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ICC and FPTIME

@ Implicit computational complexity tries to capture
complexity classes avoiding to mention Turing machines

@ For us: avoid to explicitly mention its bound

@ Here, FPTIME = the class of functions computable in
polynomial time



FPTIME:

We shall consider two different traditional ways to characterize

, or BC, an algebra of functions.

All the FPTIME functions can be represented by elements
in the algebra.

, a light logic.

All the FPTIME functions can be represented as proofs, or
proof nets, in the logic.
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FPTIME, SRN and ILAL

We shall consider two different traditional ways to characterize
FPTIME:

@ SRN, or BC, an algebra of functions.
All the FPTIME functions can be represented by elements

in the algebra.
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FPTIME, SRN and ILAL

We shall consider two different traditional ways to characterize
FPTIME:

@ SRN, or BC, an algebra of functions.
All the FPTIME functions can be represented by elements
in the algebra.

@ ILAL, a light logic.
All the FPTIME functions can be represented as proofs, or
proof nets, in the logic.
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Two modalities: !, §

Contraction restricted to |-formulee:

Free weakening:
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@ Two modalities: !, §
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SRN

ILAL

Intuitionistic Light Affine Logic (ILAL)

Relationship between SRN and ILAL

@ Two promotion rules:

@ No dereliction, no digging — stratification
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Similarities between SRN and ILAL

@ In SRN, there are two distinct sorts of variables. An integer
cannot be used to iterate itself, but only integers of “lower”
sort.

@ In ILAL, proofs are organized in levels. A proof (possibly
representing an integer) cannot be used to iterate itself, but
only proofs at “inner” levels.

sorts « levels
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From BC™ into ILAL

@ BC™ is a fragment of SRN, in which safe arguments are
never duplicated

@ For example, given g( ;X,y), in BC™ we cannot define
9(;x,x)
@ Itis possible to inject BC™ into ILAL:

Teorema (Murawski-Ong 2004)

There exists a compositional map associating each term t of
BC™ with a proof net [t] of ILAL, such that [t] behaves as
expected.
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From BC™ into ILAL

An idea of the proof
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From BC™ into ILAL

@ = BC™ is the largest fragment of SRN that can be injected
into ILAL , under reasonable assumptions.

@ We shall get a better result, so we’'ll be obliged to reject
some (but not all) of these reasonable assumptions.
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@ Recursive types
@ Levels

LALL extends ILAL in two different directions:
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Light Affine Logic by Levels (LALL)

First extension: recursive types

Recursive types: Formulee are quotiented under

S =Va.a — (' — a) — «

We use a property of light logics that is seldom used in
literature:
recursive types do not affect the complexity of ILAL



@ .7 is the type of Scott numerals.
@ Simple successor, predecessor, conditional, duplication
@ No simple sum




@ .7 is the type of Scott numerals.
@ Simple successor, predecessor, conditional, duplication
@ No simple sum

Well, to be precise, for every M € N there exists a proof net
VS : ¥ — & ® . that duplicates Scott numerals smaller
than M.
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Light Affine Logic by Levels (LALL)

Second extension: levels
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Contribution
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Levels: the §-promotion rules are more flexible than in ILAL

AI—Aig BI—Big
AFGA’ BFEB
ABF SA® B

; SA®S oL

A2BF 5A® 5B
I(A®B)F (SA®§B) -
§I(A®B) - I(SA® §B)

§

pmmm——————
N—————————,
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Second extension: levels
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Levels: the §-promotion rules are more flexible than in ILAL

m'g BIB
AFSA S BFg§B
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ASBliAmiB 2L
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§
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’ @ weak stratification
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Light Affine Logic by Levels (LALL)

Second extension: levels

The problem
Contribution
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Levels: the §-promotion rules are more flexible than in ILAL

m'g BIB
AFSA S BFg§B
ABriAngs R
ASBliAmiB 2L
(A®B)F(5A®5B) -
§(A®B) - I(5A® 5B)

d

§

pmmm——————
N—————————,

’ @ weak stratification

@ (weak?) polytime
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A proof net duplicating a

Scott integer exists with
type

.7 o k7 @k
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From SRN into ILAL

There exists a compositional map:

SRN x N — LALL proof nets
tn - ]’

such that [t]' represents t for arguments smaller than .
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From SRN into ILAL

Remember this?
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gt 7B = A% Ay 1, (x {7 @ B} (st ep)(y ® F))
step” BB _ \s” o bBb{7 @ BHO® T)

True iff X >y.

(s(O 2 T)ME XNy y ® F))
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Just as an example, | nserti onSort

or d7®7 =787 =\ @y” (W @x5 N @vy .
B2B(gt (S2W[x1]) y1) (Y2 @ X2))(ViX)(V1Y)

Orders a couple (x,y) of words at most | bits long

S2W transforms a Scott word into a Church word
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B2BE B = ME x{B}(Ay. W @ 27.w @ 2)

Ay AW ®z27.z ow)
Transforms booleans from type

B=Vyy—oy-—ory
into

B=Vy.(7v®7) < (v®")
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Just as an example, | nserti onSort

put Top[c]” =7 ®e—7%a — \a” Ab” ® t°.

M7 @\ .i®cjt)(ord a®b)

Puts an element a at the top of a list, or at the second position.

Integers are at most | bits long.
(Think « is a list)
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Just as an example, | nserti onSort

sort [T — MU H{L(.#)}(i nsert ) 05
i nsert;” HATHI) — 7 \HE) ! eaea) \ze

(M7 @y*.cxy)((tput Top[ c];)
(Coer S[n] © 2))

And finally, | nser ti onSort algorithm.
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Possible (and Frequent) Objections

The problem
Contribution
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Q Encoding finite fragments is not so standard, and
not so interesting

A/l Real-world machines only compute finite
fragments of programs

A/2 Circuits behaves exactly that way
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Objections

Possible (and Frequent) Objections

Q You could just encode SRN into circuits; it is
well-known circuits encode into ILAL

A This is exactly what we do not call a simple
encoding from SRN to ILAL



programs

@ We find a polytime logic LALL extending ILAL
@ We can embed in LALL all the finite fragments of SRN

@ Two crucial features: recursive types, levels
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Thank you.

«4O0r < F>r «=Z)r «=)» El= QX




Example: the number 3

Intuitionistic Light Affine Logic (ILAL)

N =Val(a — a) — §(a — «)

(1)



Appendix

ILAL

Example: the successor of 3...

N

O]
u%a o 400( a 40(1 U‘

1(a—oar) U

'(Hco I(ww‘

|
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