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Abstract. This work is a consequence of studying the)elatedness of the
principles that allow to implicitly characterize the pobmial time functions
(PTIME) under two perspectives. One perspective is predicatougsen, where
we take Safe Recursion on Notation as representative. Ties perspective is
structural proof theory, whose representative can be Adfime Logic (LAL). A
way to make the two perspectives closer is to devise polyalbsoiund general-
izations ofLAL whose set of interesting proofs-as-programs is largerttiaset
LAL itself supplies. Such generalizations can be foundl &

MS is aMultimodal Stratified frameworthat containsubsystemamong which
we can find, at least,AL. Every subsystem is essentially determined by two sets.
The first one is countable and finite, and supplies the maeklib form modal
formulee. The second set contains building rules to generata nets. We call
MS multimodalbecause the set of modalities we can use in the types for tioé pr
nets of a subsystem is arbitraMS is alsostratified This means that every box,
associated to some modality, in a proof net of a subsystermezer be opened.
So, insideMS, we preservestratification which, we recall, is the main struc-
tural proof theoretic principle that makesL a polynomial time sound deductive
system.MS is expressive enough to contdi\L and Elementary Affine Logic
(EAL), which is PTIME-unsound. We supply a set of syntactic constraints on
the rules that identifies tHeTIME-maximal subsystems &S, i.e. thePTIME-
sound subsystems that contain the largest possible nurhibgles. It follows a
syntactic condition that discriminates amdPgIME-sound andP TIME-unsound
subsystems df1S: a subsystem iPTIME-sound if its rules are among the rules
of somePTIME-maximal subsystem. All our proofs widely use the techngque
Context Semantics supplies, and in particular the geooattonfiguration that
we calldangerous spindlea subsystem is polytime if and only if its rules cannot
build dangerous spindles.

1 Introduction

This work fits the theoretical side of Implicit Computatidb@mplexity (CC). Our
primary goal is looking for the systems that can replace thestion marks (1), (2), and
(3)in Fig.1. InthereSRN is Safe Recursion on Notation [1], namely a polynomial time
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Fig. 2. PTIME-unsound,PTIME-sound, andPTIME-maximal subsystems &/S.

(PTIME) sound and complete restriction of Primitive RecursibAL is Light Affine
Logic [2], a deductive system derived from Linear Lodit ([3]), based on proof nets,
which isPTIME sound and complete under the proofs-as-programs analsghdéwn
in [4], there exists a subalgebBC~ of SRN that compositionally embeds intcAL.
However, it is not possible to extend the same embeddingetavtioleSRN. As far as
we know, any reasonable replacement of the question mayrk@jland (3) in Fig. 1 is
still unknown. The results in [5] and [6] justify the obsttions to the extension of the
embedding in [4] that would repladeAL for (2), or (3). Indeed, [5] shows th&rong
PTIME-soundness ofAL, while [6] shows thatSRN is just weaklyPTIME-sound,
once we see it as a term rewriting system. Since the stRIHYIE-sound programs
are, intuitively speaking, far less than the weak ones, ttsalignment looks evident.
So, a way to fill the gaps in Fig. 1 is looking for an extensionLéf_. This is not
impossible sincé AL does not supply the largest set of programs we can write under
the structural proof theoretic constraints thal_ itself relies on. To better explain this,
we need some steps.

Recalling LAL. The proof nets oEAL inherits thel-boxes fronLL. Every!-box identi-
fies a specific region of a proof net that can be duplicated g tih eliminationin LAL
each box that can be duplicated, calledox, depends on at most a single assumption
Besides the duplicableboxes LAL hasg-boxes, which cannot be duplicatédboxes
implement theweak derelictiorprinciple!A — §A. Namely, every-box allows to
access the content of!ébox, preserving its border. Accessing the proof net inside
I-box is useful to program iterations through Church nunseffal example. Since also
the§-boxes can never be “openedtie proof nets oL AL are stratified “Stratification”
means that every nodeof every proof net of. AL either gets erased by the cut elim-
ination, or the number of nested boxes the residuais afe contained in keeps being
constant when the cut elimination proceeds.
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PTIME-sound andPTIME-unsound extensions of AL. Once recalled AL, we pro-
pose some extensions of it that preserve stratification téveextendind AL to LAL ;,
whosel-boxes, by definition, can depend on more than one assump#dry is PTIME-
unsound, because it contaiEAL. Recall thatEAL is the affine version oELL [7],
which soundly and completely characterizes the class ah&teary Functions. As a
second try, we might think to exterldAL to LALyg by adding a ContractioRA —o
(84 ® §A4). Once againl.ALys is PTIME-unsound, becausEAL easily embeds into
it, translating! of EAL with § of LALys. Finally, we extend AL to LAL, adding
new modal rules, identical to the ones fobut relative to a modal operator LAL,

is PTIME-sound as it trivially embeds intbAL. The PTIME-completeness afAL,
should be evident since it contaihdL. Moreover, it is not possible to prove neither
lA — bA, norbA — ! A. In principle, the new rules could maké\L, more expressive
thanLAL. The reason is that the new rul@scombination with the original modal rules
of LAL, can be used to represent structures inSIB&l, otherwise not representable in
LAL. Thus, (i)LAL can bePTIME-soundly extendet another system by adding some
rules, and (iithe new rules may allow to write new interesting prograifisis poten-
tially candidated AL, to replace (2) or (3) in Fig.1 becaulsAL, might have programs
missing inLAL that allow to simulate terms not BC~. In fact, the situation is a bit
more complex, but we shall get back to this in the final section

The stratified and multimodal framework MS (Section 2).Abstracting away from
the experiments obAL led to this work. Fig. 2 visualizes what we medS was first
introduced in [8]. Here we make the definition more essentialle extending it so
that the (sub)systems of proof n&4§ contains can use unconstrained Weakenifg.
is a Multimodal and Stratifiedframework.MS is a class of triple$X, Bx, Rx). The
first elementX, we call carrier, is a@rbitrary countable and finite set of elements we
use as modalities inside a language of formulee. The second elemef is a set
of building rules ideally partitioned intdinear and modalones. Thdinear building
rules define the proof nets of Multiplicative and Second @felmgment KLL) of
LL. The exponentiabuilding rules inBx of any given(X, Bx, Rx) define: (i) which
modal formulee ofFx, that label the premises of a proof net, can be contractedaint
single premise, and (ii) which modal formulee are associttelde conclusion of a box
we can build around a proof net. At this point, to keep thingsitive, we can think



a subsystenP of MS is every triple that satisfies an essential requirement ¢othis
proof netsPN(P) thatBx can generate as a rewriting system. This amounts to require
thatRx is the largest rewriting relation IRN(P) x PN(P).

An example of a whole class of subsystemdus is Linear,,, with n € N, already
defined in [8].Linear,, allows to remark the freedom we have when choosing a carrier
set. Fig. 3(b) shows the partial order that we can tak¥,aso defineLinear,,, while
Fig. 3(a) shows a subset of the Contraction nodes inducéd,bjRemarkably, (iLin-
ear,, has a linear normalization cost, liIRdLL,, but (ii) it can represent the Church
numerals as much long as together with the basic operations on them, so strictly
extending the expressivenesa\vifl .

The local criterion (Section 3-4).1ts statement relies on the notion BTIME-max-
imal subsyster® of MS. Specifically,P is PTIME-maximal if it isPTIME-sound, and
any of its extensions becom®§ IME-unsound. Our criterion says that a givéhis
PTIME-maximal by listing a set of sufficient and necessary coodgion the syntax
of the building rules inP. As a corollary, any giverP’ is PTIME-sound if its rules
are among those ones ofPA IME-maximal subsystems &flS. To concludespindle
(Section 3, Fig. 12(a)) is the technical notion we base oiteraon on. A spindle is a
conceptual abstraction of the general quantitative aislgsls that Context Semantics
(CS) [9] supplies. Intuitively, if a subsyster® allows to concatenate arbitrary long
chains of spindlegFig. 12(b)), then it isSPTIME-unsound, namely some of its rules
cannot by instance of arBTIME-maximal subsystem dflS.

Acknowledgments.We like to thank the anonymous referees whose commentsediow
to better justify the main aspects of this work, we hope.

2 The framework MS

We defineMS by extending, and cleaning up, the definition in [8]. Our eatiMS
generates subsystems with unconstrained weakenind,Aiketo easy programming.
The Formulee.Let X be an alphabet ahodalitiesranged over byh n.p, q, ..., andV
be a countable set of propositional variables, ranged ovet b, w, . . .. The setFx of
formuleg generated witht" as start symbol, is:

F::=L|FE E::=mF L::=z|FQ®F|F — F|Vz.F

E generatesnodalformulee,L linear (non-moda) ones.A, B, C' range over formulae
of Fx. I', A, @ range over, possibly empty, multisets of formuJ@[.B/y} is the substi-
tution of B for y in A. Thenumber of modalitiesf Fx is the cardinality ofX.

The framework. MS is a class of triple$X, Bx, Rx), for every countable séf. An
elementBx is a subset of theuilding rulesin Fig. 4, typed with formulee of x. The
nodes(D,@ just show inputs and output, respectively. The other nodestandard
ones. BothPromotion and Contraction are modalas opposed to thinear remaining
ones. The second componentRx is a subset of theewriting rulesin Fig. 5, 6, 7,
and 8, typed with formulee gfx. The name of every rewriting rule recalls the nodes it
involves. Fig. 5 defines tHaear rewriting ruleswhich, essentially, just rewires a proof
net. Fig. 6 contains thmodal rewriting rulesthose ones that, once instantiated, may
cause exponential blow up. Fig. 7 and 8 descgagbage collection
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SubsystemsA triple P = (X, Bx, Rx) in MS is asubsystenof MS) whenever:

1. Bx contains all the instances of the linear building rules;

2. Bx contains every instance Bfomotion P, (), that generateslosedn-boxes

3. Bx is downward closedNamely, for everyP;(mo, ..., m) in Bx, Py(no, ..., n)
belongs taBx as well, for every{ng, ..., n} C {mog,...,mg};

4. If we denote byPN(P) the set of proof nets tha#lx inductively generates, using
Identity andDzaemonas base cases, th@&y is thelargestrewriting relation inside
PN(P) x PN(P).
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By abusing the notation, we wrif@ C MS to abbreviate thaP is a subsystems &fiS.

An example of subsystemLet M > 2, andX = {i! | i < M} U{i§ | i < M}.
ThensLAL = (X, Bx, Rx) is the subsystem d¥IS such thatBx contains the modal
building rules in Fig.9. The “s” in front of AL stands fosorted With n” we mean that
the premise it represents can occur at most once. Wittve mean that the premise
it represents can occur an unbounded, but finite, numbemefsti By the forthcoming
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Proposition 1sLAL is PTIME-sound. Notice thasLAL strictly extendd AL. We shall
get back to the relevance sEAL in Section 5.

Remarks on standard computational properties of subsystes A subsystenP does
not necessarily enjoy standard computational propefii@sexample, in a givef® a
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Fig.9. The modal rules o§LAL.

full normalization may fail because some building rule isssimg. Analogously, the
Church-Rosser property may not hold, because, for exafiplés) /Y4 (n, m)] gener-
ates a non-confluent critical pair. This might be considereitawback of the “wild”
freedom in the definition of the instances[&f (t) /Y (n, m)]. We believe such a free-
dom necessary to have a chance to find some replacement ofidéiséan marks in
Fig. 1. Instead, ever is strongly normalizing sinc®N(P) embeds into the proof
nets of EAL by collapsing all its modalities into the single oneAL. So, standard
results imply thaf? is Church-Rosser if it is locally confluent.

Notations.Let IT be a proof net of a giveR C MS. The set of its nodes 87, andE;
the set of edges. Moreovds,; is the set oBox-outnodes, in natural bijection with the
set of theboxes A box, corresponding to some instanceRf{m, ..., my), has one
conclusionof type qC and k assumption®f type respectivelyn, Ay, ..., my Ay, for
someC, Ay, ..., A,. Thedepth orlevel 9(u) of u € V7 U Ep7 is the greatest number
of nested boxes containing Thedepthd(IT) of IT is the greates®(u) with u € V7.
Thesize|II| counts the number of the nodeslih We notice thaBox-in/outnodes do
not contribute to the size of the proof net inside the box thelimit.

3 Polynomial time soundness

The goal of this section is an intermediate step to get thal kriterion. Here we char-
acterize the clasBMS of polynomial time soun@PTIME-sound) subsystems MS.
MS is the one in Sec. 2, which, recall, generalizes, while dtegit up, the one in [8]
by adding unconstrained weakening, and the correspondsmah. This is why we
shall briefly recall the main tools and concepts that alloprtave a sufficient structural
condition forPTIME-soundness, relatively to subsystemdu$. Later, we prove the
newPTIME-sound necessary condition.

3.1 Sufficient condition for PTIME-soundness

Context Semantics CS) [9]. The basic tool to identify a sufficient structural condition
on the subsystems &S that impliesPTIME-soundness i€S. We use a simplified
version ofCS, because the proof nets that any subsysteM®fcan generate are free
of both dereliction and digging.

CS identifiesCS-paths to travel along any proof net of any subsystem. E@8ypath
simulates the annihilation of pairs of nodes that, evehtuaill interact thanks to the
application ofr.steps The goal of usindCS to analyze our proof nets is to count the
numberR; (u) of maximalCS-pathswhich, traversing a proof néf, go from any box
rootu of I1 to either a weakening node, erasing it, or to the terminakrafd/ or of



Fig. 10.An example of maximal path.

the proof net inside a box that containsThe paths that we consider do never cross the
border of a box. The value d®;7(u) counts the contraction nodes that, possibly, will
duplicate the box rooted at

Figure 10 shows an example of maxin@®6-path from the rightmost box to the con-
clusion of the proof net. It is built by interpreting everydeoas it was a kind of operator
that manipulates the top element of a stack whose elementsacdain symbols of a
specific signature. For example, let us focus on the @di), +) the CS-path in Fig-
ure 10 starts from. The polarity says we are feeding the contraction with the value
r(e), coherently with the direction of its premise. We have taltthat the top cell of a
stack stores(e). The contraction node replaceg:) by e in the top. The axiom node
behaves as an identity operator on the top. Thefisgtwe meet pusheson the top, so
that such a symbol can be popped out by the seeardwe meet. We keep going with
these corresponding push-pop sequences until we reachribkision. By the way, we
notice that the leftmost box is interpreted as an identitytvthe stack content. This is
because we are in a stratified setting.

Figure 11 recalls the set of transition steps that formablire the stack machine that
builds theCS-paths and that we can use to work out the details about hostreaing
the maximalCS-path just described.

The point of determining Rz (u). CS allows to define a weigh (I7), for everyIl
in a subsystem df1S. The weight has two relevant properties.
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The first one is that thestepsstrictly decreas&V (I7), for any 1. Namely, the weight
bounds both the normalization time &f and the size of the reducts éf under a
standard normalization strategy which is proved to be thestaane. So, the weightis a
bound for any strategy.

The second property is thaV(I1), for any I1, is dominated by) ;5 R (u), up
to a polynomial. More formally, it exists a polynomiaz, y) such that, for everyl,

W(IT) < p (Xeep, B (u),|1]).

Spindles. They are specific configurations inside the proof nets of argi. If the
structural properties dP limit the number of spindles we can concatenate in every of
its proof nets, then we can deduce a polynomial bound@n; R (u), giving us a
sufficient condition foPTIME-soundness. Figure 12(a) shows an examplepaidle
betweenu andb. A spindle contains two, and only two, distin€S-paths to go from
one node of a proof net to another. T@&-paths can duplicate structure, a potentially
harmful behavior when the control over the normalizatiomptexity is a concern.

Definition 1 (Spindles).Let? C MS, IT € PN(P); e € E;; an edge labellean A
entering a contraction; f € Fj; an edge labelled B outgoing aPo nodeb; d(e) =
d(f). AspindlemA : X' : nB betweere and f, or v andb, is a pair of CS-paths s.t.:
7 is frome to f, through the left conclusion af; p is frome to f, through the right
conclusion ofu; 7 and p are the onlyCS-paths connecting with f. Theprincipal
premiseof Y is e, the principal conclusions f, and u the principal contractionAn



(a) An example of spindle.

(b) A chain of two spindles.

Fig. 12. A spindle and a chain of two spindles.

edge that is premise (resp. conclusion) of a nod& pbut that is not part of’, is said
non-principalpremise (resp. conclusion). We shorted : ' :n B withm: X' :n.

Chains of spindles.Let the proof nef contain both the spindles; A; : X; : n; B;, with

1 <i < r, and, forevenl < i < r, aCS-pathy; from the principal conclusion of
X’; to the principal premise of; ;. Then,m; A; : © :n,.B,., where® = (U;1 Y)u
(U;';f Xi), is achain ofr spindles and|©| = r its size. Intuitively, a subsystem of
MS that can build arbitrarily long chains of spindles cannoPd@ME-sound, for we
cannot bound the amount of duplicated structure when naimgl Arbitrarily long
chains exist as soon as the rules of a subsystem allow to#aufld®’ : m A, which can
compose with itself an arbitrary number of times. Tamgerous chainsf spindles are
the “prelude” to the construction @ here above. Alangerous chails mA: (O U x):
mC wheremA:©:nB is a chain, andk a CS-path from the principal conclusion, with
typenB, of the last spindle i®, and an edge whose type has modatity

Finally, the sufficient condition foPTIME-soundness that extends the one in [8]:

Proposition 1 (PTIME-soundness: Sufficient Condition)Let X be finite, andP C
MS. If P cannot build dangerous spindles, thEne PMS.

Proof (Sketch)Both the absence of dangerous spindles in any proofhef P and
the finiteness oK lead to a constant bourfdon the length of the chains of spindles in
1I. L only depends off. The boundL implies the existence of a polynomial that only
depends ofP and on the depth off, which bound$ _, . - R (u). For what observed
above, this implies thBTIME-soundness dp. a

3.2 Necessary condition foPTIME-soundness

Here we present a necessary conditionfdtME-soundness of subsystemsMis.
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Proposition 2 (PTIME-soundness Necessary Condition).et? C MS. If P € PMS
thenP cannot build dangerous spindles.

The idea to prove Proposition 2 is thanifd : X U x : mB exists inP, thenX U x can
be constructively transformed intoC': (X’ U x’) : mC that freely composes with itself,
leading to an exponential blow-up. Now, the formal stepstwe Proposition 2 follow.

Fact 1. LetP C MS.

1. Foreveryl > 0,P containsil;> A, ..., A+ A, with A = v — v, [ occurrences of
A as assumptions, an¥{ I7;) = 1.

2. IfPprovesA,..., A+ A, withi occurrences ofl, thenitprovesalse; A4, ... mi A+
qAfor k <, for everyPy(my,...,my) € P.

For example/I; in Fact 1 can just contain the no andew .

Lemma 1. LetP C MS be a subsystem that can build a dangerous spiddie y. In

‘P there is another dangerous spindlg’ U x”, obtained constructively fron¥’ U y,
such that: (a)X” U x” contains only Contractions, Box-out and Cut nodes at leyel 0
(b) Every edge at level0 has labelq 4, for some fixed; (c) (X" Ux"”) = 1; (d) The
only premise o U x” is the principal one.

Proof. Let IT € PN(P) be the proof net containing U .



We reduce all the linear cuts il at level 0. We get tdI’ € PN(P) with X’ U x/,
the reduct of2 U y, in it. An example of a possibl&”’ U x’ is in Figure 13(a), where
X' is empty.X’ U x’ is still a dangerous spindle, as well as the residuals oftheset
CS-pathsp, 7, x of X U x are still CS-paths inlI’. The threeCS-paths cannot contain
linear nodes. Indeed, we just observe that, e.giust begin in a contraction, with label
nA, and must stop in a box, with labglB. So it cannot cross neither any right-node,
otherwise it would add a non-modal symbokitd, and so the last formula could not be
mB, nor any left-node, otherwise it would remove a non-modailsyl fromn A.

We transformX’ U ¥/, just generated, into another grah U x* by replacing every
proof net enclosed in a bak, (my,...,m;) of X' U x' by [T, > A,..., A+ Aasin
point 1 of Fact 1. Consequently, evers at level 0 inX’ becomeg A in X*, for some
q. This replacement implied(X™* U x*) = 1 (Figure 13(b)).

X* U x* is a graph satisfying the requirements (a)-(b)-(c) in tla¢eshent we want to
prove. However, in general, it does not satisfy (d). Morep¥& U x* is not necessarily
a spindle because it may not be contained in a proof ngt &/e can modify>.* U x*

to get aX” U x” that satisfies the point (d). &is a non-principal premise df* U x*,
entering some bokof X* U x*, then we remove the edgeand we reduce the number
of premises ob, according to point 2 of Fact 1. Now, we can plug every nom@pal
conclusion ofX” U x”, exiting upward from some contractienof X" U x”, with a
weakening node: we get a proof Hét’ containingx” U x"”, thus showing thak”’ U x"”

is a dangerous spindle. a

Proof (of Proposition 2)By contraposition, we show that: “IP can build a danger-
ous spindleX’ U y, then it is notPTIME-sound.” Let us assume : (X' U x) : m has
premised”, mB and conclusiongl, mC, remembering thak’ may not be a proof net,
so admitting more non-principal conclusiods By Lemma 1 we build a dangerous
X" U " of depth 1 with premiserA and conclusionsi4, A. ThenX” U x” becomes

a proof netlI” >mA + mA, using weakening. Now we concatenate as many copies of
1" as we want, with a closed bdxwhose conclusion has typeA. We get a family
(@n> F mA | n € N) of proof nets. Every,, has depth 1 and sizé(n). The canoni-
cal strategy replicatds until the level0 is normal. This takes linear time. Though, the
final size at level has grown exponentially, implying thét, reduces in time (2).
So,P ¢ PMS. O

Remark 1.The proof of Proposition 2 highlights a peculiar aspecPdiIME-sound
subsystemsPTIME-soundness combines two more primitive properties we cin ca
polynomial step soundnefsstep) angolynomial size soundne§ssize). A subsystem
IT is pstep (resp. psize) iff there is a polynomjigl) such that, for everyI € P,

IT —* X implies thatk (resp.|X|) is bounded by (|1|). So, the proof of Proposition 2
shows also thatif P C MS is psize, then it is pstep as well, namBIjIME-sound.

4 PTIME-maximal subsystems

This section supplies the local criterion that distingesRTIME-sound andPTIME-
unsound subsystems MS, just looking at their rules.



Definition 2 (PTIME-maximal subsystems)Let P = (X, Bx, Rx) be a subsystem
of MS. We say thaf is PTIME-maximalif, for everyP’ = (X, B¢, R%), Bx C Bk
impliesP’ ¢ PMS.

Let P C MS. We writem =< n whenever there exists a proof nét € PN(P) con-
taining aCS-path whose edges are all labeled by modal formulae, the fiseaiting
upwards from &0 node with modalityn, and the last one with modality < is clearly
transitive.

Fact 2. LetP be aPTIME-maximal subsystem.

1. If P hasP,(m,n,n) it also hasP, (m,n*), wheren* stands for any unlimited and
finite sequence of assumptions with-enodal formula.

2. If P hasPy(m,n) and Py (n,t) it also hasP,(m, n, ).

3. Vg € X, P has at least’;(q”), wheren” stands for at most one assumption with a
n-modal formula. This is like requiring a reflexive

The justification to the first point develops as folloWscannot have’, (m,n*) if such
a rule generates a spindle. In that case, the same spindls #xanks thq(F{, n,n)
against the®TIME-maximality of P. An analogous argument can be used to justify the
second point. The third one is obvious becal’sg)”) has at most one assumption.

Lemma 2. Let’P be aPTIME-maximal subsystem. Thehis alinear quasi-ordei.e.
< is transitive, reflexive and connected.

Proof. <is always transitive. Here it is also reflexive, because efitesence aP, (q).
We have to prove that it is connected, thatvist,n (m < nV n < m). Let us assume
thatP is PTIME-maximal and-(m =< n). We show that < m. =(m =< n) implies that
adding P, (m) to P gives aPTIME-unsound systen®’. So we can find a dangerous
spindleq: (X U x) : q in P’ containingP,(m). X U y is not in. However, inP, we
can find a grapt¥’ that, extended with a suitable numberRf(m) boxes, givesZ. In
particular, we find in™’ (and so irP) two paths, one from modaliiyto m and the other
one fromn to q, that can be composed to create a path froi@mm. So,n < m. O

Remark 2.We focus only onPTIME-maximal systems with #&near order <. This
because anfp whose< is not as such is as expressive as angfHavith less modalities
and whosex is linear. For example, iP is PTIME-maximal and contain®, (m) and
Py, (n), thenm andn cannot be distinguished, asis transitive, sm, n can be identified.
We shall write< for the strict order induced bx.

Theorem 1 (Structure of PTIME-maximal Subsystems)Let P be a subsystem of
MS with a linear <. P is PTIME-maximal iff P contains exactly the following rules:

1. allthe rulesY,(m,n) for everyq < m, n;

2. all the rulesY 4(q,n) for everyg < n;

3. allthe rulesP,(q°, m}, ..., m}) for everymy, ..., my < q;

4. only one amon 4(q,q) and Py(q*, m}, ..., m}), foreverym; ..., m; < q.

For exampleLAL is not maximal. It can be extended toPd IME-maximal system
letting! < §, and adding the missing rules.



Proof. “Only if” direction. We want to prove that every systef = (X, Bx, Rx)
containing the rules described in poirtts2, 3, 4 is PTIME-maximal. The order
prevents to build dangerous spindles thanks to its linggiiv, Proposition 1 implies
P is PTIME-sound. Moreover, ifY 4 (q, q) belongs toP, addingP,(q*, mj, ..., m}),
against poind, would allow to construct a dangerous spindle. The same dvioalby
starting withP, (q*, m{, ..., m}) in P and, then, addin 4(q, q).

“If” direction. We assumé is PTIME-maximal and we want show that it must contain
at least all the rules described in the statement. We prdwe d¢ontradiction first rela-
tively to pointsl, 2, and3, then to point 4. A contradiction relative to poirits2, and
3requires to assume th&thas not a rule? described i, 2, 3. Let By = Bx U {R}.
The PTIME-maximality of P implies thatP’ = (X, By, R%), for the suitableR, is
not PTIME-sound. Thanks to the contraposition of Propositio1¢Z PMS implies
that?’ can build a dangerous spindie( X U x):t. Now we show that this is ht source
of various kinds of contradictions.

Letu be aninstance a® = Y, (m, n) insidet: (¥ Ux):t. For example, we can assume
that one of the two distind€S-paths inX' crosses: from qA to mA. By definition of
<,t =< g <m =<, so contradicting the linearity of.

Letu be an instance aR = Y 4(q,n) insidet: (X U x):t. The previous case excludes
that one of the two distindES-paths inX' U x crosses: from gA to nA. So, it must
crossu from its premise, labeledA to its conclusion, labeledA. This means that
v: (X U X'):t, obtained from~ U x just removingu, exists inP, which could not be
PTIME-sound.

The caseR = Py(q, my, ..., m;) combines the two previous ones.

Now we move to prove poirt. Without loss of generality, we can prove the thesis for
P,(q,q) instead ofP,(q*, m}, ..., m}). By contradiction, letP be PTIME-maximal,
and let the thesis be false. So, there Bie= Y,(q,q) andRy = P,(q, q) such that
either Bx has both of themor Bx has none of them. In the first case the two rules
would build a spindle, makin@ not PTIME-sound. In the second case, neithier
nor R, belong toP. This means that neithé?; = (X, Bx U {R1}, RL), nor Py =
(X, Bx U {R2}, R%), for suitableR%, RZ%, are PTIME-sound, because, recal, is
PTIME-maximal. So, there has to be: (X7 U x1):t; in P; that involves an instance
up of Ry (Figure 14(a)), ands : (X5 U x2) : t2 in P2 involving the instancé. of Ry
(Figure 14(b)). Thanks to Lemma 1 we can assume that all theddan >, U x; and
Y9 U xo are of the forrm A, for a fixedA and somer’s. Then,u; must be therincipal
contraction of; . If not, we could eliminate it as we did farin point 2, proving tha

is notPTIME-sound. This is why, = qin X U x; of Figure 14(a). Now, le® be the
graphX; U x; withoutu,; we can build® in P (Figure 14(c))© has two premisegA
and one conclusiogA, exactly as the bok, in X5. So, we can repladg in X U x»
with © getting a new spindle, : (X U x) :t2 in P. But (X' U x) € PN(P) impliesP

is notPTIME-sound. O

5 Conclusions

We supply a criterion that discriminat®JIME-sound stratified systems, based on a
quite general structure of proof nets, from tAR€IME-unsound ones. Such systems
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Fig. 14.The proof nets used in the proof of Theorem 1

are subsystems of the framewdviS. Roughly, every subsystem is a rewriting system,
based on proof nets. The proof nets are typable with modaldtae whose modalities
can be quite arbitrary. We justify the “arbitrariness” otakng the set of modalities to
use by our will to extend as much as we can the set of prograns¢ratified-proof nets.
To this respect, the “largest” subsystems are Rfi¢ME-maximal ones that we can
recognize thanks to the form of their proof nets buildingesulThe “state transition”
from a PTIME-maximal subsystem to BTIME-unsound one corresponds to moving
from a system that composes chains of spindles with bouretegit to a system with
unbounded long chains.

Finally, we can state thdflS accomplishes the reason we devised it. The subsystem
SLAL in Section 2 can replace (2) in Fig. 1 for a suitable extensibBC~, inside
SRN, in place of (1). To show how, however, really requires a wehabrk, whose
technical details will be included in Vercelli's doctoraksis, which shall also present
some conditions able to assure if a subsystem enjoys autraltion.

References

1. Bellantoni, S., Cook, S.: A new recursion-theoretic elsgarization of the polytime functions.
Computational Complexitg (1992) 97-110

2. Asperti, A., Roversi, L.: Intuitionistic light affine lag ACM Trans. Comput. Log3(1)
(2002) 137-175

3. Girard, J.Y.: Linear Logic. Theo. Comp. SBD (1987) 1-102

4. Murawski, A.S., Ong, C.H.L.: On an interpretation of saéeursion in light affine logic.
Theor. Comput. Sc31§12) (2004) 197—223

5. Terui, K.: Light affine lambda calculus and polynomial ¢éiretrong normalization. Arch.
Math. Logic46(3-4) (2007) 253-280

6. Beckmann, A., Weiermann, A.: A term rewriting charaaation of the polytime functions
and related complexity classes. Arch. Math. Log@&1) (December 1996) 11 — 30

7. Girard, J.Y.: Light linear logic. Inf. Comput432) (1998) 175-204

8. Roversi, L., Vercelli, L.. Some Complexity and Expressigss results on Multimodal and
Stratified Proof-nets. In: Proceedings of TYPES'08. Volusd87 of LNCS., Springer (2009)
306 — 322

9. Dal Lago, U.: Context semantics, linear logic and comjtal complexity. ACM Transac-
tions on Computational Logit0(4) (2009)



