vertices: a solid circle denotpssitiveports. The others aneegative The
arcs entering a port of a node areassumptionsThose exiting a port of a node are its
conclusions The number opremisef a node is its indegree. Thlwnclusionsare as
many as the value of the outdegree.

—the oriented arcs of the graphs are labeled by the formilds and they only connect
ports with the same polarity, according to the indegree ariget outdegree of the vertex.

Remark that from positive ports it does not necessarilyaxdrc. “Node” and “vertex” are
two interchangeable words, like “arc” and “edge.” The notid ports/premises/conclusions
obviously extends to any graph @f When drawing graphs, if the label of a port is a multi-
set of formulas, that port is, in fact, a set of ports.

Definition 4.1. Aproof-structureof ILAL is a graphG of G such that:

(1) every edge o€ is conclusion of a unique node, and is premise of at most ode;no
(2) G may containl-boxes. A!-box is a sub-grapls’ of G that can be depicted as in
Figure 10, where:
—the conclusion of exactly onlenode is theprincipal port of G/;
—at most oné-node can be theecondanyport of G;

ACM Transactions on Computational Logic, Vol. TBD, No. TBDBD TBD.
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Fig. 10. A!l-box

%f

Fig. 11. AS§-box

'@

[

A §A

—the graphG” in G’ is a proof-structure;

(3) G may contain§-boxes. A§-box is a sub-grapks’ of G that can be depicted as in

Figure 11, where:

—the conclusion of exactly org-node is theprincipal port of G’;

—the remaining ports o6’ aresecondaryand must be partitioned into two, possibly
empty, sets. Every port of the first set must be the conclusi@$ —-node. Every
port of the other set, must be the conclusion &freode;

—the graphG” in G’ is a proof-structure;

(4) G cannot containt-nodes?-nodes§*-nodes andg—-nodes not associated td-&ox
or to a§-box;
(5) every pair of boxes is either disjoint or one is includetithe other;

(6) everyv-node ofG binds a distinct variable, itsigenvariable Every eigenvariable is
subject to the following constraints:
—it cannot occur free in the formulas labeling the conclaosiof G;
—if acis the eigenvariable of sonvenode, contained in a bdk, then every occurrence
of oo must be inB;
(7) every occurrence of@-node has gumpassociated with it. A jump is an occurrence
of any of the nodes of.

Definition 4.2. Any noden of a given proof-structuréepends (on an eigenvariable)
if « is free in the formula labeling one of the premiseswof

Remark that ai-node depends o if its premise is labeled by [ /], and« is free in
B.

Definition 4.3. Any noden of a given proof-structures at depthd if n is enclosed in
d boxes.

Themaximal depttd of a proof-structure is the maximal depth of its nodes.
Obviously, the depth extends to the edges and the boxes ob&structure.

ACM Transactions on Computational Logic, Vol. TBD, No. TBEBD TBD.
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11

A B
Fig. 12. A net peculiar ofLAL

Definition 4.4. Aswitching graptS(TT) of a proof-structurér:

(1) contains all the nodes of at level0, and
(2) in place of every box (eithéror §) at level0O in TT, contains an instance of dnnode
with as many ports as the box.
(3) the edges a$(TT) areunorientedand:
(a) every node—, g, c of S(TT) has only one of its two premises it hadlii
(b) for everyw-noden, the jump fromn to a nodem of TT becomes an edge between
n andm in S(TT);
(c) for everyv-noden, S(TT) has either the edge premisewof or its has an edge
betweem and one of the nodes of that depend on the eigenvariablerof

Definition 4.5. A proof-structurél is aproof-netwhen:

(1) everyS(IT) is both connected and acycliand
(2) the proof-structure of every box bifat level0 is a proof-net.

Theorem 4.6 Sequentialization. Uétbe a proof-net whose ports are labeled by the
formulas inT, A, being A positive, and, every formula df, negative. Then; T;A is
derivable in the sequent calculuslafAL.

The proof is step-wise coincident to the proof of sequeiztitibn forLL , as presented in
[Tortora 2000b; 2000a], except for the additives, whichravepresent inLAL . We just
want to comment about what happens, relatively to the diffees between the proof-nets
of ILAL and ofLL . Every jump in LL is between a-node and amx-node. InILAL ,

we allow jumps from an instanca of aw-node to any other node. Firstly, forgetting
about the additives dfL , this results in a larger set of legal proof-structures:uFégl?
shows anlLAL proof-net, without correspondent Il . Liberalized jumps simply say
that, in the sequent calculus,(a)-rule can be used immediately after the rule which
introducesn, during the sequentialization. Another difference betwiele andILAL is
that the premises and the conclusions ofme@des in a box of L are labeled by the same
formula, unlikelLAL . However, the sequentialization proceeds inductivelergi-box

B corresponds to a well formed derivationlafAL , that concludes by an instane®f a
(D-rule. The form of the premises of the proof-net insklewhich coincides to those of
r, are uninfluential to the sequentialization that keepsdingl a well formed derivation
belowr. The same is true fo§-boxes. Finally, the polarization. It only requires to map
a positive port to the unique positive formula of the sequant negative ports to the
negative formulas, when sequentializing.

5. THE NORMALIZATION OF THE PROOF-NETS

The elementary reduction stepalso calledelementary rewriting stepsand abbreviated
as ers, are in Figure 13, 14, and 15. Figure 16 and 17, instei@dduce thegarbage
collecting stepsdcsy.

ACM Transactions on Computational Logic, Vol. TBD, No. TBDBD TBD.
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A B Al Bt A B Al BL

Fig. 14. The shiftingers

Figure 13 introduces thienear ers. The first and secoratsin Figure 13 describe how
the pairs of nodes)/p and— / — annihilates. The third one is the annihilation of the
pairV/3, subject to:TT’ is TT whereB replaces every free occurrence of the eigenvariable
.

Figure 14 introduces thghifting ers, whergd DA)+ = %A+, and, if = !, then: (i)

* = ?, (ii) the nodes represented hycannot exist, and (iii) ifn exists, it is a singlé-node.
Otherwise, ifQ) = §, then: (i)x € {?,§}, and (ii) the sequences of nodes, represented by
bothm andn, exist according to the formation rules!aind§-boxes.

Figure 15 defines thpolynomialers that only duplicatesboxes. Observe that the
contraction on the ports labeled witB cannot exist if the-box does not have such ports.

Figure 16 defines the first set gts The firstgcsreplaces aut-node, followed by
an ax-node, with a link. The symmetric configuration, with ar-node, followed by

ACM Transactions on Computational Logic, Vol. TBD, No. TBEBD TBD.



10 . A. Asperti and L. Roversi

| 241 oAl
m P TA A

!C I ?2AL ?AL

Fig. 15. The polynomiaérs

a cut-node, originates gcsas well, with the same behavior. The secgusrequires
(OA)+ = xAL. It generalizes the standard rewriting step thatlin only erases the
I-boxes. Remark that the graph resulting from the step is aese® of as manw-nodes
as the components ¢f. However, the unconstrained weakeninglloAL requires the
simplification of a number of new configurations, with regpedhe proof-nets ofL , to
get to acut-free proof-net olLAL . In particular, for preserving the structural invariance
that acut-node plugs together positive and negative ports of a nethildgcsin Figure 16
exploits anh-node with asingleconclusion. Observe also the lagts where a paih/w
annihilates.

Figure 17 defines the second, and last, sgtgfwhich can be viewed as complementary
to those in Figure 16, and such tHa\)- = DAL,

As usual, aedexis the graph to the left of aers or of agcs while areductis the graph
to its right. If not otherwise stated, we writegfwvriting steps meaning all theersand the
gcsin the setersuges A netlT is>-normal or simply normal, if it cannot be rewritten by
any rewriting step. Also, a net I;ear-normalif it cannot be rewritten by any linears
Analogous definitions apply to shifrs poly ers and togcs

6. THE PROPERTIES OF THE NORMALIZATION

This section shows thatsaitable set of proof-nets can be used as a programming language
with the expected costs. From now on:

“proof-nets” means the nets free afnodes with negative ports.

This restricted set of proof-nets is closed ungdewhich can reduce every proof-niat
to a unigue normal form, in a numberwéteps bounded by a polynomial in the dimension
of IT. We shall also explicit the relation between the proof-aeis$ the single-side sequent
calculus ofILAL , with respect their dynamics.
6.1 Stability under rewriting

THEOREM 6.1. The set of proof-nets ¢E AL is closed undes.

ACM Transactions on Computational Logic, Vol. TBD, No. TBDBD TBD.
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A
&
A

A B A B (h) (W
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A—oB @‘ Al —l Bt @ @'

A B (W A W)
A ®B »ecutoe’ AlpBL (Cut e >ocut)

A

Fig. 16. Thegcsrelative to thew-nodes

The proof divides into two parts. The rewriting steps mustdoice proof-nets whose
nodes are free from negative ports, and whose switchinghgrage connected and acyclic.
The first requirement holds by definition of rewriting stepEhe proof relative to the
switching graphs is step-wise coincident to the analogeasfdor LL , as presented in
[Tortora 2000b; 2000a], except for both additives god Additives are not an issue, since
they are not inLAL . Let us focus orgcs for proving that they transform proof-nets in
proof-nets. For evergcsin Figure 16 and for the last thregsin Figure 17, this can be
proved by assuming the existence of a proof-structure, svitduct in it, that cannot be
a proof-net, because some of its switching graphs is cyclimeonnected. This assump-
tion, however, implies that the proof-structure, contagnihe corresponding redex, could
not be a proof-net as well. Finally, focus on the first tyasin Figure 17. They introduce
w-nodes not initially present in the redex. The connectigityhe switching graphs holds
thanks to the jump between the newnodes and th&-nodes, labele®B in the firstgcs
andB in the second one. Acyclicity follows from the aciclicity tife (switching graphs)

ACM Transactions on Computational Logic, Vol. TBD, No. TBEBD TBD.
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¢

2
%

Fig. 17. Thegcsrelative to theh-nodes

of the proof-net, before the reduction of thes

6.2 Relating the Normalization of the Proof-nets and of the Sequent Calculus

THEOREM 6.2. Let be any derivation of T'; A. Assumél,; be the proof-net which
corresponds tar, according to Theorem 4.6. Let al§&' be any proof-net such that
reduces to, after some rewriting stepsrtifcorresponds td1’, according to Theorem 4.6,
then there exists a sequence of cut elimination steps thasformsr into 7t’.

We leave as an exercise to the reader to make explicit alluhelienination steps on the
sequent calculus, and the details of the proof. The stateo@nbe proved by showing
that it holds case by case, on the definition of the rewritieps.

Here, we want to detail out an example to show why the follgnstatement does not
hold:

Let7t and7t’ be two derivations of T; A. Call TT,; andTT/, the two proof-
nets, corresponding ta andt’, respectively, according to Theorem 4.67lf
reduces tort/, by some cut elimination steps, thBr normalizes td1/, by
means of some rewriting steps.

ACM Transactions on Computational Logic, Vol. TBD, No. TBDBD TBD.
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(ax) (ax)

®) Fptip Fatiq 7
(9) Fptatiped (w) 1€
1 1. e 1 .
(cut) L ’E®f TTC Fppa,IC reduces to
pregt, T
7T
(ax) ——— (ax) .
(@) PP Fatiq w) ¢
(cut) Fphatp®q Fpteqt,TiC
Fpt,at,IiC
(&) Fologt IO reduces to
proat, T
7T
FTiC

Wy e
Fptpgt,T;C

Fig. 18. Some cut elimination steps at work

reduces to

reduces to
r A

pJ_

Fig. 19. Some garbage collecting steps at work

Look at Figurel8, and 19. The assumptions are thatorresponds tar and that the
uppemost derivation of Figure 18 corresponds to the uppsrproof-net in Figure 19.
Observe that the normalization of top-most the proof-nefigure 19 does not yield a
proof-net corresponding to the top-most derivation thates obtain after some cut elim-
ination steps, applied to the derivation in Figure 18. Tlesom is that the proof-nets erase
structure using a node-by-node process, while the seqaéntlas can also erase blocks
of derivations at once. However, we want to remark that tlypieet calculus can be as

ACM Transactions on Computational Logic, Vol. TBD, No. TBEBD TBD.
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[ Node [ wgt |

®>Zp>4°>4°L)C 3
V)3»1>?,§+,§7,W,h,cut 1

Fig. 20. Linear weight of the nodes

fine-grained as the proof-nets when erasing structurekghinits (h)-rule. This is why
the Theorem 6.2 holds; namely, from the dynamic point of yila sequent calculus can
always copy-cat what the proof-nets do.

6.3 Complexity bounds

This subsection proves the existence of a strategy for thetieg steps that normalizes ev-
ery proof-nefT in a number of rewriting steps, bounded by a polynomial indimeension
of TT. The bound is:

oD (M) ,
beingD(TT) the dimension ofT, andd the maximal depth offT.
Definition 6.3. LetIT be a proof-net, anti < 0.
—Thedimension ofT at levell, denoted by, (TT), is the number of nodes in Figure 9 at

levell;
—ThedimensiorD(IT) is simply 3" °_ d{(1T).

In absence of ambiguitieH] is omitted.

The complexity bound holds for a specific reduction stratedych will be introduced
after some lemma and definitions.

Definition 6.4. LetlT be a net, andl < 9. ITis l-normalif:

—ITis linear-normal at every level < i < 1,
—IT is both shift and poly-normal at every leeK i <1—1,
—IT gcsnormal at every leve) <i<1—1.

The reason why we differentiate between the second and itidectause in the definition
here above lies in the definition of the reduction strategyshae! find in Definition 6.10.
Intuitively, the reduction strategy alternates blocksinéar reduction steps with blocks
of both shifting and polynomial reduction steps. Every klatay produce some garbage
whose elimination simplifies the proof of the result abow tomplexity of the whole
strategy. So, we need to explicitely express when a givesi isgcsnormal.

Definition 6.5. LetIT be anl — 1-normal proof-net. The leftmost column of the table
in Figure 20 defines thinear weightlwgt of every (instance) of the nodesiaf at levell.

Thelinear weightiwgt, (TT) at levell of T is the sum of all the linear weights of its nodes
atl, according to Figure 20.

FAcT 6.1. Letl < 9(TT), for somell. Assume thall rewrites tolT’ through a linear
ersor through agcsat levell. Then lwgt, (TT) > lwgt, (TT’).
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Fig. 21. The weight of the links: the base case
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Fig. 22. The weight of the links: the identity case

Itis enough to check that the relation holds for everyandgcsin Figure 13, 16, and 17.

LEMMA 6.6. Letl < 9o(IT), for somdT. The linearersat levell, together with thgcs
applied at the same level, are strongly normalizing, atiemost,3d; (TT) steps.

Strong normalizability is the direct consequence of Fatt &lhe bound holds because
we cannot perform more linears andgcsthan the value of lwgtTT), which is at most
3dy(TT).

Now, we focus on the normalization of shift and pa@ys We need to associate a
shift/poly weighto every nodeind arc

Definition 6.7. LetTT be anl-normal proof-net, withl < 9. The shift/poly weight
spwgt (TT) of IT at levell is apartial function from the nodes and the links Gfat levell
to N. Letx be any link offT at levell:

—spwgt (TT)(x) = 0 if either x is a port ofIT, or it is the premise of one of the nodes
©,3,?,§, oritis the negative premise of one of the nodes—", as in Figure 21;
—spwgt (TT)(x) = spwgt(TT)(y) if x is the positive port of either anx-node or of a

cut-node, andy is the negative port of one of the same nodes, as in Figure 22;

—spwgt (TT)(x) = spwagi(IT)(y) if x is one of the premises of @node andy is the
conclusion of the samenode, as in Figure 22;

—spwgt (TT)(x) = 1 4 spwgt (IT)(y) if y is a secondary port of somebox, andx the
principal port of the samkbox, as in Figure 23. £ is the unique port of thebox, then
spwat (TT)(x) =1

—spwgt (TT)(x) =1+ Y, spwgt () (y: ) if y; is a secondary port of songebox, and
x the principal port of the sam&box, as in Figure 23. Ik is the unique port of the
§-box, then spwgl{1T)(x) = 1.

Letn be any node ofT at levell:
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G !C G* §
Bi A I j A

@ O () . §+

Yy X Ll Ym X

Fig. 23. The weight of the links: the box case

—spwgt (TT)(n) = spwgt (TT)(x) if nis a!/§*-node and its conclusion;
—spwgt (TT)(n) = (spwgt (TT)(y))? if n is ac-node andj its conclusion;
—spwgt (TT)(n) = 1if nis either anax or acut-node.

(Tm)

spwgt (IT) is undefined on any other link and node.

The definition here above tells us that every contractioreneds “heavy” as the shift/poly
weight of the net, rooted at its conclusion. In particulbe links whose shift/poly weight
is 0 are those where &node stops moving down, through a net, during the normtédiza

Definition 6.8. Call ‘poly gcs” the two firstgcsin Figure 16.

The meaning of the definition here above must be looked fdrérdetails of the definition
of the strategy, whose building blocks are tbands which are going to be introduced in
Definition 6.10. Intuitively, the polgcsare the only garbage collecting steps that a block
of shifting and polynomial rewriting steps, applied at leVe- 1 may originate, starting
from a proof-net which i$ — 1-normal. All this is formalized by Fact 6.3 here below.

By the definition of shifters

FACT 6.2. LetTT bel — 1-normal, withl < 9. If the reduction of a shifersin TT at
1 — 1 creates a new redex, it is at leviel

FACT 6.3. LetTT bel — 1-normal, withl < 9. The reduction of polgrsat levell — 1
can only create new shift/porsand new polygcsatl — 1.

For proving this, it is enough to assume the possibility #ate some other kind of redex
in TT. This would contradict thdl wasl-normal.

FACT 6.4. LetTT bel — 1-normal, withl < 9. Assume thaffl rewrites tolT’ through a
shift/polyersor a polygcsat levell — 1. Then,spwgt_; (TT) > spwgt_, (TT').

For proving Fact 6.4, it is enough to check that the relatimd$for every of the mentioned
ersandgcsin Figure 14, 15, and 16, exploiting Fact 6.2 and 6.3 to asthaewe shall
never need to evaluate the undefined weight of some node.

LEMMA 6.9. LetTT bel — 1-normal, withl < 9. The shift/polyersat levell — T,
together with the polgcs applied at the same level, are strongly normalizing in a ham
of steps which i©(d;_, (1T)).

Let rewriteTT into TT” which is both shift/poly normal andcsnormal at levell — 1.
Then,d; (TT7) is O(dy—1 (TT) - d;(TT)), for every level — 1 < j < 9(TT’).

Strong normalizability is the direct consequence of Fadt G.he bound holds because,
for everyc-node, we cannot perform more paysthan the value of spwgt, (IT), which
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cannot be greater thatﬁ] (TT). Since thec-nodes cannot be more thdp_; (TT), the total
number of polyersis, at mostd;_, (TT). Now, firstly observe that every pobrsadds two
nodes atlevel—1. Thanksto Fact 6.2 and 6.3, at mdst ; (TT) c-nodes, each generating at
most2d, 1 (TT) redexes, yield a quadratic overhead of shiffand polygcsto be reduced,
besides the cubic bound for potys This gives the normalization bour@(d; ,(TT)).
Secondly, besides adding two noded,agvery polyers doubles a-box. lIterating this
duplication at mostl,_ (TT) times for eacte-node, it yieldsd; (TT") < dy—q(TT) - d;(TT),
foreveryl — 1 <j < 9(TT').

Lemma 6.6 and 6.9 justify the definition of theduction rounds

Definition 6.10. LetlT bel — 1-normal, with0 < 1 < 9. A reduction round>1p onTTl
atl reduces the rewriting steps in the following order:

(1) all the shift/polyersand polygcsatl — 1, in any order,
(2) all the linearersandgcsatl, in any order.

Then,>! stops.

Remark that = 0 in the definition here above means that we do not apply poin¢dause
TT does not have negative levels.

LEMMA 6.11. LetTT, andTI’ be such thaifT is 1| — 1-normal, with0 < 1 < 9, and
ML T, Then:

(1) T isl-normal;
(2) The length of the reductioii >}, TT” is O (D> (TT));
(3) d;(11")is O(D*(1M)), forallL—1 <j < d.
The first point is true by Definition 6.10 of}), thanks to Lemma 6.6 and 6.9. The second
and the third points are a consequence of Lemma 6.9, wheréIT) andd; (TT), for every
1—1<j <0(IT), are certainly smaller tha® (TT).

THEOREM 6.12. Every proof-nefl of ILAL can normalize irO(DGa (IT)) steps.

Thanks to Lemma 6.11, iterating the rounds from the loweell&y the upper one off,
we have:

_ 0 i1 i i1
ﬂ:ﬂobp...bp ﬂibpniJr] Do

wherelT; rewrites inlT; 1, usingO(D3(ﬂi)) steps. Soll; is obtained after:
i—1
O() D () (1)
k=0

rewriting steps. The reduction sequence here above caenohger thard(TT) because
ersandgcsare, level by level, strongly normalizing. In particuldrid shorter if somecs
erases, at some point, the last box constituting the I@#ITT. So, the upper limit of (1)
is O(TT). Thanks to the following relations:

d(m)—1 62(M 6°(M 1
6* Kk D (M —1
< <
) D<) DM < 5oy
k=0 k=0

we can conclude that normalizes in, at most)(D60 (TT)) steps.
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p == Tvariables | POP

Fig. 24. The patterns for the concrete syntax
M,N = Tvariabies | (AP.M) | (MN) | M®N | IM | TM | §$M | §M

Fig. 25. The concrete syntax

6.4 Confluence
Finally, we prove that the proof-nets can be used as a pragmaglanguage:

THEOREM 6.13. The set of normal forms of every proof-netbAL is a singleton.

The proof follows a classical scheme, based on local coevergand strong normalizabil-
ity. To that aim:

Definition 6.14. For every) < 1 < 9(IT), TT’ is an 1-normal formof a proof-nefT, if
ﬂEﬂobg...D})n1+] =TT,

Observe thail’ here above ig-normal, thanks to Lemma 6.11. Moreover, it is (boring
but) simple to check the local confluence of the rewritingstiaersgcs

LEMMA 6.15. If TT rewrites in asingle rewriting stepio bothTT; andTT;, then there is
T3 to which bothlT; andTT, rewrite after some, possibly none, steps.

At this point, a simple inductive argument implies the probfTheorem 6.13. Let = 0,
and assume the existence of ti)mormal formsIT; andTT; of TT. This would contradict
the absence of critical pairs, among the lineerand thegcs as proved by Lemma 6.15.
If 1 > 0, by induction,IT; is the uniquel — 1-normal form offT. The assumption of the
existence of twd-normal formsIT,; andTl{, ; such that botHT, |>‘p MMy andTly |>‘p
IT!,; would again contradict Lemma 6.15, because such an hypsthesld require the
existence of some critical pair among the whole set of révgisteps. Hencd]’ in TT =
Mo 9 ...>S(”’ Ma(m)+1 = T’ is unique.

This concludes the part of the paper devoted to proving thmepiexity property of
ILAL . The next part is about showing it expressive power.

7. A FUNCTIONAL SYNTAX WITH ITS TYPE ASSIGNMENT

This section is about relatin AL to a functional language. The goal is to supply a
compact functional language to talk about proof-nets. Thg tw carry out this relation is
to encode a double-side sequent calculudlf&l. by means of a functional syntax. Of
course, the double-side sequent calculus is equivaletietsingle-side one in Figure 7,
thanks to the relation outlined by the injection in Figuren®l&emma 3.1.

We start by introducing the raw terms of our functional synidoich contains patterns
for pattern matching. The grammar of the terms is in FigureT2¥ convention is that the
set of patterns is ranged over Bywhile Tyari abi s IS ranged over by, y, w, z.

Figure 25 defines the sét of the terms which we take as functional syntax.

For any patterm;®. . .®xn,, the seFV(x1®. . .®x,, ) of its free variables i$x1, ..., xn}.
As usual,A binds the variables oM so thatFV(AP.M) is FV(M) \ FV(P). The free
variable sets of all the remaining terms are obvious as thetaactorsw, !, §,!, and § do
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not bind variables. Bothand§ build !-boxes ang-boxes, respectively, beirgl thebody.
The term constructdrcan mark one of thentry points namely the inputs, of bothboxes,
and§-boxes, while§ can mark only those d§-boxes.

We shall adopt the usual shortening fotterms: Ax;....Ax,.M is abbreviated by
AX1...xn.M,and(M;...(MayN)...) by M ... M, N, i.e, by default, the application
is left-associative.

The elements of\ are considered up to the uswakquivalence. It allows the renaming
of the bound variables of a terivl. For example!(Ax.(ly) x) and!(Az.(ly) z) are each
otherx-equivalent.

The substitution oM for x in N is denoted byN[™ /,]. It is the obvious extension to
A of the capture-free substitution of terms for variabledindel for theA-Calculus. For
exampley[*/,] yieldsx.

The substitutions can be generalizedt /,, ---™M» /.1, which means the simulta-
neous replacement &fl; for x;, for everyl <i <n.

We shall use= as syntactic coincidence.

7.1 The Type Assignment

The goal of the type assignment is to associate a logicaldtame a term which belongs
to a suitable sub-set @f. The logical formula must be inductively built &y, —,V, !, §,
starting from the set of positive propositional variadlesp, v, .. .}. The, just mentioned,
sub-set ofA contains the terms that encode a deduction of a double-stfieest calculus,
equivalent to the one in Figure 7, under the injection in Fég&iand Lemma 3.1.

To formally introduce the type assignment, we need to seesemminology.

Call basic set of assumptioasiy set of pair$x; : A1,...,xn : Ay} that can be seen as
a function with finite domairix1, ..., xn}. Namely, ifi # j, thenx; # x;.

An extended set of assumptidesa basic set, containing also paits A, that satisfies
some further constraints. A patteh= x1 ®...®x., : A belongs to an extended set of
assumptions:

1) fAISAT®...®A,, withp > m, and

(2) if {x7 : By,...,xm : By} is a basic set of assumptions, where eviyyis either a
single formula, or tensor of formulas.

For example{x : v,y : B} is a legal extended set, while®x : v,y : B} is not.

Talking about “assumptions”, we generally mean “extend#asassumptions.” Meta-
variables for ranging over the assumptionsigrandA.

Thesubstitution®n formulas replace formulas for variables in the obvioug.wa

Figure 26 introduces the double-side sequent calcullisAdf , with term decorations.
As a remark, the two rules for the second order formulas ateencoded by any term.
Namely, we introduce a system analogous to Mitchell’s laggPure Typing Theory
[Mitchell 1988]. In our case, the logical system of referers second ordeiL AL , in
place of Systenf [Girard et al. 1989].

7.2 The Dynamics for the Functional Syntax

We introduce/A because we want to use it as a program notation in place of tiod-pets.
The reason is to have a more readable syntax. Indeed, thexggrassentially a standard
A-Calculus enriched with notation to take care of the box bosd
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'EM:A Ax:AFN:B

ax) ————— cut
(]X:BI—X:B (cut) NLAFNM/]:B
(w) 'EM:B (©) Kx:!A,y:!AFM:B
Nx:AFM:B Lz:IAFMF/x*/yl:B
'EM:A Ay:BEN:C P:B1®..8Bn M :B
(—o1) i (—or)
NAXx:A—BFNXY/y]:C 'CFEAPM:B1®...0Bn — B
(@) x1:B1,x2:BoFM:B (®)FI—M:B AFN:A
Y Txi®x2 :B1®@B, - M:B ""TAF M®N:BRA
(,)...xi:Ai...l—M:B 0<i<n<1
Coxg AL R IME R ] 1B
(s) ...xi:Bi...Xj/:Aj...FM:B 0<i<m 0<ji<n
...xi:!Bi...xj’:gAj...kgM[---TXi/Xi---§X{/X{---]:§B
(V)Rx:[B/oJAFM:B (V)WM;A o g FV(T)
YT x:VaAF M: B ’ T M:VoA
Fig. 26. Double-side sequent calculus and functional terms
M encodes T 7t/ encoded by some N
Theorem 4.6 Theorem 4.6

[
ﬂﬂ; —p TT_T[J

polynomial reduction
Fig. 27. How to use the functional terms to program

A .. . @Xn>1 - MM ®...@Mm g MM /5, - Mmoo
™ > M

S5§M s M
Fig. 28. The rewriting relations for the functional syntax

The correct way to use the functional language is formallzgdheorem 6.2, and is
summarized in Figure 27. The functional language constttite readable form of input
and output in a programming session, where the computadi@developed by exploiting
the proof-nets.

However, to keep things at a more intuitive level, we propmsketour with respect to
the path in Figure 27, by introducing a dynamics directlyloafunctional language.

Figure 28 defines the basic rewriting relations/on

The first relation is the trivial generalization of tierule of A-Calculus to abstractions
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x1 o xo sl Kxy xo @l

(8)

wi o ws sk §(K Swy §wo )k §la

(c) m
z: ok §(K §z §z): §lax

x1 :logxy s laoE Kxp x2 0l

(c) - -
(§ w:laF Kww:lx

z: ok §(K §z §z): §lx

Fig. 29. Two derivations for the same term

that bind patterns which represent tuples of variables. d4eguivalence must be used
to avoid variable clashes when rewriting terms. The secendliting relationmergeshe
borders of two boxes.

Finally, define the rewriting systen» as the contextual closure ok of the rewriting
relations in Figure 28. Its reflexive, and transitive cl@sig~*. The pair(A,~») is the
functional language we shall use to show the expressivepailleAL . We shall generally
adopt an abuse of notation by referring to such a languagevati A.

7.3 Comments on the Concrete Syntax

We are going to us@ to encode thé&olyTime Turing machines inLAL . As, to develop
examples, we shall compute on the termg\ofve insist recalling that:

the functional language we are going to introduce is by nomsemsubstitute
for the proof-nets.

Indeed, the mismatch between the normalization of the sisgle sequent calculus and
the proof-nets, as outlined in both Figure 18 and Figure tllBegists, when adopting the
functional language in place of the single-side sequemiutzdé. However, the mismatch
is limited to the parts of the programs that get erased by ¢mepatation. So, we can
safely keep observing the transformations of the functiterans, under-», to get the
main intuitions about how the polynomially costing comiata effectively develop on
the proof-nets. However, we insist saying that all those what to appreciate the details
must program directly with the proof-nets.

Moreover, we have to pay for the notational econompthat, for example, represents
the logical contraction by multiple occurrences of the saaméable. This introduces an
ambiguous representation khfAL by means ofA. For example, observe Figure 29. The
same tern§(K §z §z) “encodes” two radically different derivations of the sequeal-
culus, which is equivalent to saying th&tkK §z §z) “encodes” two structurally different
proof-nets.

Such an ambiguity igot an issue for us, since, once more, the concrete syntax is not
meant to be a real calculus, as outlined in Figure 27. We oe&drto agree about the
translation fromA to the nets. We choose the one putting the contractions geydas
possible. This choice reduces the computational complekithe translation.

8. ENCODING A NUMERICAL SYSTEM

The numerical system adopted Aris the analogous of Church numerals }e€alculus.
The type and the terms of thally integers are in Figure 30. Observe that there is
a translation fromA to A-Calculus that, applied t6 and T, yields A-Calculus Church
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Int = Va.!(x —o &) —o §(x —o «)

Ax.§Ay.y: Int

= ASAy. Ix(...(Ixy)...)) : Int .
N——

3l ol

n

Fig. 30. The tally integers

succ = Azx.§(Ay.Ix(§(zx)y)): Int —o Int
sum = Awzx.§(Ay. §(wx)(§(zx)y)) : Int —o Int —o Int

iter = Axyz.§(§(xy) §z): Int — (A — A) —0 §A — §A
mult = Axy.iter x |(Aw.sumly w) §0 : Int —o !Int — §Int

coerc Ax.§( §(x Isucg) 0) : Int —o §Int .

Fig. 31. Some combinators on the tally integers

succn
~ Ax.§(Ay.Ix( §(Mx)y))

n
—

~ A8y §§AW. Ix(. .. (Ix W) ...)) y))
~ ASAYI((AWIX(. .. (xw) ...)) y))

~ ASAY Ix(x( L. (X y) .. )
———
n+1
=n+1.

Fig. 32. Calculating the numeral nextto

numerals:

The translation just erases all the occurrenceés$f, and §.

Figure 31 introduces some further combinators on the numef@ support intuition
about how the computation develops, the numeral next tan be calculated as in Fig-
ure 32.sumadds two numeraldter takes as arguments a numeragtepfunction, and a
basewhere to start the iteration from. Observe that 2 !t §0 cannot have type, for any
numeralm. This because the step function is required to have iddrdmaain and co-
domain. This should not surprise. Taking &«€alculus Church numerdl and applying
it to itself we get an exponentially costing computation.

multis defined as an iterated sum, for multiplying two numerals.

Finally, coerdion) embeds a numeral into&box, preserving its value. Look at Fig-
ure 33 for an example.
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coercm

~  §( §(m !sucg 0)
~  §(S§(S(Aw.lisucd. . . (lsuccw) . ..))) 0)
~  §((Aw.sucd... (succw)...))) 0)

/_/% _
§(sucd. .. (succ0)...))

§n .

¢

g*

Fig. 33. Coercion ofito §n
T¢(g,h) = (f,gh) .

Fig. 34. Template function for the predecessor

n n—1
T¢ (... Tr(gh)...) = (f,f(...f(gh)...))

Fig. 35. lterating the template function

8.1 Encoding a Predecessor

The predecessor of the numerical system/Aois an instance of a general computation
scheme that iterates the template function in Figure B4akes a pair of functiong, g

as arguments, and hdss its parameter. I : X — Y,g: Y — Z,andf : Z — Z,
for some domain¥, Y, Z, then7Z; can be iterated. An example of anfold iteration of

7T: from (g, h) is in Figure 35, where it is simple to recognize the predemeskn, if we
letf : N — N be the identityg : N — N be the successoin, be 0, and if we assume to
erase the first component of the result. Recasting everythin, we get the definitions in
Figure 36.

The termprediteratesw times! (step!x) from I ® y, exploiting the correspondence be-
tween7 andT in Figure 37. Observe also that our predecessor does notamglexplicit
use of the encoding of the additive types by means of the skgater quantification. In
[Asperti 1998] the predecessor has a somewhat more irgrioan that we recall here:

Anxy.(n Ap.(UIx (psnd)) (UIIy)fst) , 2
where:
UPQR = Az.(zPQR)
fst = Axyz.(x z)
snd = Axyz.(y z) .

predis obtained by eliminating the non essential component2)di¢re above.

Both pred, and (2) aresyntactically lineay so also their complexity is readily linear.
On the contrary, the usual encoding of the predecessorusiagA-Calculus syntax with
pairs(M, N), is:

Anxy.fstn (Ap.(sndp),x sndp))) (y,u)) , 3)
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I = Axx:Voox —o
T = AX®Y.Y:Ve.a® & —o
T = AMAgR h.(f® (gh)) : Va.(ox —o &) —o ((ox —o0 &) ® x) —o (ox —o ox) ® ¢
stepz = Tz: ((Int — Int) ® Int) — (Int — Int) ® Int
basey = TI(I®y): (Int — Int) ® Int

pred = Awx.§(Ay.7 ( §(w !(steplx))(basey))) : Int — Int
where y,z:Int

Fig. 36. The predecessor

I(step!x) | f
I g
oy h

Fig. 37. Correspondence betwe&rand T

ITHT; : (A — A) Ay:S(A—A)FM:B
INAM: (Hx—o o) —o §(ox — o))[* /al F MIS™ 7 /] : B
NA Intk M[SM76) /7. B

(—o

(V1)

Fig. 38. General iteration scheme: the logical structure

has also an exponential strategy. Such a strategy existsibethe term is not syntacti-
cally linear. However botlpred, and (2) witness that the non linearity of (3) is inessen-
tial. In particular, in [Girard 1998], where Girard embed® (n LLL , the sub-term
Ap.{sndp),x sndp)) here above has thedditivetype (a&a) — (x&a). This means
that, at every step of the iteration(Ap.(sndp), x sndp))) (y,y), only one of the multi-
ple uses op is effectively useful to produce the result.

Remark8.1. —The procedural iteration scheme in Figure 35, our gressor is an
instance of, was already used in [Roversi 1998]. Howevdy mading [Danos and
Joinet 1999], we saw that the iteration in Figure 35 actuathplements” a general
logical iteration scheme, which we adaptItéAL in Figure 38. There, the terrivl
must contairng h, the argument ofv 7;:. The more traditional iteration scheme can be
obtained from Figure 38 by letting\,y : §(A — A) - M : B be the conclusion of the
derivation in Figure 39. Observe that the instanc@/bfve use for our predecessor is
not as simple a§( §w N).

—We want to discuss a little more about the linearity of thdithee structures. Not stick-
ing to any particular notation, léky = fst(xy, xy). The functionf is just the identity,
and it would get a linear type ilLAL . Now, consider am-fold iteration off by means
of a Church numerat . Then, let us apply the result to a pair of identities. We hjase
definedgs n = ((n f) I) I. This termis typable itLAL . So, inILAL , gf n normalizes
with a polynomial (in fact linear) cost. However, try to rexdygs n in most traditional
lazy call-by-value implementations of functional langaadike SML, CAML, Scheme,
etc.. You will discover that the reduction has an exponéntat. So, firstly, if a usual
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OFN:A x:AFx: A
(=) (s) O,y:A—oAFYN:A
§O,w:§(A —oA)F §(SWN):§A

Fig. 39. Getting the standard iteration scheme

yy ui U3
Fig. 40. Vector of vectors of variables

A-term M can be embedded IhAL , then, in general, it imot true thatM normalizes
with a polynomial cost undeany reduction strategy. We only know thttere exists
an effective way to normaliz# with a polynomial cost. The polynomial reduction, in
general, imot compatiblevith thelazy call-by-value reductian

However, consider agaigs n = ((n f) I) 1. Its lazy call-by-name evaluation has a
linear cost. We leave the following open question: is it tiugt, taking a typable term
M, having a polynomially costing reduction strategy, theat gtrategy can be the lazy
call-by-name?

9. ENCODING THE POLYNOMIALS

In this section we show how to encode the element8,afe. the polynomials with positive
degrees, and positive coefficients, as termd of his encoding is based on the numerical
system of Section 8. It will serve to represent and simulktBayTime Turing machines
using the terms ofLAL .

We usep? to range over the polynomials ._, aix! € P with maximal non null degree
9, and indeterminate.

The result of this section is:

THEOREM 9.1. There is a translatiorf : P — A, such that, for anp? € P:

—p? : Int — §°3Int, and
—pY =m, if, and only if,p2 ~* §¥F3m.

In the following we develop the proof of the theorem, and aaregle about how the
encoding works.

First of all, some useful notations.

Letp? be the polynomia[‘?zo a;x! describing the computational bound of the Turing
machine being encoded. Let= M.

Abbreviate withyj,, ann-long vector of all vectors with length throughn, each con-
taining variableayi € Tvariabl es, Where0 <i <mn—1, and1 <j < n. Figure 40 gives
U3 as an example. As usuaj; [i][j] pickSy{ out of the vectoij.

Figure 41, whergp, q > 0, andn > 1, introduces both a type abbreviation, and some
generalizations of the operations on Church numerals itic3e8.

Figure 42 encodes the polynomig§, on which we can remark some simple facts.
tuple, makesn copies of the numeral it is applied to. Every “macr@d; - x') 3, i

represents the facter,x! so thatx! is a product of as many variablesBfar i abl es as the
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Int, Int®...Q Int with n. components
On 0®...00 with n. components
O"M = O(...(0M)...)  withoe{,§,], §
——
n
079 = §P190: §P191Int

A ®. .. @xnz.8AY. §(x1 2)(... (§(xn 2)y)...) : Ity —o Int

sum,
surf, = A ®...0xn .57 (sumy §°x1®...® § xn) 1 (§° Int)n —o §P Int
suc@ 9 = Ax.§P (19 (succ!? (§°x))) : §P 19 Int —o §P 191Int
coerd 4 A.S(§(x Isucd 9) 07 9) : Int —o §P 7119 Int
mult® = Axy.§P (mult §"x §"y) : §PInt —o §P lInt — §P ' Int
tuple, = Ax.§( §(x (A1 ®...®%n .SUCCX| ®...®SUCCXn )) On ) :
Int — §(Inty,)
Fig. 41. Generalizations of operations on the numerals
P2 = Ax.S((Ay}
®...® '
vyl ®...0ul_,
®...®
ui®...0u)_,
=1
sunb 71 §' (coerd © §" (aox®)g, 07
®§ " (coerd 0§ (aix)y, 1))
®8°+ (coerd®® §" ! (ayx) g, 101
) §(tuple, x)) : Int — §°+3Int
where
{ax®yz — coer®®@: §Int
{ax™)z — mulf® (Zn—1) (coerd "' @) :§" Int (n>1)
(Z,0) — coerd° Z[0] : §Int
(Z,n) — mult* (Zn—1) (coerd* 11 ZIn)): §™ T Int - (n>1)

Fig. 42. Encoding of the polynomial

degreel. The coercion applied to each of them just adds as n§amyxes as necessary to
have all the arguments sfl ﬁ at the same depth+ 2.

We conclude this section with an example. Figure 43 fullyadieps the encoding of the
polynomial? + 1. Assume we want to evaluapé, from which we expec§®5. Figure 44
gives the main intermediate steps to get to such a result.
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P2 = S((Aevieui.
sunf, §' (coerd ® §'(1-x%) g, 10)
®
§2 (coerd © §%(0-x")g, 1))
®

§% (coer®® §° (1-x2) g, 121)
) g(tuple3 2)): Int — §°Int

where
(1-xg,10) = coer®®T:§Int
€0-x"Ng, (1) = mult' (coer®® G, [0][1]) (coerd ' 0) : §*Int
« 'Xz»gz 21 = mul? (mult' (coerd-° g, [0](2])
(coerd ! g, [11[2])
) (coerd"! T) : §Int |
and
G2000] = v}
200121 = v}
202 = v}

Fig. 43. Encoding the polynomia? + 1

(tuple3 2) = 20212
§' (coer®®T) = 71
§% (mult' (coer®° 2) (coer®! 0)) = O
§° (mulf mult‘ (coerd-° 2)
(coerd®:' 2)
) (coerd'' 1)) = 4
§' (coerd° 1) = §*7
§% (coerd° 0) = §*0
§3 (coerd®° 4) = §*
Ssunf (§'T® §'0® §'4)) = §°5

Fig. 44. Intermediate evaluation stepsﬁ%f

10. EXPRESSIVE POWER OF ILAL

We are now in the position to show the expressive pow#tAE , by encodind?olyTime
Turing machines im\. We shall establish some notations together with some #iyimg,
but not restricting, assumptions on the clasPofyTime Turing machines we want to
encode.

Every machine we are interested to is a tuldeX U {x, L, T}, 8, So, Sq), Where:

—S§ is the set of states with cardinality|,
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—7 is theinput alphabet

—x, L, T ¢ X are "‘blank’ symbols,
—X U{x, L, T}is thetape alphabet
—39 is thetransition function

—sy Is thestarting stateand

—sS, is theaccepting state

In general, we shall useto range oves.

The transition function has type: (ZU{x, L, T}) xS — (ZU{*, L, T}) x S x{L, R},
where(L, R} is the set of directions the head can move.

Both L, andT are special “blank” symbols. They delimit the leftmost ane tightmost
tape edge. This means that we only consider machines witlita tipe which, however,
can be extended at will. For example, suppose the head of dlekine is reading, i.e.
the rightmost limit of the tape. Assume also the head needwotee rightward, and that,
before moving, it needs to write the symHBodn the tape. Since the head is on the edge of
the tape, theontrol of the machine firstly write$ for T, then adds a new to the right of
1, and, finally, it shifts the head one place to its right, s@inlg the head on the just added
T. The same can happen towhen the head is on the leftmost edge of the tape.

Obviously, the machines whose finite tape can be extended atrevperfectly equiva-
lent to those that, by assumption, have infinite tape. Thegserlhave a control that does
not require to recognize the borders of the tape, in ordextenel it, when necessary.

Taking only machines with finite tape greatly simplifies onceding, becausA con-
tains only finite terms.

Recall now that we want to encodRelyTime Turing machines. For this reason, we
require that every machine comes with a polynonpi with maximal non null degree
9. The polynomial characterizes the maximal running time.eseryPolyTime machine
accepts an input déngthl if, after at mosp? steps, it enters stage,. Otherwise, it rejects
the input.

Without loss of generality, we add some further simplifyaggumptions. Firstly, when-
ever the machine is ready to accept the input, before egtstin it shifts its head to
the leftmost tape character, different fram We agree that the output is the portion of
tape from_L, excluded, through the first occurrencexato its right. (Of course, for any
PolyTime Turing machine there is one behaving like this with a polyr@raverhead.)
Secondly, we limit ourselves teolyTime Turing machines wittt = {0, 1}.

Definition 10.1. Tp‘%lyﬁme is the set of all PTime Turing machines, described here above

The next subsections introduce the parts of the encodinggainaricPolyTime Tur-
ing machine, using an instance Af built from the set of variable nam@gari api es =
{0,1,%, L, T}. Namely, we use the symbols of the tape alphabet directhpaablenames
for the term of the encoding. We hope this choice will prodaadearer encoding. We
shall try to give as much intuition as possible as the devek of the encoding pro-
ceeds. However, some details will become clear only at tdewhen all the components
will be assembled together.

10.1 States
Recall that the set of statéshas cardinalityS|. Assume to enumerat® Thei state is:

statg = Axp®...®%|5|_1Q@V.X{ V with0 <i< S| -1,
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which has type:
|S|times

state=Voap.((x - B)®...®(x - P)Rx) — P .

Everystate extracts a row from an array that, as we shall see, encodésatistations of
5. So, every; stands for thé™ row of & which must bea closed term. The parameter
stands for the variables that the rowsdofould sharein case theywere not closederms.
The point here is that the sharing aslditive and notexponential We can understand
the difference by assuming to apmyate on ad with two rowsR; andR,. Once all
the encoding will be complete, we shall see that, as the ctatipn proceeds, for every
instance ob that the computation generategily onebetweenR,, R, is used. The other
gets discarded. This has some interesting consequenchs éorin of$ itself, if Ry, Rz
share some variables. Indeed, asswmg .., x, beall the free variables, witlinear
types,commorto Ry, R,. ThenR; ® R, can not be typed as it is: eveky would require
anexponentiatype, contrasting with the effective use of evesywe are going to do: since
we assume to useither Ry, or Ry, everyx; is eventually used linearly. For this reason,

our instance ob is represented as the triple:
Ax1®.. .®Xn.R]) R A1 ®.. .®Xn.R2) QX1 ®...0%xn) .

The leftmost component is extracted by meanstafe that applies\x; ® - - -®x.,.R; to

X1 ®---® xn. The rightmost component is obtained analogously, by apgistate to
A1 ®- @ xn.R2 10X ®- - -® xn. Giving linear types to the free variables of the rows in
5, allows their efficient, in faclinear, use.

10.2 Configurations

Each of them stands for the position of the head on an instaht&pe, in some state.
We choose the following term scheme to encode the configunstfPolyTime Turing
machines:

config= A0OTx L.
Sxx”.(Ix1 (... (Ixp (1L x)) .. ) @ (Ixg (.. (g (1T x7)) ...)) ® state)
wherexi <i<p,Xi<j<q € {0,1,%}, withp, g > 0. Everyconfighas type:
config = Vo.!(ox —o o) —o (¢ —0 ) —o
ot —o &) —o (ot —o ) —o
(o —o o) —o §(x —o & —o (x@x@state)) .
As an example, take the following tape:
Lx1T . (4)
Assume that the head is readingand that the actual statess. Its encoding is:
AT+ LT.§(Axx'x @ (IL(Ix (11(IT x")))) ® statg) . (5)

The leftmost component of the tensor in the body ofttebstraction is the part of the tape
to the left of the head, also calldeft tape It is encoded in reversed order. The cell read
by the head, and the part of the tape to its right,rtgbt tape is the central component of
the tensor.
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Any starting configuratiorhas form:
AT % LT.§(Axx”.(1Lx) @ (Ix1 (... (Ixq('T x"))...)) @ statey) ,

where every; ranges ovef0, 1}, andstate encodes,. Namely, the tape has only char-
acters of the input alphabet on it, the head is on its leftimgsit symbol, the left part of
the tape is empty, and the only reasonable state is thel initea

10.3 Transition Function

The transition functiord is represented by theAterfn which is (almost) the obvious en-
coding of an array in a functional language. 8as (essentially) a tuple of tuples. Every
term representing a state can project a row out.ofVe have already seen the encoding
of the states in Subsection 10.1. Since then, we know thay statg needs as argument
the set of variables additively shared by the componentsefitray it is applied to. So,

5 contains these variables 8| + 1)™ row. A column of a row is extracted thanks to the
projections in Figure 45. The name of each projection olsliptecalls the tape symbol it

Ty = N0R1*x®LeTRx®V.0v
T = A019*® LoTox®Vv.1v
T = AM0R1*xQLITRX®V.* v
T, = N0R10*x® LoTRx®Vv.L Vv
Tt = N0R10*x® LOTRx®V.T v
Ty = N0RTR*RQLITRxXxR@V.XV

Fig. 45. Projections representing the tape alphabet sysnbol

is associated to. Every projection has type:

projoc,ﬁ:
(= B)@(x — B)@(ax— B)R(0x — B)@(x —o B)@(0x — B)Rx) — P .

The transition function is in Figure 46. For example, we crinaet the elemen®; .
from 6, by evaluating:

T, (state (5 (0®1@x® LaT))) .

Finally, the term<); ;. As expected, they produce a triple in the codomain of thestra
lation 6 of 5. Figure 47 defines 15 terms to encode the triples we need. rifthestare

O = NOR1R*RLRT.
(A%.Q0,08Q0,1®Q0,x»®Qo, 1 ®Qo,T®Qp g®x) ®

(A%.Qi51-1,09Q51-1,19Q51-1,s®Q5/-1,.®Q|s|-1,T®Q|s5|-1,09%) ®

0RTR*® LT

Fig. 46. Encoding the transition functian
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left; = ANRT@+@LoT.
Attt ® (hy (0t:))® state;
left; = A0@Te+x@LaT.
Ayttt @ (hy (11)) ® statg;
leftf; = A0R1*x@LaT.
Ayttt @ (hy (* tr)) ® statg;
left) ; = A0R1@*®@LeT.
Attt @ (L (0t:))® statg;;
left) ; = A0RTR*RLRT.
Attt (L (14))® statg;
left]; = A0R1*x@LeT.
Attt (L x ) ® statg;
right); = A0®1@*x@L&T.
At .0 (ly t) ® t ® state;
right{; = A0®1@*x@L&T.
A tite.d (ly t) ® t ® state;
right{*j = A0RTR*xQLRT.
Attt () @t ® state;
rightfy; = A0R10+@1eT.
Attt 0 (1) (T 4)® state;
rightty; = A0R10+@1eT.
Attt 1 () (T ) ® state;
rghtt;; = A0@1+x®@1LeT.
Ahqtitr.x (M 4) (T ) ® statg;;
stay, = A0R1R*®LeT.
Ahutite.(hy 1) ® (0t ) ® states
stayl;, = A0R1R*RLRT.
Autite.(hy 1) ® (1 t) @ states
stayl; = A0R1+0L1aT.
Autite.(hy 1) ® (x tr) ® state, .

Fig. 47. The output triples @

somewhat hidden in the structure of these terms. Howeveln, ums have the most natu-
ral form we came up, once we choose to manipulate the confignsaof Subsection 10.2.

The first three “left” terms move the head from the topof the left tape to the top of
the right tape. This move comes after the head writes oneeofymbols amon¢p, 1, x}
on the tape. For example, if the written symbokjshe new right tape becomas(* t.).
We recall thatx (or 0, or 1) replaces the symbol read before the move. However, if the
character on top of the right tape, before the move, Wasne of the last three “left” terms
must be used, instead. They put under the head the symbdhwsignals the end of the
tape.

The “shifting to the right” behave almost, but not perfecdymmetrically. The main
motivation is that the head is assumed to read the top ofgietape. So, when it shifts to

ACM Transactions on Computational Logic, Vol. TBD, No. TBEBD TBD.



32 . A. Asperti and L. Roversi

—ox = (ox—o o)
Ra = —Oa®—0x ®—0x ®—ox ®—ox
Ta = (—oa) —0 x —o & —o (a® R state)
oWy = ®a —o (shifte ®Shifty @ shifts @shifty @ shifte @shifta ® (@« ))

shifta = @ — Ta
T = VaQa —o (0Ws®...0 I0Wx® (R))
IS]
Ieft)’i/ : shifty
right)’i/ : shifty
stay;, . shifty  with x € {0,1,x}andx’ € {Lij,ij}

5 : 5.
Fig. 48. Typingforg
—og = (ot —o o)
R = —oa®—0xQ—0x&®—o0x ®—o0«
®a = (l—oa) ® (I—oa) ® (I—oa) ® (I—ox ) ® (!—o)

I = Ax.x:—oy
PP = 0019+x® LT :®«
P =101+l QIT: I«

Fig. 49. Some useful definitions and abbreviations

the right only the new character that the head writes has pddoed on the left tape. If the
head was reading@ before the move, anothér must be added after it. This is done by the
last three “right” shifts. The last three terms are used io ways. When the actual state
of the encoded machine g, the head cannot move anymore. This is exactly the effect
of every “stay” term. For examplsa:ayﬂj must be used when we have to simulate a head
readingl in the actual stats,: the head must rewrité without shifting. The “stay” are
also used as dummy terms in the¢olumn” of 5. The elements of that column will never
be used because they correspond to the move directions Wadread is beyond the tape
delimiters_L, andT. But this can never happen. R

Of course, the choice of which term in Figure 47 we have to 838 in 4 must be
coherent with the behavior ofthat we want to simulate. We shall see an explicit example
about this later. R

Figure 48 gives useful hints to those who want to check thétyghg of 5. It may help
also saying that, once the whole encoding will be set up, tbegtiond 1o, TTq, TT,, T, TT,
andTTy will be used ind with the type instantiated gsoj ;.-

10.4 The Qualitative Part

We shall use the definitions in Figure 49, which also recalfses of the already introduced
abbreviations. Observe th#&® is not a term which represents a derivation of ILAL. How-
ever, it is perfectly sensible to associate it the logicafrfola that we denote byg,. In
particular,!P® contributes to build a well formed term, once inserted initable context.
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config2config= AcO1 % LT.§(Axx’.(nextconfig!P®)
( §(c !(stepTTy 10)
I(stepTT; 11)
I(stepTT, 1x)
I(stepTT, T1)
I(stepTTT IT)
)(baselTy x) (baselTy x')
)
)
nextconfig = APP A(hlohl @t )@ (W @hl @t )®s.ht(s(3P®)) h t t,
step = Ay AURVRzZ.XxQYR (v z)
base = Axy.x®IQy

Fig. 50. Terms producing a configuration from another coméijon

The key terms to encodeRolyTime Turing machine are in Figure 50.

config2configakes a configuration and yields a new one. Step by step, let us see
the evaluation otonfig2configpplied to the configuration (5). Substituting (5) torthe
evaluation of the whole sub-term in the scope of theperator yields:

Myelex) @ (Mie!lle(l«(11(1Tx'))) ® statg . (6)

Observe that (6) is obtained becausei{@jateseverystepfrom basein order to extract
what we callhead pairsfrom the tape. In this example, the two head pairsige [, and
I, ®!L. The head pairs always have the same forfg:will always be associated t0,
My to!1, 1T, to Ix, TT, to ! L, TT+ to!'T, andlTy to L.

Each offTy, Ty, . . ., together withstate, extracts an element in a row &f This happens
in nextconfig In its body, the actual stateextracts a row frons, and the tape symbal.,
read by the head, picks a move out of the row. In our runningg@, s is statg, andh'!
isTT,. So, ifo(si, L) = (sj,1,L), thenQ;y, 1, producing(s;, 1, L), must beleftLj. The
next computational steps are, internahtxt configare:

T, (state (3 !1P®)) Ix (Tx (11(IT x')))
~* left] 5 IP® Ix (T (1T(IT x)))
~* Atitety @ (1L t)) @ statg) Tx (1« (1T(IT x')))
~* x@ (IL (M1« M(Tx)))  statg

So, under the hypothesis of simulatifig:, L) = (s;, 1, L), the termconfigrewrites
AT+ LT.§(Axx' x@ (IL(Tx (11(1T x')))) ® state) (7)
into:
AT LT.§(Axx'x @ (TL(1T(Tx (1(IT x'))))) ® statg) (8)

by means otonfig2configFor those who want to check thadnfig2confids iterable i.e.
thatconfig2config config — config, Figure 51 gives some useful hints on the typing.
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base = Vaf.proj, g —o o —oproj, g
step = VaP.proj, g —o —ox —oProj, g —o Proj g
nextconfig = Va.®« —o ((proj g, r, ®(—0a )@ x)®
(Proj g o, v @ (—0a )@ ) ®
state) —o (ax® a®state)
base : base
step : step
nextconfig : nextconfig

Fig. 51. Typing forconfig2config

AOT.§(Ax.Txq (... (_!)(p x)...)) ,
where)g <i<pH€ {0, 1}andp >0.

Fig. 52. Encoding the input tapes

T = At.config2tap@*> (§((At; @ty .iter® 3 (2 (tape2intt; ))
(!config2config
(tape2configty )
) S(dbl_tapet))) : tape —o §°+Stape

Fig. 53. Encoding &@olyTime Turing machine irﬂ'F,‘?)lyTime

10.5 The Whole Encoding

We are, finally, in the position to complete our encoding eftlachines ier‘%WTime, with
a givend, as derivations of_AL .

Up to now, we have built the two main parts of the encoding. 4k tbemqualita-
tive, andquantitative The encoding of the transition function, and the iterable term
config2configwhich maps configurations to configurations, belong to ths fiart. The
encoding of the polynomials falls into the latter.

The whole encoding exploits the quantitative part to ieethe qualitative one, starting
from the initial configuration. This is a suitable extensadithe actual input. Every actual
input of the encoding is a list, standing for a tape with thenkgls{0,1} on it. The
iteration is as much long as the value of the encoding of tHgnpmial, applied to the
(unary representation) of the length of the actual input.

THEOREM 10.2. There is a translation : Tp‘z,yﬁme — /A such that, for anyl €
TP‘Z,yTime, and any input stream for T, if Tx evaluates tay, thenT ~* {. In particular,
T : tape — §°tape, where:

tape = Va.!(x —o &) —o (ot —o &) —o §(x —o ) .

The rest of this subsection develops the details aBom“P‘%,yTime — A
Figure 52 introduces the general scheme to encode any ioputs a term.
Figure 53 shows the encodifigof T 72 which glues the quantitative and the

olyTime
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dbl_tape = }\t.§(§(t !(Axy.(succtape, x)® (succtape, y))
!(Axy.(succtape x)® (succtape y))
) emptytape emptytape) : tape — §(tape®tape)
where
succtape, = At01.§(Ax.Ix §(t0 1) x) : tape —o tape with x € {0, 1}
emptytape = A01.§(Ax.x) : tape

Fig. 54. Doubling the contents of the actual input tape

config2tap€ = Ac.§P ((A01.§((AWRy®z.y)
(§(5°c 01 !(Aw.emptytape) !I IT)
emptytape emptytape))
) Isucctape, !succtape

) : §” config —o §”* 'tape

Fig. 55. Reading back a tape from a configuration

tape2config = At.coercinit_config (tape2initconfigt) : tape — §config
where:

coercinit_config = Ac.§( é(c !(succinit_config, )

!(succinit_config; )

!(succinit_configr )

) emptyinit_config emptyinit_config
) : config —o §config
emptyinit_config = A0Tx LT.§(Axx.(§L x)®(§T x')) : config
succinit-config, = AcOT % LT.§(Axx".(Aw@w’' @s.we (IxwW)®s)
(§(cO01 % L T)xx')
) : config —o config wherex € {0, 1}

and:
tape2initconfig = At0T LT.§(Aww’ step(lL w)
1(t !(sted 0)
I(sted 1)

VIQ(IT w')®state
) : tape —o config
step = AxAYy®z.x®@(yw) : B —o (ot —0 )@ o) —o (B ox)

Fig. 56. The initial configuration out of the actual inputeap

qualitative parts together.

Figures 54, 55, 56, 57, and 58 introduce the tedivigape config2tapetape2initconfig
tape2int and the generalizatidter? of iter, with 1 < p, used byT.

The termdbl_tape applied to a tape, doubles it. This is possible only by atiogphat
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tape2int = Ats.§(Ax. g(t s s) x) : tape —o Int

Fig. 57. Transforming the actual input tape into an integer

iter? = Axyz.§P (S(S(§"xy) §2)) i Int” — (A — A) —0 SA — §PFTA
Fig. 58. Generalizing the iteration

the result gets embedded int§-dox. For example:

dbl_tape(A01.§(Ax.11(10 x)))
~* §((A0T.§(Ax.IT(10x)))® (A01.§(Ax.IT(10 x)))) .

The termconfig2tapés used to erase the garbage, leftbgn its tape, to produce the
result. Recall, indeed, that we made some assumptions doetievior of the elements
of Ty, mime When enterings,. The hypothesis was that the machines we encode enter
s, after their heads read the leftmost element of the tapeerdift from L. A further
assumption is that the result is the portion of tape fallietieen the head position and
the first occurrence of to its right, once the machine is in statg, The termconfig2tape
eliminates all the components of the encoding of a tape wikipt§-boxes deep, but those
betweenl, and the leftmost occurrence af For example, ifi reaches the configuration:

C = §P(NO1T % LT.§(Axx" 1L xx11(Tx (10(ITx")))@state,)) ,

thenconfig2tap C ~* §P+1(A01.§(Ax. §1 x)), i.e. the result of the simulated machine
is simply the tape with the single alphabet elemkerand embedded intp + 1 §-boxes.

The termtape2configgoes in the opposite direction thaonfig2tape Given the en-
coding of a tape, tape2configt gives the initial configuration of the encoded machine,
embedded into ong-box. For example:

tape2configA\01.§(Ax.11(10 x)))
~* §(NOT % LT.§(Axx".IL xa!1(10(IT x))®statey)) .

The termtape2int applied to a tape, produces the numeral, which expreseasry
length of the tape itself. For example:

tape2int(A01.§(Ax.11(10 x))) ~* Ay.§(Ax.ly(ly x)) .

The termiter? is the obvious generalization @ér to a first argument with typent®.

As a summary, we rephrase the intuitive explanation we ga#eeabeginning of this
subsection, to describe the behavior of the encodiag’. 3 iteratesp? (tape2intt; ) times
the termlconfig2configstarting from the initial configuration given bgpe2config,. The
variablesty, t; stand for the two copies of the input tape, producedbiytapet, wheret
represents the input tape itself. Finalgnfig2tap8"® reads back the result.

11. CONCLUSIONS

Light Linear Logic [Girard 1998] is the first logical systenitivcut elimination, whose
formulas can be used as program annotations to improve dieation efficiency of the
reduction. In the remark concluding Subsection 8.1, we meskthat the relation between
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AOT* L.§(x.(Ix1 (- .- (Ixp (1L X)) - )
®
A0T* T.§(Ay.(Ix] (.. (x4 (IT v))...))
®
statg

wherexi <i<p ’X{Sisq € {0, 1, %}, withp, g > 0.

Fig. 59. Obvious encoding of the configurations

the strategy to get such an efficiency and the more traditgtrategies is not completely
clear; we left an open problem.

By drastically simplifying Light Linear Logic sequent calas, Intuitionistic Light Affine
Logic helps to understand the main crucial issues of Gigsaehnique to control the com-
putational complexity. Roughly, it can be summarized in rigtto: stress and take ad-
vantage of linearity whenever possibleechnically, the simplification allows to s§eas a
weakversion of dereliction in Linear Logic [Girard 1995]. It ope!-boxes while preserv-
ing the information on levels. Moreover, the proof about éxeressive power dlLAL
is not immediately trivial. In particular, some reader mayd noticed that the configu-
rations of the machines are not encoded obviously, like inaj@ 1998], as recalled in
Figure 59. [Roversi 1999] discusses about why such an engadin not work. Roughly,
it does not allow to write aiterable functionconfig2configwhich is basic to produce the
whole encoding.

The idea to consider full weakening in Light Linear Logic,get Light Affine Logic,
was suggested by the fact that in Optimal Reduction [Asjaerdi Guerrini 1998] we may
freely erase any term. For the experts: the garbage nodestdgnany index.

Some attempts to extract a programming language with adiomalymorphic type
inference, fromLAL are in [Roversi 1998; 2000]. However, they must be improved i
terms of expressive power and readability.
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