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Backward Bisimulation in
Markov Chain Model Checking

Jeremy Sproston and Susanna Donatelli, Member, IEEE Computer Society

Abstract—Equivalence relations can be used to reduce the state space of a system model, thereby permitting more efficient analysis.
We study backward stochastic bisimulation in the context of model checking continuous-time Markov chains against Continuous
Stochastic Logic (CSL) properties. While there are simple CSL properties that are not preserved when reducing the state space of a
continuous-time Markov chain using backward stochastic bisimulation, we show that the equivalence can nevertheless be used in the
verification of a practically significant class of CSL properties. We consider an extension of these results to Markov reward models and
Continuous Stochastic Reward Logic. Furthermore, we identify the logical properties for which the requirement on the equality of state-
labeling sets (normally imposed on state equivalences in a model-checking context) can be omitted from the definition of the

equivalence, resulting in a better state-space reduction.

Index Terms—Markov processes, model checking, temporal logic, verification.

1 INTRODUCTION

MODEL checking [19] is a verification method which
automatically establishes whether a formal descrip-
tion of the system satisfies a desired property, based on a
(partial or exhaustive) exploration of the state space.
Examples of properties which are verified by model
checking are absence of deadlock or reachability of goal
states. Typically, the system is described in terms of high-
level languages such as Petri nets or process algebras, the
underlying semantics of which take the form of labeled
transition systems, whereas the property to be verified is
specified in terms of a propositional or temporal logic, such
as CTL [18] or LTL [35]. A number of model-checking tools
have been developed, such as SMV [17] and SPIN [29], and
have been used successfully to verify properties of hard-
ware and software systems.

Systems which exhibit nontrivial probabilistic or sto-
chastic behavior, such as randomized algorithms or fault-
tolerant systems, are more appropriately modeled using
formalisms such as stochastic Petri nets [1] or stochastic
process algebra [26], [24], [6], the underlying semantics of
which take the form of Markov chains. In particular, model
checking algorithms for continuous-time Markov chains
(CTMCs) have been developed, where the property to be
verified is described in terms of the extension of the
temporal logic CTL called Continuous Stochastic Logic
(CsL) [3], [9]. The logic CSL provides a formal way to
describe potentially complex properties which refer to the
performance of a stochastic system. It includes a probabil-
istic operator, which can refer to the probability with which
a certain property is satisfied, and a steady-state operator,
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which can refer to the probabilities of the system being in
certain states in equilibrium. Model-checking tools such as
PRISM [31] and E F MC? [25] have been used to analyze the
CSL properties of stochastic systems in application areas
such as fault-tolerant systems, manufacturing systems, and
biological processes. Extending CTMCs with rewards
results in Markov reward models, which permit the
computation of classical performance measures such as
throughput and the mean number of clients in a system’s
queue. Accordingly, CSL has been extended to obtain the
logic Continuous Stochastic Reward Logic (CSRL), the
formulae of which are model checked on Markov reward
models [7].

The practical applicability of model checking, whether in
the traditional or stochastic setting, is often limited by the
excessive size of the system’s state space. One method to
reduce the size of the state space is to use a notion of state
equivalence in order to combine suitably equivalent states
into a single superstate. In the context of Markov chains,
lumpability [33] is a well-established notion of state
equivalence. Given a state equivalence, the resulting,
reduced state space, called a quotient (for example, the
lumped state space in the case of Markov chains), can then
be used for analysis. In this paper, we study the use of
equivalence relations to reduce the state space of CTMCs.
Forward bisimulation of stochastic systems, which is
related to the notion of ordinary (or strong) lumpability of
Markov chains, has been widely studied [33], [13], [26], [24],
[6], [10]. Instead, our focus is on backward stochastic
bisimulation, which is related to exact lumpability on
Markov chains [36], [12], [14]. In contrast to forward
bisimulation on stochastic systems, which is defined
according to conditions on the outgoing transitions of a
state, backward stochastic bisimulation is defined according
to the incoming transitions of a state and the state’s total exit
rate. An advantage of backward stochastic bisimulation
over its forward counterpart is that, given an appropriate
side condition on the initial distribution of the CTMC, each

Published by the IEEE Computer Society



532 IEEE TRANSACTIONS ON SOFTWARE ENGINEERING, VOL. 32, NO.8, AUGUST 2006

state within each equivalence class has an equal probability,
both for the transient and steady-state distributions. This
permits us to obtain the transient and steady-state prob-
abilities of the states of the CTMC by computing the
corresponding probabilities on the backward stochastic
bisimulation quotient.

We study backward stochastic bisimulation in the
context of model checking properties of the temporal logic
CSL. A useful property that an equivalence for reducing the
state space of a system model can have in this context is
that all states within a class of the equivalence either satisfy
a temporal logic formula or they do not satisfy it. In such a
case, it suffices to reason about equivalence classes rather
than states, as classes can be used to identify exactly the
state sets which satisfy a formula. On the one hand, there
are CSL properties that are not preserved in this way when
reducing the state space of a CTMC using backward
stochastic bisimulation: For example, probabilities of reach-
ing state sets in the future may differ in backward
stochastic bisimilar states. We show in this paper that, on
the other hand, backward stochastic bisimulation can be
used in the verification of a practically significant class of
CSL properties, namely, those formulae without nesting of
probabilistic or steady-state operators, given an initial
distribution of the CTMC.

We consider an extension of these results to Markov
reward models and CSRL. Furthermore, in the context of
qualitative properties, we extend the results of Buchholz
[14] to show that backward stochastic bisimilar states
exhibit the same infinite traces and, therefore, satisfy the
same properties of the linear-time temporal logic LTL. This
result makes use of the approach of Lynch and Vaandrager
[34] for forward and backward simulation relations of
untimed, nonstochastic transition systems. Finally, we also
show how forward and backward stochastic bisimulation
may be used together in the context of a class of
CSL properties in which a steady-state operator is nested
within a probabilistic operator.

The forward (or backward) stochastic bisimulation
quotient of a CTMC with n states and m transitions can
be computed using the O(mlogn) algorithm defined by
Derisavi et al. [22]. This quotient is essentially the strongly
(or exactly) lumped CTMC.

In Section 2, we recall the definition of CTMCs and, in
Section 3, both forward and backward stochastic bisimula-
tion are defined. We consider the qualitative properties of
backward stochastic bisimulation in Section 4, whereas, in
Section 5 and Section 6, the use of backward stochastic
bisimulation in the verification of subclasses of CSL and
CSRL properties, respectively, is explored. In Section 7, we
study how the subclass of CSL considered in Section 5 may
be extended by applying backward stochastic bisimulation
to certain parts of the state space of a CTMC and forward
stochastic bisimulation elsewhere. In Section 8, we compare
the reductions obtained from forward and backward
stochastic bisimulation when applied to two case studies.
Finally, in Section 9, we conclude the paper. A conference
version of this paper appeared as [37]; we extend that
version with a proof of Theorem 5.1 and Sections 6 and 8.

2 CoNTINUOUS-TIME MARKOV CHAINS

We consider continuous-time Markov chains with a
labeling condition which associates with every state a
set of atomic propositions which are valid in that state.
Let AP be a set of atomic propositions, which will be
fixed throughout the remainder of the paper, and let IR>¢
be the set of nonnegative reals. A probability distribution
on a set of elements S is a function « : S — [0,1] such that
dosesafs)=1. We use a, to denote the probability
distribution with probability 1 in the single element s.
Definition 2.1. A continuous-time Markov chain (CTMC) is
a quadruple (S, R, p, L) comprised of a finite set S of states, a
rate transition function R:S x S — IRso, an initial prob-

ability distribution p on S, and a labeling function
L:S— 247,

The interpretation of the rate transition function is that
R(s,s") > 0if and only if there exists a transition from state s
to state s’ and that the probability that this transition is
triggered within ¢ time units is 1 — e #**)? (that is, the
duration of a transition from s to s’ is governed by an
exponential distribution with rate R(s,s’)). As in [9], we
model self-looping transitions, corresponding to R(s, s) > 0,
in an explicit manner, in order to retain the standard
interpretation of temporal logic formulae. In our context,
we may distinguish as different two CTMCs that have the
same infinitesimal generator (and the same transient and
steady-state distributions), but have different self-looping
behavior.

Let the exit rate E(s) for the state s € S be defined by
E(s) =Y gcg R(s, §'). A state sis called absorbing if and only if
E(s) =0.If R(s,s') > 0 and ¢ € R>, then we say that there
exists a transition of duration ¢ from state s to state s’ (where ¢
is chosen according to the exponential distribution with rate
R(s,s")).Sucha transition is denoted by s, Aninfinite path
is a sequence o515+ of transitions. A finite path is a
sequence 303513 i sn,lt”ﬂl s, of transitions such that s, is
absorbing. Let Path® be the set of paths of C. Let a be a
probability distribution on the set S of states. The probability
measure given by a using the standard cylinder set
construction is denoted by ProbS [9]: Then, for a set of paths
Q C Path®, the probability of C exhibiting the paths in 2 after
commencing from the starting distribution « is Prob$(9).
Often, we let the starting distribution be the initial distribu-
tion of the CTMC (thatis, o = p) orlet the starting distribution
assign probability 1 to a single state; in the latter case, we write
Prob¢ rather than Prob. For any infinite path w=
soﬂslg .-~ and any i € IN, let w(i) = s;, the (i + 1)st state of
w, let 6(w,i) =t;, and, for t € IRy and 4, the smallest index
suchthatt < Zj‘:o tj,letw@t = w(i), the state occupied at time
t. For any finite path w = sogslg -+ -5, the state w(i) and
duration é(w, 7) = t; are only defined if ¢ < [ and are defined
as in the infinite-path case. We also let §(w, !) = co. Further-
more, for ¢t > El; t t;, let w@t = s;; otherwise, w@t is defined

j
as in the infinite-path case.
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A transient probability is the probability of being in a certain
state s at time ¢ given an initial distribution «. In the model-
checking context, we can express a transient probability in
terms of paths as 7(«, s,t) = Prob${w € Path® | w@t = s}.
The steady-state probabilities are used to refer to the long-
run average probability of the CTMC being in a state,
and are defined by 7%(a,s)=lim;_ 7(a,s,t). If the
CTMC is ergodic, the steady-state distribution does not
depend on «, and we write 7°(s) rather than 7¢(a,s).
For §'CS, let 7%, 5. t)=>, g7 ((a,s,t) and let
7, 8") =3 e ™ (a, 8).

Next, we consider an extension of CTMCs with real-
valued rewards (or costs) in each state [30], [7].

Definition 2.2. A Markov reward model (MRM) is a
quintuple (S,R,p,L,p) comprising a CTMC (S,R,p,L)
and a reward structure p : S — IR>( which associates a real-
valued reward (or cost) with each state.

The finite and infinite paths of the CTMC associated
with an MRM are used to define the respective sets of
finite and infinite paths of the MRM. More precisely, for
the MRM M = (S, R,p, L, p), where C = (S, R,p, L), we let
Path™ = PathC. Furthermore, let Prob) = Prob$ for all
distributions « on S, from which it follows that Prob}:[
Prob¢ for each state s € S. The reward accumulated along a
path w until time ¢ € IR, denoted by Y(w,t), is defined in
the followmg way: If w= 50—>51—> - is infinite, then, for
t= ZZ: t; +t with ¢/ <t;, we deflne

k-1

y(w,t) = Zti cp(si) +t - p(sk).

i=0
ty ¢ 0 o

If, however, w = soﬁsll e sn,ltﬂl s, is finite, then we have
two cases: If there exists k < n such that t = S\ t; + ¢
with ¢ < t;, then we define y(w,t) as in the case of infinite
paths; otherwise, we let

n—1 n—1

)= ti-plsi)+ (t—
i=0

3 STOCHASTIC BISIMULATION

We proceed to define the state equivalence relation for
CTMCs called stochastic bisimulation. The equivalence is
studied in two principal forms: the first, forward bisimula-
tion, identifies states as equivalent if their outgoing
transitions can be related, whereas the second equivalence,
backward bisimulation, identifies states as equivalent if their
incoming transitions can be related. Forward stochastic
bisimulation is related to the notion of ordinary lumpability
(also called strong lumpability) in Markov chains [33], while
backward stochastic bisimulation is related to exact lump-
ability [36]. Unlike lumpability, we base the equivalences on
the rate transition function R of the CTMC and not its
infinitesimal generator (hence, our equivalences take self-
loops into account).

Given a CTMC C = (S, R,p, L), a state s € S, and a set
of states CCS, let R(s,C)=3 ,.~R(s,s) and let
R(07 S) = Zs’e(l R(S,, 8).

(Ca: forward, not backward)

(Cp: backward, not forward)

Fig. 1. CTMCs which can be reduced by only one of forward or
backward stochastic bisimulation.

Definition 3.1. Let C = (S, R, p, L) be a CTMC. An equivalence
relation = over the set S of states is a forward stochastic
bisimulation of C if, for all states s,s' € S such that s = ¢,
we have R(s,C) = R(s',C) for each equivalence class
CcesS/_.

Note that forward stochastic bisimilar states s, s’ have the
same exit rate, that is, E(s) = E(¢').

We now consider backward stochastic bisimulation and
use a definition adapted from the inverse performance
bisimulation of [14]. Our definition of backward stochastic
bisimulation includes a condition which stipulates that the
exit rates of equivalent states are the same, which is
necessary in our context for making the equivalence useful
for the verification of CSL path properties (that is, the
properties “next” and “until,” see Section 5). As noted
above, this condition on exit rates is implicit in the
definition of forward stochastic bisimulation.

Definition 3.2. Let C = (S, R, p, L) be a CTMC. An equivalence
relation = over the set S of states is a backward stochastic
bisimulation of C if, for all states s,s' € S such that s = ¢,
we have:

1. R(C,s)=R(C
S/_ and
2. E(s) =E(s).
Example. In Fig. 1, we illustrate two CTMCs which have the
same transition structure, but with different rates (for
simplicity, we do not consider the initial distribution or
the labeling function). Applying forward stochastic
bisimulation to C4 results in the aggregation of states
s1 and s, into a single equivalence class and, also, s; and
sy into a single class; however, backward stochastic
bisimulation will not result in the aggregation of any
states. On the other hand, backward stochastic bisimula-
tion applied to Cp will aggregate s; and s, into a class
and s3 and s into another class. Forward stochastic
bisimulation cannot aggregate any states of Cp.

s') for each equivalence class C €

Two states s, s’ € S of a continuous-time Markov chain C
are forward stochastic bisimilar, denoted by s ~f ¢ if there
exists a forward stochastic bisimulation = which is such
that s = ¢. If the equivalence = is instead a backward
stochastic bisimulation, then states can also be identified as
backward stochastic bisimilar, denoted by = . Note that =/
and 2 correspond to the coarsest equivalence relations of
each type.
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We now consider three “static” conditions on states, which
can be combined with the two definitions of stochastic
equivalence given above to obtain equivalence relations
which can be more distinguishing. First, we consider a
condition which requires that equivalent states must have the
same initial probability (possibly 0); the next two conditions
require equality of state-labeling and rewards, respectively,
in equivalent states. We formally introduce the definitions for
MRMs, but the first two conditions can also be applied to
stochastic bisimulation on CTMCs.

Definition 3.3. Let M = (S,R,p,L,p) be an MRM. An
equivalence relation = over the set S of states satisfies:

e  the initial condition if, for all states s,s' € S such
that s = s, we have p(s) = p(s');

e the state-labeling condition if, for all states s,s' € S
such that s = s, we have L(s) = L(s');

e the reward condition if, for all states s,s' € S such
that s = &', we have p(s) = p(s).

We use the subscripts I, L, and R to denote the initial,
state-labeling, and reward conditions, respectively, that an
equivalence satisfies. For example, =; denotes an equiva-
lence relation satisfying the initial condition, =i r satisfies
the state-labeling and reward conditions, whereas =g
satisfies all three conditions. The imposition of a state-
labeling is standard when relating temporal logic and
bisimulation [5], [2], [28], [9] (and is another factor which
distinguishes the notion of lumpability from that of
stochastic bisimulation). The reward condition was em-
ployed previously in [8]. The initial condition is relevant in
the case of the calculation of transient probabilities of a
CTMC and steady-state probabilities for nonergodic
CTMCs. We combine the notation for stochastic bisimula-
tion and the static conditions of Definition 5 to obtain new
equivalences, for example, = (the coarsest forward
stochastic bisimulation satisfying the initial condition) or
ot . (the coarsest backward stochastic bisimulation satisfy-
ing both the state-labeling and reward conditions).

The definition of an equivalence relation on the state
space of an MRM can be used to define a quotient MRM, the
states of which are classes of the equivalence relation. We
consider the definition of Buchholz [14]. Again, the
definition can be applied to a CTMC by equipping the
CTIMC with an arbitrary reward function, building the
quotient, then by considering only the CTMC of the
resulting quotient MRM.

Definition 3.4 [14]. Let M = (S, R, p, L, p) be an MRM and =
be an equivalence relation on S. The quotient of M is an
MRMM/_ = (S/= R/=,p/=: L/ =, p/-), where:

e S/_ is the set of equivalence classes of = ;
e R/_:S/_xS8/_—10,1] is defined such that, for
each pair of classes C,C" € S/_, we have:

2sec Lvec Bls: 8.
C ’

R/_(C,C) =

* p/=:5/= = [0,1]is defined by p/_(C) = 3 e p(s)
foreach C € S/_;

o L/_:S/_— 24 isdefined by L/_(C) = U,cc L(s)
foreach C € S/_;
o p/_:S/_— Ry is defined by p/_(C) = #
for each C € S/_.
For each C' € S/_, if = satisfies the state-labeling condition,
then L/_(C) = L(s) for each/any state s € C; similarly, if
the equivalence satisfies the reward condition, then
p/=(C) = p(s) for each/any state s € C. We note that the
labeling function L/_ will be used in this paper only in the
context of equivalence relations which satisfy the state-
labeling condition (hence, L/_ could have been equally
defined as the intersection, rather than the union, of the
label sets of a class’s constituent states). In the case in which
= is a forward stochastic bisimulation, the definition above
collapses to the definitions of [13], [26], [9].

Recall the CTMCs C4 and Cp of Fig. 1. The quotient
C4/~s of C4 with respect to ~f g comprised of the state set
S/~r = {{so0}, {51,582}, {83, s4}}, and the rate transition func-
tion R/, defined by

R/~i({so}: {s1,82}) = 2, R/os({s1, 82}, {83, 54}) = 3,
R/~r({s3, 84}, {s1,82}) = Land R/ ({s1, 82}, {s0}) = 1.

Similarly, the quotient Cp/., of Cp with respect to b g
comprised of the same state set S/., = S/, and the rate
transition function R/.,, which is identical to R/.; except
that R/ ({s1,s2},{s0}) = 2. Given the definition of initial
and labeling conditions for C4 and Cp, the corresponding
conditions of the quotient CTMCs can be defined according
to Definition 3.4.

Both the forward and backward stochastic bisimulation
equivalence classes of a CTMC can be computed in time
O(|R|1og|S|), where |R| is the number of state pairs with
positive rate according to R (that is, the number of nonzero
entries in the matrix induced by R) [22].

We recall the following result from [14], which relates the
transient and steady-state probabilities of the original and
quotient CTMCs obtained from backward stochastic bisi-
mulation under the initial condition (or under a combina-
tion of conditions, including the initial condition). More
precisely, the theorem specifies that each state in an
equivalence class has the same probability of being reached
after ¢ time units and that this probability can be obtained
by calculating the probability of reaching the class after
t time units in the quotient system and then dividing by the
cardinality of the class.

Theorem 3.1 [14]. Let C = (S, R, p, L) be a CTMC and C/_ be
its quotient CTMC with respect to =€ {2, ot o ob o1
Then, for all classes C € S/_ and for any state s € C, we have:

\ Cl=(p/_,C,1)
ﬂ-() p75at :7T p = :
( ) ]

Note that this theorem implies that 7°(p,s)=
7%=(p/_,C)/|C| for =€ {=h, b b ot 1 The theorem
describes the main (theoretical) advantage of backward
equivalence over forward equivalence, for which the
theorem does not hold.
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4 QUALITATIVE PROPERTIES

In this section, we briefly consider the qualitative properties
of backward stochastic bisimulation. More precisely, we
add to the results of Buchholz [14], which described the
equivalence of the set of finite behaviors of the unreduced
CTIMC and that of its quotient CTMC, to show the
equivalence of the sets of infinite behaviors of the unreduced
CTMC and its quotient CTMC.

A transition system T = (S,=,1, L) is a tuple comprised
of a finite set S of states, a transition relation ==C S x S, a
set of initial states 7C S, and a labeling function
L:S— 24P

Definition 4.1. The transition system of a CTMC C=
(S,R,p, L) is the tuple Tc = (S,=,1, L), where:

o =CSxS issuch that (s,s') €= if and only if
R(s,s') > 0 and
o 1 C Sissuchthat s € v if and only if p(s) > 0.

An initialized path of T¢ is an infinite sequence
S08182 -+ such that s € 7 and (s;,s;11) €= for all ¢ € IN.
The trace of an initialized path sys1sy--- is the sequence
L(so)L(s1)L(s2)---. The set of traces of a transition system,
denoted by Traces(T), is the set of traces of all initialized
paths of T.

We now proceed to define backward bisimulation on
transition systems, following [34].

Definition 4.2. Let T = (S,=,7, L) be a transition system. An
equivalence relation = over the set S of states is a backward
bisimulation of T if, for all states s, s' € S such that s = ', if
(u,s) €=, then there exists (v/,s') €= such that uw='.
Furthermore, the equivalence = satisfies the initial condition
if s = ' implies that s € v if and only if s' € © and the state-
labeling condition if s = &' implies that L(s) = L(s').

Given a transition system, let ~} be the coarsest
backward bisimulation which satisfies the initial condi-
tion and the state-labeling condition. Given two transition
systems, T, = (Sl, =1, Zl,Ll) and Ty = (SQ, :>2,[2,L2)
such that S;NS, =0, we can construct the “union”
transition system T;UT; in the following way: Let
TUT, = (Sl USy, =1 U=9, 1 U ZQ,LQ), where ng(s) =
Li(s) if s € S; and Lia(s) = La(s) if s € Sy. Two transition
systems T = (S1,=1,01,L1) and Ty = (S, =9, 00, Lo) are
backward bisimilar if, in the union transition system T U Ty,
for each s; € 7;, there exists an s, € 7» such that s; :{’L So
(and vice versa).

It follows from the work of Lynch and Vaandrager
concerning backward simulations of (image-finite) transi-
tion systems [34] that the sets of traces of (finite-state)
backward bisimilar transition systems are equal, as stated
formally by the following theorem.

Theorem 4.1 [34]. Let T and T, be transition systems. If Ty and
Ty are backward bisimilar, then Traces(T;) = Traces(Ts).

We now show that Tc and T, , are backward bisimilar.
Once we have established this Egsult, from Theorem 4.1,
we will have that the set of traces of T¢ and T, , are
equal. Our proof is similar to that of Buchholz [14], which
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considered the transition-by-transition correspondence of
Tc and T¢, , in order to show equivalence of finite traces.

IL
Proposition 4.1. Let C be a CTMC. Then, Tc and T¢,, are
backward bisimilar. o

Proof. Let C=(S RpL), C/gﬁ:(ﬁ,é,ﬁ,f/),
Tec=(S,=,1,L),and T¢/ , = (S,=,1, L). We show that,
for se Sand C € 5’, if s GILC, then s :i’L C.

The first task is to show that se€ C implies
L(s) = L(C), which follows immediately from the state-
labeling condition and the definition of L.

The second task is to show that s € C' implies that
setrifand only if C € 7. On the one hand, s € ¢ implies
that p(s) > 0. Then, as s € C'and as p(C) = > . p(s), we
have that p(C) > 0 and, therefore, C' € 7. Hence, s €1
implies C € 7. On the other hand, 5(C) > 0 implies p(s) >
0 because =2, satisfies the initial condition and, there-
fore, p(s) is equal for all states in C. Hence C € ¢ implies
S E L.

The third task is to show that s € C' implies that:
(s',s) €= implies (C’,C) € = for the class C’ such that
s eC'. From (¢,s) €=, we must have R(s,s) >0,
which, by Definition 3.4, implies that R(C", C') > 0, which
in turn gives us (C',C) €= by the definition of T¢, , .

The fourth task is to show that s € C' implies that:
(C',C) € = implies (s',s) €= for some s' € C'. From
(C',C) € =, we have R(C",C) > 0 by the definition of
T¢), - Now, because C is a = -equivalence class, we
know that R(C', u) = R(C',u) for all states u,u’ € C.
Hence, by Definition 3.4, applied for =, , if R(C", C) > 0,
then R(C’,u) > 0 for all states u € C. Then, we know that
R(s',s) > 0 for some s’ € C; hence, (s, s) €= and we are
done. O

Corollary 1. Let C be a CTMC. Then,
Traces(T¢) = Traces(Tc/gb ).

TIL

Because trace equivalence implies equivalence of linear-
time temporal logic (LTL) properties, these results mean
that we can use the quotient CTMC C/ s in place of the
unreduced CTMC C for qualitative model checking of such
properties. We note that trace sets may include traces
exhibited with probability 0 and, therefore, our results are
oriented toward traditional model checking of linear
properties over all system traces, rather than probabilistic
model checking over the set of traces exhibited with
probability 1 [38], [21].

5 CONTINUOUS STOCHASTIC Loaic

5.1 Syntax and Semantics

We now recall the syntax and semantics of Continuous
Stochastic Logic (CSL) [3], [9].

Definition 5.1. The syntax of CSL is defined as follows:

Pu=a|PAND| D | PN/\(XI(I)) | PmA(q)UI@) | Sear(®),
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where a € AP is an atomic proposition, I CIR>y is a
nonempty interval, <€ {<, <, >,>} is a comparison opera-
tor, and X\ € [0,1] is a probability.

A formula of CSL refers to a property which is either
satisfied or not satisfied in a given state of a CTMC. We
often refer to CSL formulae as state formulae. Instead, the
subformulae X/® and ®,U/®, are interpreted as being
satisfied or not satisfied for a path of the CTMC. These path
formulae are interpreted as follows: X/® is true for a path if
the state reached after the first transition along the path
satisfies ® and the duration of this transition lies in the
interval I; the formula ®,U’®, is true along a path if @, is
true at some state along the path, the time elapsed before
reaching this state lies in I, and ®; is true along the path
until that state. The probabilistic quantifier P is used to refer
to the probability of satisfying a path formula, while the
steady-state quantifier S refers to the steady-state probability
of satisfying a CSL subformula. Examples of CSL
formulae, taken from [9], are the following: The formula
S<i9-5(a) is satisfied in state s if the probability of being
in a state labeled by the atomic proposition a in steady-
state is not greater than 0.00001, having started execution
from s (obviously, the truth value is not influenced by s if
the CTMC is ergodic). The formula P (aU!?p) is
satisfied in state s if the probability of being in a b-labeled
state after between 10 and 20 time units have elapsed,
while remaining in a-labeled states before that point, is
not greater than 0.01 for system behaviors leaving s. The
formula Ssg9(P-p2(truel/®!%q)) is satisfied in state s if,
in equilibrium with probability at least 0.9, the probability
over all possible paths of reaching an a-labeled state,
within 10 time units, is at most 0.2. Finally, the formula
Pos(malU S 5(bV ¢)) is satisfied in state s if, with
probability at least 0.5, we will reach, from s, a state
between 10 and 20 time units (while avoiding a-states) in
which the probability of being in a b or c-labeled state in
equilibrium is at least 0.8.

Next, we recall the satisfaction relation = for which s @
indicates that the CSL formula @ is satisfied in state s. Given
the satisfaction relation =, let Sat(®) = {s € S | s | ®}.

Definition 5.2 [9]. For C = (S,R,p,L) and state s € S, the
satisfaction relation |= is defined as follows:

s E a iff ae€ L(s)
s B O APy iff sE P andskE Py
s B O iff spE®
s B San(®) iff 79y, Sat(®)) pa A
s E Peunle) iff ProbS{we Path® | w ¢} >a A
w E X'® iff  w(1) is defined and
w(l) E®Abw,0)el
w E ®U®, iff 3te Lwatl dyand

Vit € [0,¢).Qut’ | ®;.

Normally, CSL formulae are evaluated on the states of a
CIMC, that is, the output of the CSL model-checking
algorithm is the set of states of the CTMC which satisfy the
formula. However, we can also consider the interpretation
of CSL formulae, not only on individual states of a CTMC,
but also on the entire CTMC, taking into account its initial
distribution function. For example, we can say that a CTMC

satisfies the CSL formula Ps)(¢) if and only if the
probability of the ¢-satisfying paths, weighted by the
probabilities of their starting states given by the initial
distribution, is > A. Such an interpretation of CSL on
CTMCs makes sense only for formulae for which the
outermost operator is a probabilistic or steady-state
quantifier P or S. Furthermore, in the sequel, it will be
useful to reason about the sublogic of CSL which does not
feature arbitrary nesting of the probabilistic quantifier P.
Observe that we can construct a parse tree for a CSL
formula, the leaves of which are the formulae of length 1
(atomic propositions) and the root of which is the formula
itself. For a CSL formula ®, we use the convention that the
set of its subformulae includes @ itself, whereas its strict
subformulae is the set of subformulae of ® minus @ itself.

Definition 5.3. For Q € {P,S}, a Q-outermost formula of
CSL is a formula for which the outermost operator (at the root
of the parse tree of the formula) is Q. A formula ® of CSL is
Q-nesting free if Q does not appear in any of the strict
subformulae of .

Observe that all of the examples of CSL formulae listed
above are P or S-outermost. The first two are P and
S-nesting-free, whereas the third is S-nesting-free and the
fourth is P-nesting-free. We recall that the CSL variant of [11]
for model checking semi-Markov processes is P and
S-nesting-free.

By considering the initial distribution of a CTMC, we can
reason about whether a CTMC satisfies a S or P-outermost
CSL formula.

Definition 5.4. For C = (S, R, p, L) and S or P-outermost CSL
formula Spox(®) or Poan(p), the satisfaction relation = is
defined as follows:

C E Sa(®) iff 7%0p,Sat(®))sa A
C E Pulp) iff Probg{w € Path |w E ¢} > A

5.2 Stochastic Bisimulation and CsL

In this section, we identify which of the stochastic
bisimulation relations defined in Section 3 can be used to
define quotient CTMCs for verifying CSL formulae.

5.2.1 Equivalences with the State-Labeling Condition
We start with a review of results concerning forward
stochastic bisimulation equivalence with the state-labeling
condition %‘I’i and its relation to CSL. Let C = (S, R,p, L) bea
CTMC and ® be a CSL formula Then, from [9], for each pair
5,8 € S of states, if s =/ , then we have s = ® if and only if
s’ | ®. This result 1mp11es that we are able to construct a
quotient CTMC C/_ ~f On which the standard CSL model-
checking algorithms may be applied; then, the set of classes
which satisfy a CSL formula in C/_ of will contain exactly
those states of C which satisfy the formula. Also, note that,
because the equlvalence relation 22/, distinguishes at least
as =/ ,if s =2 ¢, then we have s = @ if and only if &' = .
Furthermore, if ® is a P or S-outermost CSL formula, then
CE® if and only if C/Nf E ®. We also recall that
agreement of CSL formulae characterizes forward stochastic
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Fig. 2. Backward stochastic bisimulation quotients do not preserve CSL.

bisimulation: More precisely, CTMC states which satisfy the
same CSL formulae are =2 Nf -equivalent [23].

In contrast to the case of forward stochastic bisimula-
tion, backward stochastic bisimulation cannot in general be
used to define quotient CTMCs from which results of
arbitrary CSL formulae can be derived. This is a conse-
quence of the fact that states satisfying the same CSL
formulae are %{ -equivalent and from the fact that, as
indicated by the examples in Fig. 1, the distinguishing
powers of forward and backward stochastic bisimulation
equivalences are incomparable. Consider the CTMC C and
the quotient CTMC C/ .., , represented graphically in Fig. 2.
State labels are written next to their associated states and
the initial distributions are denoted by dotted arrows. States
s1 and sy of C are backward stochastic bisimilar (under the
initial and state-labeling conditions) and form the equiva-
lence class {s1,s2} of C/o - Now, consider the CSL
subformula P (XI*®a), which requires that an
a-labeled state is reachable in one step with positive
probability. As s; is the only a-labeled state, this property
reduces to requiring that s; is reachable in one step with
positive probability. Consider the case in which this
subformula is nested inside another formula, such as
S>05(P=0(X9¥)a)) or b A Poy(X*®)a). Then, our aim is to
obtain the set of states which satisfy the property
P-o(X>®)q) so that this set can be used when verifying
the properties within which P.(X**)a) is nested. How-
ever, note that P~ (X">)qa) is satisfied in the class {s;, s5} of
C/. i and in the state s, of C, but not in s;. The problem is
that the construction of the class {si, s2} does not retain the
distinction about the probability of the future behavior from
the states within {s1,s2}. Hence, the threshold < A of a
probabilistically quantified path formula could be satisfied
by some states of a class and not by others.

This characteristic is also exhibited in the case of the until
path operator (for example, P-o(trueU®*a)) and the
steady-state operator S. With regard to the latter, consider
the formula S.o(a) and say that this formula is nested
within another formula. Then, the formula is false in the
state s; because the system cannot reach state s;, which
forms the only bottom strongly connected component in
which a holds. However, the formula S-(a) is true in the
state s and in the class {si,s2}. In a CTMC that is not
strongly connected, the steady-state distribution depends
on the probabilities with which its bottom strongly
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connected components are reached; as indicated by the
previous paragraph, backward stochastic bisimulation does
not preserve exact reachability probabilities in equivalent
states.

Hence, we are unable to identify the set of states which
satisfy arbitrary CSL formulae using the quotient CTMC
obtained using backward stochastic bisimulation. However,
if we restrict our attention to a subclass of CSL, the picture is
different: Backward stochastic bisimulation can be used to
define a quotient CTMC on which P or S-outermost, P and
S-nesting-free CSL formulae can be verified. If, for example,
we consider the formula P-((X[">)q) in isolation, then the
formula will be true when interpreted on both C and on
C/. ~ (taking the initial distributions into account). We
commence with a lemma which specifies that the prob-
ability of any class in the quotient CTMC satisfying a path
formula X!® or ®;U®, is the average of the probabilities of
satisfying the formula in the constituent states of the class.
Lemma 5.1. Let @4, ®: 2 be CSL formulae and assume that, for

each pair of states s, s' € S, we have s =2 s’ implies s |= @1 if

and only if §' |= @1, and s | @y if and only if s' = ®q. Let o be
either X'®, or ®,UL®,. Then, for each class C € S/Nb , we
have:

Clw e Prob€ (o
PTObC L (SD) — Z cC |O| ( )

The proof of this lemma is given in the Appendix. The
lemma can be used to establish the following result:

Theorem 5.1. Let C = (S, R,p, L) be a CTMC and ® be a P or
S-outermost, P and S-nesting- free CSL formula. Then, C =
® if and only if C/ | ©.

Proof. Let C=(S,R,p,L) be a CTMC and ® be a
P, S-nesting-free CSL formula. We aim to show that
C k= @ if and only if C /gi,] = ®. To aid readability, we
write all notation pertaining to the quotient C / ~ with
the overline ~ . For example, we write C instead of
C/Nz , S instead of S/Nf , and R instead of R/Nz .
Notation which derives from the quotient’s compo-
nents is treated in the same way: For example, we let

C) =Yg R(C,C"). For a CSL formula ¥, we let
Sat®(V) be the set of states of the CTMC C satisfying ¥,
whereas Saté(\ll) is the set of states of the quotient
CTMC C satisfying W.

Case: ® is a steady-state formula. That is, we consider the
case in which @ is of the form S.) (). As the formula is
P, S-nesting-free, the subformula ¥ is a formula of the
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syntax U i=a | WA W | =V for a € AP. Our first task is
to show that s 22, s’ implies s | ¥ if and only if s' ¥
for any states s, s’ € S. We proceed by induction on the
length of subformulae of the formulae ¥. Consider a
subformula a € AP From the state-labeling condition,
we have that s 22 s’ implies s [ a if and only if s’  a.
The cases for the Boolean connectives then follow and

our first task is completed.
Our second task is to show that:

7°(p, Sat®()) = 7°(p, Sat®(V)).

It follows from the first task that, for each class C of 2, ,
either C C Sat® (V) or C' N Sat® (V) = (). By the definition
of the labeling function of C, we have C C Sat®(¥) if and
only if C' € SatC(W). From this fact and from the fact that
classes in S are disjoint, we have that {C'| C € SatC (W)}

is a partition of Sat“(¥). Then, we have:

7°(p, Sat® (V)
7°(p, s)

s€SatC (W)

2

CeS & CCSatC ()
(because {C' | C € Satc(\ll)} is a partition of Sat®(¥))
_ > (5,C)

CeS & CCSatC(v) €]
= 7%(p, Sat (D).

> m(p9)

seC

(by Theorem 3.1)

By the definition of the semantics of the steady-state
operator, we then have C k S,y (¥) if and only if C |

Sear(¥) and we are done.
Case: ® is a probabilistically quantified formula. We
now consider the case in which ® is of the form
Poar (), where ¢ is either of the form U,UT, or X' W3,
where U;, ¥y, and VU3 are formulae of the syntax
Vi=a|PAV |-V Our first task is to show that, for
each state pair s,s' € S, we have that s =, s’ implies s =
U if and only if ¢ | ¥. This fact follows from the
analogous part of the proof for steady-state formulae.
Given that this property holds, we now prove that the
probabilities of the path formulae ¢ in C and C agree, hence
establishing that C |= Py () if and only if C | Puay ().
From the definition of the probability measures Probg and
Probs, we have Probg(go) =Y,csp(s) - ProbS(yp) and
Probg(cp) = 0esP(C) »Probg(ga). From the initial con-
(9]

dition, for each state s €S, we have p(s) =5er

= p(s) - |C|, for the unique class C of =

and,
therefore, p(C)
for which s € C. Hence,

ProbC Zp Probc ®)
ces
v P']"Obg/
=>» p(0) M (by Lemma 5.1)
CeS§ €]
- Probg,
=3 o) o)
e €]
ProbS,
=30 3w fe
Ced 5"€C
(by f)(C) =p(s") - \Cl for 5" € C)
= Z Z - ProbS, o ()
cess"eC
= Z p(s") - ProbS.(¢)
s"eS
= Probg(go).

Because Probg(q;) = ProbS (), by the definition of the
semantics of probabilistically quantified CSL opera-
tors, we have that C E Poar(p) if and only if C = Poar(p)
This establishes the second case of the proof and, hence,
we have concluded the proof of Theorem 5.1. 0

5.2.2 Removing the State-Labeling Condition for Basic
S Formulae

We now show how the state-labeling condition of stochastic
bisimulation can be weakened for certain CSL formulae,
thereby resulting in a potentially smaller quotient CTMC.
As indicated in [9], restricting the state-labeling condition to
only those atomic propositions that appear in a CSL formula
still permits us to obtain a quotient structure which
preserves the formula (in the case of forward and backward
equivalences). We go further in the case of an outermost
S-operator (which is P and S-nesting-free) and show that it
suffices to consider backward stochastic bisimulation with-
out a state-labeling condition. The result depends heavily on
the equiprobability of equivalent states (recall Theorem 3.1)
and it therefore applies only to backward stochastic
bisimulation. The quotient CTMC that results from such
an equivalence is then subject to the following, slightly
modified CSL-model-checking algorithm in order to obtain
meaningful results concerning the original CTMC.

Let ® be an S-outermost, P and S-nesting-free CSL formula.
Then, ® is of the form S, (¥), with ¥ defined by
U :=a| ¥ A ¥ |-V Due to the equiprobability of backward
bisimilar states, we can evaluate ® using > instead of = as
follows: We proceed by first calculating the steady-state
probablhtles on the quotient CTMC C/ .. - Next, for each class
Cof= ,we obtain |C' N Sat®(¥)|, the number of states within
the class which satisfy the formula ¥ (this number can be
computed locally by considering the class C' in isolation).
Then, the total steady-state probability for the set of states
within the class which satisfy ¥ can be obtained by
considering the steady-state probability computed for the
class on the quotient CTMC, multiplied by the proportion of
the states which satisfy ® to the total number of states in the
class, |C' N Sat®(¥)|/|C|. This process can be repeated for all
classes and the sum of the obtained steady-state probabilities
overall classes gives the required steady-state probability for
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the unreduced CTMC. Hence, we have obtained a model-
checking method for S-outermost, S, P-nesting-free steady-
state properties on a quotient CTMC which is independent
of the state-labeling function. Recalling that the time
complexity of model checking the steady-state operator
given in [9] is O(]S|*), we see that the extra time complexity
of having to count the number of the states of interest in
each equivalence class (that is, O(|S])) does not increase the
overall complexity.

6 CONTINUOUS STOCHASTIC REWARD Loaic

6.1 Syntax and Semantics

We briefly recall the definition of Continuous Stochastic
Reward Logic (CSRL) [7]. The syntax of CSRL is identical to
that of CSL, except that, in place of the path formulae X'®
and ®,U’®,, we have the path formulae X/® and ®,U.®,,
where the interval J C IR5( represents a bound on the
reward accumulated along a path. The formula X}® is
satisfied by a path if the state reached after the first
transition along the path satisfies ®, the duration of this
transition lies in the interval I, and the reward accumulated
before the transition lies in the interval J. Similarly, the
formula ®,U}®, is satisfied by a path if ®, is satisfied by
some state along the path, the accumulated time and
reward before this state lie in / and J, respectively, and ®;
is sat1sf1ed along the path until that state. For example,
Po. qs(aU ) is satisfied by a state if, with probability at
least 0. 98 the atomic proposition b holds at some point at
which no more than 30 time units have elapsed and at least
seven units of reward have been accumulated and a holds
until that point.

We now recall the formal semantics of CSRL. The
semantics for the atomic propositions, Boolean operators,
and probabilistic and steady-state quantifiers P and S are
the same as for CSL, as expressed in Definition 5.2. It
therefore suffices to define the semantics of the path
formulae. Recall the definition of elapsed time 6(-,-) and
accumulated reward y(-,-) from Section 2.

Definition 6.1. For M = (S, R,p, L, p) and a path w € Path,
the satisfaction relation k= is defined as follows:

w E Xio iff  w(1) is defined and
w(l) E®AS(w,0) el
A y(w, b(w,0) € J

w E UL, iff 3telw@tl ®)and

(V¢ € 10,t).0Qt’ = &) Ay(w,t) € J.
We also consider the operators &;(®), &,(®), and
C"(®) of the extension of CSRL introduced in Baier et al.
[7], which we refer to as CSRLg¢. For an MRM M with
the initial distribution p, time ¢, and set of states S’, we
consider the instantaneous reward pM(p,S',t)=
Yes ™H(p, s, t) - p(s) and the long run reward rate
M(p,S) =Y o ™(p,s) - p(s). Although the semantics of
these operators can be defined on states (see [7]), we instead
define their semantics on MRMs. Before doing so, we
rewrite Definition 5.3 to reason about classes of CSRL¢¢
formulae by considering Q € {P,S,&,C} rather than Q €
{P,S} in order to refer to, for example, £-outermost or
C-nesting-free formulae. Then, as in the case of CTMCs, we

can reason about whether an MRM satisfies a P, S, &, or
C-outermost CSRLg¢ formula by considering the initial
distribution of a MRM. We omit the rules for S,.,(®) and
Psar(p) as they are the same as for CSL (Definition 5.2) with
the Markov reward model M substituted for the CTMC C.

Definition 6.2. For M = (S, R, p, L, p) and CSRL¢¢ formula
E1(D), (D), or CL(®), the satisfaction relation |= is defined
as follows

M E £,(2) iff pM(p,Sat(®)) € J
M 5’;(@) ifft  pM(p, Sat(®),t) € J
M E Cj@) iff [, pM(p, Sat(®),u)du € J.

6.2 Stochastic Bisimulation and CSRL

6.2.1 Equivalences with the State-Labeling and Reward
Conditions

We commence this section by summarizing results con-
cerning forward stochastic bisimulation and the preserva-
tion of CSRLg¢ properties. Let M = (S, R,p,L,p) be an
MRM and ¢ be a CSRL¢ formula. From [8], we have that,
for each pair s, ' € S of states, if s E{R s, then s | @ if and
only if s’ = ®. This result implies that we can characterize
satisfaction sets for all CSRLg¢ formula using a quotient
MRM obtained by the equivalence ,ER It follows that, if
sl . &, then we also have s = @ if and only if & | .
Furthermore, if ®isaP,S, &, C-outermost CSRLg ¢ formula,
then M E & if and only if M/;_{LR E .

As stated by the following theorem, backward stochastic
bisimulation can be used to define a quotient CTMC on
which P, S, £, or C-outermost, P, S, £, and C-nesting-free
CSRLg ¢ formulae can be verified, in the same manner as in
Theorem 5.1.

Theorem 6.1. Let M = (S, R, p, L, p) be an MRM and ® bea P,
S, &, or C-outermost, P, S, &£, and C-nesting-free CSRL¢ ¢
formula. Then, M = ® if and only if M/El’m E o.

The proof is similar to that of Theorem 5.1, with extra
bookwork to handle the introduction of rewards.

6.2.2 Removing the State-Labeling or Reward Condition
for Basic £,C Formulae

Analogously to the case of CTMCs and CSL, we can obtain a
new model-checking algorithm, not only for an outermost S
operator of CSRL, but also for P, S, £, and C-nesting-free
formulae of the form &;(¥), £,(¥), and C}(¥). A feature of
the algorithm is that we can dispense with either the reward
condition or the state-labeling condition (but not both)
when constructing the quotient CTMC using backward
stochastic bisimulation.

First, consider the case in which the reward condition is
satisfied by the equivalence, but the state- labeling condition
is not, that is, we consider the equivalence 2, . Consider
formulae of the form £;(¥). Note that, from the reward
condition and by the construction of the quotient MRM, the
reward function p/. ~ of the quotient MRM is such that
p/e (C ) = p(s) for all's € C, for each C € S/~ - Then, as in
the case of the steady-state operator in Section 5.2.2, we can
obtain, for each class C of =2, the proportion of the



540 IEEE TRANSACTIONS ON SOFTWARE ENGINEERING, VOL. 32, NO.8, AUGUST 2006

number of states of C' that satisfy ¥ to the total number of
states in C. Multiplying this by the reward rate for the class
then gives the total long run reward when in the
VU-satisfying states of the class. We repeat this process for
all classes, then add the results, to obtain the required long-
run reward rate for the unreduced CTMC with respect to
the states that satisfy . Formulae of the form &£’ (¥) and
C (W) can be treated in the same way, using Theorem 3.1 to
consider transient probabilities 7 (p,s,t) rather than
steady-state probabilities.

Second, we consider the case in which the state-
labeling condition is satisfied by the equivalence in
question, but the reward condition is not, that is, the
equivalence is 22 . Recall that the formulae £,(¥), £,(V),
and CI](\I/) that we are considering are P, S, &£ and
C-nesting-free and, therefore, ¥ is a formulae of the syntax
U:i=a|¥YAV|-VU, where a € AP. From the state-label-
ing condition, it follows that, for each class C of =% ,
either C C Sat(¥) or CN Sat(¥) = (. In the case of £;(¥),
from Theorem 3.1 and the fact that p/ E?L(C) is obtained by
taking the average of the rewards in the constituent states of
C, we know that the total long-run reward rate for all states
in the class can be obtained by computing the long-run
reward rate for the class in the quotient CTMC. Repeating
this for all classes which satisfy ¥, then summing the result,
gives us the long-run reward rate for the unreduced CTMC
with respect to the states that satisfy ¥, which can be used
when verifying formulae of the form &£;(¥). The method
above can be adapted to &,(¥) or C}(¥) by considering
transient probabilities, as in the previous paragraph.

Remark. Recall that the “duality” method presented in [7]
can be used to convert an MRM into a CTMC, and a
CSRL formula with trivial time bounds of [0,c0) into a
CSL formula. Hence, after conversion from an MRM to a
CTMC, we are able to apply stochastic bisimulation
relations (forward or backward) which do not refer
explicitly to rewards (only implicitly as they are encoded
in the rates of the resulting CTMC).

7 SELECTIVE APPLICATION OF EQUIVALENCES

In Section 5.2, we saw that backward stochastic bisimula-
tion can only be used in the presence of P or S-outermost, P
and S-nesting-free CSL properties. In those sections, we
considered the application of a single equivalence relation
to all states of a CTMC; however, we now consider applying
different equivalence relations to different parts of the state
space. Our aim is to apply backward stochastic bisimulation
without the state-labeling condition as much as possible in
the state space, in order to offer a potentially more efficient
alternative to forward stochastic bisimulation with the state-
labeling condition. The approach is based on the observa-
tion that the bottom strongly connected components of a
CTMC can be treated in a different manner from the rest of
the states of the CTMC.

Consider the graph G of the CTMC C = (S,R,p, L),
defined such that the vertices are the states of C, and where
there is an edge from s to ¢ if and only if R(s,s’) > 0. A
subgraph B of G is a bottom strongly connected component
(BSCCQ) if it is a maximal strongly connected component

such that edges from states within B always point at
vertices which are also within B. Let B be the set of BSCCs
of C. Note that a strongly connected CTMC is an ergodic
CTMC. When clear from the context, we also use B to
denote to the set of states of the BSCC B.

Let S C S be a subset of states of C. Then, C[S']=
(S,R,p,L) is the CTMC obtained from C by letting
R'(s',s) =0 for each ' € &', s € S (that is, all states in &'
are made absorbing). The following lemma asserts that
entry states of a BSCC may be turned into absorbing states
without altering the satisfaction sets of a P-until formula in
three cases: 1) if the second argument of the until formula is
not satisfied in all states of the BSCC, 2) if the arguments of
the until formula are both satisfied in all states of the BSCC,
and 3) if the second argument of the until formula is
satisfied in all states of the BSCC and the lower bound of the
formula’s time interval is 0. We write ¢ for the CSL
satisfaction relation = interpreted on C.

Lemma 7.1. Let B be a BSCC of the CTMC C and let
Poar(®1U®y) be a CSL formula. Then, for each state
s € S\ B, if at least one of the following conditions hold:

1. & Fc @, for all states s' € B,
2. ¢ Ec ®1 A Dy for all states ' € B, or
3. ¢ Ec Oy for all states s € B, and inf I =0,

then we have s k¢ Pop(®UIDy) if and only if
S ':C[B] PM)\(‘:I)lUI‘:I)g).

For example, consider the formula P ; (aU02p): If the
CTMC enters a BSCC in which b is not true for any of its
states, then b will never become true in the future. Hence, all
states in the BSCC can be made absorbing without affecting
the probability of satisfying the until formula. Similarly, if
the CTMC enters a BSCC in which a and b are both always
true, then the until formula must be satisfied in the BSCC.
Finally, in the case of the formula P« o, (aU"")b), if a BSCC
in which b is always true is entered and the elapsed time is
less than 15 on entry (which can be evaluated on the state
space outside of the BSCC), then the until formula will be
satisfied. We note that related reductions were introduced
by Baier et al. [9] (although not in the context of BSCCs).

The conversion to absorbing states described by Lem-
ma 7.1 requires a step to find the BSCCs of the CTMC in
question (which has time complexity O(]S|+ |R|) [20]),
followed by a check of whether ®; and/or ®; hold in the
states of the BSCCs (which takes O(|S]|) time).

We consider how these reductions can be used in the
context of forward and backward stochastic bisimulation,
for a subset of CSL properties. In order to simplify the
following explanation, we consider formulae of the form
Poan (OIS (¥)) and Poyy (W' UAS, ., (F)), where ¥, U are
formulae of the syntax ¥ :=a | ¥ A ¥ | =¥ and where we
use &' to abbreviate trueU’®. From the semantics of the
steady-state operator, we have the following fact: For any
BSCC B, either s | Spq)(P) for all states s € Bor s }£ Spar (V)
for all states s € B (see [4]). Hence, in the case of
Poan (O1Soar (V) and Poyy (VUS4 (¥)), we know that
all BSCCs of a CTMC satisfy at least one of the conditions of
Lemma 7.1: Either S,) () is not satisfied within a BSCC, in
which case condition 1) applies, or S.\(¥) is satisfied
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throughout a BSCC, in which case conditions 2) and 3) apply
in the case of Poyy (O'Sean(V)) and Py (P ULUS, (1)),
respectively.

We now consider how the results of Section 5.2.2 can be
used to define a model-checking algorithm for formulae
such as Poyy (O!Sen () and Poyy (W'US,\(T)), which
exploits backward stochastic bisimulation. For the CTMC C,
we consider each of the BSCCs of C in turn, with the aim of
determining whether the formula S..\(¥) holds in the
BSCC. For a BSCC B € B, consider the CTMC C| obtained
from C by restricting the components of C to states in B. As
the resulting CTMC is strongly connected, steady-state
probabilities are independent of the initial distribution;
hence, we can write 7”(s) to denote the steady-state
probability of state s within B, instead of °ls(a,s) (for
some distribution «). We also write Sat?(¥) instead of
SatCls (V) for simplicity.

Next, observe that the BSCC B is necessarily contained
within some BSCC B of C|p/.: For every finite path sy —
— s, in B, there exists a path Cy — C; — --- — C,
in B such that s; € C; for each 0 < i < n. Note that the fact
that we consider the equivalence >0 and not the
equivalence =, which depends on the initial condition,
suffices because the initial condition is irrelevant to the
steady-state distribution in B. Hence, taking such an
(arbitrarily chosen) initial distribution into account when
constructing the quotient CTMC of B will make no
difference to the correspondence of results between the
CTMC of B and the resulting quotient CTMC. Then, as in
the case of Section 5.2.2, we can obtain the following result:

- aB
Z ’/TB(S):Z’/TBC .|CﬂSt (\I/)|

(@)
s€BNSatB (W) CeB |C|

8] — -

Hence, by applying backward stochastic bisimulation with-
out the initial and state-labeling conditions to a BSCC, we can
obtain 3. psan(w) 7(s). Then, if (2 sensan(w) m(s)) > A,
we know that all states within B satisfy S, (¥); otherwise, all
states within B do not satisfy S.q)\(¥). We can repeat this
process for all the BSCCs of the CTMC.

It remains to consider whether S, (¥) holds in the states
of C which lie outside of the BSCCs. Observe the following
fact, adapted from [9]:

7 (as, Sat® (W) =

Z (ProbReachc (s, B) Z

. 7B(s") e
s'€BNSatB(¥)

where ProbReach®(s,S') = Prob${w € Path® | Ji.w(i) € S'}
for §' C S. We advocate constructing a forward stochastic
bisimulation quotient from all of the states outside of the
BSCCs. The following lemma uses the same reasoning used
to show that forward stochastic bisimulation with the state-
labeling condition preserves CSL path properties with
trivial time bounds of [0, 00).

Lemma 7.2. Let C be a CTMC and C/N/ be its quotient
CTMC with respect to forward stochastic bisimulation and
the state-labeling condition. Then, for any state s € S, the

BeB

class C e S /N/ for which s € C, and an atomic proposition
a € AP, we have
C c

(0, 50" (a)).

ProbReach® (s, Sat®(a)) = ProbReach

We extend the set of atomic propositions AP with the
atomic proposition atp for each B € B and extend the
labeling of a state s € S with atp if and only if s € B. We
also use Lemma 7.1 to make the states of each BSCC
absorbing to obtain the CTMC C[B] (recall that at least one
condition of this lemma must hold, given our restriction to
the formulae Py ($/Sear(¥)) and Pooy (¥ TS, ().
Next, we construct the quotient CTMC C = C[B] /Nf using
the equivalence 2{ , where the state-labeling condition
takes into account the additional labels of the form atp.

Then, to obtain 7°(ay, Sat®(¥)) for s € S\ B, it suffices
to use (1), using the values > pgumw) 7" (') for each
B € B that we have already computed, but substituting
ProbReach® (C, Sat® (a)) for ProbReach®(s, B), where s € C,
according to Lemma 7.2. Given the computed values of
7% (s, Sat®(¥)), we can then decide whether s | S.o\ (¥)
for each s € S.

Hence, we have obtained a method establishing whether
each state of the CTMC satisfies Suqx(V), first by using
backward stochastic bisimulation on the states of the
BSCCs, then using forward stochastic bisimulation on the
remaining states. A further reduction in the size of the state
space can be made by combining all of the states of a BSCC
into a single state after they have been made absorbing, as
done in [9]. Moreover, if two BSCCs are found to have the
same value > _p g, 7 (s), then there is no need to
introduce different atomic propositions for each of these
BSCCs; this can have the effect of reducing the amount of
subdivision that is necessary to distinguish BSCCs when
computing the forward stochastic bisimulation relation.
Furthermore, the forward stochastic bisimulation quotient
CTMC may be reused to establish the states which satisfy
the formulae Py ($/Sear(V)) and Poyy (WULIS, )\ (1))
Hence, we can use the quotient C not only for obtaining the
satisfaction set of S..,(¥), but also for resolving the P part
of the overall formula.

Although we concentrated our attention on two for-
mulae, Poyy (O!Soar (V) and Poyy (W'UIS, .\ (V) for sim-
plicity, the method of this section can be applied to more
general formulae. For example, the method can be adapted
in a straightforward way to Py (f(a A Sen(¥))) if the
atomic proposition a either holds in all states of a BSCC or it
does not hold in all of the BSCC’s states. Similarly, the
method could be used to verify properties of the form
Prorr (S (1)U S1cp (1)).

Furthermore, we can construct the backward stochastic
bisimulation quotient only for some BSCCs and apply
forward stochastic bisimulation with the state-labeling
condition to others. This can be useful if some BSCCs
satisfy the conditions of Lemma 2 and others do not.

A disadvantage of the approach of this section is that it
can only be applied after the CTMC has been constructed
and, therefore, cannot be used in, for example, a composi-
tional manner on system subcomponents.
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8 BACKWARD STOCHASTIC BISIMULATION IN
PRACTICE

In this section, we consider how backward stochastic
bisimulation may be applied in practice to system models
represented as CTMCs. Our approach was to implement
algorithms for computing the forward and backward
stochastic bisimulation quotients (using the “splitting”
principle of Kanellakis and Smolka [32]) in the open-source
probabilistic model-checking tool PRISM [31]. We also
extended these algorithms in order to compute quotients
of equivalences satisfying the initial and state-labeling
conditions.

We applied the implementation principally to two
models: a multiserver polling system [1] and the multi-
processor system of Buchholz [14]. The multiserver polling
system consists of a number of identical stations at which
customers arrive and a number of servers which visit the
stations cyclically. When a server is at a station, it can
provide service to the station’s customers, who then exit
from the system. The polling system has a number of
parameters which affect the size of the underlying CTMC:
the number of stations, the capacity of the queue of
customers at each station, and the number of servers. Note
that the basic system, without taking state labeling into
account, exhibits symmetry: The characteristics of each of
the stations are the same. This means that states which are
identical up to the permutation of the identities of the
stations are both forward and backward stochastic bisimilar
(without the state-labeling and initial conditions) and,
hence, the quotient CTMCs resulting from each of these
two relations are identical. Indeed, application of the
splitting algorithms to different configurations (in terms of
number of stations, the capacity of the stations, and the
number of servers) of the polling system resulted in a
reduction of the size of the state space roughly proportional
to the number of stations. For example, the size of the state
space of the configuration with two servers and four
stations, each with a capacity of two customers, was
reduced from 1,998 to 507, whereas the size of the state
space of the configuration with a single server and
10 stations, each with a capacity of one customer, was
reduced from 15,360 to 1,536.

Now, assume that we wish to verify a S-outermost, S,
P-nesting free formula S,y (V), where ¥ (which is of the
syntax ¥ :=a | ¥ A ¥ | =) distinguishes between stations.
Examples of formulae such as ¥ could be the atomic
proposition stationl_queue > 0, which indicates that there is
at least one customer in the queue of station 1, or
station2_service = 0 A station3_service = 0, which indicates
that stations 2 and 3 are not currently being served. In such
cases, backward stochastic bisimulation can offer an advan-
tage over forward stochastic bisimulation: To verify S.o) (),
forward stochastic bisimulation must be employed in
conjunction with the state-labeling condition, whereas,
following the results of Section 5.2.2, backward stochastic
bisimulation may be employed alone (we do need to take the
initial condition into account because the system forms a
single BSCC). Indeed, in the case of formulae ¥ which identify
the identity of the stations, our experiments established that
incorporation of the state-labeling condition results in a

(forward or backward) stochastic bisimulation quotient
which is as large as the original state space, thereby
offering no advantage in the verification process.

We now consider the multiprocessor system example.
The system consists of a series of “teams,” each of which is
comprised of a number of processors and a number of
memory units, and a designated number of additional
memory units which can be shared across the teams. All of
the components of the system, whether processor or
memory unit, fail with a certain rate. When all memory
units of a given team have failed, the active processors of
the team can use the shared memory units. The overall
system is said to fail when either all processors of a certain
team have failed or when all memory units available to a
certain team (that is, the memory units that belong to the
team and the shared memory units) have failed. After
system failure, a repair unit is deployed which returns the
system to its original state in which all components are
operational after a certain amount of time has elapsed. This
multiprocessor example was considered in [14] in the case
of one shared memory unit and two teams, each comprised
of one processor and one memory unit.

The results of applying the splitting algorithms for
forward and backward stochastic bisimulation to this
example are illustrated in Table 1. For simplicity, we
consider the case in which team sizes are always equal, in
which the number of processors and memory units within a
team is equal, and in which the number of shared memory
units is equal to the chosen team size. We also assume that
all memory units fail with the same rate and that all
processors fail with the same rate, but that the failure rate
for memory units and processors differ. The first and
second columns of Table 1 are self-explanatory and the
third column includes the size of the state space before
reduction. The fourth and fifth columns describe the size of
the quotient state space, together with the proportion of the
size of the quotient state space to that of the original state
space, for forward and backward stochastic bisimulation,
respectively. It can be observed that the state-space
reductions obtained by backward stochastic bisimulation
are greater than those for forward stochastic bisimulation.
The reason for this difference is that, in contrast to the
backward case, forward stochastic bisimulation distin-
guishes between the failure of memory units in teams and
the failure of shared memory units.

Incorporating the state-labeling condition into the
equivalence can result in quotient state spaces which are
strictly larger than those obtained without this condition,
but, in contrast to the symmetry-breaking propositions in
the polling example, are smaller than the original state
space. For example, in the context of the system configura-
tion with two shared memory units and two teams of size
two, taking into account a labeling which distinguishes
between those states in which all memory units of team one
is down from those in which at least one is up results in a
forward quotient of size 177 (instead of 91) and a backward
quotient of size 89 (instead of 56). Finally, we note that, for
the multiprocessor system, the results of taking the initial
condition into account are the same as those when this
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TABLE 1

State-Space Reductions of Forward and Backward Stochastic Bisimulation for the Multiprocessor System

Number of teams | Team size | Original | Forward quotient | Backward quotient
2 1 20 10 (50%) 7 (35%)

2 2 201 91 (45.27%) 56 (27.86%)
2 3 928 415 (44.72%) 214 (23.06%)
2 4 2945 1321 (44.86%) 585 (19.86%)
3 1 100 28 (28%) 15 (15%)

3 2 2059 438 (21.38%) 179 (8.74%)
3 3 15966 3078 (19.28%) 900 (5.64%)
4 1 430 53 (12.33%) 24 (5.58%)

4 2 19030 1339 (7.04%) 404 (2.12%)
4 3 259504 | 14619 (5.63%) 2658 (1.02%)
5 1 1805 114 (6.32%) 55 (3.05%)

5 2 174027 | 6901 (3.97%) 1477 (0.85%)
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condition is not considered (the initial state is always the
unique member of a class).

We also applied our algorithm to a number of CTMC
models taken from the PRISM Web page.' The only examples
in which the reduction obtained from forward stochastic
bisimulation was at least an order of magnitude better than
the backward case were one of the dynamic power manage-
ment examples and the embedded control system in which
the state space was reduced from 3,478 states to 98 classes
(compared to 2,910 classes in the case of backward
stochastic bisimulation).

9 CONCLUSIONS

We have presented a study of backward stochastic bisimula-
tion in the context of CSL model checking. It has been shown
that the choice of the application of backward or forward
equivalences is formula-dependent, in the sense that back-
ward stochastic bisimulation cannot be applied to CSL
formulae with arbitrary nesting. However, the degree of
nesting in practical examples of CSL formulae that have been
given in the literature thus far is usually limited; this leads us
tobelieve that the methods in Section 5 and Section 7 are often
applicable to a significant class of properties. In Section 8, we
showed that backward stochastic bisimulation can outper-
form forward stochastic bisimulation, particularly in the
context of the class of steady-state properties for which the
state-labeling condition does not need to be considered. Our
work has some parallels with that of [28] in the nonstochastic
context, in which it was shown that branching-time temporal
logic properties (with nesting of “path quantifiers”) are not
preserved by backward bisimulation, but linear-time proper-
ties are preserved. We note that the results of this paper can
alsobe applied in the case of discrete-time Markov chains and
the temporal logic PCTL [27].

Although, in this paper, we have worked at the CTMC
level, the lumpability and stochastic bisimulations consid-
ered have also been used successfully for directly producing a
quotient CTMC starting from a high-level description of the

1. http://www.cs.bham.ac.uk/~dxp /prism/.

stochastic system, as is the case, for example, in PEPA [26] and
in the symbolic reachability graph (SRG) construction of
Stochastic Well-formed Nets (SWN) [15]. The SRG construc-
tion is based on exploiting model symmetries, which
subsume both strong and exact lumpability (forward and
backward bisimulation). More recent work on “extended
SRGs” is based on a strong (forward) equivalence; as
observed in [16], an exact (backward) equivalence could be
used instead, if it leads to a smaller number of equivalence
classes. However, as in our work, in the current state of
research it is not possible to foresee which one of the two
works better for a given SWN model.

APPENDIX
PROOF OF LEMMA 5.1

As in the proof of Theorem 5.1, we write the notation
pertaining to the quotient C/. -~ with the overline ~ (for
example, we write C, S, R instead of C [an , S/an , and R,
respectively). Recall that Sat“(®) denotes the set of states of
the CTMC C satisfying the CSL formula ®, whereas Sat®(®)
denotes the set of states of the quotient satlsfymg o.
Furthermore we let P(s,s') = ) for each 5,5’ € S and let
P(C,C") = ) for each C, o e 3

Before proceedmg to the proof of Lemma 1, we recall two
lemmata from [9].

Lemma A.1 [9]. Let s € S, I CIR>y and ® be a CSL formula.
Then,

PTObS (XI(I)) _ (e—E(s)-ian _ 6—E(s)~sup]) .

ZP(S,S/).
s'EP

For any pair of states s, €S and real value
r€Rsg, let T(s,s,z)=R(s,8) e &7 Let Toux
denote {t—z|telandt>z}.

Lemma A.2 [9]. Let s € S and &, P, be CSL formulae. The
function 9 : S — [0,1],9(s) = Prob$(®,U'®y) is the least
fixed point of the operator F : (S — [0,1]) — (S — [0,1]),
where:
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F(f)(s,I) =

1 ifs|:—|<I>1/\<I>2and
a=0

fo gesT(s, s x)- f(d, Tex)de ifs | @1 APy

e Pl fo Yoves L(s, s, 2)

Sf(s', I 6 x)dx if s |E® APy

0 otherwise.

Naturally, these lemmata can also be applied to the
quotient CTMC C of C. For example, in the case of
Lemma A.1, for each class C € 5‘, we have

Prob(X'®) = (e BOBIT _ o~EC@swl) . N™ B(c, o).
CED
We now proceed to the proof of Lemma 5.1.

Proof. Let ®,, &, be CSL formulae. Recall that the statement
of Lemma 5.1 makes the assumption that, for each pair of
states s,s' € S, we have s = s implies s E ®; if and
only if §' = @, and s = ®, if and only if s’ |= ®,. Let ¢ be
either X’®; or ®;U’®,. Recall that our aim is to prove
that, for each class C' € S/ ah

> cc Prob{(e)

Probc(cp) =
¢ |

We divide the proof into two cases, depending on
whether ¢ is X'®, or whether ¢ is ®, U ®,.

Case: ¢ = X'®;. We show that ProbS(X'®;) =
D Prob¥(x1a)

a by the following derivation:
ProbS(X'®;)
= (eiE(C)‘m” - eiE(C)‘SUPI) . Z P(C,C") (by Lemma A.1)
o=

— (e~EOMET _ ~B(C)suply Z R(~C )
dr, E(C)
_B(C)mEl —B(C)s R(s,s")
_ (6 E(C)-inflI _ e E(C)bllp[)
PIPIPIIE T ;

1 -E -in su (
:E(e E(C)infI _ E(C)- pI ZZZ

C'E®, seC s"eC”

-in —E(C)su R(S7S )
|c\ O B Y e

seC C'E®; s"eC”
Vs R(s,s")
Z( —E(s)-inf I —e E(a)-sup]) . Z Z
|C‘ seC C'E®, s7eC E(s)

(because E(C)=E(s) Vs € O)

s R(s,s")
( —E(s)-inf I —e E(a)»sup]) .
% P

|C |
(because {C"|C e Saté(cbl)} is a partition of Sat®(®,))
Z —E(s)-inf I —e E(s)»sup[) . Z P(S,S”)

|C\ P i,
P
—Z o (X'®1) (by Lemma A.1).
seC |C|

Case: p = ®,U!®y. Let fo, f1, fo, . .. be the sequence of
functions computed to obtain the least-fixpoint
function ¥ in Lemma A.2 for C, I, ®;, and ®,, and let
fos fis for ... be the corresponding sequence of functions
computed to obtain the least-fixpoint Y for C, I, ,, and
®y. Then, by Lemma A.2, our task reduces to proving
that, for any interval J C IR>, for any class C € S, and,

for each 7 > 0, we have:

Succ fils ).

We proceed by induction on > 0. Because we
are computing the least-fixpoint, we have f,(C,.J) =
0 and fo(s,J)=0 for all intervals J C IRs, all

classes C e 5‘, and all states s €S, and, hence,

seC

Now, we consider 7 > 1 and assume that we have
established fj(a J)= e fils, 1))/|C] for all j <.
We consider an arbitrary class C' € S and split the cases
of the proof according to the conditions on satisfaction in

Lemma A.2.

Subcase 1. a = 0 and C = ®,. By the definition of 2, ,
we have s} @y for each s e C. Furthermore, by the
definition of f;, we have fi(C,J)=1 and, by the
definition of f;, we have f;(s,J) =1 for each seC.

Therefore:

2sec fils,J) _|C]

=1=f,(C,J
IC| e (C,J).
Subcase 2. C | & A =P,
fi(c,
/ ZTCC’ L(C ] o a)de
O cres
:/ Z R(C7 C, _E<C f7 (C,, J@.T)d:l}
0 oes
. /
/ Y R(C.C)- (e (Zsrgc/ fz—lES,J@x‘)) i
0 cres ||
- / b > (ZSEC 2vec (s, s")> B0
0 cres |C‘

> vec finr(8s J O )
. < 1 )dm
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YT Y R

b
_1 / ~E(0)
| 0 Creg seC el

Yogec finr(sh J S )

b
:Té’l/ 67E(C)'T . Z Z R(C7 SN)'
0

Cre§s'ed
<ZS’EC’ fi71(5/7 J e CIZ‘)) da
@) s

|C"]

Yogeo fir1(8,J© 1’))

S " dw
< |C"]

> 1C-R(C,s0)-

for some arbitrary s € C'. Observe that we can write
that > .. R(C,s") =|C'| - R(C, s¢r) because it follows
from the definition of = that R(C,s") = R(C, s¢) for
all s € C'.

Cancelling the factors of |C’|, we then obtain:

/ _E(C)
[C]

ZRCSC/ > fials Tox)da

ces seC
1
- F/ e MO Z Z R(C,s¢r) - fimr(s', J © w)dz
1Cl Jo e
1 b
:_/e "D R(CS) - fials T e w)da,
|C| 0 Cress'ec”

the last step again following from the fact that R(C, s') =
R(C,s¢r) for all ' € C'. Then, because {C’' | C' € S} is a
partition of S, we have:

1 b
F/e ZZRCs (8, Jox)dy
€] Cre§sed
/ EQ)z, Y R(C, ) - fia(s T O x)da
|C| s'eS
/ BO)w ZZR(SS (s, J o x)dx
|C| s'eS seC
b
C / ZRSS s, Joz)dx
| |9€(‘ s'es
R(s,s) (s',J & z)dz,
lclgec/o T

with the final step relying on the fact that E(C)) = E(s) for
any s € C. To establish this fact, observe that, from the
definition of R, we can derive that E(C) = 0 sec E ( ).
Let s¢ be some state in C. Then, from the definition of 2, ,
we have that E(s) = E(s¢) for all s € C and, therefore,
E(C) =y Cucc B(s) = gl IC1 - Blsc) = E(sc).
we can substitute E(s) for E(C) for all s € C.

Hence,

From the fact that

1 b
1 ~E(s)w
|C|;/ ;Rss (s, Jo x)de
fils,J),
"G
we have established that f;(C) :\lﬁzsec fi(s,J) for

> 1.

Subcase 3. C' = ®; A ®s. This case follows similarly
from Subcase 2 and, therefore, we omit the details.
The second operand of the summation is handled
exactly as in Subcase 2 Therefore, to establish the
result that f(C,J) = ‘C‘ Yosec fi(s,J), we need to
show that ¢ B« = Lsec € P As
toward the end of the part of Subcase 2, we can
substitute E(C) for E(s) for all s e C. Hence, we
obtain %3¢ e Bls)a =10 e = ¢ E(O)a
we are done.

Subcase 4. C' = —®; A ~®,5. From the definition of
=~ , we have s | —®; A—®, for each s€ C. By the
definition of f;, we have f;(C,J)=0 and, by the
definition of f;, we have f;(s,J) =0 for each s¢c C.
Therefore,

we Ssaw

, and

Zsecfi(sa‘]) 0 o
A

and the required result is established for this fourth and

final subcase.
By Lemma A.2, the fact that we have

R(C, 1) = W

for each ¢ > 0 implies that

. ProbC(®,U7®
ProbC (@, U ®y) = 2seq Prob (21U ®s)

IC|
As we have considered the two possible cases of ¢, we
have established Lemma 5.1. m]
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