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Light Logics Characterize Complexity Classes

Linear Logic and

Programs — Proofs Light Logics
MELL

Light Logics

Types of Data — Formulas Taaie

Stratification and
Boundedness

Execution of Programs <«  Cut-elimination .
The First Step

Conclusions

Values < Cut-free proofs

Classes of Programs <  Classes of Proofs
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LLL and SLL represent PTIME

Theorem 1 (Soundness). There exists a family of phicar begte ané
polynomials {py(z) | d € N} such that every proof net 11 MELL
: -
of LLL is reduced in pgc)(|11]) steps. e
The same statement holds for SLL. Stratification and
Boundedness
Theorem 2 (FPTIME Completeness). Every Turing Tl Pt Sy

Conclusions

Machine computing a function in polynomial time can be
represented in LLL.

Theorem 3 (PTIME Completeness). Every Turing
Machine solving a decision problem in polynomial time
can be represented in SLL.
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LLL: Stratification
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m LLL: without digging/dereliction, the nodes do never
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change their depth during reduction. Stratification and
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m  When duplicating a box, the two new boxes have the TLL and SLL
same depth of the first one.
. . . SLL: Boundedness
m This is stratification Bounded LLL

Stratified SLL
A hierarchy that
may exist

m  SLL: without digging, the nodes do never increase
their depth during reduction.

m  When n-uplicating a box, the box disappear; the n
new copies have depth less than the first one.

m So, SLL is not stratified.
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SLL: Boundedness
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This constant is called rank. T
We call boundedness this property. LLL: Stratification
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Bounded LLL
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m LLL: The typical behaviour shows that LLL does not A hicrarchy that
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LLL as a bounded system?

How many copies of the box b will be created? Linear Logic and
ight Logics

Context semantics defines paths over the proof nets e oo S

; - ] Boundedness
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R(b) paths means at most R(b) copies of b LLL: Stratification
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SLL as a stratified system?
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SLL as a stratified system?

m Idea: SLL is not stratified as LLL, but it could be
stratified in a weaker sense. —
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m ML’ enjoys a different notion of stratification

Stratification vs Boundedness SD@ESSLLI 2009 — Bordeaux — 16 / 25




A hierarchy that may exist

Linear Logic and
Light Logics

Stratification and
Boundedness

Elem-Time LLL and SLL
LLL: Stratification
SLL: Boundedness
Bounded LLL

Stratified SLL
A hierarchy that
may exist

The First Step

Conclusions

Stratification vs Boundedness SD@ESSLLI 2009 — Bordeaux — 17 / 25




Linear Logic and
Light Logics

Stratification and
Boundedness

The First Step

Embedding MELL in
ML3

Conclusions

The First Step

Stratification vs Boundedness SD@ESSLLI 2009 — Bordeaux — 18 / 25




Embedding MELL in ML®

Theorem 4 (GRV, 2009). There is an algorithm Q(-) phicar begte ané

that takes every proof net 11 of propositional MELL, Stratification and

and returns a proof net Q(II) of ML?. e

The proof nets I1 and Q(II) only differ for the possible
ML3

presence of some new paragraph nodes.
The algorithm respects the cut elimination procedure.

Conclusions

This holds in particular for propositional SLL.
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Embedding MELL in ML®
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The formula level is at most 2
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Embedding MELL in ML®

An example:
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In this example, it is quite easy to find where to put the
paragraph nodes. In general, it is not.
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Embedding MELL in ML®

Linear Logic and
Light Logics

Stratification and
Boundedness

The First Step

This algorithm does not work in presence
of second order quantification. Conclusione

The more, it is not possible to stratify a generic
MELL proof net.
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Conclusions
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Summing Up Linear Logic and

Light Logics
m Stratification and Boundedness are two principles that ptratification and
oundedness
allow controlling complexity The First Step
m They are different, but not so much Conclusions

To do (in order)

m Extend Theorem 4 to the whole SLL.

m  Find a simple proof of polynomial time soundness
that holds for both LLL and SLL.

m  Find a system SOLI that extend both LLL and SLL.

Stratification vs Boundedness SD@ESSLLI 2009 — Bordeaux — 23 / 25




Linear Logic and
Light Logics

Stratification and
Boundedness

The First Step

Conclusions

THANK YOU!
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