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1.

Abstract. In this work we present a proof-theoretical justification flee intersection type assign-
ment systemlI{ ) by means of the logical system Intersection Synchronogsd @#SL). ISL builds
classes of equivalent deductions of the implicative andurantive fragment of the intuitionistic
logic (NJ). ISL results from decomposing intuitionistic conjunction iteo connectives: &yn-
chronousconjunction, that can be used only among equivalent dezshstbf NJ, and anasyn-
chronousone, that can be applied among any sets of deductiohsloA term decoration ofSL
exists so that it matches both: thle assignment system, when only the synchronous conjundion i
used, and the simple types assignment with pairs and pimjsctvhen the asynchronous conjunc-
tion is used. Moreover, the proof of strong normalizatioogarty forISL is a simple consequence
of the same property iNJ and hence strong normalization idr comes for free.

Introduction

The intersection type assignment systéim) (5] is a deductive system that assigns formulae (built from
the intuitionistic implication— and the intersectiom) as types to the untypekicalculus.IT has been
used as an investigation tool for a large variety of probléikes for example, characterizations of the
strongly normalizing\-terms [14].

The main goal of this work is to give a proof-theoretical ifisation toIT. This goal sounds very

much alike, for example, to the one of giving a proof-theicegtcharacterization of linear functions.
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To that purpose, one could ugeterms with exactly one single occurrence of every free amahd
variable. However, proof-theoretically equivalentlyetsame set, under the “derivations-as-programs”
analogy, is characterized by a deductive system of secatat propositional logic without weakening
and contraction.

To our aim, a basic step is to clarify, within a pure logicateyn, the difference between the connec-
tives intersectionr{) and intuitionistic conjunction/(), by imposing constraints on the use of the logical
and structural rules of intuitionistic logic. Recall thatdiictions of T form a strict subset of deductions
of the implicative and conjunctive fragment of Intuitiotigslogic (which we will callNJ, by abusing the
notation), in the sense that theterms to whicHT gives types to are used as meta-theoretical modalities.
More specifically, for evenyI : T by M : o of IT, the termM records where—-introductions and
eliminations are used insidé. Then the intersection can be introduced only between flaentyping
thesameterm. Hence the rule for the introduction of the intersectial) can be seen, roughly speaking,
as a “mistaken decoration” of the rule for the introductidrth® conjunction(AI) of NJ, where pairs
are forgotten:

I'-M:0 TEN:T
'E(M,N):oNT

FF|TM:O' FF|T]\/[:7'
't M:onT

(A)

(n1)

In order to evidence, at the level dfterms, the difference between the usual conjunctiai NJ and
the intersectiom of IT, we start by defining a non standard decorationNfdrcalledNJR (Refinement
of NJ) that has explicit structural rules and where the origimaljenctionA is split into two conjunctions
N and&;, whose introduction rules are the following:

I'btnirM:o T’hEyjr M T
I'tnjp M :onT

FI—NJRM:U FI—NJRN:T
I'tngr (M, N) 2 o&r

(nI) (&1)
Note that the two rules are not mutually exclusive, so theesyss not deterministic. Moreover the
splitting of the conjunction cannot be expressed directyydeNJ without collapsing? and&:.

FromNJR, we build ISL (Intersection Synchronous Logic), a logical system thadrimalizes this
splitting, maintaining explicit the structural rules. Thdes ofISL inductively build in parallel a class
of NJ deductions. Such class of deductiondN\dfis formalized inISL through the notion ofmolecule
as multiset ofatoms each one representingMJ deduction. The atoms of a molecule are built in a
synchronouswvay, in the sense that all rules are applied in the same tinadl ttoms of a molecule.
In this way a new conjunction can be defined,which can be introduced only between two atoms of
the same molecules. That conjunction is dubbedya&hronousto recall that it can be applied only
on formulae built in a synchronous way, and it correspondbedntersection operator ¢f in a very
precise way. Namely if we restritBL by erasing the conjunctio&, thenIT can be obtained through a
decoration of it, according to the standard notion of detoama

We shall conclude by saying that the present work gives affiheomretical justification fofT since
ISL: (i) highlights the role of structural rules to delinedie inside intuitionistic logic; (ii) reinterprets
the intersection operaton of IT in terms of an operator that can be used among sets of stallgtur
equivalent deductions of intuitionistic logic; (iii) refmulates the tree structures thiat[18] required in
order to characteriz8 . The reformulation is in terms of (simultaneous) logicad atructural operations
on the equivalence classes. Final8i. is technically good, since it enjoys strong normalizatiod aub-
formula properties.

The rest of the paper is organized as follows: Section 2 Isetta implicative and conjunctive frag-
ment of Intuitionistic Logic NJ) and introduces the systeNiR, a refinement of the standard decoration
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I'nyo I',01,00, 9 PNy 0
obNyo A) LNy o (W) I',o0,01, 2Ny 0 X)
I—W—NJO' Fl—NJT Fl—NJO'l/\UT N
Fl_NJ oNT (/\I) PFNJ o; (/\E )(’L—l,’l“)
IobnyT I'bnyjo—71 I'Enyo
o o7 ) Thyg 7 (= E)

Figure 1. The systerNJ.

for NJ. The Intersection Types Assignment Systdm)( with explicit weakening and exchange rules, is
then introduced as a subsystenNJR. Section 3 introduceksL , which embodies all our intuitions into
a formal system. Section 4 formalizes héBL, NJ andIT correspond. Also in this section, we give
a technical justification for the conditions on the explatituctural rules, required to reformuldfg in
terms ofISL. Section 5 proves théL is a good deductive system and describes the behavior ofithe t
ISL conjunctions with respect to the implication. Finally, Se&c 6 describes the relationship between
this and some related work and presents initial thoughtsoamesother theoretical aspectsI&8iL that
can be further explored in a future work.

2. Splitting the conjunction

In this section we first recall the implicative and conjumetiragment of Intuitionistic LogicNJ) in
natural deduction style. We then pres®ilR, a type assignment system based on the splitting of the
standard conjunction into two connectives, each one aagchiparticular aspect of its behavior. Finally,
the Intersection Types Assignment Systdm)(will be presented as a subsystem\IiR.

Definition 2.1. {A —}-fragment of NJ.)
i) The setFy; of formulaeof the implicative and conjunctive fragment NfJ are generated by the
grammaro ::=a | 0 — o | o A o, wherea belongs to a denumerable set of constants. As usual,
— is right-associative while is left-associative. Formulae 6fJ will be denoted by Greek small
letters.

i) A contextis afinite sequence,.. ., o,, of formulae. Contexts are denoted ByandA.

iii) The implicative and conjunctive fragment bl proves statements of the shdpe; o, wherel’
is a context and- a formula. The rules are in Figure I : T -y o means that the deductidh
provesI' y; o. Finally, -y o abbreviated) Fyj o.

Note that the contraction rule is derivable. By somewhasaiguthe namelNJ will always name the
implicative and conjunctive fragment biJ.

NJR is a type assignment fox-terms with pairs. It splits the original conjunction of NJ into two
conjunctions, depending on the form of theerms M and N that could be typed by the premises
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I' Fny o andI Fyxy 7. If M and N are different, then the only possible refinementaé the (&) that
gives type to the paif)M, N). On the other hand, if the conclusion of the two premisesastype of
the same\-term, it is also possible to replaceby a different conjunctiorin). & andn will be called
respectivelyasynchronousindsynchronougonjunction, for reasons that will be given in the following
Observe thalNJR is not a standard decoration ®fJ, since it is not even a function from proofs to
A-terms: the () rule is decorated in two different ways.

Definition 2.2. (NJR.)
i) The setFyjr of formulaeof NJR is generated by the grammar that we can obtain from Definition
2.1 by replacingr ::= o Ao byo := o nNo | o&o, wheren and& are thesynchronousand
asynchronougonjunctions, respectively.

ii) The setA of terms of the\-calculus is defined by the gramméf ::= = | \x.M | M M, wherex
belongs to a countable set of variables.
The setA,, of terms of the\-calculus with pairs is obtained by adding the clauses= (M, M) |
m (M) | = (M) to the grammar for\. As usual, terms will be considered moduteconversion
and application is left associativeldl = N denotes that the-termsM and N are equal up to
«-conversion.

iii) A NJR-context is a finite sequence of pairs: o4, ..., z, : o, that assigns formulae to variables
so thati # j impliesx; # x;. By abusing the notatio\NJR-contexts will be denoted by. If
F'=2x1:01,...,2y : on, thendom(T) = {x1, ..., xp }.

iv) NJR derives judgment§ Fyjr M : o whereM € A, I' is anNJR-context, andr is a formula.
The rules ofNJR are given in Figure 2. Deductions are ranged oveflb¥. IT: I' Fyyjr M : o
means that the deductidhprovesI’ -yjr M : o.

Intuitively, in NJR, N merges synchronous sub-deductions, i.e., subdeductitiesew~ and & are
introduced or eliminated at the “same points”.

The erasing functiom : Fnyr — Fng here below, which obviously extends to contexts and deduc-
tions, allows to relattNJR andNJ:

e(a) =a e(c = 71)=¢e(o) — e() e(c&t) =e(ocnNt)=-e(o) Ne(T)

Theorem 2.1. (Relating NJR and NJ.)
i) If IT: T Fngr M : o thene(ID) : e(T") Fng e(o).

i) If IT: T Fxy o, then there igl’ : T Fyyr M : ¢’ such thae(IT') = 1I1.

Proof The proof for both items are straightforward. Note only tiiat the part(ii) there is always an
obviousII’ where the only connectives areand & . |

Now we can define the Intersection Type Assignment Sys$iews a subsystem &fJR where only
synchronous conjunction is used.

Definition 2.3. (IT.)
i) The setFr of typesof IT is the subset ofF\jr generated by the grammar:::=a | 0 — o
o N o, wherea belongs to a denumerable set of constants.
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(4)

rT:0bFNJRTZ:O

Pkxgr M io x & dom(T)
z:7HNjr M 0

(W) Fl,I':O'l,y:O'Q,FQI—NJRM:O'
Pl,y:O'Q,.%':Ul,FQ I—NJRM:O'

(X)

PFNJRM:U PFNJRM:T
I'tNjr M ionT

I'tngr M 0N oy, ire
(1) D M A O (i = 1,)

'ty M:o TR N i 7

I'tNjr M : 0&0, o
&I EZ —
I'Far (M, N) = oker (&l) ['Fngr (M) - oy (&E( =1,)
Dx:obngr M o7 (—>I) 'ty Mio— 1 F}—NJRN:O'(_)E)
'knjr Ae M io— 1 [ Fagr MN @ 7

Figure 2. The systemJR.

ii) The Intersection Type Assignment Systémproves statements of the shape:-r M : o where
M is aXterminA, T' is anIT -context, i.e., a finite sequence of pairs: o1,...,x, : o, that

assigns formulae to variables so thag j impliesz; # x;, ando is a type. The rules of the
system are the rules &fJR but (&1), (&E') and(&E").

II: T by M : 0 means that the deductidh provesl” it M : o.

The difference between synchronous and asynchronousrmtigja, being related to a meta-condition

on the form of the deductions, cannot be expressed iméldd he following example can be useful for
better understanding this.

Example 2.1. Leto = ((« — a) — a — a)&(a — «) and let us consider the following deduction:

I :kngr Az (z)m(z) to — a — o I bngr (A2, Azax) c o

E
IT: Faor (Az.m(z)mp(2))( Az, Az.x) - oo — « (= B)
wherell/ is:
A
w:a—>a|—NJRx:a—>a() 7 $:Oé|_NJR$:Oé(IL(1)_>I)
FNiR Az (a0 — ) > a — « FNIR AZ.Z 1 v — « (&I)
Faor (Az.z, Arz) @ (a0 — o) = a — )& (a — a)
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andIlf is:

A4)

x:obnrm(2) (@ —> @) > a— «

4)

x:obNgr T (T) o —

r:oFNRZ:O rT:oFNJRZ:O

(&ET)
(= E)

(&E)

x:obngr m(2)m(2) fa — «

I
Faor Az (z)mp(z) 10— a — « (= 1)

In the deductioriI;, the conjunctiorf has been introduced. But since the two subjects are syntacti
cally the same, we could replace it by so obtaining the following deduction, where= ((a« — a) —
a—a)N(a— a):

I :kngr (Azezz) : 7 — a— a I} ibngr Az s 7

E
I : Faor (Azzz)(Az.z) 1o — « (= E)
wherell] is:
A
35306_>06"NJR96¢04H04(()_>I) x:aI—NJRx:a(’?LI)
FNiR Az (@ — ) > a— « FNJR AT.Z a0 — « (0
|—NJR)\£C.$:((a—>a)—>a—>a)ﬂ(a_>a)
andIl) is:
(4)
T:ThNRT T (NEY) T:THENJR T T (nE)

z:TFNR T (0 = a) = a— « T:THFNJRZ:Q — @

T:THFNJR T2 : (x — «

FNIR A2 i T — o — « (= 1)

Both the previous deductions correspond, in the sense afréhe2.1, to the following deduction MJ:

Iy:bngp—a—a I tbNgp

I—NJOé—>Oé (_)E)

where:p = e(0) =e(7) = ((a — @) — a — a) A (o — «) andIly, I, are, respectively:

a—>a¥—NJa—>a(A)_>I) (X}_NJO[(Z?) I
(s
Fnyg (@ — @) 5 a— « }—NJa—>a(/\I)

Fng (=) —a—a)A(a—a)

and

A
pFNJp( )

pNgp 4
l NJ T
pl—NJ(a—>a)—>a—>a(/\E) (AET)

pNnga—a (= B)

phnya—a

PNy p— o=« =D
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We also notice that Curry’s type assignment fgr[6] can be seen as a sub-systenNdR, where only
the asynchronous conjunction is used. In this system, the(t&z.zx)(Az.z) is not typeable.

In order to better understand the problem we want to solve niecessary to formalize the notion of
synchronous deductions, which has been introduced bafae informal way.

Definition 2.4. (Skeleton of a deduction.)

We call skeleton of a deductiofl a tree that contains the names of the rules that occlk, ibut the
structural rules and the rules involving The skeleton of a deductidi, denoted bySXC(IT), is defined
inductively as follows:

SK (m:aI—NJRx:a (A)> :ﬁ
Il B SK(I)
SK (r ey )> = (R) it R e {(— I),(&E))
(—H (R)) .
SK|TFNgr M o — SK(II) if R e {(W),(X),(NE)}
I, Ty R SK(IT;) SK(IIy)
SK|T'FNyjr M : 0 ( )) = (R) if Re {(&I), (—> E)}
I, 1II
sk (From a7 D) = sy

Then, we say thdil; andII, aresynchronousf and only if SIC(I1;) = SK(I12).

The term decoration iNJR allows to identify synchronous deductions.

Example 2.2. (Syncronous deductions in NJR.)
Let IT} andII{ be:

——— (4)
PO PNJR T (0
: — (4) : ) — (W)
m.alFNJRm.al W) x.ag,y.él—NJRx.ag (W)
Tia,y:0FNIR T Q X) Tiao,y:0,z:YFNJR T Qo (X)
y:0,x:a1 FNJR T I y:0,x:a9,2:YFENIR T Qo (X)
y:0FNJR ATz i — og (W) Y:0,2:79,2: ao,FNJR T & Qo (= 1)
—
I : y:6,z:9yFNJRAZ.Z 0 — g Iy y:0,z:yFNR M.t g — o
1T} andIIf are synchronous, and hence soHfeandII, where:
IM:y:6,z:ybnr Az o — a1 Ity 0,2y FNgr Azx s g — o (1)

II; : y:5,z:’yFNJRAx.m:(a1—>a1)ﬂ(a2—>a2)
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(4)
(W)

(X)

(W)
X

(= 1)

m:agl—NJRx:ag
m:ag,yzél—NJRx:ag
y:6,x:a3FNJR T Q3

y:0,x:a3,2:YFNJR T a3

—~

Yy:0,z:79,2: a3 FNJR T ag

I : y:0,z:vFNJR Az.x: a3 — a3
The next Lemma shows that synchronous deductions have e sizbject.

Lemma 2.1. (Equal terms, syncronous deductions.)
LetIl; : I'Fnyr M : candIly : A Fyyr N : 6. If M = N, thenll; andIl; are synchronous.

Proof All the names in a skeleton @f; (Il;) correspond to the term constructorsidf(or N). Note
that the converse of the theorem is trivially not true, sitiee skeleton of the following proofs are the

same:
(4) A)

r:obNRXT:O Y:OFNJRY O

and the terms are different far y. 1

Our goal is to defindSL, a deductive system that internalizes, by means of stralgwoperties, the
notion of “being synchronous”, encoded hyterms, as far as deductionsddR are concerned.

In the following we prove the existence of a canonical formeeery deduction oNJR, which will
be used as technical tool for proving the correctnedSbfwith respect tdNJR.

Definition 2.5. (Canonical deductions of NJR.)
LetIT be a deduction dNJR. A canonical sequenci@ IT may contain an arbitrary number of instances
of (W), immediately followed by an arbitrary number of instanoég£X).

IT is canonicalif every occurrence oflf’) and (X) in IT belongs to aanonical sequencehich is
just below an occurrence ofij.

Lemma 2.2. (Existence of canonical deductions in NJR.)
Let IT be a deduction ilNJR. There is a canonical deductidf with the same conclusion &f.

Proof The essential observation is that structural and logidasracommute. The procedure of trans-
forming a given deduction in its canonical counterpart ief two steps:

1. the one that moves upward all the instancedlBj (o form a first part of a canonical sequence,
and

2. the one that moves upward all the instancesX0f {0 conclude the construction of a canonical
sequence.

The effectiveness of 1 here above can be proved by inductidi. dr'he only nontrivial case is the one
that requires the introduction of a new instanceXj(
Frz:abnyr M : 06
T FNJR .M :a— ﬁ (W)
Ny:vyFnr Az M :a— (3 TFy:vyFnr NV«
P,y oy l_NJR ()\I'M)N : ﬁ

(= 1)

(= E)
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Such a deduction must be re-written as:

Irz:abxmr M:p3
Iz:a,y:vyFnjr M 2 B
Ny:v,z:abxmr M : 0
y:vyFnjr Az M :a— Ty:vFnr NV«

P,y:VFNJR ()\I'M)Nﬁ

(W)
(X)
(= 1)

(= E)

Observe that the introduction of a new instanc¢.f follows an application of1V), hence it does not
contradict 2.

The effectiveness of 2 can then be proved by induction onéldection that results from 1.

In Example 2.2, the only derivation in canonical fornil§.

3. The logical system ISL

The coming logical systertSL internalizes at the logical level the different behaviof¢he two con-
junctions ofNJR. In NJR the difference betwee& andn is the fact the the latter can be applied only
to synchronous deductions. I8L this is formalized through the notion ofolecule roughly speaking,

a molecule is a multiset of deductions 8, where all rules, but ones dealing with are applied in
parallel to all its elements.

Definition 3.1. (The system ISL.)
i) The set of formulae dfSL coincides with the set of formulae BfJR. Contexts are finite sequences
of such formulae, ranged over iy, I.

i) An atomis a pair(T'; o), where the context is a finite sequence of formulaed, B will range
over atoms.

iii) A finite multiset of atoms, such that the contexts in dbms have the same cardinality is called a
molecule [A4,, ..., .A,] denotes a molecule consisting of the atofs. . . , A,. M, N will range
over moleculesU is multiset union.

iv) ISL derives molecules by the rules given in Figure 3.
V) F1s, M denotes the existence of L deduction rooted at1.

Some comments are in order. All rulesI8L, but (P), have the same name than ruleNidR, and
a similar behavior, but sometimes they work in parallel drtted atoms of a molecule. In particular,
structural rules, 4), (— I) and &E*)(k = 1,2) modify at the same time all the atoms of a molecule.
(— E) and &E*)(k = 1,2) merge two different molecules, connecting pairwise tlaims. The
behavior of(N) is local, in the sense that both its introduction and elinigmacan be made inside a
single atom of a molecule.

Making a parallel with the so calldaypersequenf], this means that the intersection isiaternal
connective, while the conjunction and implication &dernal More about the relationship between
molecules and hypersequents (in fact, with hyperformulaees$SL is in natural deduction style) can be
seen in Section 6.
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MUN
(nan1<i<r @ (P
(T3 3) | 1< i <r] (T4, B, e, Ty 03) | 1< i < 7]

- ) — (X)
[(Pl,a“ﬂl)’1§1§7°] [(Phalvﬁlvrbal)‘lgzgr]

[(Ti, a5 8:) |1 < <7] (Tiso = Bi) |1 <i<r] [(Tiou)|1<i <]
(T — Bi) [1<i<r] (=) (T 8:) [1<i<r] = E)

[(Tisai) [1<i<r] [(T3;68)[1<i<r] [(Ts:al&ar) | 1< i <] -
[(Ti &) |1 <i < 7] (&) (Trak) [1<i<r] (&EF(k =1,1))

MU|[([T;a), (T3 5)] MU[(T;0; N ay)] -
MU[T;anf)] (nI) MUT; ap)] (ﬂEk(k‘ =1,7))

Figure 3. Therules ofSL.

The rule ) is in some sense a structural rule. We will see in the follgMhat this rule is re-

dundant in a deduction; it allows to split a molecule into tarts, and it is useful for formalizing the
normalization proof.

Example 3.1. (Two deductions of ISL.)
Let 7 denoteae — «, p denote(r — 7)&, andf denote(r — 7) N 7. First one:

— (4) — (4)
) () [(p; )] (B [(p; p)] (&E)
(mo]l gy Uesall 0y lpir = 7)) (G0
[(0; 7 — 7)] [(0; 7)) (&) [(p; 7)] (=)
[(0; p)] [(0;p — 7)] (= B)
[(0;7)]
and second one:
— (A) —= (4)
A) [(6;6)] (B [(650)] (NE")
[(7;7), (0 )] [(6;7 — 7)] [(6;7)]
[(B;7 — 7), (0;7)] () [(6;7)] (=)
[(0;0)] [(0;60 — 7)] (= B)
[(0;7)]

These derivations correspond to derivatibhandIl’ in Example 2.1, as we will see in the following.
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4. ISL,NJandIT

We state the formal correspondence amisig, NJR, NJ andIT . This is done by decorating deductions
of ISL by means of\-terms. The decoration is similar to the one described in i@l it is inspired
by the so called “Curry-Howard isomorphism”: every deduowetil of ISL is associated to a-term.
The decorating\-term isuntyped so it does not encode tlveghole structure ofll, but only the order of
instances of implicative and asynchronous conjunctivestul

Definition 4.1. (Decorating deductions of ISL.)
1. Letl’ = 4, ..., B, be a context. A decoration &f, with respect to a sequence of different variables
Ty ey T,y 1S (T)F1r®n = 29 1 By, ...,z : Bp. The symbols denotes a sequence of pairwise
distinct variables.

2. EveryIl that proves the molecul&t = [(T';; 5;) | 1 < i < r] can be decorated so that the result
is a type assignment that provés, (II) : (M)*, where(M)* = [((T%)%;5;) | 1 < i < r], and
M, (IT) is a A-term whose free variables FW/,(IT)) occur in the set corresponding to The
decoration procedure is inductively defined in Figure 4.nfrrmw on, we will callM (1T) by M;.

3. FisL M; : (M)?® denotes the existence of a decorated deductidBlofrooted athM, : (M),

The following theorem shows th#SL is as powerful adNJR, namely as well adlJ. In particular it
proves that a molecule represents a set of synchronoustaeduof NJR.

Theorem 4.1. (ISL and NJR.)
Let M = [(T'1;04),. .., (s o)) Thenkjgp, My (M)? if and only if (T';)® Fnyr M : ay, for all
1< <m.

Proof LetII be the deduction aM and letll; : (I';)®* Fnyr Ms : «;. The “only if” direction holds
by induction onlI.

For the “if” direction, observe that, by Lemma 2114, ..., II,, are pairwise synchronous. Also, by
Lemma 2.2, without loss of generality, we may assume théai glecivations are canonical. The proof
then proceeds by induction avi;.

For the base case, 181, be some variable. LetIl; : (I'})® Fxyr Ms : a; (1 < i < m). This means
that everyll; consists ofp; > 0 instances of {), provingz : 3; Fxyr @ @ 3, possibly followed by
a canonical sequend®? X7 such that:W/ contains instances of¥() that prove(IY )% Fxr « : G,
and Xl.j contains instances ofX() that generate deductiorﬁ{ that prove(I',)* Fnyr = : §; from
(1‘{)53 Faar 20 6 (1 <3 <m,1 < j < p,). Finally, a sequence of applications of ruled} and OF)
are applied, connecting d]I{ inIT; : (Ty)° Faor ¢ o (1 < i <m,1 < j < p;). Notice that every
s§- are permutations of, so the sequenceWij have the same length for dllj and introduce the same
variables. Moreover, for every all Hg share the same conteidt;)* for all 1 < 5 < p;, since the rule
(NI) treats contexts in an additive way. But the order variablesadded via applications of ru(&’)
may vary, as well as the type assigned to each of them in eiiftél;. Hence the lengths of}, ..., X/
may not be the same. But we can easily modify all deductiorssigi a way that variables are inserted
in the same order and hence exchanges can be done in the sgrfer &k, j. Thus the applications
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o II: : (A) = : (A*);
(i) | 1 <i < m] M,(Il) =z :[(z:a;;04) | 1 <i < mj

AL [T B) [T <i < 7]
(T s Bi) |1 <i <7l
ML) : [(T)% 8) [ 1 <i<7r] x¢dom(l)*

M, o(IT) = Ms(ITy) = [((Ty)%, x : 043 8:) | 1 <@ < 7]

W) =

(W=);

I - I : (T4, B, i, Thy04) | 1 < i < 7]
(T}, a4, 85, Th504) | 1 < <]
My, .25, (1) : [((Fﬁ)sl,y G oy, (Fé)“”?;gi) |1<i<7]
My, (T1) = Moy y,50(T) £ [((DD)* 2 5 i,y 2 By, (T)250) [ 1< < 7]

(X) =

(X*);

o II- I - (T, 045 8:) | 1 S'Z‘ <] (=) =
(T — Bi) |1 < i< 7]
Mo () = [(T)% 2 s ou; ) | 1 < <]

M(I1) = Ao M o (ILy) = [((T)%5 0 — Bi) | 1 < <r]

(= I);

I - [(Tis0 — B3) |1 <i<7r] Ho:[(Tieu) |1 <i<7]

o I: - (_’ E) =
[(Ts;8:) |1 <i <]
My [(Ty)%5 0 — 8) | 1<i<r] My:[(T;)%a;)|1<i<r] (= B
M,(IT) = My My < [((T3)% 6) | 1 < i < 7] S
whereM; = M,(I1y), My = M(11y) ;
o, Mo 10 <o) Mye[(Rap) [1<i<r] o

(Ti; &) | 1 < i <]
M(Ih) « [(T)% 00) | 1 < <v] Mg(I2) : [(I)%3;) | 1 < <]
M(I1) = (M (1), Ms(I2)) = [(T0)*5 qudeBy) | 1 < i < 7]

(&I7);

(T al&al) [1<i <
o i (@uafkad) [1Si<i] ooy
[(Ti;0q) [ 1 <0 <7
M(Thy) : [(T9)% ef&eaf) | 1 < i <7
. (&E})
M(I) = m(Ms(IL)) = [(T9)%5 ) [ 1 < < 7]
wherek € {L, R}, and, if X = L thent = elset = r;

o 11 : H1 : M1 (R) N MS(Hl) . (Ml)s
My M(II) = M,(ILy) = (My)*

whereR € {(NI), (NEL),(NER),(P)}.

(R")

Figure 4. The decoration of ISL.
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of (A), (W) and(X) can be thought as being donegarallel. So we can build the desired decorated
molecule in the following way:

x:l(x: B 61), s (@ B 01)y e (@ B Bm)y - -+ (T2 B Bm)] (4)
2 (T80, (50, (o) By (o) )]
€ [((Pll)s;ﬁl)v A ((Pll)s;ﬁl)7 """ ,((P;n)s;ﬂm)7 R ((P;n)s;ﬁm)] S

z: ()% an), o, (T5)% aom))

whereWW* and X* denote respectively the applications of the ridleintroducing the same variable on
all atoms and the applications of the ruiteon the same position on all aton{§);)*’ is a permutation
of (I'})® and¢ is a sequence, in any order, of all the applications of rufg9 &nd (\E) that have been
applied inIT;, for eachl < i < m.

Now let M; = PQ. The shape of the term says that all fligconsist ofp; > 1 applications of
rule (— E), connected together by applications of rules dealing witNote that we are sure that there
are not applications of structural rules, since the deduostiare in canonical form. So we can apply
the inductive hypothesis directly to all the left premiség-e E), deriving the existence of a molecule
collecting all of them, and to all their right premises, #ang the existence of a second molecule. To
both these molecules th8L rule (— FE) can be applied, and then we can mimic, in any order, all the
applications ofh on the conclusion.

The remaining cases are similar, but simpleg

Remark 4.1. ISL introduces a stronger notion of synchronicity betwdEdR deductions than that one
in Definition 2.4. In fact, inSL also the structural rules are applied in parallel. This isanestriction,
since Theorem 4.1 assures that there is a complete coraepm between the judgments of the two
systems. But it is worth noticing that it is a correspondemetveen judgments, not between deductions,
as evident from the proof of Theorem 4.1.

As corollary of the previous theorem, we obtain a formal espondence betwed¢BL andNJ.

Theorem 4.2. (ISL and NJ.)
Letbisr [(T1; 1), -« .y (T )] Then,e(I';) Fny e(a;), for everyl <i <m.

Proof From Theorems 4.1 and 2.1,
ISL can be proposed as the logic fidr, thanks to the following theorem, whose proof follows
directly from Theorem 4.1, sind@ is a subsystem dflJR.

Theorem 4.3. (ISL and IT.)
1. LetM = [(T'1;00), - .., (T )], Wherea; and all types irl'; belong toFr, and let-jq;, M :
(M)® with M € A, for somes. Then(T';)* b M : «;.

2. If (D) brp Moy (1 < i <m), thenksy, [(Ti; i) | 1 <@ <mj.
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Example 4.1. e (ISL andNJR.) Theorem 4.1 says that the two synchronous deductiohklBfin
Example 2.2]1; andIl, correspond to the following single decorat&l deduction.

x: (o) | 1<i<3] (4)
z:[(x:a,y:0y04) | 1 <i<3] (W)VV
x:l(x:ay:0z:y0) |1 <i <3 EX))
x:l(y:d,x a4,z y0) |1 <i <3
iy, 2z, a04) |1 <i<3] (X) s
o gz iy(m—ani<i<g D oD
Av.z:[(y: 0,295 (1 — 1) N (g — a2)), (¥ : 6,2 1 75 (a3 — ag))]

e (ISL andIT.) Letd = ((« — a) — (o — «)) N (e — «). Let us consider the following
deductiondI;, II,, andIT in IT . I1; is:

ac:(H—ITacm;(A) (ﬂEl) m:él—ITw:(S(A)(mET)
x:0kmmr: (a—a)— (a—a) z:dkFTT0— @ B
z:0FrIrra— a (= 1) (= E)
0 b Azxx: 0 — (o — «)
IIs is:
y:a—>oﬂ—1Ty:a—>a(A)( y:oal—ITy:a(A()_)I)
D Ayy (a0 — a) = (a — «) Db Ay a— «a ;
O b dyy:o M
ITis: - -
1 2
0 Azzz)(Ayy) - a — « (= B)
Theorem 4.3.2 implies thai corresponds to the following deductionIibL :
A A
(G S (77 A A
[(6; (@ = a) = (e — a))] [(6; 0 — )] (—
Go—o)
[(0:6 — (o — )] [(0; 6)] (— )
(00 — )]

where the moleculg(); 6)] has been built by the following deduction:

(4)

[(a — oy — ), (a;)]
[(0; (0 — a) = (o — @), (0; a0 — )] EHI)I)
[(0;0)]
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5. Properties of ISL

We prove thalSL enjoys properties expected for logical systems, like gtneormalization and sub-
formula property. Both proofs follow the method describedili8] showing that, in fact, these properties
are inherited fronNJ. We also discuss the behavior of the implication with resp@the two conjunc-
tions.

Strong normalization. The strong normalization property will be proved by redgciinto the strong
normalization ofNJ.

First of all, we will prove that rule ) is redundant, and that deductionsIBL can assume a
canonical form, similarly to those INJR.

Definition 5.1. (Canonical deductions of ISL.)
LetII a deduction ofSL. Let us assume to define the conceptafionical sequenca ISL, in analogy
to the namesake concept in Definition 2.5.

1. 1T is pre-canonicalif it does not contain any occurrences of the rifd.

2. II is canonicalif it is pre-canonical and every occurrence &) and (X) in II belongs to a
canonical sequencehich is just below an occurrence od).

Lemma 5.1. (Existence of canonical deductions of ISL.)
Let IT be a deduction ifSL. There is a canonical deducti®ff with the same conclusion &f.

Proof First we will prove that arlSL deduction can be transformed into an equivalent one in pre-
canonical form, i.e., that every application of rulg)(can be eliminated. In case the application BJ (
rule follows an axiom rule, i.e.:

(son) [1<i<r|U[(ag;0;) | r<j<s| Eﬁ;
[(aisaq) [1<i <7l

just replace this sequence by:

[(ai;0u) |1 <@ <] (A)

Otherwise, it is easy to prove, by induction on the shape efdibduction, that an application aP)
commutes with an application of every other rule. The prbat &ISL pre-canonical deduction can be
transformed into an equivalent canonical one is analogouke strategy of proof we used in Lemma
2.2. 1

Definition 5.2. (Redexes in ISL.)
LetII a pre-canonical deduction t8L.

1. An-redex ofll is a sequence of the following shape:
MU [T ), (T )]

MU[(T; a0 N )]
MU [T ax)]

wherek € {l,r}.
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2. A &-redex oflIl is the sequence:

[(Tisad) [1<i<p] [Tgal)|1<i<p]
(T ab&al) | 1< i < pl
[(Ti;08) |1 <i < pl

(&)

(&EF)

wherek € {I,7}.
3. A —-redex oflIl is the sequence:

(Ti, 055 8) |1 <i <] s
(Tisas — Bi) |1 <i <] [(Ti;aq) |1 <i <7
[(Te;8:) [ 1 <d < 7]

(— E)

As usual, the strong normalization proof needs a Substitutemma.

Lemma 5.2. (Substitution lemma.)
LetITy :Fysn [(Ti, a5 68:) | 1 <@ < r]andIl; :Fsr [(Ti;o4) | 1 <4 < 7). Then there is a deduction
S(Ilp, Iy) proving[(T';; 3;) [ 1 <4 < r].

Proof By induction on the structure dfiy. We remark that the substitution, in general, does not
preserve the canonical deductions. For example, let usdanthe casdl is an instance of 4),
followed by a sequenceof instances of structural rules. Thef 1, IT;) coincides tdl;, followed by

s, which is not canonical.

Definition 5.3. (Rewriting steps on ISL.)
LetII be a canonical deduction L.

1. AnN-rewriting step ol is:

MU|[[T; ), (I'; 5)]
MU [N f)]
MU[(T; )]

("D MU[Tia), ()
(nEY) MU[(T50)]

(P)

The(NE") case is analogous.

2. A &-rewriting step orl is:

I (D) [1<i<r] Mot [(Ty8)1<i<r]
[(Ti; i&ef3y) |1 <i < 7]
[(Ti;u) |1 < <]

(&)

— I : [(Tiha) | 1<i<r]

&EY

The (& E") case is analogous.



E.Pimentel, S.Ronchi Della Rocca, L. Roversi/ Intersacligpes from a proof-theoretic perspective 17

3. A —-rewriting step orl is:
o : [(Ti,58) [ 1 <i<r]
[(Tis0 — Bi) | 1 <i <] Iy [(Tiaq) [ 1< <7
[(TisBi) |1 <i <]

—»])

(= E) < S(TIo, II)

which exists by Lemma 5.2.

In order to prove the strong normalization property, we nigerefine Theorem 4.2, stating the corre-
spondence betwedB8L andNJ. We assume that the reader knows the notion of red&klin

Lemma5.3. Let II be a deduction oM = [(I'1; 1), ..., (I'm; aum)] in ISL. There is a se¢(II) =
{IL; : e(T;) Fng e(a;) | 1 < i < m} such that for every redex &f there is a redex in at least one of the
deductions of(II).

Proof By structural induction odl. We develop explicitly the cases when the last ruldlab (A),
(NI), and(&1), all the remaining cases being analogous and simpler. ticpkar, we observe that every
occurrence of P) in IT is completely transparent in the constructiore@dfl).

LetIl be[(ai; ;) |1 <i<7] (A) Thene(II) is {e(ai) Fng e(ay) (4) |1<i< 7’}.
M U[(T; ), (T'; 8)] (1)
LetII be M'U[(T;anB)] with M" = [(T'};a}),..., (I} ;¢ ,)]. By inductive hypoth-

esis we can build the three sdi : e(T}) Fny e(af) | 1 < i < m/}, {IT} : e(T') Fny e(a)}, and
{IT}. : ¢(T") Fny e(B)}. So, we can build

IT) : e(T) Fng e(a)  TI5 2 e(T) Fxg e(B)
{IT; : e(T%) Frye(al) |1 <i <m'} U e(T) Fng e(an )

(AT)

[(Tiei) [1<i<r] [(Tsf)|l<i<t] .
LetII be (T 05&0:) |1 <i<7] ( ). By inductive hypothesis we can build
the two set{II; : e(T;) Fny e(ew) | 1 < <r}, and{Il} : e(T;) Fny e(8;) | 1 < i < r}. So, using the
pairwise corresponding deductions in the two sets we cdd bui

I, : e(T;) by e(ow) II7 :e(Ty) By e(Bi)
e(l's) by e(ai&By)

(AD)

|1<i<r

Then the result follows by concatenating two simple obg@ma. The translation just developed here
above maps every introduction and elimination of synchugrend asynchronous conjunctiond biinto

an introduction and an elimination, respectively, of asteane deductions of(II). Of course the same
holds for implication introductions and eliminations. $wgery introduction/elimination sequence inside
IT which is a redex translates into a redex of at least one ofédedtions of inside(II).

Theorem 5.1. (Strong normalization of ISL.)
ISL is strongly normalizable.
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Proof Lemma 5.1 shows thgtP) can be eliminated and that the other structural rules candwed
up from redexes, so they do not play a significant role in thenadization process. We can imagine
that every normalization step consists of commuting thesrth get a canonical deduction, on which to
apply a rewriting-step. Consider a sequeblige— ... — II,, of normalization steps itSL. Lemma 5.3
implies that every stefl; — II,; corresponds to a rewriting-step inside at least one eleofedll;).
Since every element ef(11;) normalizes, we can bound the number of redexes we need toa&iduo
its normal form with the number of redexes we need to redudbeateductions of(I1;) to their normal
forms. Since every of them is strongly normalizing, théns strongly normalizing as well. §

From the this result, and Theorem 4.3, we can obtain as eoydte well known property of strong
normalization forT .

Corollary 5.1. (Strong normalization of IT.)
IT is strongly normalizing.

This is remarkable since we get the strong normalizatior Tofor free, while most of the known
proofs use very complex techniques, like reducibility peates [10, 20].

Sub-formula property. Sub-formulae iHSL are defined as follows:

Definition 5.4. (Sub-formula.)
Let o be a formula ofSL. Then:

i. ais asub-formula oé.
ii. If 8¢~ isa sub-formula of, then so args and~ for ¢ € {&,N, —}.

Definition 5.5. (Sub-formula property.)
Let IT be alSL deduction of the moleculgT';; «;) | 1 < i < r]. II enjoys thesub-formula property
written sf(I1), if every formula appearing ifil is a sub-formula of one of those occurringlinu {«;}.

Theorem 5.2. (Sub-formula property.)
LetIT be alSL deduction in normal form. Thesf(II).

Proof The proof is an easy extension of the same propertiNfhrgiven the relationship betwedh
andISL described by Lemma 5.3. §

The adjoint property.  In NJ, the conjunctior{/) is the adjoint of the implication, that is, the formulae:
aAf—~vyanda — 8 — ~

are equivalent.We recall that two formulasand 8 are said to be equivalentdf Fxjy 8 andg by a.
The question that arises then is if the conjunctionkSaf (&, N) also have this property.
The answer ipositivefor the asynchronous conjunction. The molecules

[(0; a&ep — v)] and[(D; 0 — B — 7)]

are provable equivalent ISL .
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However, the answer igegativefor the synchronous conjunctidm). Indeed,« N 5 — ~ implicitly
says thaty and depend one from the other as explained in Section 4. Namelyd must correspond
to the same\-term, while this is not required by the occurrencesw@nds in oo — 5 — .

This same kind of behavior is observed, for example, in Lihegic where the additive conjunction
(&) is the adjoint of the linear implication, while the multipditive ong®) is not.

The existence of a synchronous implication of whitks left adjoint is open, and we conjecture the
non existence of a natural solution.

5.1. The role of the structural rules

In the literature there are many different styles to presgatsection types assignment systems. Here we
want to consider a “minimal” version, in the sense that ohly tules dealing with the two connectives
— andn occur (while there are systems with various kinds of subbiy@nd eta-rules) and also there is
no universal type. The reason for this choice is clear, b#iigya foundational investigation, and being
these extra features not motivated from a logical point efwiBut also in this minimal versiolT is
usually presented in a different style, i.e. contextssatsof pairs{z; : o1,...,z, : 0,}, and the three
rules(A),(W),(X) are replaced by:
(A) z:o€el
I'birz:o

The two formulations are equivalent. But the designSif, and consequently a logical account|®f,
needs explicit structural rules.

Indeed, let us assume for a while th&t.’ be defined fromSL by considering contexts as sets and
by replacing the rule§A) and(1V) by the axiom:

T U{ayayi<izn )

Then the following molecules could be proved:

[({(anp) =~ka— (6 —=7)and[{a = (8 =)} (@nB) —7)]

hence collapsingh to & (due to the uniqueness of the adjoint). This shows that oitplieakening
cannot be used in the definition k8L .

Also, we could pretend to hauSL” defined fromISL by using contexts as sets (instead of se-
guences) but maintaining the explicit weakening rule (#tilshaving a linear axiom). Then it would be

possible to derive:
[({a};a), {8} )]

[({e, 8} @), {, B} B)]
[({a, B} N B)]

The deduction above does not correspond to any deductibh.dhdeed, let us assume the two atoms

({a, B}; @) and({«a, B}; B) represent the two judgments: a,y : Sz :aandx : o,y : By e

(. They have the same context, being, however, labelled lgrdift terms. So cannot be introduced.
Hence, in order to capture correctly the behavior of thegsetion connective, we nebdthcontexts

as sequences and explicit structural rules.

(NI)
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6. Related and future work

The idea of studying the relationship between the intei@@etnd intuitionistic conjunction connectives
is not new. In fact, this kind of discussion started with Pger's observation [14] that does not
correspond to the traditional conjunction (this was laterfally proved by Hindley [11]). This subject
was further motivated in [1, 3]. But still, the study of thehlaior of these two connectives were always
restricted to type assignment systems.

The first attempt of giving a logical foundation fbF appears in [21], where a new type inference
system equivalent tf was defined. This system, callét! avoids the traditional introduction rule for
the intersection, and the logic, in a Hilbert-style axiom based formulation was proposedithsa way
that combinators in the type assignment system can be atsw¢d logical deductions. This approach is
indeed very interesting, and it follows in many ways the glelseady in [14]. Still, the intersection type
inference is investigated in the context of combinatorydagstead of\-calculus and the presentation of
the resultant logic is axiomatic. This work was further exted in order to support also union types [7].
The key observation in these two papers is that a logic f@rseiction types needs to be relevant, i.e.,
only relevant dependencies between axioms and concluseststo be taken into account. This aspect
of relevance appears also in the axiom#$3if, althoughlSL contains a weakening rule, which is absent
in the previous cited papers.

In [4], hyperformulae were used in order to obtain the laif presented in standard natural deduc-
tion style, hence abandoning the axiomatic framework. Kldks are very much alike hyperformulae,
the differences consisting in the fact that a context insideatom (sequent) is a list of formulae (and
hence the ordering is crucial), the existencéfin of a distinguished formula (the empty formula) and
explicit substitutions. This makes the syntaxif. more complicated than the one presented here, but
still easier to handle thakits appearing in [18] (see comment below).

Another approach on the logical foundation far is given in [18], wherdL has been introduced.
Roughly speakinglSL can be viewed ali. enriched with conjunction. But, although inspired in this
former work, the notation designed ft8L is completely different from that presented far, where
kits (i.e., trees labeled by formulae) where used in orddtetep track of the structure of deductions.
The presence of trees introduces a beautiful geometrymiitta logical system, but at the same time it
makes the definition of deductions harder to manipulatéhérsense that it is necessary the introduction
of classes of equivalence between deductions in order toedeélid deductions. It turns out that kits
aren't really necessary: controlling the order of the Isageenough in this case. That made it possible
to choose a much simpler approach based on molecules, wieattenit record the shape of deductions,
but only group the equivalent ones, step by step. An invasitig about the relation betweédlL andIL
isin [19].

In any case, the logical systems proposed so far admit ttsepee of only one between intersection
and conjunction, giving the idea that it was impossible tx thiem in the same setting. The main
contribution of this work is to present a logical system ifunal deduction style in which conjunction
and intersection can be represented and hence making iblgosscharacterize, at the proof-theoretical
level, the behavior of these two connectives. In this wag,itlersectiom leaves the stigma of being a
truly proof-functional connective (as described in [18]prder to become a connective with synchronous
behavior, contrasting with the asynchronous nature of timguaiction.

The present work can be extended in a number of ways.

The first and more natural one is to propose an adequate diecon&ISL so that the resulting lan-
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guage supportdiscrete polymorphispgiven by thelSL’s synchronous conjunction. This result would
be comparable with the known fact that second ordenlculus is the language foniversal polymor-
phism[8, 15]. In fact, intersection types provide type polymadsph by listing types instances, differing
from universal quantifiers that provide type polymorphisyrnirstantiating quantified type variables for
types. It is worthy to note that a logic fof always gives, as sub-product, a typed versiorm afith
intersection types, through a complete decoration of dezhs:[17]. But typed versions dff can be
obviously defined following a non logical approach: exam@ee in [12, 16, 22].

Another interesting problem would be to investigate betier existence or not of a new logical
connective— such that the synchronous conjuncti@gm) would be its adjoint. That is, such thajsy,
[(an B;)] if and only if Fisy, [(o; 8 < v)]. The problem is that, in the formutan 3, it is implicit
thata and 8 are dependent in the sense that they are labeled by theséene. Hence such an arrow
— would have to internalize, within the logical system, thistezcondition. Being more specific, the
connective— needs to be a new arrow that deals with hypothesis which &eesactions one piece at
a time (as expected from an arrow), but “remembering” péytidischarged hypothesis (as needed in
intersections).

Acknowledgements The authors would like to thank the anonymous refereessr very useful
comments and remarks.
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