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Abstract

This paper presents a Continuous Stochastic Logic
(CSL) model-checking algorithm for Generalized Stochas-
tic Petri Nets (GSPNs).CSL is a temporal logic de-
fined over Continuous Time Markov Chains (CTMCs).
GSPNs are a class of Stochastic Petri Nets in which sojourn
times in states are either exponentially distributed (tangi-
ble states) or deterministically zero (vanishing states).Al-
though vanishing states have zero probabilities, they can
be relevant for the definition of system properties ex-
pressed asCSL formulae: the semantics ofCSL is there-
fore modified accordingly. The paper then shows how the
set of GSPN states which satisfy aCSL formula can be com-
puted through the solution of CTMCs produced from a
series of embedded Discrete Time Markov Chains modi-
fied according to the formula being checked.

1. Introduction

Generalized Stochastic Petri Nets (GSPNs) [1] are a
class of Stochastic Petri Nets in which sojourn times in
states are either exponentially distributed (tangible states)
or deterministically zero (vanishing states). Transient and
steady state probabilities of GSPN states can be computed
from a CTMC defined over the tangible states, with the
corresponding probabilities of vanishing states being zero.
GSPNs have been used widely for the computation of per-
formance evaluation metrics. As has been recognized in, for
example, the pioneering works [9] and [21], it may be im-
portant to express metrics that relate to execution paths.
More precisely, in [21] a class of path-based reward vari-
ables is introduced, where an automaton is used for the
specification of the set of paths of interest, while in [9] the
reward language is based on a simple modal logic.

Continuous Stochastic Logic (CSL) [3, 6] is an extension
of the temporal logic CTL [10] for the specification of guar-
antees on system performance, including path-based mea-
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sures. The logic CSL includes a probabilistic path operator
to reason about the probability with which a certain (pos-
sibly timed) property is satisfied: for example, “does the
system reach an error state, without passing through a re-
covery state, within 5 minutes with probability greater than
0.01”. This property requires the accumulation of probabil-
ity along the subset of paths representing executions that do
not pass through recovery states, and can be computed us-
ing transient analysis in which the recovery states and er-
ror states are made absorbing [6]. The logic CSL also in-
cludes a steady-state operator which can refer to the proba-
bility of the system being in certain states in equilibrium.

CSL model-checking algorithms for CTMCs are im-
plemented in the tools ETMCC [14], PRISM [15],
MRMC [18], and the APNN toolbox [8]. CSL model check-
ing of GSPNs is possible in tools like GreatSPN [11] (via
an export to MRMC and to PRISM) and the APNN tool-
box, but in all cases only a model-dependent subclass
of CSL formulae, which are invariant under the elimi-
nation of vanishing states, can be verified [8]. However,
vanishing states can play a role in the definition of for-
mulae, as we show in the next section. Even when it
is possible to rephrase the property in terms of tangi-
ble states only, this may not be convenient or intuitive.

In this paper we extend CSL to deal with GSPNs. To
achieve this goal, in Section 2 we first describe the stochas-
tic process over vanishing and tangible states correspond-
ing to a GSPN, which we will call a Vanishing Continuous-
Time Markov Chain (VCTMC), and then, in Section 3, we
define the semantics of CSL over VCTMCs. In Section 4,
we show how to modify the CSL model-checking algo-
rithm for CTMCs proposed by Baier et al. [6] to the case of
VCTMCs. The paper concludes with an example of model
checking a cyclic polling system modelled as a GSPN.

Related work.A recent paper developed concurrently to
ours has the objective to define a model-checking algorithm
for IM-SPDL on stochastic systems with vanishing states
(ESLTS) [20]. The logic IM-SPDL takes into account la-
bels of states andactions, and allows the specification of
complex properties on execution paths using program-like
expressions. We note that IM-SPDL is more powerful than



CSL, and as a consequence the model-checking algorithm is
more complicated and requires the construction of a product
of a formula automaton with the ESLTS to produce a mod-
ified ESLTS, which is then reduced to a CTMC by elimi-
nating vanishing states; this CTMC is subsequently model-
checked against a probabilistic timed reachability property
of CSL. The reduced CTMCs we define in this paper are
similar or identical to those generated by the construction
of [20] (the paper [20] does not enter into the details of open
and closed intervals at 0, and point intervals) .

A CSL model-checking algorithm for semi-Markov
chains is presented in [17]. It assumed that, in all states,
some time elapses with positive probability; this assump-
tion means that considered model cannot represent faith-
fully VCTMCs. A variant of CSL, called eCSL, has been
defined on semi-Markov stochastic Petri nets (SM-SPNs),
which are Petri nets in which the sojourn time in states fol-
lows a general distribution [7]. GSPNs can be considered
as a subclass of SM-SPNs in which sojourn times are ei-
ther exponential or deterministically null. From a SM-SPN
it is possible to generate a semi-Markov process; however,
the semi-Markov process used in the semantics of eCSL is
defined over tangible states only. A model-checking algo-
rithm for stochastic transition systems has been developed
in [12]; we note that the subclass of stochastic transi-
tion systems in which nondeterminism is not permitted
corresponds to VCTMCs. However, the temporal logic con-
sidered in [12] does not permit CSL-like time-bounds in
path formulae.

2. GSPNs and motivating examples

2.1. Introduction to GSPNs

Let R≥0 be the set of non-negative reals, andR>0 be the
set of positive reals.

Definition 2.1 A generalized stochastic Petri net[1]
(GSPN) is a tupleG = (P, T, pri, I, O, H, W, m0), whereP

is the set of places,T is the set of transitions,pri : T → N

is a priority function,I , O, H : T → P → N define the in-
put, output, and inhibitor arcs with associated multiplic-
ity, respectively,W : T → R≥0 assigns a non-negative
real to each transition, andm0 : P → N describes the ini-
tial marking.

Transitionst ∈ T with pri(t) ≥ 1 are calledimmedi-
ateand fire in zero time, while transitions withpri(t) = 0
are calledtimedand have an exponentially-distributed de-
lay. The firing rule of classical Petri nets is changed accord-
ingly to take priorities into account. This induces a partition
of T into the setTimm of immediate transitions and the set
Ttim of timed transitions. For a transitiont ∈ T : if t ∈ Timm

thenW (t) is the “weight” of the transition in comparison

with other immediate transitions, and is used to compute
the probability thatt fires in a given marking; ift ∈ Ttim,
thenW (t) is the rate of the exponential distribution associ-
ated witht.

We let RS denote the reachability set of a GSPN (the
set of all markings reachable fromm0). As usual we use
interchangeably the terms “state” and “marking”. Due to
the presence of immediate transitions we distinguishvan-
ishingstates, in which there is at least one outgoing imme-
diate transition (therefore the sojourn time is deterministi-
cally zero), fromtangiblestates, in which time elapses. We
indicate with VRS and TRS the set of vanishing and tan-
gible states respectively. Ifs ands′ are states, we indicate
with s[t〉s′ the fact that the firing of transitiont in s pro-
duces the states′. We let RG denote the reachability graph
defined over RS: nodes are the states of RS, and there is an
arc labelled with transitiont from nodes to nodes′ if and
only if s[t〉s′. We let TRG denote the tangible reachabil-
ity graph, the nodes of which are in one-to-one correspon-
dence with tangible states. There is an arc of TRG froms

to s′, wheres, s′ are tangible states, if and only ifs[t〉s′,
wheret is a timed transition, (in which case the arc is la-
belled witht), or through the firing of a timed transition fol-
lowed by a sequence of immediate transitions leading tos′

(in which case the arc is labelled witht followed by a se-
quence of immediate transitions).

2.2. Underlying stochastic process of a GSPN

2.2.1. Markov chains. We now define the notation for
discrete- and continuous-time Markov chains. We consider
Markov chains extended with a function which labels each
state with a set of atomic propositions interpreted as being
valid in that state. LetAP be a set of atomic propositions.
A probability distributionon a set of elementsS is a func-
tion α : S → [0, 1] such that

∑

s∈S α(s) = 1.

Definition 2.2 A labelled discrete-time Markov chain
(DTMC) D is denoted by a quadruple(S,P, INIT ,L)
comprising a finite setS of states, aprobability ma-
trix P : S × S → [0, 1] of conditional probabilities (also
called a probability transition matrix, and which is such
that

∑

s′∈S P(s, s′) = 1 for each states ∈ S), an ini-
tial probability distribution INIT on S, and a labelling
functionL : S → 2AP .

As usually when dealing with CSL, we use the rate tran-
sition matrixR instead of the infinitesimal generator matrix
in the description of continuous-time Markov chains.

Definition 2.3 A labelled continuous-time Markov chain
(CTMC) C is denoted by a quadruple(S,R, INIT ,L), com-
prising a finite setS of states, arate matrixR : S × S →
R≥0 of rates (also called a rate transition matrix), anini-



tial probability distributionINIT onS, and alabelling func-
tion L : S → 2AP .

The interpretation of the rate transition matrix is that
R(s, s′) > 0 if and only if there exists a CTMC tran-
sition from states to state s′, and that the probabil-
ity that this transition is triggered withinδ time units is
1− e−R(s,s′)·δ. Let theexit rateE(s) for the states ∈ S be
defined byE(s) =

∑

s′∈S R(s, s′). A states is calledab-
sorbingif and only if E(s) = 0. We denote the usual notion
of transient probability of being in states at timeδ ∈ R≥0,
given that the CTMC starts with the probability distribu-
tion α, by πC(α, s, δ). Similarly, the steady-state probabil-
ity of being in state setS′ ⊆ S, given that the CTMC starts
with the distributionα, is denoted byπC(α, S′).

2.2.2. Vanishing CTMCs. In most of the papers on
GSPNs, the stochastic process of a GSPN is classified as a
semi-Markov process in which sojourn time in states is ex-
ponentially distributed or deterministically zero. How-
ever, when looking carefully at the stochastic process
of a GSPN, we can observe that defining such a pro-
cess as a semi-Markov process may not be an appropriate
choice. The same basic definition of a continuous stochas-
tic process does not apply when the sample space is the
whole reachability set RS. Consider that, in a stochas-
tic processX(δ), the state at timeδ ∈ R≥0 is defined
over the set of states, which in our case is RS; how-
ever, if δ is the time of firing of a timed transition fol-
lowed by a sequence of immediate transitions, thenX(δ)
can evaluate to asubsetof states. We could consider a defi-
nition in whichX(δ) is equal to the last tangible state, but
thenX(δ) is defined over TRS only, in which case CTMCs
is enough. Alternatively,X(δ) could be equal to a se-
quence of states of RS.

Even if the semi-Markov process is not totally adequate
to describe the semantics of a GSPN, we can observe that
the embedded DTMC defined as “X(n) = state of the sys-
tem after then-th change of state” is well-defined over RS.
We can computePss′ , the probability of reaching states′

from s in one step, using the rates of the timed transitions
enabled ins, if s is a tangible state, and the weights of the
immediate transitions enabled ins, if s is vanishing, as de-
scribed in [2]. The only missing information is the sojourn
time in states, although again this is easily recoverable from
the rates of timed transitions enabled in a state.

In the next paragraph we define the stochastic process as-
sociated to a GSPN through the embedded DTMC defined
over RS plus the sojourn times, which we call aCTMC with
vanishing states(VCTMC). Our approach to the definition
of VCTMCs is inspired by the definition of CTMCs given
by Kulkarni [19], where a stochastic process is a CTMC if it
has an embedded DTMC that describes the change of state
and if sojourn times are exponentially distributed.

Definition 2.4 A labelled CTMC with vanishing states
(VCTMC) is a quadrupleV = (D, ST , SV , Λ) where
D = (S,P, INIT ,L) defines a labelled DTMC with a fi-
nite set S of states, such thatST ∪ SV = S and
SV ∩ST = ∅, andΛ = {Λs|s ∈ S} is a set of random vari-
ables which describe the sojourn time in states ofD, with
the constraint thatΛs is deterministically zero ifs ∈ SV

(vanishing state), and is exponentially distributed other-
wise (tangible state).

If Xn is the random variable that describes the state of
D after then-th state change and ifYn is the random vari-
able that describes the sojourn time in stateXn then, given
statess, s′ ∈ S and durationδ ∈ R≥0, we can define the
following joint CDF ofV:

P{Xn+1 = s′, Yn ≥ δ|Xn = s, Xn−1, · · · , Y1, X0}

=







P(s, s′) · e−λ(s)·δ if s ∈ ST

P(s, s′) if s ∈ SV ∧ δ = 0
0 if s ∈ SV ∧ δ > 0

whereλ(s) is the rate of the exponential distribution as-
sociated with the random variableΛs of a tangible state
s ∈ ST .

For a VCTMC V = (D, ST , SV , Λ), we consider the
probability matrixP of D partitioned in the following way:

P =

∣

∣

∣

∣

PV V PV T

PTV PTT

∣

∣

∣

∣

wherePV V contains transition probabilities from a vanish-
ing state to a vanishing state,PV T from a vanishing state to
a tangible state, etc. Throughout this paper, to avoid behav-
ior in which time does not exceed some bound, we assume
that limn→∞ P

n
V V = 0; that is, the probability of remain-

ing within the set of vanishing states without ever reachinga
tangible state converges to 0 in the limit. This condition can
be checked by computing the strongly-connected compo-
nents of the directed graph ofD restricted to states inSV ;
such a strongly-connected component exists if and only if
limn→∞ P

n
V V 6= 0.

VCTMC of a GSPN.We now define the VCTMC of a
GSPN. Lets[t〉 denote the fact thatt is enabled ins.

Definition 2.5 The VCTMC of a GSPNG is denoted by
V(G) = ((S,P, INIT ,L), ST , SV , Λ), whereST = TRS
andSV = VRS, where the probability transition matrixP
is defined, for all statess, s′ ∈ S, by:

P(s, s′) =











∑

t:s[t〉s′ W (t)
∑

t:s[t〉 W (t) if ∃t such thats[t〉

1 if 6 ∃t such thats[t〉 ands = s′

0 otherwise,

whereINIT is such thatINIT (m0) = 1 for the initial mark-
ing m0 of G, and INIT (s) = 0 for all other markings
s ∈ S \ {m0}, whereL(s) = ats, and whereΛ is defined
byλ(s) =

∑

t:s[t〉 W (t) for each tangible states ∈ ST .



The setL(s) can be extended to include arbitrary expres-
sions on markings and enabling of transitions as in [11].

2.2.3. Solution process.There are two different ways of
computing the transient and steady-state probabilities ofa
GSPN. If no cycle of immediate transitions is present then
the easiest approach (followed by most GSPN tools) is to
build the RG, reduce the RG to the TRG, and then to use
the information on TRG arcs to compute the CTMC. If a cy-
cle of immediate transitions exists the CTMC is computed
passing through the embedded DTMC defined over RS, as
described in [2]. We revisit this construction in our context
in the following definition.

Definition 2.6 Let V = (D, ST , SV , Λ) be a VCTMC. The
reduced CTMCR[V] = (S,R, INIT ,L) of the VCTMCV is
defined as follows: letS = ST , let L be the labelling func-
tion ofD projected overST , and letR and INIT be defined
as follows.

First we consider the probability matrixP of D parti-
tioned into the matricesPV V , PV T , PTV andPTT . The
probability matrixP

′ among tangible states can be com-
puted asP′ = PTT + PTV (I − PV V )−1

PV T whereI

is the identity matrix and(I − PV V )−1 takes into account
the possible paths among vanishing states. Then the entries
of the rate matrixR of the underlying CTMC are given as
R(s, s′) = λ(s)P′(s, s′).

Now consider the initial distribution ofD as a vector
partitioned into a vectorINIT V overSV and a vectorINIT T

overST . Then the initial distribution ofR[V] is defined by
INIT = INIT T + INIT V (I − PV V )−1

PV T .

2.3. Motivating examples

To argue for the relevance of considering vanishing states
in CSL, we consider two simple GSPNs, depicted in Fig-
ure 1 and Figure 2. Both model the execution of a job dur-
ing which errors can occur: errors might be coverered or not
by the error recovery strategy. The two models behave dif-
ferently upon a successful recovery. In the first model, the
error stops the execution and the resulting state of the sys-
tem either corresponds to a token in placefailed or, in the
case the error is covered, in placecompleted. In the sec-
ond model an uncovered error stops the execution and re-
sults in failure, while a covered error does not alter the job
execution. The RG and TRG of the first and second mod-
els are shown in Figure 3 and Figure 4, respectively.

Assume that we are interested in the probability of a
path along which no errors occur and in which the sys-
tem arrives in a marking in which placecompleted is
marked. The CSL formula that seems most adequate is
Φ ::= P≥ρ[(work ∧ safe) U [0,∞) completed] for some
ρ ∈ [0, 1] (where the atomic propositions used refer to
marking of places in the obvious manner). For the GSPN

work

safe unsafe failed

completed

error

complete

fail

cover

Figure 1. First simple GSPN

work

safe unsafe failed

completed

error

complete

fail

cover

Figure 2. Second simple GSPN

of Figure 1, if Φ is checked on the TRG, the probability
is accumulated over the pathsm0 → m2 andm0 → m3,
while on the RG onlym0 → m2 is considered, because the
pathm0 → m1 → m3 passes through an unsafe state. For
the GSPN of Figure 2 the probability is accumulated along
the pathm0 → m2 on the RG and on paths of the form
(m0 →)+m2 in the TRG.

Observe that an equivalent formula exists that is cor-
rectly computed on both the RG and the TRG for the first
model:P≥ρ[(work ∧ safe) U [0,∞) (completed ∧ safe)].
However, this equivalent formula does not help for the sec-
ond model: the states involved in the paths over the RG and
the TRG involve the same states, and since atomic propo-
sitions can be associated to states only, it is not possible to
find a formula that is equivalent on the RG and on the TRG.

3. Continuous Stochastic Logic

3.1. Paths and probability measures

Paths of VCTMCs.Let V = (D, ST , SV , Λ) be a VCTMC.
If a tangible states ∈ ST is such thatλ(s) = 0, then we
say thats is absorbing. If, for tangible states ∈ ST and
arbitrary states′ ∈ S, we have bothP(s, s′) > 0 and
λ(s) > 0, then, for anyδ ∈ R>0, we say that there ex-
ists a VCTMC transition of durationδ from states to state
s′, denoted bys

δ
−→ s′. If, for a vanishing states ∈ SV

ands′ ∈ S, we haveP(s, s′) > 0, then we say that there
exists a VCTMC transition of duration0 from states to
states′, denoted bys

0
−→ s′. An infinite path is a sequence

s0
δ0−→ s1

δ1−→ · · · of VCTMC transitions. A finite path is

a sequences0
δ0−→ s1

δ1−→ · · · sn−1
δn−1
−−−→ sn of VCTMC

transitions such thatsn is absorbing. LetPathV be the set
of paths ofV.
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Figure 3. RG and TRG of the GSPN of Fig. 1
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Figure 4. RG and TRG of the GSPN of Fig. 2

For any infinite pathσ = s0
δ0−→ s1

δ1−→ · · · of a
VCTMC and anyi ∈ N, let σ(i) = si, the (i + 1)st state
of σ, and let∆(σ, i) = δi. Similarly, for any finite path

s0
δ0−→ s1

δ1−→ · · · sn−1
δn−1
−−−→ sn of a VCTMC, σ(i) and

∆(σ, i) are defined only fori ≤ n; we defineσ(i) as in the
case of infinite paths, whereas∆(σ, i) is defined as for infi-
nite paths ifi < n, and∆(σ, n) = ∞.

We now introduce notation to refer to the states occupied
along a path at an exact time point. Consider the path in Fig-
ure 5, wheresi are states andt denotes time. At timet = 9
the system moves from tangible states1 to a vanishing state
s2, from where it evolves into the vanishing statess3 and
thens4, to finally reach the tangible states5. It is then clear
that, in contrast to the case of CTMCs, a path may occupy a
sequenceof states at a particular point in time; in our exam-
ple, we say that the path occupies the sequence〈s1s2s3s4〉
of states at timet = 9 (we assume that the VCTMC is left-
continuous).

Definition 3.1 Let σ = s0
δ0−→ s1

δ1−→ · · · be aninfinite
path such that

∑

i≥0 δi does not converge. Forδ ∈ R≥0,

let i ∈ N be the smallest index such thatδ ≤
∑i

j=0 δj . If

δ <
∑i

j=0 δj , then letσ@δ = 〈si〉. If δ =
∑i

j=0 δj , for the

largest indexk > i such that
∑k

j=i+1 δj = 0, let σ@δ =

t=0 t=4 t=9 t=14

s1s0 s2

s3

s4

s5 s6

Figure 5. A sample path of a VCTMC

〈si...sk〉. Let s0
δ0−→ s1

δ1−→ · · · sn−1
δn−1
−−−→ sn be afinite

path. Forδ >
∑n−1

j=0 δj , let σ@δ = 〈sn〉; otherwise,σ@δ

is defined as for infinite paths.

We often interpret a (possibly empty) sequence〈s0...sk〉
as the set of its constituent states, so that we can write, for
example,s ∈ 〈s0...sk〉, which is true ifs ∈ {s0, ..., sk}. If
s ∈ 〈s0...sk〉, then for some0 ≤ i ≤ k we haves = si;
then we letPref (〈s0...sk〉, s) = 〈s0...si−1〉 if i > 0, and
let Pref (〈s0...sk〉, s) be the empty sequence otherwise.

Probability measure of VCTMC paths.Given a states ∈ S

of the VCTMC V, we now define the probability mea-
surePrVs following the precedent of the analogous defini-
tion for CTMCs [6]. Consider the sequence〈s0...sk〉 of
states withP(si, si+1) > 0 for 0 ≤ i < k, and the se-
quence〈I0...Ik−1〉 of non-empty intervals inR≥0. We use
C(s0, I0, ..., Ik−1, sk) to denote the cylinder set consist-
ing of pathsσ ∈ PathV such thatσ(i) = si for 0 ≤ i ≤ k,
and ∆(σ, i) ∈ Ii for 0 ≤ i < k. Let Fs(PathV) be
the smallest sigma-algebra onPathV containing the sets
C(s0, I0, ..., Ik−1, sk), where s0, I0, ..., Ik−1, sk ranges
over the set of sequences of the form described above, and
wheres0 = s. The probability measurePrVs onFs(PathV)
is defined by induction onk by PrVs (C(s)) = 1, and for
k ≥ 0:

PrVs (C(s0, I0, ..., sk, I ′, s′))

= PrVs (C(s0, I0, ..., sk)) · P(sk, s′) · ρ ,

where ifsk ∈ ST , thenρ = (e−λ(sk)·inf I′

− e−λ(sk)·sup I′

)
(we let e−µ·∞ = 0), if sk ∈ SV and0 ∈ I ′, thenρ = 1,
otherwiseρ = 0.

The following proposition states that the probability of
visiting a certaintangible state at a certain time point in
a VCTMC is the same as the transient probability associ-
ated to the state and time point in the reduced Markov chain
of the VCTMC. As there exist methods for the computa-
tion of transient probabilities on CTMCs, this provides us
with methods for the computation of performance indices
of VCTMCs (and on GSPNs) defined with regard to tangi-
ble states. We useα1

s to denote the probability distribution
with probability 1 in the single elements. The subsequent
proposition follows from the definition ofPrVs andR[V].

Proposition 3.2 LetV be a VCTMC. Then for an arbitrary
states ∈ S and a tangible states′ ∈ ST of V, and a du-
ration δ ∈ R≥0, we havePrVs {σ ∈ PathV | s′ ∈ σ@δ} =
πR[V](αs, s

′, δ), whereαs is the distribution over tangible
states defined byαs = α1

s(I − PV V )−1
PV T if s ∈ SV ,

andαs = α1
s if s ∈ ST .

3.2. CSL syntax and semantics

We now recall the syntax of CSL [3, 6], and extend its
semantics to the case of VCTMCs.



Definition 3.3 The syntax ofCSL is defined asΦ ::= a |
Φ ∧ Φ | ¬Φ | P⊲⊳ρ(X

IΦ) | P⊲⊳ρ(ΦU IΦ) | S⊲⊳ρ(Φ), where
a ∈ AP is an atomic proposition,I ⊆ R≥0 is a nonempty
interval, ⊲⊳∈ {<,≤,≥, >} is a comparison operator, and
ρ ∈ [0, 1] is a probability.

Informally, the interpretation of thepath formulaeXIΦ and
Φ1U

IΦ2 is as follows: thenext formulaXIΦ is true for a
path if the state reached after the first transition along the
path satisfiesΦ, and the duration of this transition lies in the
intervalI; theuntil formulaΦ1U

IΦ2 is true along a path if
Φ2 is true at some state along the path, the time elapsed be-
fore reaching this state lies inI, andΦ1 is true along the
path until that state. Theprobabilistic quantifierP is used
to refer to the probability of satisfying a path formula, while
thesteady-state quantifierS refers to the steady-state prob-
ability of satisfying a CSL subformula.

We now define formally the satisfaction relation|=,
wheres |= Φ indicates that the CSL formula Φ is satis-
fied in states, for the case of VCTMCs. Given the satisfac-
tion relation|=, let Sat(Φ) = {s ∈ S | s |= Φ} be the set of
states ofV which satisfyΦ. We useProbV(s, ϕ) to denote
the probability measure of paths froms satisfyingϕ; for-
mally, we haveProbV(s, ϕ) = PrVs {σ ∈ PathV | σ |= ϕ}.

Definition 3.4 For V = ((S,P, INIT ,L), ST , SV , Λ) and
states ∈ S, the satisfaction relation|= is defined as:

s |= a iff a ∈ L(s)
s |= Φ1 ∧ Φ2 iff s |= Φ1 ands |= Φ2

s |= ¬Φ iff s 6|= Φ
s |= S⊲⊳ρ(Φ) iff πR[V](αs, Sat(Φ) ∩ ST ) ⊲⊳ ρ

s |= P⊲⊳ρ(ϕ) iff ProbV(s, ϕ) ⊲⊳ ρ

σ |= XIΦ iff σ(1) is defined, and
σ(1) |= Φ ∧ ∆(σ, 0) ∈ I

σ |= Φ1U
IΦ2 iff ∃δ ∈ I.∃s ∈ σ@δ.s |= Φ2,

∧∀s′ ∈ Pref (σ@δ, s).s′ |= Φ1

∧∀δ′ ∈ [0, δ).∀s′′ ∈ σ@δ′.s′′ |= Φ1 .

Given the assumptionlimn→∞ P
n
V V = 0, we can use the

notationσ@δ in the description of measurable paths in Def-
inition 3.4. For the path in Figure 5, consider the case in
which statessi, for 0 ≤ i ≤ 5, satisfyΦ1, ands6 satisfies
Φ2; the path satisfies the until formulaΦ1U

[13,15]Φ2, be-
causeΦ2 is satisfied at a time point in the interval[13, 15],
andΦ1 is satisfied until this point. On the other hand, the
path does not satisfy the formulaΦ1U

[12,13]Φ2 (becauseΦ2

is satisfied after 13 time units have elapsed). However, ifs5

satisfies bothΦ1 andΦ2, the formulaΦ1U
[12,13]Φ2 is sat-

isfied. Now consider the case in whichsi, for 0 ≤ i ≤ 3,
satisfiesΦ1, ands4 satisfiesΦ2 (the other states are imma-
terial). Then this path satisfiesΦ1U

[8,10]Φ2: the formulaΦ2

is true in a vanishing state witnessed after 9 time units have
elapsed, andΦ1 holds in all preceding vanishing states and
time points.

4. Model-checking algorithms

In this section, we present CSL model-checking algo-
rithms for VCTMCs, and, by extension, for GSPNs. Let
V = ((S,P, INIT ,L), ST , SV , Λ) be a VCTMC, which we
assume is fixed throughout this section. The overall algo-
rithm proceeds in the usual manner as for branching-time
temporal logics such as CTL [10] or CSL [6]: the setSat(Φ)
of states satisfying the CSL formulaΦ to be verified is ob-
tained by computing recursively the set of states satisfy-
ing the subformulae ofΦ, and then using these state sets
to computeSat(Φ). As in [6], we assume that for each state
s ∈ S, we have the atomic propositionats in AP for which
ats ∈ L(s) andats 6∈ L(s′) for all s′ ∈ S \ {s}. For a set
S′ of states, we letatS′ =

∨

s∈S′ ats.
Let BC be the set of bottom strongly-connected compo-

nents (BSCCs) of the directed graph ofC, and, for a BSCC
B of C, we denote byπB the steady-state distribution cor-
responding to states ofB. The following proposition is a
minor adjustment to the analogous proposition in the case
of CTMCs [6] and allows us to verify steady-state formu-
lae of CSL on both tangible and vanishing states.

Proposition 4.1 Let V be a VCTMC with setS of
states, and lets ∈ S and S′ ⊆ ST . Then we have that
πR[V](αs, S

′) equals:

∑

s′∈ST

(αs(s
′)·

∑

B∈BR[V]

(ProbR[V](s′, atB)·
∑

s′′∈B∩S′

πB(s′′))).

Proposition 4.1, together with standard algorithms for com-
puting ProbR[V](s′, atB) (see [6]) andπR[V](s′′), offers a
method for verifying properties of the formS⊲⊳ρ(Φ) onV.

The case in which we wish to identify the set of states
satisfying a next path formula is also a minor extension to
the CTMC case [6]. Recall that, for a states ∈ S of V, we
haves |= P⊲⊳ρ(ϕ) if and only if ProbV(s, ϕ) ⊲⊳ ρ.

Proposition 4.2 LetV be a VCTMC with setS of states, let
s ∈ S, let I ⊆ R≥0 be an interval, and letΦ be aCSL state
formula. Then we have:

ProbV(s, XIΦ) =














(e−E(s)·inf I − e−E(s)·sup I) ·
∑

s′∈Sat(Φ) P(s, s′)

if s ∈ ST
∑

s′∈Sat(Φ) P(s, s′) if s ∈ SV and0 ∈ I

0 if s ∈ SV and0 6∈ I .

The proof follows from the definition of probability mea-
sure in Section 3.1. We note that the case in whichI =
[0,∞) requires analysis of the DTMC component ofV only,
and can be subject to algorithms for DTMCs [13].

We now consider model checking of CSL formu-
lae P⊲⊳ρ(ΦU IΨ) containing an until path formula. As in
the case of the next operator, the case in whichI = [0,∞)



can be subject to analysis of the DTMC ofV [13]. For the
general case, and following similar results obtained previ-
ously in the context of CSL model checking for CTMCs [6],
we now describe how we can reduce the model-checking
problem for the until operator to a transient analysis of (ad-
justed versions of)R[V].

First we require the following notation: given a CSL for-
mulaΦ, we defineV[Φ] as the VCTMC obtained by mod-
ifying V so that all states that satisfyΦ become absorbing
(and, by consequence, tangible).

Definition 4.3 For a VCTMCV = (D, ST , SV , Λ), with
D = (S,P, INIT ,L), and a CSL state formulaΦ, let
V[Φ] = (D′, S′

T , S′
V , Λ′) be defined as follows. LetD′ =

(S,P′, INIT ,L), where, for all statess, s′ ∈ S, we have:

P
′(s, s′) =







1 if s |= Φ ands′ = s

P(s, s′) if s 6|= Φ
0 otherwise.

We letS′
T = ST ∪ Sat(Φ) andS′

V = SV \ Sat(Φ). Finally,
for s ∈ Sat(Φ), we letΛ′

s be an exponentially distributed
variable with rate 0, and fors 6∈ Sat(Φ), we letΛ′

s = Λs.

To computeProbV(s, ΦU IΨ) for each states ∈ S we
consider a number of cases, depending on the form ofI. By
the semantics of CSL, the computation ofProbV(s, ΦU IΨ)
suffices to determine whethers satisfiesP⊲⊳ρ(ΦU IΨ). In
the following, we writeSatT (Φ) to abbreviateST ∩ Sat(Φ)
(and similarly forΨ andV to obtainSatV (Φ), SatT (Ψ) and
SatV (Ψ)).

Case 1: time-bounded until.We first consider the case in
which I = [0, t] for t > 0. The following proposition spec-
ifies that, to computeProbV(s, ΦU [0,t]Ψ) for states ∈ S,
it suffices to compute transient probabilities on the reduced
Markov chain ofV[¬Φ ∨ Ψ] (that is, ofV with states satis-
fying ¬Φ ∨ Ψ made absorbing).

Proposition 4.4 Let V be a VCTMC andΦU [0,t]Ψ be a
CSL until formula with t > 0. Then, for any states ∈ S

of V, we have:

ProbV(s, ΦU [0,t]Ψ) =
∑

s′∈SatT (Ψ)

πR[V[¬Φ∨Ψ]](αs, s
′, t)

The proposition follows from the fact that behavior ofV af-
ter a state satisfying¬Φ or Ψ is reached has no impact on
the required probability; hence such states can be made ab-
sorbing.

Case 2: non-immediate point-interval until.The second
proposition considersI = [t, t] for t > 0, and specifies that,
to computeProbV(s, ΦU [t,t]Ψ) for states ∈ S, it suffices
to compute transient probabilities on the reduced Markov
chain ofV[¬Φ].

Proposition 4.5 LetV be a VCTMC andΦU [t,t]Ψ be aCSL

until formula such thatt > 0. Then, for any states ∈ S of
V, we have:

ProbV(s, ΦU [t,t]Ψ) =
∑

s′∈SatT (Φ∧Ψ)

πR[V[¬Φ]](αs, s
′, t) .

Similarly to Case 1, the proposition relies on the fact that
behavior after reaching states satisfying¬Φ has no im-
pact on the required probability. Another property used is
that, given states and timet, the probability of the set
of paths froms for which a sequence featuring vanish-
ing states is observed at timet is zero; formally, we have
PrVs {σ ∈ PathV | |σ@t| > 1} = 0. This follows from the
fact that the probability of the set of paths in which a tran-
sition is fired from a tangible state to a vanishing state at
exactly timet is equal to zero: firing such a transition is
the only way to exhibit a path featuring at least one van-
ishing state at exactly timet. In this way, the probability in
Proposition 4.5 can be obtained by summing over tangible
states only: reaching vanishing states at timet has probabil-
ity zero, and therefore such vanishing states do not need to
be considered in the summation. We also note that the sum-
mation is over states satisfyingΦ ∧ Ψ for the same reason
as in Corollary 2 of [6].

Case 3: immediate point-interval until.The third case con-
sidersI = [0, 0]. It can be observed that a formulaΦU [0,0]Ψ
is satisfied by pathsσ of one of the following forms:

1. the first stateσ(0) along the path satisfiesΨ, or

2. an initial prefix ofσ follows a sequence of vanishing
Φ-states before terminating in a state satisfyingΨ (for-
mally, for somei ≥ 1, we haveσ(i) ∈ SatV (Ψ), and
σ(j) ∈ SatV (Φ) for eachj < i).

Hence, the only non-trivial probability computation that is
required concerns transitions between vanishing states only.
We can express the paths of interest using an until for-
mula with a trivial time-bound interval[0,∞), thus allow-
ing computation of the required probability on the DTMC
of V.

Proposition 4.6 Let V be a VCTMC andΦU [0,0]Ψ be a
CSL until formula. Then, for any states ∈ S of V, we have:

ProbV(s, ΦU [0,0]Ψ) =






1 if s ∈ SatT (Ψ)

ProbV(s, atSatV (Φ)U
[0,∞)atSatV (Ψ)) if s ∈ SV

0 otherwise.

Case 4: interval until.We now consider the case in
which I = [t, t′] for 0 < t < t′. As in the case of
CTMCs [6], the computation of the required probabil-
ity is split into two parts; more precisely, we can show that



ProbV(s, ΦU [t,t′]Ψ) equals:
∑

s′∈SatT (Φ)

ProbV(s, ΦU [t,t]ats′)·ProbV(s′, ΦU [0,t′−t]Ψ) .

It suffices to consider only tangible states within the above
sum, because, as in Case 2, the probability of the set of paths
exhibiting a sequence containing vanishing states at timet is
zero, and hence such paths do not contribute to the overall
probability. Applying Proposition 4.5 and Proposition 4.4
then yields the following result.

Proposition 4.7 Let V be a VCTMC andΦU [t,t′]Ψ be a
CSL until formula with 0 < t < t′. Then, for any state
s ∈ S of V, we have:

ProbV(s, ΦU [t,t′]Ψ) =
∑

s′∈SatT (Φ)

∑

s′′∈SatT (Ψ)

πR[V[¬Φ]](αs, s
′, t)

·πR[V[¬Φ∨Ψ]](α1
s′ , s′′, t′ − t) .

Case 5: unbounded until.The final case that we consider
concernsI = [t,∞) for t > 0. Following the same rea-
soning as in Case 4, we obtain the following proposition,
which specifies that the computation of the required proba-
bility reduces to an application of Case 2 and the computa-
tion of probabilities relating to a formula with time bound
[0,∞) on the DTMC ofV.

Proposition 4.8 Let V be a VCTMC andΦU [t,∞)Ψ be a
CSL until formula with 0 < t < t′. Then, for any state
s ∈ S of V, we have:

ProbV(s, ΦU [t,∞)Ψ) =
∑

s′∈SatT (Φ)

ProbV(s, ΦU [t,t]ats′) · ProbV(s′, ΦU [0,∞)Ψ) .

Other intervals.In the above cases, the time-bound inter-
vals are either closed (of the form[t, t′]) or left-closed and
unbounded (of the form[t,∞)). As for CTMCs, probabil-
ities of formulae with half-open intervals, or open inter-
vals, can be computed using the model-checking algorithms
corresponding to their respective closed intervals, as pre-
sented in the five cases above; however, the left-open in-
tervals are exceptions to this rule, and require a different
technique. Consider the case in which we aim to compute
ProbV(s, ΦU (0,t]Ψ) for some states ∈ S. If s ∈ ST (s
is a tangible state), thenProbV(s, ΦU (0,t]Ψ) can be com-
puted as for Case 1. However, ifs ∈ SV (s is a vanishing
state), then we have to account for the fact that, to satisfy
ΦU (0,t]Ψ, a path of the VCTMC must pass from vanish-
ing states to a tangible state before satisfyingΨ.

Proposition 4.9 Let V be a VCTMC and ΦU (0,t]Ψ
be a CSL until formula. Then, for any tangible state
s ∈ ST of V, we have thatProbV(s, ΦU (0,t]Ψ) equals

ProbV(s, ΦU [0,t]Ψ). For any vanishing states ∈ SV of V,
we have thatProbV(s, ΦU (0,t]Ψ) equals:

∑

s′∈SatT (Φ)

∑

s′′∈SatT (Ψ)

ProbV(s, atSatV (Φ)U
[0,∞)ats′)

·πR[V[¬Φ∨Ψ]](α1
s′ , s′′, t) .

This result can also be applied to the case of interval
(0, t). The case of interval(0,∞) can be obtained using
a similar equation (we replaceπR[V[¬Φ∨Ψ]](α1

s′ , s′′, t) by
ProbV(s′, ΦU [0,∞)ats′′)).

Complexity.The worst-case time complexity of the above
algorithms isO(|Φ| · (M · q · tmax + N3)), where|Φ| is the
length of the overall CSL formula,M is the number of non-
zero entries in the matrixP of the VCTMC,N is the num-
ber of states of the VCTMC,q is the uniformization rate
used for computing the transient solutions, andtmax is the
maximum time bound occurring inΦ. This coincides with
the complexity for model checking CSL on CTMCs [6], be-
cause computing the reduced Markov chain of a VCTMC
takesO(N3) time.

5. Numerical examples

To illustrate the procedure we consider the model of a
cyclic polling system as shown in Figure 6, in which servers
visit cyclically 4 stations, and which has been used widely
as an example of a GSPN [16, 2]. When a server arrives at
stationi (a token in placePpi, 0 ≤ i ≤ 3), it either finds
a client in queuei (token in placePqi) and serves it (to-
ken in placePsi) or starts immediately to walk toward sta-
tion i + 1 (token in placePwi). In all of the examples be-
low, we let the maximal number of clients in each queue be
K = 3. In the CSL formulae, we use the name of a place
to denote the atomic proposition which labels all states in
which the place has at least one token.

We consider the single server case (thereforeL = 1)
and study how the server moves from the first station to
the next one. The corresponding path formula isϕ1 ::=
¬Pw1 U [y,z] Pp1 (¬Pw1 is necessary in order to rule out
full cycles). We are interested in computing the probabil-
ity of the formula for all statess ∈ S, in order to identify
the states which satisfyP⊲⊳ρ(ϕ1) for some⊲⊳ andρ. Ob-
serve that this formula involves a vanishing state (placePp1
is marked only in vanishing states). Figure 7 plots, for var-
ious values ofy andz, the probability for all states in which
Pp0 is marked andPq0 is not (and therefore the server will
not provide service), while Figure 8 plots the probability for
all states in whichPp0 andPq0 are both marked (and there-
fore the server will provide service).

In the casey > 0, Proposition 4.7 applies and two
VCTMCs are used to calculate the results. Up to timey

the calculations are carried out overV[Pw1], the VCTMC
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Figure 6. Polling model
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Figure 7. Probability of a path satisfying ϕ1

(states in which Pp0 is marked and Pq0 is not)

in which states that satisfyPw1 are made absorbing. From
time y to time z, the VCTMC V[Pw1 ∨ Pp1] is applied.
The VCTMCV[Pw1∨Pp1] has the initial probability vec-
tor that corresponds to the transient probabilities ofV[Pw1]
at timey. Observe that this is an implicit way of comput-
ing the double sum of Proposition 4.7. Note thatV[Pw1]
is started from a vanishing state (corresponding to a token
in Pp0). Accordingly, the CTMC that is used to calculate
the transient probabilities ofV[Pw1] is started from the tan-
gible state reached immediately after this initial vanishing
state. The VCTMCV[Pw1 ∨ Pp1] has instead some ab-
sorbing states that were vanishing (corresponding to a to-
ken inPp1). In the casey = 0, Proposition 4.4 applies and
only the second VCTMC is necessary.

Next we study the characteristics of a full cy-
cle with single server, expressed by the formula
ϕ2 ::= ¬Pp0 U (y,z] Pp0, where ¬Pp0 is used to
rule out multiple cycles. The first graph of Figure 9 de-
picts the probability of a path satisfyingϕ2 for the states
in which Pw0 is marked and all the queues are empty. If
we want to investigate different types of cycle we can re-
fine ϕ2. In order to study a cycle in which the server
does not work we calculate the probability for the for-
mulaϕ3 ::= (¬Pp0 ∧¬Ps1∧¬Ps2∧¬Ps3) U (y,z] Pp0.
The probability for states is shown in the second graph Fig-
ure 9. The third graph of Figure 9 depicts instead the prob-
ability of a path in which the server has to work at ev-
ery queue:ϕ4 ::= (¬Pp0 ∧ ¬((Pp1 ∧ Pq1) ∨ (Pp2 ∧
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Figure 8. Probability of a path satisfying ϕ1

(states in which Pp0 and Pq0 are marked)

Pq2) ∨ (Pp3 ∧ Pq3))) U (y,z] Pp0, from the state in
which Ps0 is marked and all the queues are empty. Ob-
serve that the curves for the casesy = 0 and y = 1
cannot be distinguished because the probability of complet-
ing the cycle in 1 time unit is negligible.

6. Conclusions

This paper has presented a model-checking algorithm
that can be applied to GSPNs. As discussed using sim-
ple motivating examples, vanishing states cannot simply be
eliminated before model checking. We therefore define the
underlying stochastic process of a GSPN as an extended
form of CTMCs that consider vanishing states and that we
call vanishing CTMCs. The semantics of CSL has then been
extended to VCTMCs, and the algorithms based on tran-
sient analysis defined for CSL on CTMCs [6] have been ex-
tended to the case of VCTMCs. The usefulness of the ap-
proach has been shown on a classical GSPN example.

Despite the development of logics such as CSRL [5],
eCSL and asCSL [4], which offer the possibility of using
rewards, initial distributions and action labels, the use of
stochastic model-checking approaches in performance eval-
uation is not yet widespread. In future work we intend to
investigate whether the techniques from stochastic model
checking may be combined with the path-based measures
of Obal and Sanders [21], and to extend CSRL to the case
of vanishing states.
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